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ABSTRACT

Using multiple diallelic markers, variance component models are proposed for high-resolution combined
linkage and association mapping of quantitative trait loci (QTL) based on nuclear families. The objective
is to build a model that may fully use marker information for fine association mapping of QTL in the
presence of prior linkage. The measures of linkage disequilibrium and the genetic effects are incorporated
in the mean coefficients and are decomposed into orthogonal additive and dominance effects. The
linkage information is modeled in variance-covariance matrices. Hence, the proposed methods model
both association and linkage in a unified model. On the basis of marker information, a multipoint interval
mapping method is provided to estimate the proportion of allele sharing identical by descent (IBD) and
the probability of sharing two alleles IBD at a putative QTL for a sib-pair. To test the association between
the trait locus and the markers, both likelihood-ratio tests and Ftests can be constructed on the basis of
the proposed models. In addition, analytical formulas of noncentrality parameter approximations of the
Itest statistics are provided. Type I error rates of the proposed test statistics are calculated to show their
robustness. After comparing with the association between-family and association within-family (AbAw)
approach by Abecasis and Fulker et al,, it is found that the method proposed in this article is more powerful
and advantageous based on simulation study and power calculation. By power and sample size comparison,
itis shown that models that use more markers may have higher power than models that use fewer markers.
The multiple-marker analysis can be more advantageous and has higher power in fine mapping QTL. As
an application, the Genetic Analysis Workshop 12 German asthma data are analyzed using the proposed

methods.

N linkage disequilibrium (LD) mapping or associa-
tion study, one may use one marker a time. However,
the resolution of the single-marker analysis strategy can
be low. In addition, utilizing different markers may lead
to different results, since the power to detect allelic
association depends on specific properties of the mark-
ers. This complicates the interpretation of an analysis.
It is interesting and important to build models that
use multiple markers simultaneously for high-resolution
mapping of genetic traits. A unified analysis using multi-
ple markers gives a unique result and may lead to greater
resolution. Moreover, large numbers of single-nucleotide
polymorphisms (SNPs) are available, and high-throughout
genotyping approaches are emerging (INTERNATIONAL
SNP Map WORKING Grour 2001). This encouraging
development facilitates high-resolution fine mapping of
genetic traits. Itis natural and necessary to develop high-
resolution multiple-marker-based methods to dissect ge-
netic traits.
In our previous work, variance component models
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using two markers are proposed for high-resolution link-
age and association mapping of quantitative trait loci
(QTL) based on population and pedigree data (ZHAO
et al. 2001; FAN and Xr1onG 2002, 2003; FaN and June
2003; FAN et al. 2005). The genetic effects are orthogo-
nally decomposed into summation of additive and domi-
nance effects. In ABECASIS et al. (2000a,b, 2001), CAR-
DON (2000), FULKER ¢t al. (1999), and SHAM et al. (2000),
an association between-family and association within-
family (AbAw) approach is proposed to decompose the
genetic association into effects of between pairs and
within pairs. The models of our previous work differ
from the AbAw approach in the following senses: (1)
The AbAw approach uses only one marker in analysis,
but we use two diallelic markers, and (2) the way of
modeling mean coefficients is different. FAN and JuNG
(2003) compare our method with the AbAw approach
and find that our method is advantageous for sib-pair
data. In addition, FAN et al. (2005) confirm that our
approach is more powerful than the AbAw approach
for large pedigrees. One may note that it is not clear
how to extend the AbAw approach to use more than one
marker in analysis (R. FAN and G. R. ABEcAsIS, personal
communication).
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This article extends our previous work and investi-
gates variance component models in high-resolution
linkage and association mapping of QTL using multiple
diallelic markers. The models jointly take linkage and
linkage disequilibrium information into account. The
linkage information is modeled in the variance-covari-
ance matrix, and the linkage disequilibrium informa-
tion is modeled in mean coefficients of trait values such
as the AbAw approach. By modeling the linkage infor-
mation in the variance-covariance matrix, we may take
advantage of much research on variance component
models (HasemaN and ELsToN 1972; Amos et al. 1989;
GoLDGAR and ONIKI 1992; Amos 1994; FULKER et al.
1995; ALMASY and BLANGERO 1998; GEORGE et al. 1999;
PRATT et al. 2000). In the mean time, the linkage disequi-
librium information is incorporated into the mean coef-
ficients via indicator variables of marker genotypes, whose
validity can be justified intuitively (FAN and X10NG 2002,
pp. 608-609).

Using the models developed in this article, test statis-
tics can be developed for high-resolution association
mapping of QTL. The procedure is to perform appro-
priate linkage analysis on the basis of a sparse genetic
map for prior linkage evidence. Then association study
can be carried out on the basis of a dense genetic map
for high-resolution mapping of QTL in the presence of
prior linkage information. Likelihood-ratio tests (LRT)
can be carried outin high-resolution association studies.
For large-sample data, likelihood-ratio criteria are accu-
rate. On the basis of general theory of linear models,
Ftest statistics can be built to test the association be-
tween trait locus and markers in the presence of prior
linkage evidence (GRAYBILL 1976). The analytical for-
mulas for the noncentrality parameter approximations
are derived for the [test statistics. The merits of the
proposed method are investigated by power and sample
size comparison. Using the simulation program LDSI-
MUL kindly provided by G. R. Abecasis, simulation study
is performed to explore the power and type I error rates
of the proposed test statistics. The proposed methods
are compared with the AbAw approach (ABECASIS et al.
2000a). Moreover, the method is applied to analyze the
Genetic Analysis Workshop (GAW) 12 German asthma
data (WjsT et al. 1999; MEYERS et al. 2001).

MODEL

Assume that k diallelic markers M;, j = 1, - - -, k,
are typed in a region of one chromosome. Suppose a
quantitative trait locus Qis located in the region, which
has two alleles Q; and Q, with frequencies ¢ and ¢,
respectively. For marker M;, there are two alleles M;
with frequency Py and m; with frequency P, , respectively.
For a nuclear family of [ children and two parents, let
Y= (Jr> Ym> Y1, * = =, ¥)" be their quantitative trait column

vectorand G; = (Gyj, G,j, Gyj, - - -, Gy;)" be their genotype

column vector at the jth marker locus M;. Here y;is the
trait value of the father, and Gy; is the genotype of the
father at the jth marker. Likewise, the other notations
of the mother and the ¢th child are defined accordingly
with subscripts m and i, respectively. The superscript T
denotes the transpose of a vector or a matrix. Under
the assumption of multivariate normality, we consider
the mixed-effect model

k k
yi =B+ wy+ Dxjo+ Xzd + B+ e (1)

j=1 j=1
(SEARLE et al. 1992; PINHEIRO and BATESs 2000), where
B is the overall mean of fixed effect, w; is a row vector
of covariates such as sex and age, y is a column vector
of fixed-effect regression coefficients of w;, B; is the
familial effect of random effects, and ¢, is the error term.
Assume that ¢ is normal N(0, o2), and B;is normal N(0,
o? + 0?,), where o? is error variance, o ? is the variance
of shared environment effect, and o, is the variance
of additive polygenic effect. Moreover, B; and ¢ are
independent. For j = 1, - - -, k, «; and §; are fixed-
effect regression coefficients of the dummy variables x;;
and z;, respectively. Here x;; and z; are indicator vari-

ables and are defined as follows:

2P, if G; = MM,
X =] Pm] - PMJ it G;; = Mm;
,_QI)M if Gi,' = m;m; (2)
; i
(P2 if G, = MM,
7
zij =] ij ij if Gz'j = M;m,

Following the traditional quantitative genetics, the vari-
ance-covariance matrix of model (1) isa (I + 2) X (I +
2) square matrix and is given by

I po po P - Po
p, 1 Po Po -~ Po
Po  Po 1 P12 - Pu
_ 9
x= po P pa 1 o py[T0
Po Po Pa P - 1

where o = ¢} + o + o}, + ol Here o} is variance
explained by the putative QTL Q. The genetic variance
o; = 03, + 05 is decomposed into additive and domi-
nance components. p, = g?/¢? is the correlation be-
tween the parents. Let 0§, = 02 + 0,/2 be the variance
of familial effects that include shared environment vari-
ance o? and half of the additive polygenic variance. p, =
(03/2 + of)/0” is correlation between parents and
children; p;; = p;; = (W05 + Aijo0% + o) /0 is the
correlation between the :th child and the jth child,
where ;;, is the proportion of alleles shared identical
by descent (IBD) at putative QTL Q by the ith child
and the jth child, and A;;, is the probability that both
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alleles at the putative QTL Q shared by the ith child
and the jth child are IBD (COTTERMAN 1940; PRATT et
al. 2000; Zau and Erston 2000; LANGE 2002). On the
basis of the above discussion, the log-likelihood function
of the mixed-effect model (1) is given by

+
A

log(2m) — JloglX| — Sy — XSy ~ Xu),
(3)

where m = (B, ¥, oy, - - -, a4, O, - - -, )7 is a vector
of regression coefficients, and X is the model matrix,
accordingly.

One may wonder why we use model (1) to describe
the phenotypes. Here we provide an intuitive rationale.
Suppose that QTL Q coincides with one marker, e.g.,
marker M,;, and trait allele @ coincides with marker
allele M; and allele @, coincides with allele m,. Let p;
be the effect of genotype Q;Q;, i, j = 1, 2. Denote geno-
typic value @ = py; — (i + pee) /2and d = e — (W +
M) /2. The average effect of gene substitution is ap =
a+ (¢ — q)d, ie., the difference between the average
effects of the trait locus alleles, and dominance devia-
tion is 8, = 2din view of traditional quantitative genetics
(FALCONER and MAckAY 1996). FAN and X10oNG (2002)
show that y;can be expressed as y; = Wy + x;09 + 2,18 +
B; + ¢, where W, is overall population mean of the
quantitative trait. Hence, marker M; may fully describe
the traitvalues ifit coincides with the QTL Q. In practice,
the information of QTL @ is unknown. Instead, model
(1) is proposed to describe trait value y; using marker
information. Two marker models were used in previous
work (FAN and X10NG 2002, 2003; FAN and JunG 2003;
FAN et al. 2005). Model (1) uses multiple markers and
is a natural generalization of model of our previous
work. The objective is to use marker information fully for
fine high-resolution mapping of QTL. In the following,
we show that model (1) and log-likelihood (3) can be
used in joint linkage and association mapping of QTL.

PROPERTY OF REGRESSION COEFFICIENTS
AND ASSOCIATION TESTS

Denote the measure of LD between trait locus Q and

marker M, bY DM,Q = P(M@) - PM,ql, i=1,---,k
and the measure of LD between marker M; and marker
M; by DM‘M/. = P(MiMj) - PM,PM]-’ i<nhj=1,--,k

Let the additive and dominance variance-covariance ma-
trices of the indicator variables defined in (2) be (APPEN-
DIX A)

Py, P, Dum, Dy, u,

Dy,my  Pu,Pu, -+ Duyu,
i=2( . . . )

Dy,m, Dy, Py, P,

2 2 2 2
PM]Pml DMIMZ DMle
2 2 2 2
V _ DMIM2 P1‘12P7IL2 DMQMA (4)
D — . .
2 2 2 2
DMIMA, DMQMA, M,AP.m,K

In APPENDIX A, the coefficients of model (1) are derived
as

o 2Dy, 9, D?VIIQ
Fl=Vil P o and [P [= V! By. (5)
QA QDMkQ o D?ka
Equations (5) show that the parameters of LD (i.e.,
Dy, and DMZMJ) and gene effect (i.e, ay and §,) are
contained in the mean coefficients. Model (1) simulta-
neously takes care of the LD and the effects of the
putative trait locus Q. The gene substitution effect oy
is contained only in «;; and the dominance effect 8, is
contained only in 8;, i = 1, - - -, k. Therefore, model
(1) orthogonally decomposes genetic effect into sum-
mation of additive and dominance effects.

Assume that all markers M; and M; are in linkage
equilibrium (z.e., DMlM}_ =0,45=1,---,k i7# ). The
coefficients of additive and dominance effects are given
by a; = (DM]Q/PMlel)OiQ: o, 0 T (DM,(Q/PM,{RIL,()O‘Q’
and §, = (D?\/IlQ/Pﬁlngnl)aQ’ : C L0 = (D?wkg/
P%,P3,)8,. That means markers M,, - - -, M, indepen-
dently contribute to the analysis of the trait values. Usu-
ally, the markers M; can be in LD, especially when they
are located in a narrow chromosome region. Equations
(5) correctly use the LD information of markers M; in
the analysis.

Linkage analysis can be performed by considering a
reduced variance component model,

yi=B+w['y+B,~+ei, (6)

by using the traditional method of variance component
models (AMos et al. 1989; Amos 1994; Armasy and
BLANGERO 1998). This initial study can identify prior
linkage evidence of the trait values to a specific chromo-
some region on the basis of a sparse genetic map. Sup-
pose that prior linkage evidence is provided by an initial
linkage study. On the basis of a dense genetic map,
high-resolution association mapping of the QTL can be
carried out by fitting the full model (1). First, assume
that linkage is confirmed in a chromosome region by
the significant presence of both the gene substitution
and dominance effects, i.e., ag # 0 and 8, # 0. On
the basis of Equations 5, the existence of LD between
markers M; (¢ = 1, - - -, k) and trait locus Q can be
tested by Hyy: oy = + -+ - =0, =8, = -+ =9, = 0.
Second, assume that linkage is supported by the signifi-
cant presence of the gene substitution effect, but not
the dominance effect, i.e., ap # 0 and 8, = 0. The
existence of LD can be tested by H,: oy = - - - = o =
0. Third, assume that linkage is supported by the signifi-
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cant presence of the dominance effect, but not the gene
substitution effect, i.e., ¢y = 0 and 8, # 0. The existence
of LD can be tested by Hy: 8, = - - - = 8, = 0.
Evidence of association can be evaluated by the LRT
procedure. For instance, let L,y be the log-likelihood
under the alternative hypothesis of H,y and L, be the
log-likelihood under the null hypothesis H,4. Then, the
likelihood-ratio test statistic 2[ L,q — L] is asymptotically
distributed as x* The degrees of freedom for this test
are determined as follows. Under the null hypothesis

H.q, there are only k measures of LD, Dy, o, - * -, Du,0,
of which only k£ — 1 are independent since EQ;IDM‘_Q = 0.
Thus, the number of coefficients «;, 8;,, ¢t = 1, - - - , k&,

which is significantly different from 0, should be =k —
1 in a data analysis. This number is the degrees of free-
dom of the likelihood-ratio test statistic 2[ L,y — Ly].
The likelihood-ratio test is accurate and robust for large
sample data based on the statistical theory.

Theoretically, it is not easy to evaluate the power of
the likelihood-ratio test statistics. The reason is that it
is very hard to calculate the approximations of non-
centrality parameters of the likelihood-ratio test statis-
tics. SHAM et al. (2000) performed power analysis of the
AbAw approach by deriving the approximations of the
noncentrality parameters of the likelihood-ratio test sta-
tistics, which is rather complicated in our opinion. In
addition to the likelihood-ratio test statistics, we develop
an [-test procedure based on linear model theory in
this article (GRAYBILL 1976). Utilizing the formulas of
noncentrality parameters in chapter 6 of GRAYBILL
(1976), the approximations of the noncentrality param-
eters of the F-tests are calculated readily. Moreover, we
show that the type I error rates and power of the /~test are
very close to those of the likelihood-ratio test statistics
(Tables 2 and 3), which are actually guaranteed by the
construction of the F-test for large samples (GRAYBILL
1976, pp. 187-188). Therefore, both the likelihood-ratio
test procedure and the F-test procedure are useful. Be-
fore introducing the F-test procedure, we discuss the
parameter estimations first.

PARAMETER ESTIMATIONS

IBD estimations: Denote the recombination fraction
between the trait locus Q and marker M; by 0,9, ¢ = 1,
- -+, k. Likewise, the recombination fraction between
markers M;and M;is defined by GM‘,MJ. Following FULKER
et al. (1995) and ArLmasy and BLANGERO (1998), we
propose a multipoint interval mapping method to esti-
mate the proportion m;;, of allele sharing IBD at a puta-
tive QTL Q for a sib-pair ¢ and j by

ijo = E(‘lTi;QMwl, ]M?, o, ]M,t)

=oag t+ B'rrM]Tri/Ml + BﬂM?’ﬂ'imz +oeee Bq-rz‘\l,('rrijM,{:

(7)

where ;) is the proportion of alleles shared IBD at

the marker M, for [ = 1, - - - , k. The coefficients o,
Bru,»> * * + 5 Bru, are derived in APPENDIX B as follows:
BWM] 1 1= QGMIME)Q 1 - 29‘11,_‘\1,‘)2 !
B‘rr\’lz (I - 29.\1,.112)2 1 1 - 29,\12.\1)2
B, (1 = 204,0,)" (1 = 20y,1,)° ... 1

(1-= 29‘\11Q)2

(1 - 29M,Q)z

X . .

(1= 29;»1&)2

And oy is estimated as oy = 1 = Bryy, = Bay, — -0 —
Bx,, - If marker M, coincides with QTL @), it can be shown
that Bpy, =1 and on = 0, Buy, = 0,i% L Hence
Mijo = i To esimate A,vb,-Q of the probability of sharing
two alleles IBD for a sib-pair, consider

Ax/Q = E(AUQUM,’ IM_,; s, IMk)

= o+ BM,"TUM‘ +.--t BM/‘T,]MA + TM,AW, +eee VMA‘AUM,(:
(8)
where Ay, is the probability of sharing two alleles IBD

at marker M, for [ = 1, - - -, k The coefficients

(rmp, + + -+, m,)" are derived in APPENDIX C as follows:
T, 1 (1 = 205 4,)" (1= 20,0\
nuy || (1= 200,0)" 1 (1= 20,,u,)"
r,\.,k a- 2.9.\/1.»/:,,)4 a- 2'91»,2,“,,,._)4 1

(1= 20y o)
L0 2'9M2Q)/1 .
a- 2'eMkQ)4

The remaining coefficients are given in APPENDIX C by

BM1 Bmw] ™,
BM2 Bmwg | Ty
BMk B‘rer T,
The o in Equation 8 is « =1 — By, — -+« — By, —

T, — + -+ — 7y,.Again,if marker M,coincides with QTL
Q, it can be shown that AijQ = Aju,

Estimations of model coefficients and variance-covar-
iance matrix: As an example, assume that the data are
composed of three subsamples: » individuals of a popu-
lation; m trio families, each having both parents and a
single child; and s nuclear families, each having both
parents and two offspring. Furthermore, we assume that
n, m, and s are sufficiently large, so that large sample
theory applies. We may include data of nuclear families
with both parents and more than two offspring. The
principle of the following paragraphs can be extended
to such families if the number of families is large enough
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to apply the large sample theory. To estimate the param-
eters, one may take the method of interval mapping
proposed by FULKER et al. (1995) and ArLmasy and
BLANGERO (1998). That is to say, for each location of
the QTL on the chromosome with fixed recombination
fractions, the IBD estimations are performed first. Then
one may estimate parameters of % and m as follows.

Consider the overall log-likelihood L = 2, L;, [ =
n + m + s, where L, is the log-likelihood of trait vector
or value y; of the ith family or individual. Let %, be the
variance-covariance matrix of trait vector or value y; and
X; be its model matrix. Denote the total trait values by
y = (y1, - - -, ¥1)7, the total variance-covariance matrix
by 2 = diag(2y, - - -, %)), and the model matrix by X =
(X7, -+, X" Let N= n + 3m + 4sbe the total number
of individuals. On the basis of the log-likelihood L =
3!, L;, parameters of % and m can be estimated by
Newton-Raphson or Fisher scoring algorithms (JENN-
RICH and SCHLUCHTER 1986). Let S = dlag(El, s,
E) be the maximum-likelihood estimates of %. Then
the estimate of m is

A= [X2 XX Sy = [3L,XT371X,] IS XS

For each location of the QTL on the chromosome,
the likelihood-ratio test or F-test statistics can then be
calculated using the estimates 2 and 7). The location
that gives the best result can be treated as the location
of the QTL. In practice, some of the parameters (e.g.,
the variance parameter o3;) may not be estimable and
identifiable due to the redundancy. For specific types
of data, one needs to specify the model carefully.

F-TESTS AND NONCENTRALITY PARAMETER
APPROXIMATIONS

On the basis of linear regression model theory, one
may construct F-test statistics of genetic effects and LD
coefficients (GRAYBILL 1976). Moreover, the non-
centrality parameters of the F-test statistics can be calcu-
lated readily. To evaluate the power of the I-test statis-
tics, itis necessary to calculate the approximations of the
noncentrality parameters. The procedure is as follows.
First, one may construct an F-test statistic for each of
three hypotheses:

Had:OLIZ'--:Otkzslz...:sk:();
Ha: Q== = 0’
Hd: 81 = ... = ak = (.

The noncentrality parameter of each F-test statistic
can be calculated using the theory in GRAYBILL (1976,
Chap. 6). Assume that there are no covariates. Then
the coefficients of model (1) can be written as n = (3,
oy, + v, 0, Oy, ¢ -, 9" For each hypothesis, there is
a ¢ X (2k + 1) matrix H, such that the hypothesis can
be written as Hn = 0, where ¢ is the rank of H. On
the basis of GrRAYBILL (1976), the F-test statistic for
hypothesis Hn = 0 is

(E)"[H(XS X)) 7 (Hiy) (N = 2k = 1)
yT(E—l — E—IX(XTE—IX)—IXTE—I)Y q

with a noncentral /{(¢, N — (2k + 1), N\) distribution
under the alternative hypothesis, where \ is the non-
centrality parameter given by A = (Hn) [H(X2'X)™!
HT™]™'(Hn).

Combined analysis of population and family data:
Again, assume that the data are composed of three sub-
samples: n individuals of a population; m trio families,
each having both parents and a single child; and s nu-
clear families, each having both parents and two off-
spring. To calculate the approximations of the non-
centrality parameters, assume that the sample sizes n,
m, and s are large enough that the large-sample theory
applies. We show in appendix d the approximation

ntms

X27X = Y X27'X = diag(ai, ayVy, asVp) /o,
i=1
9)

where @, a, and a; are constants given by Equations
(D7) in APPENDIX D.

The additive variance aéa = 2qigpay and the domi-
nance variance oy = ()% are expressed in terms
of the average effect of gene substitution «, and the
dominance deviation 8. Let /,and L, be kand 2k dimen-
sion identity matrices. Moreover, let O,x;be a k X [zero
matrix. To test hypothesis H,: oy = - - - = o, = 0, the
test matrix H = (Oyx, I;, Oixy). Let us denote the test
statistic as F4,. The noncentrality parameter is approxi-
mated by

o, Du,q
ay . Ay o —
Njo = *_2(0‘1, eV ‘ZOLO(DW Q> , DMQ)VAI
o Qo DM,,Q
9 DMlQ
= Dy g D) (/)™
9 M, Q> s Un,g) (Va
o g Duo
To test hypothesis Hy: §; = - - - = 8, = 0, the test matrix

H = (Oix1, O, I). Let us denote the test statistic as
F,q. The noncentrality parameter is approximated by

Gy Diiq
Npa = %(Sla L)W = *8?2(1)%4 Q D\le)VD (3
N o Diq
D?LIIQ
(lij'di 2 2 —1 :
=— 5D -, Dig Vo ol
0°qiq3 Dii o
To test hypothesis Hy: oy = - - - =, =8, = - - - =

8, = 0, the test matrix H = (Oyx, Iy). Let us denote
the test statistic as F,4. The noncentrality parameter is
Nigd = N, T Ag; e, Nj,q 1s decomposed into the summa-
tion of additive and dominant noncentrality parameters.

Nuclear family data: To make a comparison with the
results of ABECASIS et al. (2000a, Table 4), we consider
I families, each having both parents and [ offspring. Let



886

J. Jung, R. Fan and L. Jin

TABLE 1

The parameters of the simulated genetic cases

Test case T Ot o? o? 0,0 B Py, ¢ Dy
Null 0 0 100 100 Not applied 0 0.5 Not applied Not applied
Familiality 0 50 50 100 Not applied 0 0.5 Not applied Not applied
Linkage 30 0 70 100 0 0 0.5 0.5 0
Composite 20 30 50 100 0 0 0.5 0.5 0

The total variance is fixed at 0 = o}, + 0¢, + 02 = 100 and o3 = ¢ = 0. Admixture: no major gene

effect or familial effect o} = o}, = 0, but with population admixture (see text for explanation).

N = I(l + 2) be the total number of individuals. The
other notations are defined in a similar way as above.
Suppose that variance-covariance matrices of the 7 fami-
lies are the same, i.e., >, = - - - = >;. Denote ;!
(1/02) (Vaj) t+9)x@+2- If the sample size N is large
enough, we show in APPENDIX E that

I
XX/ = Y X137 X/ 1= diag (v, biVa bVb) /07,
i=1 hyj
(10)

where b and b, are constants given by Equations (E1)
in APPENDIX E. The approximation of the noncentrality
parameter of statistic £, is

b o e
Npa = T@(DM]Q: R DMkQ)(VA/Q)il .
o (]] q2 DM,( 0

TYPE I ERROR RATES

To evaluate the type I error rates of the proposed
method, simulation program LDSIMUL kindly pro-
vided by G. R. Abecasis is used to generate data sets.
Nuclear families are generated in simulation. Five test
cases are considered in type I error rate calculation,
which are taken from ABECASIS ef al. (2000a, Table 2).
Table 1 presents parameters of four test cases. Trait
values are constructed by a normal distribution with
mean 0 and total variance o* = 100 except for test case
of Admixture. Here 0* = 03, + 0%, + 0¢ is the summation
of the additive major gene effect o},, the variance of
polygenic effect 0¢,, and the error variance o In each
model except the Admixture, a diallelic marker M, is
simulated with allele frequency Py, = 0.5. In the test
cases of Null, Familiality, and Admixiure, no major gene
effect is assumed, i.e., Géa = 0. In the test cases of Linkage
and Composite, major gene effectis assumed, and marker
M, coincides with the QTL 0, i.e., recombination frac-
tion 6, 0 = 0; in the meantime, linkage equilibrium
is assumed between QTL Q and the marker M, i.e.,
Dy, o = 0. In the test case of Admixture, population ad-

mixture is generated by mixing families equally drawn
from one of two subpopulations A and B. In both sub-
populations A and B, no major gene effect or familial
effect is assumed, i.e., 03, = 0¢, = 0. However, the trait

mean of subpopulation A is fixed at 10 and the variance
is fixed at 100, and the marker allele frequency Py, is

taken as 0.7 in subpopulation A. The trait mean of
subpopulation B is fixed at 0 and the variance is fixed
at 100, and the marker allele frequency Py, is taken as

0.3 in subpopulation B. Therefore, the total variance
in the mixing population is 0* = 125. The admixture
contributed to (10 — 0)2/[4 X 125] = 0.20 of the total
variance.

To calculate the type I error rates, 1000 data sets are
simulated for each test case. Each data set contains a
certain number of related pedigrees. For instance, 120
trio families are generated for test case Null if the total
number of offspring is 120 and the number of offspring
in each family is 1; but only 15 families are generated
if the number of offspring in each family is 8 and the
total number of offspring is 120. Using the data sets,
we fit the model

yi = B+ xja + B + e,

where B;is normal N(0, a,), y is normal N(B + x;o,
0?), and o? = ¢ + o, + ol The null hypothesis is
H,,: oy = 0. Since the QTL Qs in linkage equilibrium
with marker M;, an empirical test statistic that is larger
than the cutting point at a 0.05 significance level is
treated as a false positive. On the basis of either the
likelihood-ratio test or the [-test, type I error rates are
calculated as the proportions of the 1000 simulation
data sets that give a significant result at the 0.05 signifi-
cance level based on Fj, and the likelihood-ratio test
statistic, respectively. Table 2 presents type I error rates
of likelihood-ratio tests and F-test statistics. The results
show that the type I error rates are around the 0.05
nominal significance level in almost all cases. Hence,
the proposed model is robust. In addition, the type I
error rates of F-tests are similar to those of the likeli-
hood-ratio tests. In an association study, false positives
due to population stratifications are usually a big issue.
From the results of Table 2, the type I error rates in
the Admixture case are reasonable.

Table 2, bottom, shows a notable variability in the
range of type I errors when the number of offspring is
8 and the sample sizes are small. For example, the type
I error rates of the F-test F;, are 6.7% for test case of
Composite when the total number of offspring is 120.
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TABLE 2

Type I error rates (%) of test cases of Table 1 at a 0.05 significance level

Error rates when total no. of offspring is

120 240 480
No. of offspring - E—— EEE—
in each family Test case LRT I, LRT Iy, LRT I,
1 Null 5.0 4.9 5.1 5.1 5.8 5.8
Familiality 5.4 5.3 5.2 5.2 53 5.3
Admixture 3.9 3.8 5.2 5.2 5.3 5.3
2 Null 4.6 4.5 4.8 4.7 45 4.5
Familiality 4.2 4.1 3.6 3.6 4.7 4.8
Admixture 5.0 4.8 5.5 5.5 4.9 5.1
Linkage 5.5 54 5.0 4.3 5.0 5.1
Composite 5.6 5.8 5.8 5.9 5.6 5.7
4 Null 4.9 5.0 4.3 4.3 3.6 3.6
Familiality 5.2 5.3 4.2 4.3 4.8 4.8
Admixture 5.5 5.6 5.4 5.8 4.2 4.2
Linkage 5.3 5.5 5.4 5.4 4.9 5.0
Composite 5.3 5.5 5.3 5.3 4.1 4.2
8 Null 4.2 4.4 5.0 5.1 4.7 4.7
Familiality 4.7 5.3 5.1 5.5 44 4.4
Admixture 3.5 4.4 5.5 6.0 4.4 4.6
Linkage 6.1 6.8 4.3 4.6 4.6 4.8
Composite 5.8 6.7 5.5 5.9 3.7 3.9

The parameters are the same as those of ABEcasis et al. (2000a, Table 2).

This is most likely due to the small sample size and
multivariate normality. When the total number of off-
spring is 120, there are only 15 pedigrees, each con-
sisting of two parents and 8 offspring; and the variance-
covariance matrix % is a big 10 X 10 square matrix.
Hence, the parameter estimations are hardly accurate,
which makes the deviation from the nominal level
greater. When the sample size increases (i.e., the total
number of offspring is 240 or 480), the type I error
rates are close to the nominal level of 0.05. The results
of Table 2 are based on 1000 simulated data sets, which
may not be always reliable. To further investigate the
issue, we perform a calculation in the next section based
on 20,000 simulated data sets for another Composite test
case in Table 3. The results of Table 3 confirm that the
type I error rates are close to the nominal level for large-
sample data.

POWER CALCULATION AND COMPARISON

Comparison with the AbAw approach: Denote the
heritability by 4% which is defined as h* = o},/0* (FAL-
CONER and Macxkay 1996). To compare the method
proposed in this article with the AbAw approach of
ABECASIS et al. (2000a), we present a power comparison
in Table 3. The parameters are the same as those of
ABECASIS et al. (2000a, Table 4): ¢ = Py, = 0.5, h? =
0.1, 0* = 100, 03, = 10, 0f; = 0¢,/2 = 30, 02 = 30. In

addition, D" = Dy, o/ Dy and Dy, =
Py, q. In the AbAw columns in Table 3, the results are

taken from ABECASIS et al. (2000a, Table 4). In the (F,,
Fl,a, LRT)" columns, the power (%) of F, is calculated
on the basis of approximation of noncentrality parame-
ter Ay, of test statistic f;, at a 0.001 significance level;
the power (%) of F, and the LRT are calculated as the
proportions of 1000 or 20,000 simulation data sets that
give a significant result at the 0.001 significance level
based on [, and the likelihood-ratio test statistic, respec-
tively. For each simulated data set, a certain number
nuclear families are simulated via LDSIMUL. For in-
stance, for one sib per family, 480 trio families are simu-
lated in each simulated data set.

The results of Table 3 clearly show that the proposed
F-tests I, and likelihood-ratio tests are much more pow-
erful than the AbAw approach. When D’ = Dy, o/ Dyox =

25%, it is possible to achieve considerable power. When
D' = Dy, ¢/Dyix = 50%, the statistic I, is powerful for
a sample with a total number of 480 sibs. In addition,
the results of Table 3 show that the empirical power of
Fm is similar to that of the likelihood-ratio test. This
implies that in a large sample the two tests provide
similar power (GRaYBILL 1976). The AbAw approach
presented in ABECASIS ef al. (2000a) utilized only the
trait values of sibships in the model and discarded the
trait values of parents. This is, obviously, not an efficient
way. The proposed methods, on the other hand, incor-

min(Py,, ) —
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TABLE 3

Power comparison with results of ABECASIS et al. (2000a, Table 4)

No. of families/sample size N

One sib per  Two sibs per Three sibs per Four sibs per  Five sibs per Six sibs per  Eight sibs per
family: family: family: family: family: family: family:
480/1440 240/960 160/800 120/720 96/672 80/640 60/600
simulated R, I, R, R, R, By, R,
D" % datasets AbAw LRT AbAw LRT AbAw LRT AbAw LRT AbAW LRT AbAw LRT AbAw LRT
0 0.2 0.1 0.0 0.1 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.0 0.1
1,000 0.1 0.1 0.1 0.0 0.1 0.1 0.0
1,000 0.1 0.1 0.1 0.0 0.1 0.1 0.0
20,000 0.105 0.10 0.105 0.09 0.105 0.095 0.09
20,000° 0.105 0.10 0.105 0.09 0.085 0.085 0.09
25 2.1 331 1.8 154 2.0 106 2.6 8.5 3.0 7.4 2.1 6.7 2.1 5.8
1,000 33.0 14.8 11.2 7.3 8.2 53 4.3
1,000 32.9 14.7 10.9 7.2 7.4 49 3.8
50 195 99.2 229 894 248 78.6 26.7 70.7 26.7 652 272 612 239  56.0
1,000 99.4 90.5 76.7 69.9 63.7 55.5 47.5
1,000 99.4 90.4 76.4 69.0 62.8 54.1 45.0
75 69.3 100 72.6 100 74.2  99.8 769 99.3 76.0 98.7 76.5 98.1 754 96.9
1,000 100 100 99.9 99.2 98.9 97.3 94.6
1,000 100 100 99.9 99.2 98.8 97.2 93.8
100 97.4 100 97.7 100 98.3 100 98.4 100 98.2 100 98.4 100 98.5 100
1,000 100 100 100 100 100 100 100
1,000 100 100 100 100 100 100 100

In the AbAw columns, the power (%) is taken from ABEcASIS ¢t al. (2000a, Table 4). In columns 4, 6, 8, 10, 12, 14, and 16
the power (%) of Fy, is calculated on the basis of the theoretical approximation of noncentrality parameter A, of test statistic
F,, at a 0.001 significance level; the empirical power (%) of i, and LRT are calculated as the proportions of 1000 or 20,000
simulated data sets that give significant results at the 0.001 significance level on the basis of F, and the likelihood-ratio test
statistic, respectively. The parameters are the same as those of ABECASIS et al. (2000a, Table 4): ¢ = Py, = 05, = 0.1, ¢ = 100,

05 =10, 0% = 08./2 = 30, 0 = 30. In addition, D" = Dy o/ Dyy and Dy =

“Results of the row are calculated on the basis of .
" Results of the row are calculated on the basis of LRT.

porate both parental and sibship phenotypes into the
models. This considerably increases the power as shown
in Table 3.

In Table 3, the first row of results corresponds to the
case when D' is zero, i.e, a situation when the null
hypothesis of no association is true. Hence, the power
results for all these tests are simply the type I error rates.
It can be seen that the type I error rates are close to
the nominal level 0.001 = 0.1% when the number of
simulated data sets is 20,000. This is consistent with the
conclusion of Table 2; i.e., the proposed model is robust.
To make a comparison with the results of ABECASIS et
al. (2000a, Table 4), the results of I:},a and the LRT of
1000 simulated data sets are also presented. In most
cases, the entries are equal to the nominal level 0.001 =
0.1%; i.e., one of the 1000 data sets leads to a significant
result, but some entries are 0 since none of the 1000
data sets leads to a significant result.

min(Py, ¢) — Py

In Table 3, there is a trend that the power of (f,,
FL,&, LRT)"™ to detect association decreases with the in-
creasing sibship sizes. This is partly because the sample
size N decreases although the total number of offspring
is the same, 480: For 480 trio families of one sib per
family, the total number of individuals is N = 1440; for
60 families of eight sibs per family, the total number of
individuals is N = 600. For the AbAw approach pre-
sented in ABECASIS ef al. (2000a), the total number of
offspring that are used in the model is the same, 480.
Since our models use phenotypes of both parents and
offspring, the sample sizes Nare different. On the other
hand, for the same total number of typed individuals
N, families of large sibship sizes contain less LD informa-
tion than families of small sibship sizes. The readers
may note that this result is consistent with findings in
FaN and X10NG (2003). In FAN and X10NG (2003, p.
131, Figure 3), the population-based method is shown
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Ficure 1.—Power curves of test statistics £, I5,, Fs,, Fiq,
Iy, and I, against the measure of LD between M, and Q at
a 0.01 significance level, when ¢ = 0.5, Py, = 0.5, i = 1, 2,
3,4, Dy,o = 0.08,i= 2,3, 4, Dy v, = 0.05, i # j, o = 0.5,
d159 = 0.25, heritability h* = 0.15, polygenic effect variance
0%, = 0.10 and sample size n = 40, m = 30, s = 20 for (A) a
dominant mode of inheritance a = d = 1.0 and (B) a recessive
mode of inheritance a = 1.0, d = —0.5, respectively.

to be more powerful than the family-based method for
the same number of individuals.

Comparisons of sample size and power of LD map-
ping: Power and sample size calculations are performed
to investigate the merits of the proposed method. Figure
1 shows the power curves of the test statistics F,, I5,,
L, Fi4, F;4, and F,4 against the linkage disequilibrium
coefficient Dy , at a 0.01 significance level for a domi-
nant mode of inheritance (¢ = d = 1.0) and a recessive
mode of inheritance (¢ = 1.0, d = —0.5). The related
parameters are given in the Figure 1 legend. Generally,
the power of F, using four markers in the model is
higher than that of F5, using three markers, which in
turn is higher than that of £, using two markers. Hence,
multiple-marker analysis is advantageous. The power of
Fq is usually minimal unless the LD between locus Q
and marker M is very strong for the dominant mode
of inheritance. Note the power curves of Figure 1 are
not symmetric with respect to Dy, o. This is due to
Dy,p = 0.08,i= 2,3, 4, DM],M], = 0.05, i # j, and so the
power curves do not have to reach a minimum value
when Dy, ¢ is zero. Instead, they are shifted to the right,

so that the minimum is at a point when Dy o > 0. Figure

2 provides the power of the test statistics Fy,, I5,, F5,,
Fq4, 4, and Fy, against heritability 22 at a 0.01 signifi-
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FIGURE 2.—Power of test statistics Iy, I5,, F5,, Fiq, [54, and
F, 4 against the heritability 2% at a 0.01 significance level, when
¢ =0.5, Py = 0.5, Py, = 05, Dy o= 0.1, Dy, = 0.05,4,j=
1,2,3,4,i# j,meg= 0.5, 8159 = 0.25, 0, = 0.1 and sample
size n = 40, m = 30, s = 20 for (A) a dominant mode of
inheritance ¢ = d = 1.0 and (B) a recessive mode of inheri-
tance @ = 1.0, d = —0.5, respectively.

cance level for a dominant mode of inheritance (a =
d = 1.0) and a recessive mode of inheritance (a = 1.0,
d = —0.5), respectively. In addition to the merits shown
in Figure 1, the power of the test statistics Fy,, F5,, Fo,
is high when heritability 4% is >0.10 for both modes of
inheritance.

Figure 3 shows the power of test statistics F,, I5,, I9,,
and I, against the trait allele frequency ¢, (Figure 3A)
or marker allele frequency Py, (Figure 3B) at a 0.01

significance level for an additive mode of inheritance
a= 1.0, d = 0.0, respectively. The other parameters are
given in the Figure 3 legend. From Figure 3A, it can be
seen that the power of F,, increases as the trait allele
frequency ¢ increases. Figure 3B shows that the power
of I, and F;, is almost constant; in addition, the power
of I, increases slowly, and the power of F, increases
as the marker allele frequency Py, increases. In general,
the power of F,, and I, depends heavily on the trait
allele frequency ¢, but not on the marker allele fre-
quency Py,. At first glance, it is strange that the power
of Iy, and F;, does not depend very much on the marker
allele frequency Py,. The mystery is that the LD mea-
sures Dy .o = 0.125, i = 2, 3, 4 are already high. That is
why the contribution of marker M; matters not very
much to the power of F,, F,, and F;,. This adds one
more piece of information to the advantage of multiple-
marker analysis. That is, as long as some markers are
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FIcURE 3.—Power of test statistics F,,, Is,, I5,, and I,
against the trait allele frequency ¢ (A) or marker allele fre-
quency Py, (B) at a 0.01 significance level for an additive

mode of inheritance @ = 1.0, d = 0.0, when Py, = 0.50r ¢, =
0.5, respectively. The other parameters are given by 2* = 0.15,
PMx = 0.5, DM,Q = [min(PM,, Q) — PM}]]]/Z DM,M, = [min
(R\lly PM,) - PMl PMI]/Z i=2,34, DM,M, =0.05,4;=2,3,
4, i 7 J, Mg = 0.5, 859 = 0.25, ¢, = 0.1 and sample size
n = 40, m = 30, s = 20.

in strong linkage disequilibrium with the trait locus, the
power to detect the association is high.

Assume that the LD is due to historical mutations T
generations ago at QTL Q. At the initial generation
when the mutation occurred, the LD coefficient is
Dy,o(0) = P(MQ) (0) = qiPy,. where P(MQ) (0) is the
frequency of haplotype M;Q. The LD coefficient is re-
duced by a factor 1 — 6,;,¢ in each subsequent genera-
tion. The LD between marker M; and Q is Dy o(T) =
Dyo(0)(1 — 8,9 " at the current generation. Assume
that the marker M, locates at position 0 cM, marker M,
locates at position 1 ¢cM, marker M locates at position
2 c¢M, and marker M, locates at position 3 cM. Under
the assumption of no interference, we may calculate the
recombination fraction O,y = [1 — exp(—QQMle)]/ 2
by Haldane’s map function, where QM,M] is the map
distance between marker M; and marker M. Similarly,
the recombination fraction 6,,, can be calculated by
the distance QM/_Q between QTL Q and marker M;, i =
1, -+, 4. Suppose that the QTL Qis located along the
horizontal axis; i.e., it moves from 0 to 3 cM. Figure 4
shows the power curves of the test statistics I, F).a, £5,,
E,q4, I5,, and I, against the location of QTL Q for a

oY)
1.0
1

A

1.0

0.8

Power
0.6

0.4
1

0.0
1

T T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0

Location of Q (cM)

0.6
1

Power
0.4

0.2
1

T T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0

Location of Q (cM)

Ficure 4.—Power of test statistics Fy,, Fia, £5., 50, Fon,
and 5,4 against location of QTL Q at a 0.01 significance level.
The parameters are given by, ¢ = 0.5, Py, = 0.5, Dy ((0) =
015, DMIM] = 005, l,]: 1, sy, 4, e j, Ti2g = 0.5, Bng =
0.25, familial effect variance o3, = 0.10, heritability A* = 0.15
and sample size n = 100, m = 50, s = 30, mutation age 17" =
60 for (A) a dominant mode of inheritance a = d = 1.0
and (B) a recessive mode of inheritance « = 1.0, d = —0.5,
respectively. Marker M, locates at position 0 cM, marker M,
locates at position 1 ¢M, marker M; locates at position 2 cM,
and marker M, locates at position 3 cM. The location of QTL
Q is along the horizontal axis; i.e., it moves from 0 to 3 cM.

dominant mode of inheritance (¢ = d = 1) and a reces-
sive mode of inheritance (a = 1.0, d = —0.5), respec-
tively. The powers of F,, and F, 4 with four markers in
the model are generally high across the location of QTL
Q, since at least one marker is close to the QTL Q. The
power of F5, and £, using three markers in the model
is similar to that of four markers, except that QTL Q
locates far above marker Ms, i.e., Ny, o = 2.3cM. The

power of I, and F,4 using two markers in the model
is high when the QTL is close to markers M, and M.
However, once the QTL is far above marker M, (i.e.,
Ay, o = 1.3cM ), the power of F, and F,4 using two
markers in the model decreases very quickly. Figure 4
implies that multiple-marker LD analysis has high power
in fine mapping of QTL. Moreover, the power of test
statistic f7,, which tests only the additive effect, is higher
than that of [, 4, which tests both the additive and domi-
nance effects through the proposed model. The reason
is that the degrees of freedom of test statistics increases
if the dominance effect is added to the test statistics.
Figure 5 shows the power curves of test statistic Fj,q
against the position of markers M;, - - -, M, for different
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Ficure 5.—Power of test statistic /4 for mutation age T'=
30, T= 40, T= 50, T'= 60, T'= 70 against position of markers
M, i=1,---,4ata0.01 significance level. The QTL Q
locates at position 10 cM. The four markers flank the trait
locus Q; two markers are on each side of the QTL with equal
distance to each other as follows: My = 5 + M,/2, My = 15 —
M, /2, My = 20 — M. ¢ = 0.5, Py, = 0.5, Dy (0) = 0.15,
Dy, = 0.05, 4, j =1, - - -, 4, i # j, heritability h? = 0.15,
polygenic effect variance o, = 0.1 and sample size n = 40,
m = 30, s = 20 for (A) a dominant mode of inheritance a =
d = 1.0 and (B) a recessive mode of inheritance a = 1.0, d =
—0.5, respectively.

mutation age at a 0.01 significance level. The trait locus
Q locates at position 10 cM. The four markers flank the
trait locus Q; two markers are on each side of the QTL
with equal distance to each other as follows: M, = 5 +
M,/2, My = 15 — M,/2, M, = 20 — M,. Here M, also
denotes the location in centimorgans of marker M;. As
the mutation ages, the power decreases and the power
can be high only when the markers are close to the trait
locus.

Figure 6 shows the required number of trio families
or families with both parents and two offspring for the
test statistics Fy,, Fs,, I5,, and I, against heritability A*
atasignificance level 0.01 and power 0.8. For a favorable
case (Figure 6, A and C), the parameters are given by
q = Py, = 0.5, DM,M] = 0.05, and Dy,o = 0.1 for 4, j =

1,---,4,i7# j For aless favorable case (Figure 6, B
and D), the parameters are given by ¢ = 0.2, Py =
0.8, DM,M/ = 00, and DMzQ = 0.03 for l,] = 1, s, 4,

¢ # j. For the favorable case, the required number of
families of test statistics Fy, and F5, is <200 and that of
F,,is <600 if heritability 2% is >0.1. For the less favorable
case, the required number of families of test statistics

I, and £, is <500 and that of £, is <700 if heritability
h* is >0.1. The required number of families of test
statistics f4, is very large for both favorable and less
favorable cases.

AN EXAMPLE

The proposed method is applied to the Genetic Analy-
sis Workshop 12 German asthma data (MEYERS et al.
2001). The data consist of 97 nuclear families, including
415 persons. Seventy-four families have two children,
19 have three children, and 4 have four children. Wyst
et al. (1999) perform linkage analysis for total serum
IgE by a nonparametric statistic of MAPMAKER/SIBS
2.1. Three markers on chromosome 1 are shown to be
linked with immunoglobulin E (IGE) level, i.e., marker
D1S207 at position 118.1 cM, marker D1S221 at position
146.7 cM, and marker D1S502 at position 151.2 ¢cM. In
Fan and JunG (2003), we analyze the data using sibships
and confirm the result of WysT et al. (1999). By the
method proposed in this article, we analyze the data
again. The dominance variance of log(IGE) is signifi-
cantly >0 at position 149.85 cM (Pvalue, 0.00075; com-
pared with the Pvalue of 0.01 in FAN and JunG 2003).
On this basis, we collapse alleles 6, 8, and 10 as allele
M, at marker D1S207 and others as allele m,. At marker
D1S221, alleles 5, 6, and 7 are collapsed as allele M,
and other alleles as allele m,. At marker D1S502, we
collapse alleles 7, 8, and 12 as allele M; and others as
allele ms. Then, we find that coefficient 8, is significantly
different from 0 at position 149.85 cM, with a Pvalue
of 0.034 by likelihood-ratio test (compared with the P-
value of 0.0475 in FAN and Junc 2003) and a Pvalue
0.034 by F-test (compared with the Pvalue 0.0484 in
Fan and JunG 2003). The estimation is &, = 0.76. Hence,
we are able to confirm the result of WysT et al. (1999) and
find that marker D1S221 is associated with log(IGE).

Compared with the results of FAN and Junc (2003),
the evidence in the above paragraph is stronger since
the Pvalues are smaller. There are two reasons for this.
In this article, all family members are used in the analysis
(compared with only sibships used in FAN and JunG
2003). This article used three markers in the analysis
(compared with only two markers used in FAN and JuNG
2003). Hence, the proposed model improves the perfor-
mance of the previous method.

DISCUSSION

On the basis of multiple diallelic markers, this article
proposes variance component models for high-resolu-
tion joint linkage and association mapping of QTL. The
models extend our previous work using two diallelic
markers in analysis and incorporate genetic-marker in-
formation into the models (FAN and X1onG 2002, 2003;
FAN and JuNG 2003; FAN et al. 2005). By analytical analy-
sis, it is shown that linkage disequilibrium measures and
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genetic effects are incorporated in the mean coeffi-
cients. On the basis of marker information, a multipoint
interval mapping method is provided to estimate the
proportion of allele-sharing IBD and probability of shar-
ing two alleles IBD at a putative QTL for a sib-pair.
It is shown that recombination fractions, i.e., linkage
information, are contained in variance-covariance ma-
trices. Therefore, the proposed methods model both
association and linkage in a unified model.

In the literature, there is plenty of research for linkage
mapping of QTL (Amos 1994; FULKER et al. 1995;
ArLmAsy and BLANGERO 1998). The linkage evidence
can be detected by fitting model (6) as the first step on
the basis of a sparse genetic map. In this article, we put
more effort into high-resolution linkage disequilibrium
mapping of QTL in the presence of prior linkage evi-
dence. To test the association between the trait locus
and the markers, both likelihood-ratio tests and F-tests
can be constructed on the basis of the proposed models.
In addition, analytical formulas of noncentrality param-
eter approximations of the F-test statistics are provided.
After comparing it with the AbAw approach, it is found
that the method proposed in this article is more power-
ful and advantageous on the basis of simulation study
and power calculation. By power and sample size com-
parison, it is shown that models that use more markers

T
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Heritability

may have higher power than models that use less mark-
ers. Multiple-marker analysis can be more advantageous
and has higher power in fine mapping QTL.

In an association study, population stratification can
have a huge impact on a study, which leads to high false
positives (EWENS and SPIELMAN 1995). ZHAO and X10NG
(2002) proposed unbiased quantitative population asso-
ciation tests to investigate the issue. In this article, we
perform type I error calculations. We allow for the very
extreme form of population admixture, in which each
family is drawn from a different stratum (ABECASIS et
al. 2000a). Type I error rates of the proposed test statis-
tics are calculated to investigate the behaviors of the
test statistics under the null distribution. Five test cases
including population admixture are considered to in-
vestigate the type I error rates. The results show the
proposed models and methods have correct type I error
rates for most cases and are robust.

In a QTL mapping study, a strategy may be taken as
follows. First, linkage analysis can be carried out using
a sparse genetic map. Then, an association study can
be performed using a dense genetic map for high-reso-
lution mapping of the trait. The basic idea is to take
advantage of linkage analysis for prior linkage informa-
tion. In the meantime, one can take advantage of the
high-resolution association study for fine mapping a



Combined Linkage and Association Mapping of QTL 893

genetic trait. It is well known that linkage analysis is
robust; i.e., the false-positive rates are not high. How-
ever, the resolution of linkage analysis can be low. On
the other hand, the resolution of the association study is
high. But the association study is prone to false positives
caused by population stratifications. Using the method
proposed in this article, it is more likely to avoid high
false-positive rates by performing an association study
in the presence of prior linkage. The low resolution of
a prior linkage analysis can be remedied by the follow-
up high-resolution association study.

In recent years, there has been great interest in link-
age disequilibrium mapping of QTL (ArLisoN 1997;
RasinowrTz 1997; ZHANG and Zuao 2001). Various
methods of joint analysis of linkage and association are
proposed by researchers (ALMASY et al. 1999; GEORGE
et al. 1999; MARTIN et al. 2000). On the basis of variance
component models, a combined linkage and association
AbAw approach has been developed to decompose asso-
ciation effects into within- and between-family compo-
nents (FULKER et al. 1999; ABECASIS et al. 2000a,b, 2001;
CArDON 2000; SHAM et al. 2000). However, most re-
search is limited to using one diallelic marker a time
to model the association of QTL. This article proposes
use of multiple markers to model the association and
linkage. The genetic effects are orthogonally decom-
posed into additive and dominance effects. The method
has the advantage of high-resolution dissection of ge-
netic traits in an era in which dense marker maps are
available (INTERNATIONAL SNP Map WORKING GROUP
2001; KoNG et al. 2002). It is hoped that the current
research may stimulate more interestin building models
for joint linkage disequilibrium and linkage mapping
of QTL.

In a genetics study, the first-hand data are usually
genotyping information. The methods developed in this
article can be directly used in analyzing quantitative
and genotyping data of nuclear families by combining
linkage and association information together. In the
meantime, one may argue the use of haplotype data
in an analysis that can be constructed on the basis of
genotyping data. The question is an important issue as
the haplotype map project will soon be completed and
haplotype data will be readily available (INTERNATIONAL
HapMap ConsorTium 2003; HapMap project, http://
www.hapmap.org). The proposed method deals with
diallelic markers. When the markers are not diallelic as
is the case in the analyzed data, we collapse alleles into
two groups to form two allele types. The hidden ques-
tion is whether this collapsing has any consequence in
type I error because the collapsing is not unique, which
leads to the selection issue. It is important to develop
appropriate models and handy algorithms in linkage
and association mapping of complex diseases using hap-
lotype /multiallelic marker data. It would be interesting
to see a comparison of the two approaches. In JUNG et
al. (2004), a population-based regression approach is

explored for association mapping of QTL using haplo-
type data. Itisimportant to extend the research to utilize
both population and pedigree data based on multiallelic
markers/haplotypes.

One potential problem of using multiple markers in
analysis is that the degrees of freedom of test statistics
can be large, which may lead to low power. Moreover,
the number of LD measures can be large. Thus, selec-
tion of appropriate markers for analysis is one issue that
needs careful consideration. The optimal number of
markers needed depends on a specific trait in a study.
Also, it depends on the LD measures among the QTL
and the markers. In data analysis, the markers that show
significance in the model can be included in the final
analysis. On the one hand, it would not be a good
strategy to use many diallelic markers in the model.
More markers will lead to higher degrees of freedom
in test statistics. The number of markers that show sig-
nificance is unlikely to be too large. Usually, using three
or four relevant markers in an analysis would be worth-
while, since it may have higher power than a two- or
one-marker analysis. In the meantime, the degrees of
freedom of test statistics and number of LD measures
would not be too big using three or four markers in
an analysis. The second problem is the existence of a
dominance trait effect. If the dominance effect is pres-
ent, one may lose power by excluding it from analysis
(Fan and X10NG 2002). However, one may get low power
by testing hypothesis oy = « + + = o, = & =+ - . =
8, =0, if the dominance effectis notsignificantly present
to influence the trait values, due to the increase of
degrees of freedom of test statistics.

So far, only one trait locus Qis assumed to be located
in the chromosome region. Suppose that there are mul-
tiple QTL in the region. The mixed-effect model (1)
can still be used in QTL mapping. In addition, suppose
that the trait value is influenced by unlinked trait loci
in different regions. Then model (3) needs to be gener-
alized to use markers from different regions in analysis
(Hom and Ot 2003). If multiple-trait loci are present,
other issues such as epistasis need more in-depth investi-
gation. For IBD estimation, we follow the method pro-
posed by FULKER et al. (1995) and ALMASY and BLANG-
ERO (1998). If there is LD between the trait and markers,
LD among markers would also be expected and needs
to be incorporated in estimating IBD. However, it is not
clear how to achieve this. This is a very interesting and
important research area for future study. Better IBD
estimates would lead to a fitted variance-covariance
structure that is a better approximation of the true vari-
ance-covariance structure. This would improve the per-
formance of the proposed models.
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APPENDIX A
Taking variance-covariance among x;;, z;;, ; of the mixed-effect model (1) leads to the following variance-covariance
equations:
(%1, 1) (%i25 1) oo (N> Xi1) (zi1, x1) v (zigs X)) Y (y,-, X1)
(%1, %9) (X9, X9) oo (Xips X0) (21, %9) v (zip X9) || s ()’n X;9)
Covl (%15 %) (Xigs i) oo (X Xia) (s %) oo (i X)) || | = Covl (> %ir) . (A1)
(%1, 2i1) (%59, zi1) (%ip 211) (zi1, zn) .. (zir z1) || O (yi, Zi1)
(%1, zin) (X9, Zix) (X Zi1) (21, zin) (zi zin) J\ Oy (yz-, Zik)

In a similar way to that in FAN and X10NG (2002, Appendix A), the following expectations, variance, and covariances
can be derived accordingly: Ex;; = 0, Ez; = 0, E(x};) = Cov(x;j, x;) = 2Py P, E(z%) = Cov(z, zj) = P?\@P?n], E(x;;x,) =
COV(%’,‘, X)) = QDMJMV E(Zi/Zu) = COV(ZMZH) = D?w]M,, E(xijzil) = COV(XU, zy) = 0, Cov(y;, 'xij) = E(yixij) = 2DM]QOLQ>
Cov(y;, z)) = E(yz;) = D?V,]QSQ forj, l=1,---,k j7# [ Plugging the above quantities into (Al) gives

2PMl P, 2DMI My ee- 2DMl M, 0 .. 0 o QDMl oo
2Dy, m,  2Dyym, ..o 2Py, P, 0 oy 0 oy, 2Dy, 00
0 0 0 P?\[lpzml D?wle 81 - D2\41Q8Q .
0 0 0 Dyy, . Py P2\ D31,08¢

Therefore, the coefficients of (5) are derived.

APPENDIX B

To simplify notations, we omit subscripts 4 from o, W, * * *, Wiju,, Diju, © -+ 5 Ajjy, in APPENDIXES B and c.

Taking variance-covariance among , Tt Vi of Equation 7 leads to

(Tera ’TTM,) ("TM,, ’TTM2) (’ITM], "TM,() BwM, (’TTQ, Ter)
(Ter ,' TFMQ) (’“’M2 ,‘ "TMQ) . . (""'M2 ,‘ "TM,,) Bfn:M? - Co (TTQ, .’“'MQ) (B1)
(’ﬂ'M,, ’“'M,) ("TMQ, "Tm) ("TM,‘, TI'M,,) Bka ("TQ, ’H'M,)

From ELsTOoN and KreaTs (1985) and ArLmasy and BLANGERO (1998), we have
Cov(my,, my,) = 1/8, i=1,+--,k
Cov(my, my) = (1 = 20y0)%/8, i#j=1,---,k
Cov(mg, my) = (1 — 20,,0)%/8, i=1,---,k

Plugging the above quantities into Equation Bl gives

1 (1 - QOMIMQ)Q (1 - 29M,Mk)2 B’n’M, (1 - 26M,Q)2
1| (1 — 29MIMQ)2 1 ce (T = QGMQMk)Q By _ 1| (1 — QGMQQ)Q
8 : : : : : 8 : ’
(r- QGMIMk)Q (I = 26;\12/»1,¢)2 1 Bka (1 - QG/WkQ)Q
which leads to
Bq'rM] 1 (- 29le12)2 (I = 291\/11‘%%)2 B (I = QGMIQ)?
B'A‘A’M2

(1 - 26M,MZ)2 1 (I = QGMQM,)2 (1 - QGNI?Q)Q

B'n'Mh (1 - 26MlM,()2 (1 - 26MQM,)2 1 (1 - QBM,(Q)?
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APPENDIX C

Taking variance-covariance among Ao, T, Ay, of Equation 8 leads to

(’TTM], ’TfM]) (’Ter; Ter) (AM], Ter) (A:wk, Ter) BMI (AQ> ’WM])

BMk (AQ, 'Ter)
| Cov (AQ; AM]) ’

(AMV Ter)
Ay, Auy)

(AMI, 7T;v1k)
(Auys Ay)

("TMk, ’ﬂ'M,()

(Ter; AM])

(Ty,> Ta,)
1 k

Cov (T, AMl) (CI)

(Ag, Ay

As in APPENDIX B, the following covariances are from ELsTON and KeaTs (1985), ALMASY and BLANGERO (1998),
and FAN and Junc (2003),

(’ﬂ'Ml, AMk) (’Ter; AM,) (AM], As\lk) (AMV AM,) M,

1
COV(AMN Ty,) = 2
8
COV(AM[, 7TMJ) = COV(AM], my) = (1 — QGM‘.MJ)Z/8a Lj=1,---, ki7#]

3
COV(AM;, AM,) = Tﬁ’ 7= 1’ . s k’
COV(AM,, AM7) = EP(AMR AMi), b=l ki7]j
COV(AQ, Ter) = (1 - QGMIQ)Q/S, 1= 1, . , k,

3
COV(AQ, AMi) = EP(A@ AM,), i=1,- , k,

where p(A;, ) =1 — (16/3)6,; + (32/3)6; — (32/3)6]; + (16/3)6};. Plugging the above results into the equation
(Cl1), we have a submatrix block equation,

BM] (1 - QGMIQ)Q

A AllPBw,
A B |

(I = 261‘4kQ)2
?)p(AM;, AQ)/Q ’

3p (AM,(, AQ) /2

m,
where
1 (I - 26M,MQ)2 (I - QGMIM,()?
(I - QGMUVQ)Q 1 oo (1= QGMQM,()2
(r - QBMIM,)2 (I - 26/\421‘”)2 1
1 P(AM“ AMQ) p(AMl, AMk)
B= 3 p(AMl, AMz) 1 P(AMW AM,,)
2 : : : : ’
P(AMI, AMk) P(AM?, AMk) 1
Therefore, we have from HARVILLE (1997) that
B, (1 = 20y,0)° (1 = 204,0)°
: » : :
B | a4 a] | @ =200 | (a4 B— ) —B- 4| T~ 2000
| |A 0 B [3p(Au, Ag)/2 —(B— A)7! (B— A" ||3p(An, Ag)/2 |
"™, SP(AMH AQ)/Q 3P(Aﬂ/1k, AQ)/2

The equation 3p(A;, A)/2 — (1 — 20,)* = (1 — 86, + 2407 — 3207 + 166})/2 = (1 — 26,)*/2 leads to
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™, 3P(AMV AQ)/Q = (I - 29MlQ)2
Tm, — (B— A)"! 3P(AMQ, AQ)/2 '_ (1 - QGM«ZQ)Z
T:Wk 3P(AMV AQ)/2 ._ (- QBM,(Q)‘Z

1 (1 = 20p,0,)" oo (1= 20y,4,)" ! (1 = 20y,0)"

_ (1 — 20y, u,)* 1 v (1= 20,,,)" (1 = 20),0)"

(1 - Q‘GMIM,K)‘1 (1 - 2'0,”2%)4 1 (1 - Q'GM,(Q)“

Moreover, we have

BM] (1 - 291\1]Q)2 3P(AM], AQ)/Q - - 29:\1]Q)2 B’n’Ml ",

B;MQ — gt (1 - 2:91»1211)2 —(B— A 3P(AM?» AQ)/2 :_ (I - 29»12(1)2 _ BqT:MQ _ 7’,:»12 .
BMh (I = 26;‘/1,,Q)2 SP(AM,I, AQ)/Q @ QGJ\HQ)Q Bmwb M,
APPENDIX D

To derive @, @, a; in approximation (9), we assume three subsamples of a population: » individuals; m trio
families, each having both parents and a single child; and s nuclear families, each having both parents and two
offspring.

a. For each y; of the n individuals, 3; = o*and X; = (1, x;1, * * =, Xip» Zi1, * * * > Z), £ = 1, + + -, n. When the sample
size n of individuals is large, the large number law leads to

n X1 X9 Xik Zi1 Zik
1 1 Xi1 xH XigXil  eeo XXl ZaXio ... ZipXil
—X'X = 72 Xig  Xi1Xi2 X% cee XpXi2 o ZinXi2 ... ZipXie
n Ni—y| : : : : : :
Zik  Xi1Zik  Xi9Zik  eee XipZik o ZilZik o eee z5
1 Exil E,xiz Ex,»k EZ“ EZ,'k
Ex;;  Ex?  Exjx; ... Exux; Ezjx;g ... Ezgx;
~ | Ex;o Exjix;s  Ex?% vo Expxio Ezipxie ... Ezjpxi
Ezik Ex,-lz,vk Exigzik Exikzik EZ“Z,'k EZ;Zk

= diag(1, V4, V).
Therefore, we have the approximation

1

Loxmsix = LS xix = Ldiag1,vi 1), (D1)
Ni=1 no* 2 o’

where V, and V} are additive and dominance variance-covariance matrices defined by (4).

b. For the ith trio family, let (y/;, y,:, y:1)™ be the trait values and X; = (X;, X,,;, X;1)" be the related model matrix,
t=n+1,+--,n+ m In the same way as that of Fan and Xiong (2003, Appendix A), the covariance matrix
between parents and their offspring can be shown to be

\% 0,
EX}riXil = EX, X, = [ AO/kQ OzJ’ (D2)

where O, is a zero k X k matrix. For each of the m trio families, the variance-covariance matrix

1 0 Po
E,‘ = 0"Z 0 1 Po |.
po po 1

The inverse matrix of ; is
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I 1 — pd Po —po
S7t=————| i L—pi —pol
(1 = 2pj)o? ~Po ~Po 1
By the above formulas, we can show the following:
| wtm 5 3 — 4p, 0 0
= 2 XIZX = T o s 0 (3 = 2py — 2p3) Va 0 . (D3)
(— (1 = 2pj)o 0 0 (3 — 20 W

c. For the ith family that is composed of both parents and two offspring, let (y;, y.:, Yi1, ¥i2)” be the trait values
and X; = (X, X,.;, Xi1, Xi9)" be the related model matrix, i = n + m + 1, - - -, n + m + 5. In the same way as
that of FAN and X10NG (2003, Appendix C), it can be shown that

- | Va2 O,
For each of the s families, the inverse variance-covariance matrix
1+ 2p()c Qp(.C -C -C
2p41C 1+ QPUC -C - C
C(1 — 2pj) C(p:2 — 2pp)
_ 1 —-C -C _
1 — —
= o2 po(l = pr2) po(l — pro) | (D5)
e e _ C(p:12 — 2pp) C(1 — 2pj)
po(l = pi2) po(l = pi2)
where C = py(1 — pp)/[(1 — 2p5)* — (p12 — 2p5)°]. Using (D2), (D4), and (D5), we can show
1 nt+mts )
; > XI27'X, = diag(dyi, do Vi, duWp), (D6)
=n+mt+1

where the constants are given by d;; = 2[1 + 4Cpy — 4C + C/pyl, dyy = 2 + 4C(py — 1) + C2 — p1y — 203)/[po(1 —
pi0)], dy = 2(1 + 2Cpy) + C[4(1 — 2p8) — (pr2 — 2p3)1/[2po(1 — p12)]. Combining the n individuals, m trio families,
and s families with two offspring, the equations (D1), (D3), and (D6) lead to /%" X72,'X; = diag(a, @ Vi, ;W) /0%,
where

a =n+ m(l— 2p5) (3 — 4py) + sdy,
a = n+ m(1 — 2p5)7"(3 — 2py — 2p5) + sda, (D7)
a=mn+ m(1 — 2p3) Y8 — 2p3) + sdy.

APPENDIX E

Using (D2) and (D4), we can show approximation (10). The constants §; and & are given by
+2 +2  1+2
=2+t (st ot yime) F (Yt o F o) t 2 2 Vi (E1)
=1 h=3 j=h+1
+2 =+2  +2
j=1

h=3 j=h+1



