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ABsRAcr The basic hydrodynamic equations governing transport in submicron
pores are reexamined. Conditions necessary for a simplified, one-dimensional treat-
ment of the diffusion/convection process are established. Steric restrictions and
Brownian motion are incorporated directly into the resulting model. Currently
available fluid mechanical results are used to evaluate an upper limit on hindered
diffusion; this limit is valid for small particle-to-pore ratios. Extensions of the
analysis are shown to depend on numerical solutions of the related hydrodynamic
problem, that of asymmetrical particle motion in a bounded fluid.

INTRODUCTION

The simplest conceptual model for a selective diffusion barrier is that of a porous
membrane. Relative membrane permeability is measured by comparing solute
diffusivity (D) within a pore to that in the bulk solution (D.), with t -D/DI . For
nonelectrolytes diffusing through neutral pores t is a function of the relative size
of permeant and pore, X, as well as shape. For a rigid, spherical solute (radius a)
and circular pore (radius ro), X = a/ro; if X > 1, the membrane is obviously im-
permeable. However, through steric as well as hydrodynamic factors the presence
of the pore wall can significantly hinder movement through the pore for X < 1.
In fact, our model suggests that for X = 0.1, t is less than 0.6.
The description of membrane transport in terms of a series of parallel pores has

received considerable attention over the years. The current state of development is
summarized in two comprehensive reviews: Solomon (1) examines the overall
problem of characterizing biological membranes by way of equivalent pores, and
Bean (2), in a far-reaching analysis of the physics of porous membranes, considers
the theoretical foundation for treating porous membrane transport phenomena and
advances existing theory in several important ways. Earlier publications by Pappen-
heimer, Renkin, and Borrero (3), by Pappenheimer (4), and by Renkin (5) have had
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a considerable impact on studies in this area, and much of the current research
stems from these key papers. A major experimental development which has
heightened interest in transport through pores has been the fabrication of model
pores of near molecular dimension by the track-etch process (6, 7). Here, for the
first time, porous membranes of precisely known dimensions and properties are
available for testing predictions of transport theory and for exploring phenomena
peculiar to molecular size pores. Important advances have been achieved with these
membranes and they should feature prominently in future experimental work.

In this paper we consider a model for pore diffusion based on hydrodynamic
relations valid for so-called "creeping flow," while incorporating pertinent charac-
teristics of Brownian motion. The model is first developed for a spherical, diffusing
particle for which the computed results of Famularo (8) and Hirschfeld (9) are
used to calculate the degree of hindrance. Extensions of the model for nonspherical
particles, in the form of explicit but incalculable (due to presently unknown param-
eter values) expressions, are then presented. The formulation of Giddings et al. (10) is
used to account for steric effects. Results are compared with recent experimental
findings and classical molecular friction models (11), and implications to membrane
characterization are discussed.

BASIC ASSUMPTIONS

The geometry of the liquid-filled pore is shown in Fig. 1. The cylindrical pore has
length I and radius ro . The impenetrable pore wall is assumed inert, i.e., no adsorp-
tion or chemical reactions occur, and solvent fluid properties within the pore are
assumed identical to those in the bulk (12). Electrical double layer effects are assumed
negligible by virtue of either a small wall charge or the presence of a supporting
electrolyte in the solvent.
The permeating solute molecule (or particle) is assumed rigid and to possess

both hydrodynamic and Brownian characteristics. A hydrodynamic concept of
molecular motion is the basis for many of the prominent theoretical developments
for diffusion (1, 2, 13-15) and is embodied in Einstein's equation (16):

D,o= kT/fX, (1

where f, is the molecular friction coefficient computed for a steady Stokes flow
(67r,ga for a sphere, q equaling the solvent viscosity) and D., the diffusivity in an
unbounded fluid. This relation has been found to accurately predict the diffusivity
of globular proteins (a ', 30 A) and 450 AL latex particles (17, 18), as well as being
a good approximation for the behavior of molecules as small as glucose (19).
The Wilke-Chang correlation (20) for binary diffusivities is equivalent to Eq. 1 if
the solute radius exceeds two or three times that of the solvent. In essence then the
solvent must appear as a continuous fluid phase as viewed by the diffusing solute
for the latter to be treated as a macroscopic Stokes particle.
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FIGuRE 1 Particle located off the centerline of a long, cylindrical pore with a parabolic
velocity profile.

Besides attributing hydrodynamic properties to the diffusing molecule, Einstein
assumed in deriving Eq. 1 that the gradient in chemical potential at low concen-
trations manifests itself as a net body force which results in solute transport. The
short time Brownian fluctuations normal to the direction of transport are neglected
in computing the viscous solute-solvent drag (see note 6 in ref. 16). This concept
of chemical potential acting as a mechanical force on a molecular scale is dis-
cussed by Gosting (21) and Bearman (22).
The Brownian nature of the solute causes several deviations from macroscopic

analyses in describing transport within small pores. Rotational diffusion opposes
molecule (particle) alignment in a shear field. Thus molecular orientation and posi-
tion with respect to the pore axis tend to be randomized rather than exhibiting the
orbitals observed for nonspherical macroscopic particles (23). Because of this
randomization, the wall effect on the solute-solvent frictional interaction must be
averaged over all orientations and radial positions allowed within the pore. Such
averaging has been neglected in all previous analyses of pore transport, with the ex-
ception of the recent work by Bean (2).

SPHERICAL PARTICLES

Solute-solute interactions within the pore are small compared with wall effects if
the following inequality holds (see ref. 8, p. 361):

* < 2X/3, (2)
where O is the solute volume fraction in the pore (based on pore volume) and X
its dimensionless size (alro). An undisturbed Poiseuille flow field should then
describe the velocity in the solvent phase:

V = 2Vo(l - 2). (3)

, is the dimensionless radial position r/ro of the center of the solute molecule, and
Vo equals the average velocity as defined by the total volume flow rate through one
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pore (solvent + solute) divided by the pore cross-section. A one-dimensional model
for mass transfer results from balancing the driving force for the solute flux (- Vu)
with the drag (F.) between solute and solvent; expressing the chemical potential
in terms of solute concentration (unit activity coefficient assumed) yields

_kTdInC =Fs (4)
d z

Defining U. as the net solute velocity with respect to the pore wall, the drag on each
solute molecule is given by'

F. = f.K[U. - GV], (5)

where the "enhanced friction" K (ratio of pore-to-bulk friction coefficients) and the
"lag coefficient" G account for the retarding effect of the pore wall on the solute
velocity. By combining Eqs. 1, 4, and 5 and substituting the axial solute flux,
N. = CU., the following results:

N= _lD dC + GCV (6)dz-

The reciprocal of the enhanced friction, KA', is the local ratio of pore-to-bulk solute
diffusivity, while G determines the degree to which the solute lags the fluid approach
velocity (i.e., V is evaluated by Eq. 3). Both parameters approach unity as an upper
limit for large pores (X -* 0).
Both the pore diffusivity and the lag coefficient are functions not only of solute

size but also radial position; therefore, the flux of solute will vary with ,3. The con-
centration is assumed to be only a function of z (discussion of this assumption
follows), so Eq. 6 may be integrated along with Eq. 3 over the pore cross-section to
arrive at an average solute flux (moles per square centimeter per second) through
one pore:

dCN.= -{Do: dC + xCVo (7)dz

D r'
t = j [2j6K'] d,B (7 a)

1-X

x= f [4 (I - O32)G] d#. (7b)

XThe small degree of translational-rotational coupling of motion (24, 25), which occurs even for
spherical particles when very near surfaces, is neglected. Eq. 5 results from solving the creeping flow
form of the Navier-Stokes equation (8, 26-28) and was first applied to molecular transport phenomena
by Bean (2).
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t is the observed ratio of pore-to-bulk solute diffusivity (based on bulk concentra-
tion differences) and x is the sieving coefficient. The upper limit of integration in
Eqs. 7 a and 7 b results because the center of the spherical molecule cannot approach
the pore wall any closer than its radius a, and hence the real transport area is smaller
than the pore area. Because solute concentration is determined by the volume avail-
able to the center of the spheres, but defined by the total pore volume, this limit
(1 - X) is equivalent in interpretation to defining a steric partitioning coefficient
(C) for solute between pore and bulk fluid for a spherical molecule as first suggested
on geometric grounds by Ferry (29) and later derived from thermodynamic argu-
ments by Giddings et al. (10):

(8)

The pore diffusivity and sieving may then be expressed in terms of the product of
this coefficient and the average of the coefficients Kx and G over the available
pore area:

(8 a)

x = c[22- ]G(X), (8 b)

where the integral formulas for the averaged hydrodynamic parameters KA' and
O are directly obtained from Eqs. 7 a and 7 b:

I_k

|[2flK-1] d,8
icK = 1-x (8 c)

L 2 d3

1-A
f [4(1-, 2)G] d,

0 f ---x * (8 d)
4Xt(1-2) df

The extra factor (2 - b) in Eq. 8 b accounts for the parabolic velocity profile
in the pore.
To account for a finite solvent size in partitioning it has been the practice (1) to

divide the right-hand side of Eqs. 8 a and 8 b by (1 _ X*)2 and (1 _-*)2
[2 - (1 - X*)2], respectively, where X* is the ratio of solvent-to-pore radius.
This correction simultaneously invokes a hard sphere molecular model for the
solvent as well as continuum principles (i.e., negligibly small solvent size) embodied
in the hydrodynamic factors, two mutually exclusive concepts. Although the pore-
bulk partition coefficient is perhaps adequately corrected for finite solvent dimen-
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sion by dividing Eq. 8 by (1 _ X*)2, the practice of using the continuum based
parameters K and G to estimate hindered transport in such a system is of question-
able validity.
Bean (2) recognized the need to average the frictional and lag parameters over

available radial positions. However, he directly integrated the coefficient K (F-' in
his nomenclature) to obtain

B = (94(X)]-, (9)

a relation which is inconsistent with the definition of K and, therefore, incorrect.
If the deviations of K from unity are small for nearly all values of #3 (i.e., X -+ 0),
then the differences between Eqs. 8 a and 9 are small; however, the error in Eq.
9 may be serious for large values of X. Since direct integration of Eq. 6 is mathe-
matically consistent with the assumption of negligible variation of concentration
with radial position, Eq. 8 a should be used to calculate pore diffusivity.

CONDITIONS REQUIRED FOR
ONE-DIMENSIONAL TREATMENT

The assumptions of a fully developed Poiseuille flow (in the cylindrical pore) and
negligible dependence of concentration on radial position, both of which are neces-
sary to derive Eq. 7 to 7 b, are now examined. The axial distance (LD) from the pore
inlet required to establish a fully developed parabolic velocity profile may be cal-
culated from Langhaar's expression (30),

LD/ro = (0.115) Re, (10)

where Re is the Reynolds number for tube flow, 2Vorop/l, and p is the solvent den-
sity. For micron-sized aqueous pores with reasonable pressure gradients (less than
108 atm cm), the required value of LD/ro is less than 0.3, indicating that the velocity
profile is essentially fully developed at the pore inlet.
Although no solute (nor solvent) can diffuse through the pore wall, the possibility

of radial concentration gradients still exists due to the nonuniform fluid velocity.
In fact, it is this radial transport which causes the axial dispersion so important in
reacting systems. Criteria which must be met to apply a one-dimensional model of
transport to convection-diffusion systems are extensively reviewed by Levenspiel
and Bischoff (31). Although the analyses are for time-dependent (pulsed) systems,
the results are assumed to hold true for the steady-state form of the mass flux equa-
tion. The approximate criterion for the validity of a one-dimensional model as
used here is given by

l/ro > Pe112, (11)
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where the axial Peclet number (Pe) equals xVrl/1D.c). Thus, if Pe is less than 10,
the transport in a pore whose length-to-diameter ratio is greater than two is prop-
erly modeled by a one-dimensional analysis and Eq. 7 is valid.2
At higher Peclet numbers convection dominates the solute transport. If C is

assumed to be independent of,B (or it represents a concentration averaged over the
pore cross-section), the solution to Eq. 7 is

C(r) _ (Ci/Co)[eP' - 1] + ep;[l _ e-Pe(1-t) 12)
co (ePe..-. 1) ,(2

where r is the dimensionless axial position (z/l), Co and C1 are the bulk concentra-
tions at r equal to zero and one, respectively. Eq. 12 with C1 = 0 is plotted in Fig. 2
for different values of Pe. An immediate observation is that for Pe > 10 the con-
centration profile is very flat, C remaining essentially equal to Co for at least the
first half of the pore length. Because C is truly independent of radial position at
r = 0 (and at r = 1) if no significant boundary layer resistances exist exterior to
the membrane, then C will remain nearly independent of ,3 for r < 2. Because the
average solute flux (N.) is a constant, it may be computed at any axial position;
thus, the best choice is at r = 0 for large Pe systems, where axial concentration
gradients (and hence diffusion) are negligible:

N8-xCoVo. (13)
(It should be noted, however, that in this case C may depend on ,B near the end of
the pore where axial gradients are largest, and hence Eq. 12 may not accurately
describe the concentration profile in the whole pore.) It is concluded that a one-
dimensional convection-diffusion model of solute transport is valid for calculating
N. even at large Pe. The general expression for solute flux is found by substituting
Eq. 12 into Eq. 7:

8 = xCoVo [1 -(Ci/Co)e1 14N. [1 ~~-ePe] (4

STERIC FACTORS

A few remarks about steric partitioning are in order. Giddings et al. (10) argue that
the physical pore concentration C, based upon the total pore volume is less than
the bulk value because of the geometric restriction on the solute approach to the
pore wall. For a rigid particle (molecule) of dimension X and shape e (long-to-short
dimension) they derive the following configurational integral which determines
partitioning:

CV/C= =f2 |2F P8(, e;,!)d,B dT, (15)

2The effective axial diffusion coefficient would be D[l + (Pe'/48)(rofl)']. Since the quantity
Pe(ro/l)' < 1 by Eq. 11, then D.ff = D =ZD0 except when Pe >> 1, in which case diffusion of solute
is unimportant in contrast to the convective flux.
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zCA-
FIGURE 2 Dimensionless concentration versus dimensionless axial position for various
Peclet numbers (calculated from Eq. 12 for zero exit concentration, Ci = 0).

where St represents the Eulerian angular orientation3 of the particle with respect to
the pore axis, and P. is a discrete probability which equals 1 if the particle can be
situated within the pore (without penetrating the pore wall) with the given variables,
and zero otherwise. For spherical molecules orientation and shape effects are absent
and Eq. 8 results. Our derivations of t and x for spherical molecules essentially
incorporate Eq. 15 directly (in the limits of integration), so that C appearing in
Eqs. 7 and 14 is identical to the bulk concentration at equilibrium since it is based
only on the available pore volume. That is to say Co and C1 in Eq. 14 are the bulk
solute concentrations on each side of the membrane. We are unaware of any con-
clusive experimental findings which prove that pore concentration based on avail-
able volume equals the bulk value at equilibrium, and thus it is accepted here on the
strength of the arguments of Giddings et al. (The results of Satterfield et al. [32]
suggest that perhaps this point requires further investigation.)

RESULTS BASED ON HYDRODYNAMIC CALCULATIONS

The values of K- and G necessary for evaluation of Eqs. 7 a and 7 b can be taken
in principle from the calculations for the friction and lag of a sphere in a long cylin-
8IT is normalized such that foluli di = 1. See Happel and Brenner, p. 205 (8).
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drical tube under Stokes flow conditions. A review of current progress in performing
these calculations is summarized by Brenner and co-workers (8, 26). Results for
spheres whose centers are restricted to the centerline axis of the tube are available
for X < 0.99 (27, 33) and the following are good approximations for X < 0.4:

KT'(X 0) 1 -2.1044X + 2.089X3-0.948X5 (16 a)

G(X,0) = 1- AX2- 0.163X3. (16 b)

If it is assumed that K1(X, 0) and G(X, 0) are accurate approximations to the
radially-averaged K- and velocity-averaged G, then Eqs. 8 a and 8 b may be used
to derive the so-called "centerline approximation" for the hindered diffusivity and
sieving coefficient:

4= (1- X)2K'(X 0) (17a)

x xo = (-)[2- (I- ]G(XI 0). ( 17 b)
Eq. 17 a was originally derived by Pappenheimer and co-workers (3-5) and has
been the subject of considerable experimental investigation (1, 2, 5, 18, 32, 34, 35].
To estimate sieving effects Renkin (5) incorrectly assumed G = KA1 (as Bean em-
phasizes [2]) in Eq. 7 b to obtain the following expression for sieving:

xR = (1 - X)2[2 - (1 _ X)2]K'(XI 0). (18)

However, the friction coefficient K is considerably greater than 1/G. The error in
using Eq. 18 may be considerable as is apparent from Fig. 3 which plots calcula-
tions from Eqs. 17 a, 17 b, and 18.
The dependence of the hydrodynamic parameters on off-centerline position for

spherical particles is not completely lkown. Famularo (8) and later Hirschfeld (9)
generated numerical solutions for a function f(Q) relating the effect of eccentric
position on the hindrance of small particles at zero volume flow:

KI' = 1 -f(G)X 0[(I _)3]* ( 19)

The values off(,) are in tabular form but are approximated quite well by

f(,B) - 2.09 , < 0.6

f(A8) 6 -y_') + 1.9(1 - ,) 0.6 < ,B < 1. (20)

Eq. 19 has apparently been used by Bean (2) to evaluate R for substitution into
Eq. 9. Besides the previously mentioned inconsistency in his averaging technique,
two quite important limitations onf(f8) seem to have been overlooked. First, Eq. 19
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FiGuRE 3 Pore retardation of solute diffusion and convection as predicted from center-
line values of the hydrodynamic parameters.

is correct only to order X, so its validity is probably only assured for, say, X < 0.1.
The second limitation is perhaps more important: the numerical results of Famularo
and Hirschfeld are only valid for <(< (1 - X). Because the greatest hindrance is
experienced near the pore wall (# 1 - X) and the fractional pore area is greatest
at this location, this restriction on f(,B) severely limits the usefulness of Eq. 19.
Since the error of employing only the leading term is of order (X/[l - f])3, then it
is probably unwise to use this correction when the particle center is closer than two
or three radii from the pore wall.
A composite: formula utilizing both cylindrical tube and flat wall calculations for

increased drag perhaps offers a more reliable method of computing the average
coefficient K". Restricting the analysis to X < 0.1, let K" be given by Eq. 19 for
,B Pt and by KV for jPt < < 1 - X, where the latter is the inverse enhanced
friction for a sphere translating parallel to an infinite, flat wall (24) . The average
coefficient is then approximated as

{= (1- X2) FJ 20(l - f(G)X]dj9+[2+jKw'] djB. (21)
Pt

If Pt is set equal to 1 - 2X, then it is easily shown that K.-' nearly equals the calcu-
lation from Eq. 19 at this point and a continuity is achieved in the composite for-
mula. One must remember, however, that the error in using Eq. 19 even at j3 = 1 - 2X

4 As mentioned earlier, rotational-translational coupling of motion is negligible for all but (perhaps)
very eccentric particles. In the article by Goldman et al. (24) their -FIt corresponds to our K, and
their (-F,'/Ft*) to our G,.
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is of order X in K-. The rationale for using this particular formula derives from
the fact that [1 - f(Q)X] approaches K.-' to the first power in X as ,B -+ 1 (8), which
implies that at least for small particles (X << 1) the pore wall curvature is of second
order importance. Use of the flat wall model to approximate the increased resistance
for j-B> (1- X) leads, of course, to an underestimate of the retardation for finite X,
but it does yield the correct point value K-' = 0 when the particle touches the pore
wall (24). Calculations based on Eq. 21 are plotted in Fig. 4; shown for comparison
is the centerline estimate with only terms up to the first power in K-' (X, 0) included.

Because the accuracy of Eq. 21 is somewhat suspect for X > 0.1, it would serve
no useful purpose to extend the calculations to larger X. Lubrication theory has
been attempted by Bungay (33) to determine the resistance experienced as 3 -+ 1 -
X, but the results are not quantitatively useful. The retardation should be infinite
at particle wall contact (,3 = 1 - X), but the variation with g3 up to this point may
not be monotonic. The statement that the centerline approximation is valid as
X 1-+ is, of course, true since it predicts a zero pore diffusivity in the limit, but the
asymptotic approach may not be correct.

Experiments attempting to measure DID. for a significant range of X are summa-
rized by Solomon (1) and Bean (2). Uzelac and Cussler (35) measured the diffusion
of uniform, spherical latex particles (a --' 450 A) through small pores in Millipore
filters (Millipore Corp., Bedford, Mass.); however, unknown complications seem

1.0

0.9o X~~~~~~o
\ \ to~~~~(1-A)2 [1-2.104A]

*0.8 N

(Equation 21

0.7-

0.6 -

0 0.02 0.04 0.06 0.08 0.10

x = air

FIGuRE 4 Comparison of the hindered diffusion as predicted from the centerline friction
(to) and from the radially-averaged friction (t) for small particles.
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to have clouded their results (36). Recently Conlon and Craven (18) published
results for the hindered diffusion of spherical lattices through track-etched pores,
but their values of DIDo lie well above even the centerline approximation (Eq.
17 a). Satterfield et al. (32) found that the wall retardation to diffusion of small
molecules in aqueous pores within silica-alumina beads is significantly greater than
predicted by the centerline approximation. Their results also indicate that the pore-
bulk partitioning (ci) is unity. Beck and Schultz (34) have performed what are
perhaps the most precise experiments to date for determining D/D,, ; the pores in
their membranes were long and approximately cylindrical with no tortuosity, and
the pore size distribution was quite narrow. Although their data scatter to some
extent, many of the points lie below Eq. 17 a, and for X < 0.1 the data show fair
agreement with the calculations derived from averaging the retarding effect over
the available pore cross-section (lower curve of Fig. 4). Most of the solutes studied
by Beck and Schultz were not much larger than the solvent (water), so that a hydro-
dynamic model for hindrance may not be completely valid.
The first correction term for the lag coefficient is of order X2. The following is

given by Brenner and Bungay (26) for small spherical particles:

G = 1 - [x2X/(l _- 2)] :1= 0(xv), (22)

where again the restriction :'<< 1 - X is imposed. Since X must be small, the mag-
nitude of the correction is also small. Because of this second order dependence on
X (see Fig. 3), the sieving becomes significant only when X > 0.1, so that substitu-
tion of Eq. 22 into the integral 7 b would result in only a negligible correction (with
respect to absolute magnitude) to the centerline approximation xo. This state of
affairs is unfortunate since sieving (ultrafiltration) finds much application in sepa-
ration and purification processes in both laboratory and industrial operations.
Often a model consisting simply of completely free passage (x = 1) or complete
rejection (x = 0) is adopted to describe porous filtration (37), although Fig. 3
indicates no such sharp cut-off. When and if calculations for G(f3) become avail-
able, direct substitution into Eq. 7 b should give the correct value of x; until such
a time (or reliable data become available) the centerline approximation (Fig. 3)
must suffice as an upper limit to its estimate.

COMPARISON WITH THE FRICTIONAL MODEL FOR
COEFFICIENTS ARISING FROM IRREVERSIBLE
THERMODYNAMICS

Although only valid at extremely small (convective) driving forces, the integrated
form of the coupled equations for total and relative velocities is often used to model
membrane transport (38). The more accurate, differential approach is presented by
Spiegler and Kedem (11) for a two component solution plus membrane. Their
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equation for the solute flux is equivalent to Eq. 7:

N.= _PddC+(l()I cvo (23)
a dz

(To base the flux on the total membrane area rather than just the pore area, mul-
tiply N. by the pore area fraction (a), which is equivalent to the water volume frac-
tion in the membrane in our model.) The parameter o- is the classical reflection
coefficient (39),

= (AP/RTAC)vo-o, (24)

and equals 1 - x in our model. The "local solute permeability" P corresponds to

atD. and is related to the classical solute permeability (for a nonelectrolyte) by

w (aN,/RTAC)v*-o = (P/l)/RT. (25)

The membrane rejection coefficient (Rm) is defined as 1 - Cl/Co when the effluent
concentration C1 is solely determined by the membrane transport rate: C1 = N./ Vo.
From Eq. 14 the following expression, also derived by Spiegler and Kedem (11),
is obtained:

Rm
Ia CPlS)ee (26)

At large Peclet numbers (high flow rates) Rm a.

Bean (2) very neatly relates the characteristic parameters of irreversible thermo-
dynamics (Lp, a, c) with the structurally dependent parameters t and x in a quite
successful attempt to rationally compare experimental results from several sources
for hindered transport of small solutes in porous membranes. Inconsistencies
develop, however, when a direct comparison is made of the hydrodynamic model
for cylindrical pores with the general molecular friction model proposed by Spiegler
(40):

Fi = Efij [U,- Uj]. (27)
i

For a two-component solution (solute, s, and solvent, w) in pores within a rigid,
inpenetrable membrane matrix, the above equation becomes (11, 41)

Fe = (few +fam)Us fswUw (28)

Fw = (fws +ffwm)Uw, fw,Ug (29)

(C.fs = Cwfow)

Manipulation of these two expressions, assuming a dilute solute concentration and
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substituting the gradient in chemical potential for the force, yields (40)

1fa+ La= V. (30 a)
f8w + f8m Lp

Lp=a ()c - aV0(30 b)AP-ap c-o lfwmNa

=(f8w+ fam)Na (30c)

(N. is Avogadro's number.) The distinction between a and needs emphasis: a
is the volume fraction of solvent in the membrane, while CD is the solute pore-bulk
partition coefficient based on the solvent volume in the membrane. Combination
of the above set of equations gives the expression derived by Spiegler and Kedem
(11),

I a= + fWam(P ] (31)

The hydrodynamically-based parameters for parallel, cylindrical pores can now
be directly compared to the pore frictional coefficientsfij . Assuming all pores have
the same radius ro, Poiseuille's equation is used to obtain

fwm = (8 Vw7l)/(Naro2), (32)

where X is the pure solvent viscosity when the solution is dilute (small corrections
to Eq. 32 are available if the solute concentration is finite [27, 28, 42]). The hindered
diffusion is directly related to the permeability:

t = D/Do = c/(a/lNafio) = ibfo/(f8 +fsm). (33)

Substitution of Eqs. 32 and 33 into Eq. 31 gives

x/t = f8w/fo + (8 nVa/Nafo ro2). (34)

For a spherical solute the second term on the right may be rewritten (using Stokes
equation forf.):

x/t = (fsw/Ao) + (4X/3)2 (35)

The usual implication (1, 11, 38, 41), whether intended or not, is that unless the
solvent is somehow structurally altered by the presence of the pore wall (see ref.
12), the frictional coefficient between solute and solvent in the pore equals that in
the bulk solution. Imposing this equality leads to

x/t = 1 + (4X/3)2. (36)
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FIGURE 5 The ratio of sieving to hindered diffusion for a spherical solute in a cylindrical
pore as predicted from the hydrodynamic theory (xo/to) and from the frictional model of
Spiegler (40) (Eq. 36).

From our hydrodynamic model of pore transport the centerline evaluation of both
x and t can be used to approximate this ratio:5

x/t t xo/to = [2 - ( - X)2][G(X, O)/K1 (X, 0)]. (37)

The above two equations are plotted in Fig. 5 for comparison. It is evident that the
two models do not agree, and hence the so-called general frictional model (Eqs.
28 and 29) is inadequate at least to correctly describe the transport of spherical
solutes in cylindrical pores. The fault in this treatment is that in the absence of ad-
sorption there is no direct frictional interaction between solute and membrane (see
the discussions by Bean (2) and by Dainty and Ginzburg (41) on this point). The
hindrance to solute transport in small pores is due to the indirect hydrodynamic
effect of the pore wall: the shear stresses (friction) between solute and solvent are
increased due to non-slip of the solvent at the pore wall, thereby enhancing f.
above its bulk valuef., . Thus one should setfam = 0. Conversely, a non-slip condi-
tion between solvent and solute increasesf.,m (42), although the effect is negligible

6 Since to is more of an overestimate of t than xo is of x (especially at X << 1), the ratio xo/to is an
underestimate of x/t.

BIOPHYsIcAL JOURNAL VOLUME 14 1974

9 9 - a I a 9 a I

I

144



for dilute solute concentrations. These considerations apply not only to parallel,
cylindrical pores but also to any heterogeneous membrane in which the solid (fixed)
phase is impermeable and inert to both solute and solvent.
A better formulation of the average frictional model for transport through inert

porous membranes would be

F8 = f (U8-g8wUw) (38)

here f8. and gaw are functions of geometry and size of both pore and solute. The
latter coefficient is necessitated by the nonuniform solvent velocity through the
membrane interstices. For dilute solutions (i.e., Vo Uw) the following rela-
tions exist:

f8 = pfb/t; ga8= X/X. (39)
It should be noted that at least for cylindrical pores g.t 2 1 because of steric ex-
clusion, that is, the solute molecule actually moves faster than the average velocity
of the solvent; however, x < 1 so that the pore will "filter" the large molecule to
some extent. For a homogeneous system in which both solvent and solute dissolve
into and diffuse through the membrane matrix, the model of Spiegler (Eqs. 27-29) is
preferred since there is direct solute-membrane interaction in this case.

NONSPHERICAL PARTICLES

Orientation becomes a complicating factory in dealing with nonspherical solutes.
For ellipsoids the net frictional coefficient between solute and solvent (x.) in an
unbounded medium is easily calculated by numerically averaging the inverse co-
efficients for the three principal axes (8, 15). The same molecule in a pore offers
problems in that all orientations must be averaged at all radial positions. The
mathematical formulation is straightforward, but the information required is
formidable.
Assume that rotational Brownian motion is sufficient to ensure complete random-

ness of solute orientation. Let P. be the same probability that appears in Eq. 15;
again the development of Giddings et al. (10) is followed. The effective radius a is
taken as some measure of the size of the molecule, which is assumed to be rigid,
and ,8 is the dimensionless radial position of its centroid. The one-dimensional flux
equation is still given by Eq. 7, while the pore diffusivity and sieving coefficient are
calculated from

DID - f j [2iK3TP.l dq (40 a)

x=f .i: [4p(1 -,)GP*]# d'. (40 b)
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Since P. can have only two values, its effect can be translated to the limits of in-
tegration. Let g be the radial position at which the molecule first touches the pore
wall for a given orientation. Then for # > , the probability is zero and the following
may be written:

0(X 'I)

D/DO=f| [2KC]d dt (41 a)

x= f [40B(I -_32)G] di3 dI. (41 b)

From such configuration integrals a distribution coefficient can be derived for non-
spherical particles:

= f d ( - [L/2ro])2. (42)

The particle modulus L is calculated by Giddings et al. for various shapes and can
be thought of as an effective particle diameter.
For a sphere orientation is of no consequence and I= 1-X, so that the above

expressions become equivalent to Eqs. 7 a and 7 b, with L equaling the particle
diameter. In principle knowledge of KT' and G as a function of (X, P3, I) could
be substituted into the above integrals for direct evaluation; however, this informa-
tion is not available. Chen and Skalak (28) have computed these parameters for
spheroids with the symmetry axis coincidental with the pore centerline. Happel
and Brenner (8) review existing literature which examines the retardation of
spheroids moving parallel and normal to flat walls. Because of the mathematical
difficulties encountered in asymmetric tube flows, the likelihood that calculations of
K" and G will become available in the near future appears small.
The criterion for randomness of orientation for nonspherical particles is not so

general as that for position. Rotational Brownian movement opposes alignment
forces caused by the presence of a fluid shear field within the pore; however, random-
ness is only assured when (43)

Drot/W > 1, (43)

where Drot is the rotational diffusivity ofthe solute and Wthe vorticity ofthe velocity
field in the pore. If a* represents one-half the maximum dimension of the solute
molecule, then Drot should be greater than kT/(87rqa*8). The vorticity is approxi-
mated by Vo/ro. By substituting for VO in terms of pressure drop and pore radius
(Poiseuille's equation), the above requirement may be written as

a* < [kT/(wrroAP1)]J11, (44)

where AP/l is the pressure gradient within the pore. This expression should be
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examined to determine whether or not particle alignment along flow streamlines
may occur. For example, a pressure gradient of 100 atm/cm in a 1 ,tm pore requires
that the greatest particle dimension be smaller than 200 A to completely resist align-
ment. If condition 44 is not met, then the sieving coefficient x may be a function of
not only size and shape but also of volumetric flow rate through the pore.

SUMMARY

The interaction between solute and pore wall in mass transfer through small pores
can be characterized in terms of basic fluid mechanical equations. We have shown
that a one-dimensional diffusion/convection analysis is valid for microporous
systems (ro < 1 ,m) which can be approximated by a network of parallel pores.
The important result of this one-dimensional simplification is that the pore dif-
fusivity and sieving coefficient can be written explicitly as integrals which appro-
priately weight the effect of the pore wall on the solute-solvent drag. The proper
mean for the frictional resistance results from a direct integration of the local value
of D/D. over all allowable radial positions. Pore-bulk partitioning is accounted
for by a discrete probability function contained in the above integral; it may be
removed to the limit of integration in the case of spherical particles for which
orientation is not a variable. Comparison of this transport model with the frictional
model of Spiegler and others (11, 38, 40, 41) suggests that the latter may need
modifications when applied to a porous membrane. The exact formulas for cal-
culating the extent of hindered transport are Eqs. 7-8 and 40 a-40 b; however,
these equations cannot be evaluated directly since too little is known of K11(X, j8)
and G(X, j3) for even spherical particles. For small particle-pore ratios (X < 0.1)
the lower curve of Fig. 4, which results from averaging the wall effect over radial
position, shows a significant correction to the frequently-cited equation of Pappen-
heimer and co-workers, and our result is but an upper limit to the true value. Future
analytical advances await further solutions to the hydrodynamic equations for
asymmetrical particle motion in a bounded fluid. In addition, precise experimental
results are required to substantiate assumptions of the current model and to point
the way to further understanding of porous membranes.

LIST OF SYMBOLS

a Radius of solute molecule (based on a sphere of equivalent volume), cm.
a* One-half the greatest dimension of the solute.
C Pore solute concentration based only on available pore volume (see Eq.

15), mol/cm'. At each end of the pore we assume C equals the bulk concen-
tration on that side.

Cp Pore solute concentration based on the total pore volume.
Co, C1 Bulk solute concentration at t = 0 and 1, respectively.
D Effective pore diffusivity of solute (based on bulk concentration difference),

cm2/s.
Do> Bulk solute diffusivity.
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Rotational diffiusion coefficient, g-4.
Function described by Eq. 19.
Molecular friction coefficient between species i and j, g/(molecule i X s).
Solute frictional coefficient in the bulk solution (function of size and shape
of solute).
Frictional drag force on species i, dyn/molecule.
Average intermolecular sieve coefficient between species i and j.
Local lag coefficient between solute and point velocity V(]3).
Average value of G (Eq. 8 d).
Boltzmann's constant, erg/(molecule x °K).
Local ratio of pore-to-bulk solute friction coefficients.
f.1fS for a solute whose centroid is at ro - r from an infinite flat wall.
Average value of K-1(Eq. 8 c).
Average value of K.
Pore length, cm.
Minimum pore length necessary to establish steady laminar flow, cm.

Hydraulic coefficient, s X (cm2/g).
Avogadro's number, 6.02 X 10C2 molecules/mol.
Local solute flux in the pore, mol/(cm2 X s).
Average of N. over the pore cross-section (based on pore area).
Pressure drop within the pore length, P(O) - P(l), dyn/cm2.
Discrete probability function (Eq. 15).
"Local solute permeability" of Spiegler and Kedem (11), cmO/s.
Peclet number, xVol/(QDo0).
Radial position in the pore, cm.

Pore radius.
Gas law constant, erg/(mol X 'K).
Membrane rejection.
Reynolds number, 2Vorop/v.
Temperature, OK.
Velocity of species i with respect to fixed (membrane) coordinates, cm/s.
Partial molar volume of species i, cm'/mol.
Point velocity of solution in the pore, cm/s.
Average velocity in the pore (total volume flow per pore area).
Vorticity of velocity field in pore, s-'.
Axial position along pore, cm.

Pore area fraction of membrane (or solvent volume fraction).
r/ro .

Long-to-short dimension of solute molecule.
zIl.

Solvent viscosity, g/(cm X s).
airo

Ratio of solvent-to-pore radius.
Solute chemical potential, erg per molecule.
DIDo
Solvent density, g/cm'.
Reflection coefficient.
Volume fraction of solute in the pore (based on pore volume).
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CD (C=(mol solute/cm8 pore volume)/
(mol solute/cm' bulk solution).

x Sieving coefficient (Eq. 7 b).
'I Eulerian angular representation of solute orientation with respect to pore axis.
co Solute permeability, (mol X s) /(cm X g).

Subscripts

s Solute.
w Solvent.
0 Centerline (,B = 0) evaluation of K and G used in equations 7 a and 7 b.
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