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Using representation-theoretic methods, we determine the spec-
trum of the 2 x 2 system

o= A= %+ %) e afsa,+ D) e
Q(x, D) = -5 t 5 B X0+, xER,

with A, B € Mat(R) constant matrices such that A = A > 0 (or <0),
B = —'B # 0, and the Hermitian matrix A + iB positive (or negative)
definite. We also give results that generalize (in a possible direc-
tion) the main construction.

1. Introduction

t is a natural and important problem to find an efficient and

invariant way of studying the spectrum of systems of differ-
ential equations. We deal first with the spectral problem of
particular systems that are the Weyl quantization of noncommu-
tative quadratic form (that we shall call noncommutative har-
monic oscillators) of the kind

Q, &) = %A(x2 + &) +iBx¢ (i=\-1),

where (x, £) € R? = T*R, A, B € Maty(R) are constant 2 X
2-matrices with A = ‘A definite, either positive or negative, B =
—‘B # 0,and A + iB > 0 (or < 0). The Weyl quantization of
the above noncommutative quadratic form is

i ( 02 x2> 1
Q(anx)::Q(x’Dx):A _?J’_? +B xax-i-i,

O(x, Dy): ¥(R; C?) — F(R; C?), O(x, Dy): ¥'(R; C?) = F'(R;
C?) continuously, and it is important to remark that in the above
hypotheses the system Q(x, D,), as an unbounded operator in
L?(R; C?) (with maximal domain B?(R; C?) := {u € L?*(R; C?);
x*9P u € L3(R; C?),Va, B,0 =< « + B = 2}) is self-adjoint with
discrete spectrum made of eigenvalues ux € R (with finite
multiplicities) such that |u] — +% as k — +c. The main
problem in analyzing the spectrum of such systems comes from
two sources: the noncommutativity of matrices and the noncom-
mutativity of the quantized variables x and &

Our aim is in the first place to find a systematic way of solving
algebraically in L*(R; C?) (that is, taking into account L?2-
convergence or, at most, ¥’-convergence) the above kind of
systems. The operator Q(x, D) naturally possesses an sl>(R)-
action (and more generally a metaplectic group action), due to
the Weyl quantization. Hence, the algebraic viewpoint consists of
using this s/>(R)-symmetry and the symmetries carried by 4 and
B to develop a method that determines, as a first step, a
candidate for an eigenvalue along with the formal sequence of
coefficients of a potential eigenfunction belonging to that eig-
envalue (in the sense that the eigenfunction has that sequence as
coefficients with respect to some Schwartz L.2-basis obtained by
means of the oscillator representation of sl>(R); this may be
thought of as a necessary condition). Then the second step
consists of determining which candidate eigenvalues can be
actual ones, by studying the convergence properties (in L? or ")
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of the related formal sequences of coefficients (see ref. 1). In
Section 2, we shall give a survey of the results of refs. 2 and 3
described above. As it will be seen below, the key step is to obtain
a three-term recurrence system that can be “diagonalized.” In
Section 3, we shall next consider a different system of ordinary
differential operators and treat the relative spectral problem by
employing the tensor-product of the oscillator representation
and the vector (standard) representation of slo(R). That system
(which is also interesting, for the most §eneral noncommutative
harmonic oscillator is given by A(—0d;/2) + B(xd, + 1/2) +
C(x?/2) + D,with4A =‘A,B = —'B, C = 'C and D = 'D) might
look more difficult at first glance than the ones considered in
Section 2, because of the presence of a zeroth-order nonconstant
matrix-valued term. However, the difficulty is only “virtual,” for
the use of the aforementioned tensor product representation of
sl>(R) allows one to treat the eigenvalue problem in a completely
straightforward way: the above system is just a pair of “harmonic
oscillators” in disguise. We shall also exhibit a family of systems
parametrized by ¢ € R, which “interpolates” the pair of “har-
monic oscillators” and a system of the above type. This family
possesses the remarkable property that all the eigenvalues have
multiplicity 1, provided ¢ & (1/2)Z. This approach will be
generalized in ref. 4 to treat more general 2 X 2-systems and
higher-rank cases in a unified way.

Applications of the study of the spectrum of N X N noncom-
mutative harmonic oscillators are in the field of lower bounds
and hypoellipticity of systems of pseudodifferential operators
(see refs. 5-10).

We finally remark that the spectral problem for Q(x, Dy) can
be translated into a family of Fuchsian type third-order equa-
tions with four regular singularities, in the complex unit disk (see
ref. 11). We believe that the results on the multiplicity of the
spectrum of Q(x, D) may provide a crucial information to
determine the monodromy of the ordinary differential equation
discussed in ref. 11.

2. Study of the Spectrum of Q

The condition that the Hermitian matrix A + iB be definite,
either positive or negative, is equivalent to requiring that det
A > (pf(B))?, and also equivalent to requiring that the operator
O(x, D,) be elliptic, i.e., det Q(x, &) # 0 for (x, &) # (0, 0), det
O(x, &) being positively homogeneous of degree 4 in (x, §).
Hence, Q(x, Dy), as an unbounded operator with domain
(maximal domain)

D(Q) := {u € L*(R; C*); Qu € L*(R; C*)}

= BZ(R; ([:2)’ <Q”|‘;>ff”,y = (M7 Q(P)L27

This paper was submitted directly (Track II) to the PNAS office.
5To whom reprint requests should be addressed. E-mail: parmeggi@dm.unibo.it.

Article published online before print: Proc. Natl. Acad. Sci. USA, 10.1073/pnas.011393898.
Article and publication date are at www.pnas.org/cgi/doi/10.1073/pnas.011393898



for any given ¢ € ¥(R; C?), has a discrete spectrum made of real
eigenvalues with finite multiplicities, diverging (in absolute
value) to +oe.

Define

N P PR PP

Since B = £pf(B)J, and by the commutativity of J/ with SO(2),
one can easily reduce the study of Q to that of

‘fﬂf)u( a+1)
272 Ta)

where, after possibly conjugating by K, we may assume c«,
B > 0. We may thus suppose A = I(o, B), B = J. Set £ =
VapB — 1> 0, and define

Q(a,B)(x; Dx) = I(Ol, B)( -

. 1
V() = —— (I + o] — €xJ), and W(£)
\2¢

1
= W (eI + oJ + €xJ). [1]
N

Since [V(¢), ¥T(€)] = I, putting

wi(e)? W(¢)?

+ . - _
X7 ) : >

,H = v OWi) — 5

yields that H, X, X~ satisfy the commutation-relations of sl>(R)
(X", X ]=H,[H, X*] = +2X*. 2]

This gives in fact the tensor product of the oscillator represen-
tation and the two-dimensional trivial representation of sl>(R).
For v € CA{0}, set

&) := exp(x?J/2)exp(—€x*I/2)v, and
En(v) == PI(ONEW), NEZ.,.

Since X~ annihilates &(v) [&o(v) is a lowest-weight vector], En(v)
is a weight vector of H with weight N + 1/2, and it also follows
that whenever v and w are nonzero vectors such that (v, w)c. =
0, {&n(v), én(W)}nez, is an orthogonal basis of L%(R; C?). The
operator Q(q,p) is unitarily equivalent to (¢/V aB)Q, where O : =
AY2HA'2, The problem is therefore to understand the structure
of the spectrum of Q. There are now (at least) two ways of
studying the spectral problem for Q: (1) studying the equivalent
problem of finding A and m such that (H — A4~ ") = 0 (the
twisted eigenvalue problem); and (2) studying directly the eigen-
value problem (Q — A)n = 0. In both cases, the key point is to
get an appropriate recurrence formula that allows one to control
the coefficients of the eigenfunctions. (One can easily see that an
expansion in terms of the usual Hermite functions is not
“convenient” for this purpose.) As we shall explain below, we get
a system of recurrence equations that, by suitable rotations, can
be diagonalized into a scalar three-term recurrence equation (this
is highly nontrivial, for we do not know a priori that that is
possible). We remark that the crucial point is the choice of the
basis to be used in the discussion. Since 4A~! = o] + o_KJ,
AY?2 = I + u_KJ, in both problems 1 and 2 the action of the
operator K appears. Since K does not commute with H (whereas
J does), what is missing here is the explicit formula for the action
of K on the &y(v) in terms of the & Set & = &v(e)),j = 1, 2,
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where {ey, e>} is the canonical basis of C?, and, for v, := [,1,-],
define &y 1= &v(vy).

LEMMA 2.1. The set Bnix :=
basis of L*(R; C?).

As the system preserves parity, we shall consider hereafter
only the even case.

{&Y, Kéutnez, is an orthogonal

Dealing with Problem 1. Since the action of H on the KfN involves
both the £ and K¢, we use both bases B, := {&Ly, &ntnez. and
BLE = {K&y, K§2N}Nez+ at the same time, and the fact that
they are related by K. The latter means that if ({an}tnez,,
{bn}nez.) are the coordinates of a solution 7 to the twisted
eigenvalue problem with respect to the basis B.,, and
({cn}nez,, {dn}nez.) those of nwith respect to the basis B;’f,
then there exists an involutive linear function

K: ({aN}N€Z+ 5 {bN}N€Z+) = ({CN}NEZ+ > {dN}NEZ+)~

Using K, we get a nonconstant matrix-coefficient system of
recurrence equations in C* for the (aw, by, cn, dy) that can be
reduced to two recurrence systems for (ay, by) and (cw, dy) plus
a linear relation between (ay, by) and (cn, dy). At this point
there exists an explicitly known constant matrix M(€) such that
(1/Veeg) Mo(£) € SO(2), where

2 +1

Coi= and, upon setting vy := Mo(é’)N[a’;]

and wy := M0(€)*N[21;],
we arrive at the recurrence equations
(P1Y)  dan(Mvy + ceAov—1y(Mvy—;
+ 2(N + D)2N + DA+ 1y(Mvysr =0,
(P2)  day(Mwy + cehonMNwy 4
+2(N + 1)(2N + 1)Aoy(Mwr 41 = 0,

(P31)t/) Aon(MNvy = )\U—Mo(f)N]K(Mo(e)*)fNWN,

where N € Z.,v_1 = w_; = 0 and

2 », 2 2 2
donv(N) =1+ Iz Aon(A)° + ﬁ)\U+A2N()\) - Ao,

1

— Ao,

The key point now is the compatibility condition: Suppose A gives
rise to a solution ({aN}NEZ {bN}NEZ ) to (PlN) that defines a
function u; 1= 352, (aNgzN + bN§2N) € L*(R; C?), then with
({antnez., {bn}nez,) we associate, in an algebraic fashlon
through (P3N) a solution ({CN}NEL, {dN}NEZ ) to (P2 2) that
corresponds to a functlon U 1= EN 0 (CNK§2N + dvKé&y
L*(R; C?), for which uy = us iff K(({an}nez,, {bN}NEL)) =
({entnez,, {dnYnez,). In this and only in this case, 1 = uy = u,
is a solution to the twisted eigenvalue problem.

To study the recurrence (P1x), we first observe that by virtue
of the initial condition v_; = 0, it is actually a scalar recurrence,
depending only on the initial condition v € C?. At this point,
all the solutions to (P1X) [and hence to (P2j)] are of the form
h(X) ® vo, for some sequence h(A) = {hin(A)}nez, € C¥*
depending only on A. One next sees that it is possible to
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construct, for A € R, only two kinds of solutions: the ones for
which there exists Ny such that Ay(A) = 0 for all N = Ny + 1
[such solutions are called finite-type (A, No)-solutions] that are
hence obviously associated with Schwartz candidates as solutions
to the twisted eigenvalue equation; the ones that are not of finite
type, for which there exists Ny = 0 such that zy(A) = 0 for every
N = Ny — 1 and hy()) # 0 for infinitely many N = N, [one sets
h_1(A) = 0]. The latter solutions are not in general associated
with any reasonable distribution in ¥’ (R; C?) unless A satisfies an
equation of the kind gn,(A) = fy,(A), where gy, is a suitably
defined rational function and fy, is a suitably defined continued
fraction [both depending on Axn(A) and dan(A)], case in which
the associated function is actually a Schwartz function [such
solutions are called infinite-type (A, No)-solutions]. Notice that
the algebraic-companion solutions k(A) ® wy to Q\PZ,){,), algebra-
ically obtained from a solution h(A) ® v( of (P1y) (of finite or
infinite type) through (P3J), are automatically associated with
Schwartz functions. Hence, for a fixed A that gives rise to
finite-type or infinite-type solutions, we get at least two solu-
tions, for we have the freedom of the choice of vo € C2. On the
other hand, the aforementioned compatibility condition rules out
that freedom: if one defines for h(A)(# 0) of finite or infinite

type
Wy(h) := {h(A) ® vg; h(A) ® v, and k(A) ® wy
are compatible, v, € C%},

then dime Wi(h) = 1. The reason why W,(h) might be
zero-dimensional (corresponding to vo = wo = 0) comes
from the fact that the operator K acts in a highly unknown
fashion, and we cannot a priori conclude that a solution h(A)
® vy to (P1)y) and the algebraic companion k() ® wy relative
to (P2)) are related (for the same A) through the compatibility
condition.
Let us define

Eg := {A € R; there exists a finite-type A-solution h(A) ® v},
E:: := {A € R; there exists an infinite-type A-solution h(A) ® v}

(and analogously the sets ¥, and X, relative to the odd
case). One has also the following description of 3;: upon
defining polynomials jox € R[A] inductively by the recurrence
formula

Jan(A) = don(N)jon—2(A) — ¢ 2N(2N — 1)
Aoy —2(M)Aon(M)jon—a(A), N = 1,

j—2(A) = 1, jo(A) = do(A) [they appear as determinants of
particular Jacobi matrices (see ref. 2)], then

Dg ={AER; ANGEZ, Aoy, (N) = jan,(A) = 0}

(and analogously in the odd case). Put £ := =5 U Zj, Zo.:= 3
U 22, and for A € Sy U =.. define Vy := {u € L%(R; C?); O(x,
Du = lu and u is even} and V; := {u € L*R; C?); O(x,
D,)u = lu and u is odd}. It is important to notice that at this
point we do not know as yet that the Vy are eigenspaces
belonging to A (because we do not know as yet that any given A
in ¥y U Z.. is an eigenvalue). Thus, as proved in ref. 2, we have
the following theorem (that might be thought of as the first half
of Theorem 2.4 below).
THEOREM 2.2. One has

Spec(Q(x, D)) C XU Doy
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and

2ifre S 2ifAE D,
Lifre DA LifAE 2N\,

Dealing with Problem 2. In this case, the key ingredients for dealing
directly with problem 2 are the formula

dimV;’S[ dimV;S{

O =u’H + p*KHK + p,p_(HK + KH)J

and the use of the basis Bmix (see Lemma 2.1). Again, we restrict
to the even-eigenfunction case. Hence, consider the equation
(O — M)m = 0, with n of the form = S3Z (anéay + baKEy).
Upon setting a—y = by = 0, zy := €2V (1 — )N
(m—any — ipsby), we get the recurrence equations

(P2Y)" dan(N)zy + ceAon(N)zy—y

+ Z(N + 1)(2N + 1)A2N()\)ZN+1 = O,

i.e., exactly the recurrence equations (P2)). It is a key observa-
tion now, and the reason why the basis Bnix is of fundamental
importance, that the compatibility condition is automatically
satisfied. Hence, since A € X, U 2. gives rise to Schwartz
solutions to the eigenvalue equation, it follows from (P2y) =
(P2))’" that A € Spec(Q). Thus Spec(Q(x, D,)) = =¢ U =... Now,
since any finite-type (A, Ny + 1)-solution of (P1X) corresponds to
a finite-type (X, No)-solution of (P2¥), and hence of (P2))’, we
have the following crucial fact.

LEMMA 2.3. One has 35 C =} and 35 C =7.

As a consequence of this approach and of Theorem 2.2 above,
we get, as proved in ref. 3, the following rather complete
description.

THEOREM 2.4. One has

Spec(Q(x, D)) = 20U Xy

and

[z,fAeEJ 2ifAE DX,
dim V) = .
Lifre S\ S LifAE D0\ Dy

Remark 2.5: In general =; # 0 (see ref. 2).

dimV;—{

3. A New System

As an example of some possible directions of generalization of
the system defined by the operator

-0 + 22 1 1
Onx, D,) = e A EL Ny e v(HW(1) — 51

(see Eq. 1), we propose here the spectral problem relative to the
operator

—a; 2 1
chct(x: Dx) = fl + (xax + E)J

N [cos(x2)

sin(x?)

sin(x?) ]

—cos(x?)

i.e., the study of the equation
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—a7 + 2 1
— cos(x?) Ju; — | xo, + 3" sin(x?) |u, = Auy

<—a§+zx2 2) ( 1
> — cos(x”) Ju, + xax+2

+ sin(x2)>u1 = \u,.
Notice that, as an unbounded operator in L?(R; C?) with domain
B2(R; C?), Queat(x, Dy) is self-adjoint with compact resolvent
(this again by virtue of the global ellipticity of its principal part).
It seems quite nontrivial to obtain the eigenvalues of Qyect(x, Dy).
We want to show that exploiting the oscillator representation
allows one to solve the spectral problem. Notice that Qn(x, Dy)
is unitarily equivalent (through a symplectic scaling) to
Qn2,vay(x, Dy) (in the notations of Section 2). The main
problem here is to treat the zeroth-order part of Qyec(X, Dy).
That seems difficult, but that is not the case, by virtue of the
tensor product representation of sl,(R) to be constructed below.
Hence, let {H, X", X~} be the basis of sl>(R), which satisfies Eq.
2. Put

Then it is clear that [¢, ¢/T] = 1, and hence the map w: sh(R) —
Endc (9(R))

)2
7, o(X") = (lb )

w(H) = " — , 0(X7) = —

5

NI

gives the oscillator representation of sl,(R) on #(R). Because the
action of sl>(R) leaves the parity invariant, we have

EP(R) = g)even(R) @ g)odd(R) = Eer(R) @ 3)7([R),
the irreducible decomposmon of w. Put o™ := oy, .(®). Then
vo = e 72 (resp. §vg) gives the lowest weight vector of the
irreducible representation of (w®, ¥+(R)) (resp. of (w7,

F_(R))) (see ref. 12). Let (m, V) (V = C?) be the vector
representation of sl>(R):

AT B S L

We have the following proposition.
PROPOSITION 3.1. Put p(H) := Quect(x, Dyx),

. 1 —sin(x?) 1+ cos(x?)

p(X7) 1= E{WT(l)Z + [—1 +cos(x?)  sin(x?) ]}
1 —sin(x?)  —1 + cos(x?)

p(X7) = { W(1)* + [1 + cos(x?) sin(x?) ]}

Then (p, $(R; C?)) defines a representation of sly(R). Furthermore,
p is equivalent to the tensor product representation (o @ m, ¥(R)
® C?). In fact, the operator exp(x? J/2) defines the intertwining
operator between these representations:

p(X)exzj/Z — ex2]/2w ® 71_()(),

where, recall, ® @ w(Y) = o(Y) ® 1 + 1 ® w(Y) [we have here
identified $(R) ® C? with $(R; C?)]. In particular, the system
defined by the operator Qvect(x, Dy) is unitarily equivalent to the
system defined by the operator w @ w(H).

Proof: All the statements follow from the fact
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p(H) — exz.//Zw ® W(H)eixz‘,/z,
p(X*) =0 Q@ 7(XT)e 2,
Details are left to the reader.
Using the irreducible decomposition of the tensor product

representation w ® T we have the followmg theorem.
THEOREM 3.2. Put & = ¢7/2 @5 and & := e7/2 o7, where

= l//*Vo ® [(1)],
Fi=WhH, ® [(1)] +v, ® [(1)],

er = (Y1) ® m + iy ® [(1)]

Define, for N = 0, & n 1= p(X*)V &, &1 = p(X )N & Then

1 +
5 '(:-:(iNr

+ 1 +
Qvecl(x7 Dx)gl_,N = (ZN +2 = 5) gl_,N

®o =vo® [0 :

chct(x: Dx)g(;:,N = <2N +

Remark 3.3: As an sl,(R)-module, the above theorem implies
the irreducible decomposition of (p, F(R; C?)):

g’([R’ (]:2) ~ Spaﬂ{%iN}Nzn =) Span{éIN}Nzo P Span{§ yiv=0 © Span{{; yiN=0

even odd

where the closure refers to the ¥-topology (the same decom-
position holds for L2(R; C?) with closure in the L?-topology). In
particular, &, & and &, & give the lowest-weight vectors of the
irreducible summands, respectively. The L2-structure of Spec-
(QOvect(x, Dy)) is given by

eigenvalue —12 2N—-12(N=1) 12 2N+12(N=1)
eigenvector fg g(J)r,N> §1+,N—1 & &~ binvt
multiplicity 1 2 1 2

Furthermore, the proof of the above theorem gives the following
result (see ref. 4).
THEOREM 3.4. Let

D)= 2, ( 1)1
Qs(x7 x) L 2 + xax + 2
cos(x?) sin(x?)
8[sin(xz) —cosx?) | € R.

The system Q.(x, Dy) interpolates systems Qn(x, Dy) and Qyeci(x,
D,), it has spectrum given by the numbers 2N + 1/2 = & (with even
relative eigenfunctions) and 2N + 3/2 = g (with odd relative
eigenfunctions), where N € Z ., with multiplicity one for any N =
0 when ¢ ¢ (1/2)Z.

Remark 3.5: We remark that the eigenfunctions of Q.(x, D.)
do not depend on ¢ (see ref. 4). This is the main reason why we
think the eigenfunction basis of Q. may serve as a useful tool for
studying more general systems.

We shall give further generalizations in ref. 4. One of our
main motivations is to provide a class of examples whose
spectral problems can be explicitly solved in a unified way.
Indeed if we take any unitary transformation U(x) in place of
e in Proposition 3.1, we may write down a number of
examples that look more difficult, but that actually are obvi-
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ously all unitarily equivalent to system Qyect(x, Dy). Moreover,
it is also quite interesting to consider the eigenvalue problem
for

D)= 4 92 x? 3 1
Q(x’ x)_ _2+2 + x6x+2

sin(x?) —cos(x?)

+C[cos(x2) sin(x?) ],

even for the special case C = A4, for one may write
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(A4 and C are real self-adjoint matrices, B real skew-adjoint).
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