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ABSTRACT The temperature dependence of the internal dynamics of an isolated protein, bovine pancreatic trypsin inhibitor,
is examined using normal mode analysis and molecular dynamics (MD) simulation. It is found that the protein exhibits marked
anharmonic dynamics at temperatures of �100–120 K, as evidenced by departure of the MD-derived average mean square
displacement from that of the harmonic model. This activation of anharmonic dynamics is at lower temperatures than
previously detected in proteins and is found in the absence of solvent molecules. The simulation data are also used to
investigate neutron scattering properties. The effects are determined of instrumental energy resolution and of approximations
commonly used to extract mean square displacement data from elastic scattering experiments. Both the presence of a
distribution of mean square displacements in the protein and the use of the Gaussian approximation to the dynamic structure
factor lead to quantified underestimation of the mean square displacement obtained.

INTRODUCTION

The temperature dependence of the internal motion of pro-
teins and its relation to function have been much studied
using a variety of experimental and theoretical techniques
(e.g., Knapp et al., 1982; Parak and Knapp, 1984; Doster et
al., 1989; Smith et al., 1990; Smith, 1991, 2000; Rasmussen
et al., 1992; Demmel et al., 1997; Fitter et al., 1997; Cor-
done et al., 1998; Ostermann et al., 2000). These studies
have revealed a smooth change in the slope of the temper-
ature dependence of the average mean square displacement
of atoms in proteins, �u2�, in the temperature range �170–
240 K. At temperatures below this transition, the dynamics
appears harmonic and vibrational. Above the transition,
anharmonic motions are also present. This change in dy-
namics resembles that seen in the liquid–glass transition
(Angell, 1995). The anharmonic dynamics involve diffusive
motion and allow sampling of different conformational sub-
states (Elber and Karplus, 1987; Karplus and Petsko, 1990;
Frauenfelder et al., 1991; Kneller and Smith, 1994). Some
studies have found a correlation between the onset of the
anharmonic motion and protein activity (Parak et al., 1980;
Rasmussen et al., 1992; Ferrand et al., 1993; Ding et al.,
1994; Ostermann et al., 2000).

In the present paper, we use computer simulation to
examine two aspects of this temperature dependence. The
first concerns the role of solvent. Experimental and compu-
tational work has indicated that the activation of anhar-
monic dynamics is strongly influenced by solvent (Ferrand
et al., 1993; Demmel et al., 1997; Fitter et al., 1998a,b;
Fitter, 1999; Vitkup et al., 2000; Réat et al., 2000). How-
ever, the question as to whether solvent is required for the

activation of anharmonic dynamics is as yet unanswered,
i.e., it is not known whether an isolated protein in the
absence of solvent would have any transition from harmonic
to anharmonic dynamics, or whether it remains harmonic
and vibrational up to room temperature. Neutron-scattering
experiments on dry protein samples show no clear evidence
of dynamical transition behavior (Ferrand et al., 1993; Fitter
et al., 1997, 1998b; Lehnert et al., 1998; Fitter, 1999; Réat
et al., 2000). However, a definitive answer to this question
requires the obtention of a harmonic reference state. Here,
molecular dynamics (MD) simulations are performed on a
model system, an isolated bovine pancreatic trypsin inhib-
itor (BPTI) molecule, as a function of temperature. To set a
harmonic reference, normal mode analysis (NMA) is per-
formed. In NMA, the harmonic approximation to the poten-
tial energy function is made, and the resulting atomic tra-
jectories are a superposition of vibrational normal modes. In
contrast, in MD simulations, the full anharmonic potential
energy function is used. The temperature dependence of �u2�
is calculated here from both NMA and MD. Deviation of the
MD displacements from the NMA results indicates the
presence of anharmonic dynamics.

The second question addressed here concerns the rela-
tionship between temperature-dependent dynamical quanti-
ties in proteins and neutron-scattering measurements. Neu-
tron scattering is a technique of major importance for
examining dynamical transition properties and is comple-
mentary to MD/NMA, probing similar length and time-
scales (Lovesey, 1984; Smith, 1991). Much of the dynam-
ical transition work has involved examination of elastic
neutron scattering (e.g., Ferrand et al., 1993; Fitter et al.,
1997; Daniel et al., 1998, 1999; Lehnert et al., 1998; Cor-
done et al., 1999; Dunn et al., 2000; Réat et al., 2000;
Zaccai, 2000). Atomic motions lead to a reduction in elastic
scattering intensity in a manner closely analogous to that
seen in crystallographic Bragg scattering. However, the
interpretation of the elastic neutron-scattering data in terms
of �u2� involves approximations in the description of the
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dynamics of the atoms in a protein and its relation to
scattering amplitudes. In view of the volume of elastic
neutron scattering work that has recently appeared, it is now
timely to examine the approximations made. Therefore,
here we use the MD simulation as a test “experimental data
set.” The measurable quantity, the dynamic structure factor,
is calculated from the simulation trajectories and then sub-
jected to data analysis similar to that performed experimen-
tally. The effect of the approximations on the derived �u2�
can then be determined by comparison with �u2� calculated
exactly from the MD simulations.

Two approximations in particular are examined. The first
of these is the so-called “Gaussian approximation” for the
q-dependence of the dynamic structure factor (where q is
the scattering vector). Second, the effect of the existence of
a distribution of mean square displacements in the protein,
rather than one uniform value, is explored. This “motional
heterogeneity” leads to an additional non-Gaussian contri-
bution to the dynamic structure factor. Finally, the effect of
the instrumental energy resolution on the �u2� obtained is
also probed. It is found that each of these effects reduces the
�u2� obtained—the present calculations provide estimates of
how large these effects are and under which experimental
conditions they are likely to exert an influence.

METHODS

Molecular dynamics simulations

The model system of BPTI consists of 892 atoms, 58 residues, and 4
internal water molecules. This model system is an approximation of a dry
powder sample, as has been used in several neutron experiments (Ferrand
et al., 1993; Fitter et al., 1997, 1998b; Lehnert et al., 1998; Fitter, 1999;
Réat et al., 2000). To mimic typical experimental conditions, the exchange-
able hydrogen atoms were replaced by deuterium, leaving 315 hydrogen
atoms.

The system was simulated using CHARMM (Brooks et al., 1983)
version 27 with all-atom parameter set 22 (Mackerell et al., 1998). The four
internal, structural water molecules were represented by the TIP3P poten-
tial (Jorgensen et al., 1983). The simulations were performed in the NVE
ensemble. A timestep of 0.002 ps was used with SHAKE (Ryckaert et al.,
1977) applied to constrain bonds containing hydrogen or deuterium atoms.
Nonbonded and electrostatic interactions were truncated using the shifting
function (Steinbach and Brooks, 1994) at 13.0 Å and the dielectric constant
was set to �0.

Simulations were performed at 19 different temperatures: 80, 100, 120,
140 K, then in steps of 10 K to 280 K, and, finally 300 K. The starting
structure for the first temperature simulated, 80 K, was the energy-mini-
mized BPTI crystal structure (Parkin et al., 1996) Protein Data Bank
reference (1BPI) (Berman et al., 2000). The starting structures for the rest
of the simulations at increasing temperatures were the final structures from
the preceding temperature. The systems at each temperature were equili-
brated for 50 ps and then data collected every 0.1 ps for 2000 ps, i.e., a total
simulation time of 2050 ps per temperature. The total simulation time was
38.95 ns, requiring 209 CPU hours running in parallel on 64 processors on
an IBM SP2 computer, i.e., 13,376 CPU hours. After the final simulation
at 300 K the root mean square deviation of the backbone heavy atoms from
the crystal structure was 2 Å, and that calculated using the secondary
structural elements only was within 1 Å of the crystal structure.

Normal modes

Normal modes were computed using the VIBRAN module of CHARMM
using the same model system and potential function as for the MD
simulations. At low temperatures, proteins are trapped in multiple minima
leading to structural inhomogeneity (Elber and Karplus, 1987; Frauenfelder
et al., 1991; Ostermann et al., 2000). This leads to dynamical inhomoge-
neity reflected in broadening of theoretical neutron and infrared spectra
(Lamy et al., 1996). To take this inhomogeneity into account, 20 structures
were taken from the 300-K simulation trajectories at regular intervals and
were energy minimized to a root mean square energy gradient of �10�7

kcal mol�1 Å�1. Normal modes were computed in each minimum.
The eigenvalues and eigenvectors from the 20 normal-mode analyses

were used to calculate the mean square displacements. Both classical and
quantum mechanical mean square displacements were calculated and com-
pared. The classical mean square displacements were calculated and com-
pared. The classical mean square displacement averaged over the atoms in
the protein, �u2�class, is given by

�u2�class �
2

Natom
�

��1

Natom �
k�1

3Natom�6

��c��
k �	2 � kBT

m��k
2�2

, (1)

where Natom is the number of atoms, c��
k is the eigenvector for atom � in

mode k, kB is the Boltzmann constant, T is the temperature, m� is the
atomic mass, and �k is the mode eigenvalue, or frequency. The equivalent
quantum mechanical expression is

�u2�qm �
2

Natom
�

��1

Natom �
k�1

3Natom�6

��c��
k �	2 � � 


2m��k
coth� 
�k

2kBT��
2

(2)

where 
 � h/2� and h is the Planck constant.

Neutron-scattering properties

The nMOLDYN package (Kneller et al., 1995) was used to calculate
neutron-scattering properties from the MD trajectories.

Dynamic structure factor

The basic measured quantity in inelastic neutron-scattering experiments is
the double differential cross section, d2�/d�dE which is the number of
neutrons scattered into the solid angle interval [�, � � d�] and energy
interval [E, E � dE], normalized to d�, dE, and the flux of the incoming
neutrons,

d2�

d�dE
� Natom

k

k0
S�q� , �	. (3)

The quantity S(q�, �) is the dynamic structure factor, and k0 and k are the
moduli of the wave vectors of the incident and scattered neutrons, respec-
tively. These are related to the corresponding neutron energies by E0 �

2k0

2/2m and E � 
2k2/2m where m is the neutron mass. The energy, �, and
momentum transfer, q�, in units of 
, are given by � � (E0 � E)/
 and q� �
(k�0 � k�)/
. The modulus of the momentum transfer, q, is related to the
energy transfer and the scattering angle � by

q � k0�2 	

�

E0
	 2�1 	


�

E0
cos��	 . (4)

The dynamic structure factor S(q�, �) contains information about the dy-
namics of the sample. It contains a coherent part arising from self- and
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cross-correlations of atomic motions and an incoherent part describing only
single atom motions,

Scoh�q� , �	 �
1

2� �
�

�

dte�i�tFcoh�q� , t	, (5)

Fcoh�q� , t	 �
1

Natom
�
�,


b*�,cohb
,coh�e
�iq� �R� ��0	eiq� �R� 
�t	�, (6)

Sinc�q� , �	 �
1

2� �
�

�

dte�i�tFinc�q� , t	 (7)

Finc�q� , t	 �
1

Natom
�
�

b�,inc
2 �e�iq� �R� ��0	eiq� �R� ��t	�. (8)

Eqs. 5 and 7 show that the coherent and incoherent dynamic structure
factors are time Fourier transforms of the coherent and incoherent inter-
mediate scattering functions, Fcoh(q�, t) and Finc(q�, t), respectively. �, 

label individual atoms whose positions are specified by their time-depen-
dent position vector operators R� �(t) and R� 
(t) respectively. Each atom has
a coherent scattering length b�,coh and an incoherent scattering length b�,inc

which defines the strength of the interaction between the nucleus of the
atom and the neutron. These quantities depend only on the isotope in-
volved. In the present model system, the coherent scattering contribution is
very small and the hydrogen atom incoherent scattering dominates (�H,inc

� 4�bH,inc
2 � 81.67 � 10�24 cm2). The present results were found to be

close to identical whether the nonhydrogen atom scattering was included or
not.

The intermediate scattering functions are quantum-mechanical time-
correlation functions that are replaced by classical time-correlation func-
tions if they are calculated from MD simulations. The detailed balance
condition,

S�q� , �	 � e

�S��q� , ��	, (9)

does not hold in the classical limit 
 3 0. To take account of this, we
assume the semiclassical correction (Lovesey, 1984), given here for iso-
tropic systems, such as the powder under consideration,

S�q, �	 	


�

1 	 e�

� Scl�q, �	. (10)

The shorthand 
 stands for 1/kBT and Scl(q, �) is the classical dynamic
structure factor. The semiclassical correction, Eq. 10, is an approximation
valid only in the linear response regime 
� � kBT.

In the present work, S(q�, �), computed using Eqs. 7–9, was convoluted
with the Gaussian-shaped instrumental energy-resolution function of typ-
ical neutron spectrometers. Two resolutions were used, corresponding to
100 and 20 �eV (full width at half maximum). These correspond to
resolutions that can be obtained using neutron spectrometers commonly
used for protein studies.

Gaussian approximation

We test here two approximations commonly used in neutron-scattering
data analysis. The first makes use of the cumulant expansion (Rahman et
al., 1962)

�eiq� �(R� (t)�R� (0))� � e�1/2 �{q� �(R� (t)�R� (0))}2��· · ·. (11)

Neglecting terms in the exponent of Eq. 11 of order higher than q2, the
intermediate incoherent scattering function can be written, with the expo-
nent averaged over all directions of q�, as

Finc�q, t	 �
1

Natom
�
�

b�
2e�(q2/6)��R� ��t	�R� ��0		2�. (12)

The elastic scattering is determined by the t3  limit of F(q, t), i.e., from
Eq. 12,

Sinc�q, � � 0	 �
1

Natom
�
�

b�
2e�(q2/6)�u�

2�, (13)

where �u�
2� is the t3  mean square displacement of atom �. Eqs. 11–13

describe the so-called Gaussian approximation. This is strictly valid for
atoms in ideal gases or undergoing certain types of motion, such as
harmonic oscillations or damped Langevin oscillations, and is also valid for
very short times or small values of q (Rahman et al., 1962; Rahman, 1963).
The range of applicability of the Gaussian approximation in a protein is
examined here.

Motional heterogeneity

Eq. 13 involves a sum of Gaussians. Therefore, even if the Gaussian
approximation were valid for individual atoms, because of the fact that a
sum of Gaussians is itself not Gaussian, S(q, �) will not have a Gaussian
form unless all the atomic mean-square displacements happen to be iden-
tical. There will therefore be a non-Gaussian contribution to the measured
scattering due to motional heterogeneity, i.e., because a distribution of
mean-square displacements exists in the protein. The second approxima-
tion tested here is therefore

1

Natom
�

��1

Natom

b�
2 exp���u�

2�q2/6	 	 b�
2 exp���u2�q2/6	, (14)

where �u2� is the mean square displacement averaged over the atoms in the
protein. The approximation in Eq. 14 is valid for q3 0, in which case �u2�
can be obtained by taking the limiting slope as q3 0 in a natural log plot
of S(q, � � 0) vs. q2.

Timescale dependence

We also examine here the timescale dependence of the dynamical transi-
tion behavior. This is of particular interest because it was demonstrated,
using elastic neutron scattering from instruments of different energy res-
olutions, that dynamical transition behavior of two enzymes in cryosolvent
solutions is strongly time dependent (Daniel et al., 1999). The time-
dependent mean square displacements, �u�

2(t)� � �(R� �(t) � R� �(0))2�, were
calculated from the molecular dynamics configurations as

�u�
2�t	� � ��R� ��m	 	 R� ��0		2�

	
1

Nt 	 m �
k�0

Nt�m�1

�R� ��k � m	 	 R� ��k		2, (15)

where the steps in the trajectory are denoted by k � 0, . . . , Nt � 1 and Nt

is the total number of timesteps. For comparison with the appropriate
neutron-derived quantity, the mean square displacements are weighted by
the scattering cross-sections,

�u2�t	� �
1

Natom
�

��1

Natom

b�
2�u�

2�t	�. (16)
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RESULTS

Dynamical transition

In Fig. 1, �u2(t)� is shown at times, t, ranging from 10 to
1000 ps for each of the 19 temperatures sampled. The
quantity is shown from the MD simulations, together with
the quantum and classical �u2� from the harmonic analyses.
The quantum-mechanical �u2� is �30% larger than �u2�class

at 80 K—this difference drops to below 10% at 300 K.
�u2�qm is formally nonlinear in T (see Eq. 2). However, the
deviation of �u2�qm from linearity in Fig. 1 is clearly small,
and therefore �u2� � T is a good approximation in the
harmonic regime.

At 80 K, the classical MD �u2(t)� at 10, 100, 500, and
1000 ps and the harmonic �u2�class all coincide. The lowest
frequency vibration in the harmonic analysis is 6.7 cm�1,
corresponding to a period of 5 ps. Therefore, the modes are
adequately sampled in timescales as low as 10 ps. Conse-
quently, at 80 K, the dynamics is entirely described by fast
vibrational motions in the protein.

The MD �u2(t)� at temperatures above 100 K is timescale
dependent. Already at 150 K, one finds �u2(10 ps)� �
�u2(100 ps)� � �u2(500 ps)� � �u2(1000 ps)�, indicating the
presence of motions over a range of timescales between 10
and 1000 ps. The timescale dependence is considerably
larger at higher temperatures, and at 270–300 K �u2(500
ps)� and �u2(1000 ps)� are about twice as large as �u2(10

ps)�. In Fig. 2 is shown the time evolution of �u2(t)� at
selected temperatures. This confirms the presence of signif-
icant long-timescale motion at T  150 K.

The MD profiles in Fig. 1 for 100 ps and longer times
deviate significantly from the classical harmonic results for
T � 100 K, indicating the presence of anharmonic dynamics
above 100 K. For these timescales, anharmonic motions
contribute the major part of �u2(t)� at 300 K. The faster,
10-ps timescale dynamics starts to deviate from harmonic
behavior at a higher temperature, T � �180 K. That the
onset of fast anharmonic dynamics is at a higher tempera-
ture than for slow dynamics is consistent with experimental
results on enzyme solutions that also demonstrate a time-
scale dependence of �u2� (Daniel et al., 1999; Dunn et al.,
2000). At timescales greater than 100 ps, the �u2(t)� tem-
perature profiles are considerably rougher at high tempera-
tures than at shorter timescales. This reflects the presence of
long-timescale (10�10 s) structural transitions in the protein
that are incompletely sampled in the simulations. The pres-
ence of 10�10-s timescale motions at high temperatures is
confirmed in Fig. 2.

To our knowledge, in powdered dry protein systems,
deviation from harmonic behavior has not been reported
experimentally. The present results suggest that this may be
due to the absence, in the experimental analyses, of a
harmonic reference profile, such as is provided here by the
NMA. Indeed, visual inspection suggests that the MD re-
sults in Fig. 1 should be able to be reasonably well fitted by
straight lines up to 240 K, but with steeper gradients than
the NMA profile. In the absence of the harmonic NMA
baseline, then, the approximate linearity of the MD profiles
would lead to the erroneous conclusion that little anhar-

FIGURE 1 Temperature dependence of average mean square displace-
ments, �u2(t)�, from MD simulations for times, t, of (�) 10 ps, (F) 100 ps,
({) 500 ps, and (�) 1000 ps. Values are also shown from the normal mode
analysis, in the classical (——), and quantum mechanical (- - - -) cases.
The error bars on the normal mode results are two times the standard
deviation in the harmonic mean square displacements over the 20 normal
mode analyses. The �u2� values are weighted by the atomic incoherent
scattering lengths.

FIGURE 2 Time evolution of the mean square displacement, �u2(t)�
from MD simulation at temperatures of 80, 150, 240, and 300 K.
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monic behavior is present. However, as the present MD/
NMA comparison shows, significant deviation from harmonic
dynamics is present at temperatures as low as �100 K.

At higher temperatures (�240 K) a deviation from lin-
earity is seen, especially on the longer timescales, but which
is at most 10% (at 300 K). This deviation is due to increased
flexibility in the loops at the C-terminal and N-terminal
ends of the protein.

Gaussian approximation

The validity of the Gaussian approximation, i.e., Eqs. 12–
13, is now explored by examination of the scattering calcu-
lated from individual atoms. We examine the scattering
from the 300-K trajectory. At lower temperatures, the scat-
tering may be somewhat closer to Gaussian due to reduced
anharmonicity of the dynamics. S(q�, �) was calculated for
each individual atom from the 300-K MD trajectory using
Eqs. 7 and 8 without invoking the Gaussian approximation.
The S(q�, �) thus obtained was convoluted with an instru-
mental energy resolution function (see Sect. Dynamic
Structure Factor above). Two different typical energy reso-
lutions were used, corresponding to 100 and 20 �eV full
width half maximum. Subsequently, the elastic scattering
intensity, S(q, � � 0), was estimated by integrating S(q�, �)
over ��� where �� is the half width half maximum of the
energy resolution function. Deviation from linearity in
ln S(q, � � 0) vs. q2 then indicates the presence of non-
Gaussian scattering.

Plots of ln S(q, � � 0) vs. q2 calculated with 20-�eV
energy resolution are shown for two extreme cases in Fig. 3.
Atom H� from the backbone of ARG 39 has the lowest
H-atom �u�

2�, of 0.6 Å2, and a linear plot, demonstrating
Gaussian behavior. In contrast, an H atom from the side
chain –CH3 in MET 52 has the largest �u�

2�, of 19 Å2 and
clearly exhibits non-Gaussian behavior over the q-range
presented.

The Gaussian approximation is strictly valid for q 3 0.
Therefore, the accuracy of the approximation will depend
on the q-range examined. We now obtain an estimate of the
proportion of atoms exhibiting non-Gaussian dynamics at
300 K in two different q ranges and at two different instru-
mental energy resolutions. The q2-ranges chosen are 0.01 �
q2 � 1.44 Å�2 (hereafter called “low-q”) and 0.16 � q2 �
23.04 Å�2 (hereafter called “high-q”). These are similar to
the ranges commonly used in obtaining �u2� from neutron-
scattering data. For example, at the Institut Laue–Langevin,
Grenoble, the low-q range is available on the instruments
IN6 and IN16 and the high-q range is available on IN13.

In each of the four cases, �u2� was obtained by fitting a
straight line to ln S(q, � � 0) vs. q2. In Fig. 4, the goodness-
of-fit (R2) for each of the 315 hydrogen atoms are shown.
R2 � 1 indicates a perfect fit. In the low-q range (Fig. 4, a
and b), R2 is above 0.95 for 97% of the atoms, indicating
that the Gaussian approximation is valid for these atoms
over this q range. For low-q, there is no clear correlation

FIGURE 3 Normalized ln S(q, � � 0) vs. q2 profiles for (——), the
hydrogen atom with the lowest �u�

2� � 0.6 Å2; and (- - - -), the hydrogen
atom with the highest �u�

2� � 19 Å2. The elastic scattering intensity was
calculated using a 20-�eV energy resolution function at 300 K.

FIGURE 4 Goodness-of-fit (R2) versus long-time �u�
2� for all hydrogen

atoms at 300 K for different instrumental energy resolutions and in differ-
ent q2 ranges: (a) 100 �eV, 0.01 � q2 � 1.44 Å�2; (b) 20 �eV, 0.01 �
q2 � 1.44 Å�2; (c) 100 �eV, 0.16 � q2 � 23.04 Å�2; and (d) 20 �eV,
0.16 � q2 � 23.04 Å�2. The �u�

2� are normalized to �u�
2� at 80 K. R2 is

given by 1 � ¥ (yi � yi,fit)
2/¥ (yi � y�)2 where yi refers to ln S(q, � � 0)

and yi,fit are the fitted values of ln S(q, � � 0).
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between R2 and �u�
2�. In contrast, in the high-q range (Fig.

4, c and d), �20% of the atoms have R2 worse (smaller)
than 0.95. There is also a correlation between R2 and �u�

2� in
this case, the fit being poorer for atoms with large �u�

2�. For
both high- and low-q, there appears to be no relation be-
tween the effectiveness of the Gaussian approximation in
the examination of individual atomic motions and the in-
strumental resolution, or, in other words, the timescale of
the motions examined. In summary, the results in Fig. 4
indicate that the Gaussian approximation is reasonable over
the low-q range examined but not the high-q range, and that
variation of the instrumental energy resolution between 20 and
100 �eV has little effect on the accuracy of the approximation.

Motional heterogeneity

We now examine the effect on �u2� of motional heteroge-
neity. In Figs. 5 and 6, �u2(t)� is shown calculated from the
MD simulations for t � 10, 100, and 1000 ps. Also plotted
is �u2(t)�G, obtained by inserting the individual atom �u�

2(t)�
into Eq. 13, summing to obtain S(q, � � 0) for the whole
protein, and then taking the slope of ln S(q, � � 0) vs. q2.

ln S(q, � � 0) vs. q2, thus obtained at 300 K, is shown in
Fig. 7.

In Fig. 5–6, the low-q and high-q ranges are used to
obtain �u2(t)�G. It was shown in the previous section that the
Gaussian approximation is valid for the low-q range, and its
effect on �u�

2� is invariant with the energy resolution (i.e.,
the timescale of the motions concerned). Therefore, in Fig.
5, in which the same low-q range was used, the use of the
Gaussian approximation has little effect on the differences
between �u2(t)�G and the MD simulation �u2(t)�. Rather, the
differences arise from motional heterogeneity. Figure 7
shows that, at 300 K, motional heterogeneity leads to mark-
edly non-Gaussian total scattering even when the individual
atom scattering is assumed to be Gaussian. Figure 5 shows
that, for the low-q range �u2(t)�G underestimates �u2(t)� by
�10% at t � 10 ps, �20% at 100 ps, and �30% at 1000 ps.
Consequently, motional heterogeneity has a significant ef-
fect on �u2� that is, in addition, timescale dependent—as the
timescale of the motions increase the error due to motional
heterogeneity also increases.

The question now arises as to whether the timescale
dependence of the effect of motional heterogeneity on the
derived �u2� is also reflected in a timescale dependence of

FIGURE 5 Temperature dependence of mean square displacement. The
solid lines are �u2(t)� calculated directly from the MD simulation using Eqs.
15 and 16. The dot-dashed lines are �u2�G calculated from S(q, �) over the
low-q range of 0.01 � q2 � 1.44 Å�2. All values are weighted by incoherent
scattering lengths and have been normalized to the value at 80 K.

FIGURE 6 Temperature dependence of mean square displacement. The
solid lines are �u2(t)� calculated directly from the MD simulation using Eqs.
15 and 16. The dot-dashed lines are �u2�G calculated from S(q, �) over the
high-q range of 0.16 � q2 � 23.04 Å�2. All values are weighted by incoherent
scattering lengths and have been normalized to the value at 80 K.
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the distribution of �u�
2(t)� in the MD simulations. The dis-

tribution of �u�
2� at t � 10, 100, and 1000 ps, is shown in

Fig. 8. The range of �u�
2� values indeed increases with

timescale, from 0.3–10 Å2 at 10 ps, through 0.3–13 Å2 at
100 ps, to 0.4–19 Å2 at 1000 ps. Therefore, at longer times,
�u�

2� are more widely distributed. The distributions are ap-
proximately exponential in shape, as shown by the fitted
curves in Fig. 8. The data in Fig. 8 are consistent with the
conclusion drawn from Fig. 5 because the wider range of
�u�

2� at higher temperatures leads to the approximation made
in Eq. 14 becoming less reliable.

In the high-q analysis (Fig. 6) the error in �u2� is much
larger: �50% at 10 ps, �60% at 100 ps, and �70% at 1000
ps, i.e., �u2(t)�G are roughly half as large as those obtained
for the low-q range. This increased error arises from the
cumulative effects of making the Gaussian approximation
and motional heterogeneity.

Experimental data treatment of
MD-derived S(q, �)

To further our practical understanding of the approxima-
tions introduced in elastic neutron-scattering data analysis,
in Fig. 9, several methods for deriving the mean square
displacements are compared. As reference values, the long-
time (t � 1000 ps) MD �u2�, calculated using Eq. 16, and the
harmonic mean square displacements, �u2�class and �u2�qm

are given. These are compared with mean square displace-
ments obtained by analyzing S(q, �) from the MD trajec-
tories as if it were experimentally derived, i.e., by subjecting
the MD-derived S(q, �) to various data-analysis procedures
adopted experimentally. In performing the experimental
data treatments, we examine the effect of varying instru-

mental energy resolution and both effects that have been
individually examined in the previous two sections, i.e.,
motional heterogeneity and the Gaussian approximation.
The following experimental data treatments were per-
formed:

1. �u2�nores was obtained by calculating S(q, �) from Eqs. 7
and 8 without convolution with an instrumental resolu-
tion function, taking the elastic peak intensity S(q, � �
0), and fitting a straight line to ln S(q, � � 0) vs. q2

between 0.01 � q2 � 1.44 Å�2. This analysis corre-
sponds to a low-q analysis that would be made experi-
mentally on an instrument of very high energy resolu-
tion, i.e., � 0.1 �eV. Because a low-q range is being
used, the Gaussian approximation is valid, and motional
heterogeneity is the only significant effect here.

2. �u2�Elowq was calculated using the same procedure as in
1 above but S(q, �) is convoluted with a 20-�eV full
width at half maximum resolution function, and S(q, � �
0) is consequently obtained by integrating S(q, �) over
��� � 10 �eV. The low-q range (0.0 � q2 � 1.44
Å�2) is again used. In this treatment, motional hetero-

FIGURE 7 Normalized ln S(q, � � 0) calculated at 300 K using the
Gaussian approximation (——) and the fit to ln S(q, � � 0) in the low-q
range of 0.01 � q2 � 1.44 Å�2 (- - - -).

FIGURE 8 Distribution N(�u�
2�) of �u�

2� for hydrogen atoms at 300 K
(solid lines). A function of the form y � A exp(�xB) was fitted to the
distributions. The parameters A and B found from the fitting are: (a) A �
128.7, B � 1.0 for 10 ps; (b) A � 115.3, B � 0.9 for 100 ps; and (c) A �
93.3, B � 0.8 for 1000 ps. The fits to the distributions are shown as dashed
lines. The vertical line in (a) indicates �u2�G � 1.836 Å2, calculated in the
low-q range of 0.01 � q2 � 1.44 Å�2 at 300 K.
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geneity and the energy-resolution function (timescale
dependence) will significantly affect the results, whereas
the Gaussian approximation remains valid.

3. �u2�Ehighq is calculated using the same procedure as in 2
above but using the high-q range (0.16 � q2 � 23.04
Å�2). Motional heterogeneity, the Gaussian approxima-
tion, and the effect of limited instrumental energy reso-
lution are all expected to significantly affect the results
here.

Figure 9 shows that, above �100 K the MD-derived
long-time �u2� are significantly larger than �u2� obtained
from any of the experimental data-treatment methods.
�u2�nores is �30% lower than the long-time �u2�. The only
significant approximation made in the derivation of �u2�nores

is the neglect of motional heterogeneity. The 30% reduction
in �u2� is in accord with that found in the previous section
when comparing �u2� and �u2�G over the same q range. It is
also consistent with the observation that �u2�G and �u2�nores

have similar values, although they were calculated using
different methods.

In �u2�Elowq, the effect of limited energy resolution is
added to that of motional heterogeneity. The result is �50%
lower than the long-time �u2�. Comparing �u2�Elowq with
�u2�nores, shows that the 20-�eV energy resolution decreases
�u2� by �20%.

The q-range used in obtaining �u2� also has a large impact
on the results. A high-q range introduces errors due to
making the Gaussian approximation into �u2�Ehighq, along
with the effects already examined, motional heterogeneity
and energy-resolution function. The combination of all
three effects reduces �u2� by �70%. Indeed, �u2�Ehighq is
lower than �u2� obtained with a harmonic model. Comparing
�u2�Ehighq with �u2�Elowq indicates that the Gaussian approx-
imation reduces �u2� by �20%.

The various effects examined above all reduce the values
of �u2� obtained from elastic neutron-scattering analyses. To
a first approximation, reduction of �u2� can be considered
equivalent to reduction of the timescale at which the mo-
tions are observed. Therefore, we determined the effective
timescales of the various experimental �u2� by determining
for which value of �u2(t)� from the simulation is closest to
the �u2� obtained from each of the three data treatments. It
was not possible to obtain a meaningful least-squares fit of
�u2(t)� to �u2�Ehighq. However, the fits for �u2�nores and
�u2�Elowq were satisfactory (data not shown), leading to best
agreement for t � 92 ps and 5 ps, respectively. This means
that the effect of motional heterogeneity is equivalent to
reducing the effective timescale of the motions examined by
�90% (92 ps compared to the MD simulation reference
value of t � 1000 ps), and that of motional heterogeneity
combined with the 20-�eV energy resolution function de-
creases the effective timescale of observable motions by
�99.5% (5 ps compared with 1000 ps).

CONCLUSIONS

The present article examines aspects of the temperature
dependence of protein dynamics and how information on
this can be extracted from elastic neutron scattering. The
theoretical model system examined is that of a single BPTI
molecule. This is an approximation of a dry protein exper-
imental system that neglects environmental effects such as
the possible presence of protein–protein contacts in an ex-
perimental system. In the cases of dry proteins examined
experimentally so far, to our knowledge, the presence of
dynamical transition behavior (from harmonic to anhar-
monic dynamics with increasing temperature) has not yet
been reported. However, the present simulations clearly
show the activation of anharmonic motions on a range of
timescales and at temperatures (�100–120 K) significantly
lower than hitherto reported, also for solvated proteins.
Therefore, although ample evidence exists that dynamical
transition behavior is strongly coupled to solvent (see e.g.,
Ferrand et al., 1993; Demmel et al., 1997; Fitter et al.,
1998a,b; Fitter, 1999; Vitkup et al., 2000; Réat et al., 2000)
the present analysis indicates that the potential surface of an
isolated protein in vacuum also contains significant anhar-
monicities that are sampled by the protein on the �10�11–
10�10-s timescales at intriguingly low temperatures. The
identification of the presence of anharmonic dynamics was
made possible by the existence of a harmonic reference
model. In the absence of this, as is the case experimentally,
it is shown here that it is difficult to detect the presence of
anharmonic dynamics in the protein.

The investigation of elastic neutron-scattering properties
presented here quantifies instrumental and data-analysis ef-
fects on the basic quantity hitherto obtained, the average
mean square displacement of the atoms in a protein, �u2�.
Only a representative sample of possible experimental con-

FIGURE 9 Temperature dependence of the mean square displacement
for: (F) long-time MD �u2(1 ns)�; (�) �u2�nores; (�) �u2�Elowq; (�)
�u2�Ehighq; (——) �u2�class; and (- - - -) �u2�qm. All mean square displace-
ments are normalized with respect to the 80-K value.
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figurations and analysis parameters could be examined here.
However, several findings emerge that are likely to be of
general relevance. First, in the effects examined here, which
are due to the use of the Gaussian approximation, the
presence of motional heterogeneity and of finite instrumen-
tal energy resolution, all lead to significant underestimation
of �u2�. Motional heterogeneity, which is the presence of a
distribution of mean square displacements in a protein,
rather than a single average value, clearly cannot be avoided
by varying instrumental conditions. Indeed, in the case of
�u2�nores calculated here, the fictitious instrument simulated
has a near-perfect energy resolution (better than 0.1 �eV)
and yet the motional heterogeneity effect still depresses �u2�
by �30% over the whole temperature range examined.

In contrast, the other two effects investigated, arising
from the Gaussian approximation and the energy resolution,
can be affected by the choice of instrument used and the
analysis method. The present results suggest that the anal-
ysis of data over the range (0.0 � q2 � �1.5 Å�2) avoids
problems associated with the use of the Gaussian approxi-
mation. Analysis over a higher q range leads to significant
errors.

The effect of instrumental energy resolution on the �u2�
obtained is also demonstrated. In the case shown here, the
use of a 20-�eV resolution function combined with the
above-mentioned motional heterogeneity effect leads to re-
duction of the effective timescale probed to �5 ps. How-
ever, varying the instrumental energy resolution can be used
to advantage, because it allows motions on different time-
scales to be separately determined. This property was ex-
ploited recently in an analysis that demonstrated strong
differences in dynamical transition behavior between 1- and
50-�eV resolution in an enzyme–cryosolvent solution
(Daniel et al., 1999).

Exactly how much the various effects examined have
depressed the �u2� obtained in experimental analyses per-
formed so far can be estimated by comparison of the wide
variety of experimental conditions hitherto used with the
results presented in Fig. 9. This figure and the present work
illustrate how the use of a set of atomic trajectories derived
from computer simulation can allow a detailed analysis of
the effects of approximations used in experimental data
treatment on derived dynamical quantities.
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bakhsh for calculating mean square displacements from the normal mode
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