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ABSTRACT

Expectations for the time scale and structure of allelic genealogies in finite populations are formed
under three models of sporophytic self-incompatibility. The models differ in the dominance interactions
among the alleles that determine the self-incompatibility phenotype: In the SSlcod model, alleles act
codominantly in both pollen and style, in the SSiIdom model, alleles form a dominance hierarchy, and
in SSldomcod, alleles are codominant in the style and show a dominance hierarchy in the pollen. Coales-
cence times of alleles rarely differ more than threefold from those under gametophytic self-incompatibility,
and transspecific polymorphism is therefore expected to be equally common. The previously reported
directional turnover process of alleles in the SSldomcod model results in coalescence times lower and
substitution rates higher than those in the other models. The SSldom model assumes strong asymmetries
in allelic action, and the most recessive extant allele is likely to be the most recent common ancestor.
Despite these asymmetries, the expected shape of the allele genealogies does not deviate markedly from
the shape of a neutral gene genealogy. The application of the results to sequence surveys of alleles,

including interspecific comparisons, is discussed.

OMOMORPHIC, single-locus self-incompatibility

(SI) systems in plants have long been known to
contain a very large number of alleles (Emerson 1939).
With the recent molecular characterization of Sl systems
in both the gametophytic Sl system (GSI) of Solanaceae
and the sporophytic Sl system (SSI) of Brassicaceae, a
number of nucleotide sequences of functionally distinct
alleles have been obtained. These sequences display
extensive “transspecific polymorphism” (GSI, loerger
et al. 1990; SSI, Dwyer et al. 1991). This may imply that
some of the alleles diverged before divergence of species
and, therefore, that the polymorphisms are extremely
old. A somewhat similar pattern of transspecific poly-
morphism has been described in the MHC systems of
mammals (e.g., Klein 1980; Lawlor et al. 1988; McCon-
nell etal. 1988). Takahata and Nei (1990) investigated
by numerical simulations the properties of allelic gene-
alogies under balancing selection and concluded that
models like symmetrical overdominance or symmetrical
frequency-dependent selection can produce the trans-
specific polymorphism observed in the MHC system.
Relaxing the assumption of symmetry in selection coef-
ficients they found even higher coalescence times but
fewer alleles maintained. Takahata (1990) developed
a theory of allelic genealogies under strong symmetrical
balancing selection. He found the expected genealogi-
cal structure to be well described by the coalescence
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process for arandom sample of neutral genes, but with a
different time scale. His theory reduces the genealogical
process to a Moran process in alleles, where the time
unit is determined by allelic turnovers rather than gen-
erations, and he showed that it is approximated closely
by just considering the probability of entry/loss of an
allele at each turnover event and the average time be-
tween turnovers.

The MHC and GSI loci share an excess of nonsynony-
mous over synonymous substitutions in the putative
specificity-determining regions [the antigen-binding re-
gion of MHC alleles (Takahata et al. 1992) and the
hypervariable region of GSI alleles (Clark and Kao
1991)]. The pattern for sequences of SSI alleles in Brassi-
caceae is still ambiguous (Uyenoyama 1995). In theory,
an increased nonsynonymous substitution rate is ex-
pected at sites conferring new specificities, because se-
lection favors the invasion of new functional alleles
(Maruyama and Nei 1981; Takahata 1990; Takahata
and Nei 1990).

Vekemans and Slatkin (1994) used Wright’s (1939)
theory for the number of alleles maintained at a GSI
locus to extend Takahata’s theory of allelic genealogies
to the case of GSI. They showed that the transspecific
polymorphism observed in the Solanaceae is consistent
with theoretical expectations. Richman et al. (1995,
1996a) surveyed sequence variation in natural popula-
tions of two species of Solanaceae with GSI, Solanum
carolinense and Physalis crassifolia. They used the theory
of Takahata to place broad bounds on the long-term
effective population size of the two species, and from
the shape of the allelic genealogies they suggested that
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P. crassifolia had undergone a population bottleneck,
perhaps during speciation (Richman and Kohn 1996;
Richman et al. 1996b). Uyenoyama (1997) derived four
ratios describing deviations from the genealogical struc-
ture expected under Takahata’s theory and applied
these to analyze the results of the above studies. She
concluded that the genealogical tree of the alleles in
S. carolinense is the more deviant from theoretical expec-
tations, in that the terminal branches are longer than
expected.

Sporophytic self-incompatibility in Brassicaceae also
shows transspecific polymorphism (Dwyer et al. 1991;
Kusaba et al. 1997). A number of alleles in mainly com-
mercial varieties of Brassica oleracea and B. campestris have
been sequenced and allelic genealogies constructed
(Kusaba et al. 1997). However, theoretical expectations
for the genealogy of alleles in SSI systems have not been
developed. The application of Takahata’s theory of al-
lelic genealogies to SSI is not straightforward in these
systems because, unlike in GSlI, alleles are not identical
in action. Dominance influences the determination of
the incompatibility phenotype of the pollen and/or the
style. In SSI, the phenotype of pollen is determined by
the diploid genotype of the paternal plant and the ovule
phenotype by the genotype of the maternal plant.

Schierup et al. (1997) and Vekemans et al. (1998)
analyzed the allelic dynamics in finite populations using
the three models of SSI shown in Table 1. The models
were considered with and without fecundity selection
(FS). With FS female fecundity is modified in that the
probability of fertilization is proportional to the avail-
ability of compatible mates, and without FS maternal
success is independent of the genotypic frequencies in
the population. The three models are simplistic as they
do not include phenomena like the mutual weakening
of alleles in heterozygotes or the nonlinear dominance
observed in some species (Bateman 1955; Sampson
1964), and they do not allow multiple alleles at any
dominance level. Analyses of these models showed that
dominance substantially decreases the number of alleles
maintained and that recessive alleles attain higher equi-
librium frequencies than dominant ones (Sampson
1974; Schierup et al. 1997). FS acts to increase the
number of alleles, but it changes only the qualitative
properties of the SSldomcod model (Vekemans et al.
1998). The turnover process of alleles differs among
the SSI models, but a good approximation was achieved
by a model describing the “random-walk” of alleles on
the dominance states (Schierupet al. 1997). This model
is determined entirely by the probabilities of entry and
loss of alleles depending on their position in the domi-
nance hierarchy, and it is similar to the process applied
by Takahata (1990).

We here extend and apply our previous results to
reach a description of the genealogical structure of ex-
tant S-alleles in a finite population for the same three
models of SSI. The differences in dominance, the vary-

ing degrees of asymmetry in selection coefficients, and
the different turnover process of alleles are expected
to affect both the coalescence times of alleles and the
shape of their genealogical tree. We investigate both
properties in our models by simulations. The substitu-
tion rates for mutations conferring new allelic specifici-
ties are investigated to formulate expectations for the
rate of evolution in the specificity-determining region
of an SSI system. We show that the random-walk approxi-
mation also predicts coalescence times accurately, and
we use the approximation to predict the time since
origin of extant alleles as a function of their current
dominance levels. We investigate the effect of the spe-
cific mutation model in the models with dominance. In
our earlier studies we assumed that the characteristics
of a new mutant are independent of its origin, in genea-
logical terms, hence that the descendant of a given allele
would have a random dominance level. Here, we also
include a model of the opposite extreme, where the
descendant allele is given a dominance level next to
that of its ancestor. We show that the conclusions on
the size and shape of the genealogy are virtually inde-
pendent of the mutation model and discuss the detailed
influence of the mutation model on the genealogy of
alleles. This is relevant to inferences about the mutation
model from the genealogy of alleles sampled from natu-
ral populations. Finally, we investigate the power of
the statistics introduced by Uyenoyama (1997) for de-
tecting deviations from the genealogical structure de-
scribed by the neutral coalescent process.

MODELS

The compatibility of pollen and style is determined
by alleles Sy, S,, . . ., S, at one locus in a diploid plant
species. Four basic models of SI were investigated: the
GSI model, where alleles act codominantly in the style
and pollen expressing only its own allele, and the three
different models of SSI (Table 1). In the two models
involving dominance, the dominance models, the extant
alleles in the population are sorted along a linear domi-
nance hierarchy (5; < S, < ... <§,) for determination
of the phenotype; i.e., allele §; is recessive to S; when
i <], allele S, is recessive, and allele S, is dominant to
all other alleles. Each of the models were considered
with and without FS, and models with FS will explicitly
be referred to as GSIFS, SSlcodFS, SSIdomFS, and SSI-
domcodFsS.

For the dominance models, two distinct mutation
schemes were investigated. Under the random mutation
scheme, a new allele arising by mutation is placed at
random in one of the n + 1 possible states (including
boundaries) within the dominance hierarchy, and the
relative dominance levels of the extant alleles are shifted
accordingly. Under the one-step mutation scheme, a new
allele is placed on the dominance level above or below
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TABLE 1

Determination of S-phenotypes of pollen and style in three models of sporophytic self-incombatibility

Pollen phenotype (determined by

Style phenotype (determined

Model diploid pollen parent) by diploid style) Biological system resembling model
SSlcod Codominance of alleles Codominance of alleles Stellaria holostea (Caryophyllaceae,
Lundquist 1994)
SSldom Dominance hierarchy of alleles Dominance hierarchy of Convolvulaceae (Kowyama et al.
alleles 1994)
SSldomcod Dominance hierarchy of alleles Codominance of alleles Corylus avellana (Mehlenbacher

1997); Brassicaceae (Thompson
and Taylor 1966; Stevens and
Kay 1989)

the dominance level of its parental allele. The random
mutation scheme is used below, unless stated otherwise.

POPULATION SIMULATIONS

We simulated reproduction in a diploid plant popula-
tion of size N with nonoverlapping generations using
the Wright-Fisher model. In each generation, progeny
were produced by the following procedure. One of the
2N genes is chosen at random as the maternal gamete
and one as the pollen gamete. Compatibility is checked
according to the self-incompatibility model, using the
genotypes of the maternal and paternal plants. If the
pollen grain is compatible, a new zygote is formed. If
it is incompatible, then the other pollen phenotype of
the same paternal parent is tried in the case of the
GSI model, in which pollen of a given plant has two
incompatibility types. If the pollen donor is incompati-
ble, the ovule is discarded if FS is assumed; otherwise
a new pollen genotype is drawn at random from the
population. The process of choosing additional random
pollen to test for compatibility with a given maternal
plant is repeated 500 times in models without FS, and
if no compatible pollen is found, the ovule is discarded,
a new female gamete is chosen, and the process starts
again. The mating process is repeated until N new zy-
gotes are produced. A number of mutations, drawn from
a Poisson distribution with mean 2Nu, is then applied
at random to genes in the offspring zygotes. Each muta-
tion is assumed to produce a new functional allelic type
according to the mutation scheme assumed.

Each run was started with 2N different alleles in the
population and allowed to evolve for a number of gener-
ations until a mutation-selection-drift equilibrium was
reached. Equilibrium was assumed when the average
number of alleles in the population over subsequent
intervals of 20 generations had oscillated 10 times. Be-
ginning at that time genealogical information was re-
corded.

The genealogy was tracked in a forward manner by
the method of Takahata and Nei (1990). This method
assigns to each extant allele a vector that keeps record

of the genealogical relationships among alleles (ac-
cording to Maruyama and Nei 1981) and a vector that
records the times when the mutations occurred. For the
dominance models we added a vector recording the
dominance level of parental alleles at the time of muta-
tion. Simulations were continued for a number of gener-
ations equal to 5 times the expected coalescence time
(T.) of all alleles in the GSI model (Vekemans and
Slatkin 1994, Equation 10). At this stage, a steady-state
allelic genealogy was assumed and appropriate statistics
were computed. The whole process was repeated 1000
times in most cases.

Number of alleles and coalescence times: Simulations
were performed for each of the following six parameter
sets, for the four models of SI with and without FS: N =
50, u =2 X 107% N = 100, u = 1075 N = 200, u =
5X10°% N=50,u=2Xx10"% N = 100, u = 1074
N = 200, u = 5 X 1075, We computed the mean number
of extant alleles in the population (n), the mean coales-
cence time of all alleles [T, time back to the most recent
common ancestor (MRCA)], and the average pairwise
divergence times between alleles (T4). To investigate
the pattern of variation of T as a function of u, we also
simulated cases with N = 50 and u from 2 X 1073 to
2 X 1075,

Measures of genealogical structure: Simulations were
performed for the four SI models without FS and for
SSldomcodFS with N = 500 and u = 1075 Two ap-
proaches were used to characterize the topological
structure of allelic genealogies under the different mod-
els. The first was to draw, for each replicate run, a ran-
dom sample of seven alleles from the population and
compute the time intervals between successive coales-
cent events in the genealogy, T(i), where i is the number
of distinct lineages present during that interval 2 =i =
7). These time intervals were averaged over replicates, in
units of the product T(i)i(i — 1), and plotted against
i. For a gene genealogy described by the coalescence
process for a random sample of neutral genes, these
standardized time intervals are independent and expo-
nentially distributed with the same expectation 4N
(Felsenstein 1992), so that the graph should be a hori-
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zontal line. The second approach consists of computing
ratios of divergence times, scaled by functions of allele
number, which have expectations equal to one in the
case of a random sample of neutral genes (Uyenoyama
1997). In addition to T, and Ty, three statistics were
computed when considering genealogies of all extant
alleles in each replicate: the total time in the genealogy,
T,, the expected sum of the terminal branch lengths,
S, and the average length of the basal branches emanat-
ing from the root, B. On the basis of these statistics,
the following ratios were computed: Rpr = 2Tqa,/Ty;
Rsr = Sa/T; Ry = S(1 — 1/n)/T,; Rep = B (1-1/n)/
Ty, with a,= Y- 1/iand b, = 1/n + Y1 1/i% Av-
erages and variances of these ratios over replicates were
computed. The four ratios were also estimated from
the branch lengths of genealogical trees obtained from
published sequences of S-alleles in B. oleracea (23 alleles)
and B. campestris (19 alleles; see Kusaba et al. 1997, and
references therein). Amino acid sequences from each
species were aligned using CLUSTAL X version 1.64
(Windows-based implementation of CLUSTAL W;
Thompson et al. 1994), and phylogenetic trees were
reconstructed using programs PROTDIST and FITCH
from the PHYLIP package version 3.572 (Felsenstein
1995).

Maintenance of ancestral alleles in the population:
As previous results suggested that some alleles in the
dominance models have very long life spans (Schierup
et al. 1997), we investigated the percentage of runs
where one of the extant alleles was the MRCA of all
extant alleles in the population. Simulations were per-
formed for all four models without FS and for SSldom-
codFS with 500 replicates for N = 50, 100, and 500, and
u = 1075 In addition to the proportion of replicates in
which the MRCA of all extant alleles is present, the
proportion of such cases where the extant MRCA is the
most recessive allele in the population was determined
in the dominance models.

Substitution rate: To investigate the pattern of varia-
tion of the substitution rate as a function of N, we per-
formed simulations for all four models without FS and
for SSldomcodFS with u = 107° and N varying between
30 and 5000. The substitution rate was computed by
counting the number of mutations per gene that accu-
mulated during the time T between the first generation
of genealogical recording and the appearance of the
MRCA of all extant alleles. This number divided by Tu
estimated the substitution rate for nucleotide changes
resulting in new alleles, or rate of codon substitution,
expressed in units of 1/u generations.

Dominance levels of internal and terminal nodes in
allelic genealogies: Simulations were performed to as-
sess the effect of the mutation scheme on dominance
levels of different nodes in the allelic genealogies. Three
models (SSldom, SSldomcod, SSldomcodFS) were
compared for the random and one-step mutation
schemes, using 500 replicate runs with N = 200 and u =

5 X 107°. For each replicate, six alleles were randomly
sampled (five alleles for the SSIdom model), and the
dominance levels of the five (four) internal nodes were
extracted from the vector of dominance levels of paren-
tal alleles at the time of mutation. Dominance levels of
alleles at any generation t were computed from the
number n, of alleles at that time in the population as
the position from 1 to n, in the dominance hierarchy,
divided by n, and thus vary between 1/n, and 1. For
each replicate, we also computed the difference in domi-
nance levels between the two alleles that first coalesced
in the genealogies of all extant alleles. This quantity was
compared to the average difference in dominance lev-
els between random pairs of alleles, which is given by
(i — 1)/n? (ng — 1).

RANDOM-WALK APPROXIMATION

Time since origin of alleles: The random-walk model
is given in Schierup et al. (1997, Appendix B). The
dynamics of the population of genes are approximated
by a process in alleles where time is measured in units of
allelic turnovers. A fixed number of alleles (the rounded
average of the number of alleles observed for a given
set of parameters) is assumed, and at each turnover, an
allele goes extinct and is immediately replaced by a new
invading allele. Given probabilities of entry and loss of
alleles as a function of their dominance levels, a transi-
tion matrix of the allelic turnover process can be con-
structed, and then the expected life span of alleles as
a function of their dominance level at mutation can be
calculated. These were found to be in close agreement
with population simulations (Schierup et al. 1997). The
transposed matrix may be used to find the time elapsed
since the origin of extant alleles as a function of their
current dominance level, because the process back in
time is very similar to the forward process with invasion
and extinction interchanged. The time since origin of
alleles is therefore calculated from the transposed tran-
sition matrix by the same procedure used for allelic life
spans in Schierup et al. (1997).

Time to coalescence: The random-walk model also
provides an estimate of T, if the dynamics of incompati-
bility alleles in finite populations are simulated as a
Moran process (Moran 1958; see Ewens 1979, p. 84).
Consider a population of ngy alleles and count time in
number of allelic turnovers. At time points t = 1, 2,
3,...,anallele was chosen to produce a new descendant
allele by mutation and an allele was chosen to be lost
from the population. In the GSI and the SSlcod models,
all alleles in the population have equal probabilities of
being chosen either to produce a descendant or to be
lost. In the dominance models, the probability of choos-
ing a given allele to produce a descendant is propor-
tional to the deterministic equilibrium frequency of
alleles at the corresponding dominance level, as com-
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puted from recursion equations given by Schierup et
al. (1997) and Vekemans et al. (1998). The dominance
level of the new allele was chosen between 1 and ngy
by weighting each level by the relative probability of
entry of alleles at the corresponding dominance level.
The probability of choosing a given allele to be lost
from the population is proportional to the relative prob-
ability of loss of alleles at the corresponding dominance
level. The mean number of alleles n, the allelic turnover
time, and relative probabilities of entry and loss of alleles
as a function of their dominance were estimated as in
Vekemans et al. (1998) by using a population simulation
at equilibrium to track the fate of 50,000 alleles. The
rounded n was used as ngy. A new allele was placed in
the dominance hierarchy after deleting the exiting al-
lele, and the dominance levels of the extant alleles were
shifted accordingly. The process was repeated until t =
20ngy?, and then the genealogical information was
tracked in the same way as in the population simula-
tions. The T.value obtained was then corrected for error
in the rounding of n by multiplication by n%/(ngw)?2. This
correction is inspired by the dependence of T, on n?in
the codominant selection model (Takahata 1990), and
itimproved the correspondence to the population simu-
lations.

RESULTS AND DISCUSSION

Coalescence times: Table 2 shows results for three
population sizes (N = 50, 100, and 200) and two values
of Nu, using the population simulation program. For
each of the four models, the number of alleles, mean
coalescence time of all alleles, T,, and average pairwise
divergence times between alleles, T4 (shown in units of
N generations), are given both with and without FS.
Values of T, and Ty covary closely over the different
models, so only the pattern of T, needs to be discussed.

For the cases without FS, GSI, SSlcod, and SSldom
can be ordered with respect to T, as SSlcod > GSI >
SSldom. The difference between SSlcod and GSI is
about 10%, whereas SSldom has markedly lower T
values (~% of SSlcod). The differences are most pro-
nounced for the smaller value of Nu. With constant Nu,
these three models also share the pattern that T,, when
expressed in units of N generations, increases with N as
observed by Vekemans and Slatkin (1994) for GSI,
whereas in the SSldomcod model it decreases. Thus, T,
is larger in SSldomcod than in the SSiIdom model for
N = 50 and smaller for N = 200. Apart from this, values
of T, in the two dominance models are of comparable
magnitude.

For the case with FS, the ranking orders of SSlcodFsS,
GSIFS, and SSIdomFS with respect to T, and T4 are the
same. Quantitatively, FS has a larger effect on T, for the
SSldom and SSlcod models (T, increases by 10-20%)
than for GSI (T increases by ~5%). However, the major
effects of FS on T, are in the SSIdomcod model. SSIdom-

codFS shows the same increase of T, with N for Nu
constant as the other models, and the increase in T, by
FS is more than threefold for N = 200. The T.values
in the SSldomcodFS model are distinctly larger than in
the SSIdom and SSIdomFS models, making it intermedi-
ate between the SSldom and SSlcod models for all pa-
rameters. The difference between SSldomcod and SSI-
domcodFS results from the qualitative differences in
the dynamics of these models (Schierup et al. 1997;
Vekemans et al. 1998). In the SSIdomcod model, the
dominant alleles are most likely to invade while recessive
alleles are most likely to be lost. This results in a direc-
tional turnover process of alleles, where most alleles
enter the population as dominant, become gradually
more recessive as more dominant alleles invade, and
are finally lost as recessives. In the remaining dominance
models (SSIdomcodFS, SSldom, and SSldomFS), how-
ever, dominant alleles are lost more easily than recessive
alleles, and the differences in probabilities of entry and
loss as a function of dominance level tend to balance
such that an allele is likely to enter and exit at about
the same dominance level. Because the SSIdomcodFS
model shows qualitatively different behavior from SSI-
domcod, it is included in all other figures and tables,
whereas the GSIFS, SSlcodFS, and SSIdomFS models
are mostly omitted in the subsequent discussions.

The pattern of T, when u is varied and N kept constant
(N = 50) is shown in Figure 1. For comparison, the
expected curve for asymmetric overdominant locus with
selection coefficient s = 1 is also shown. All models,
except SSIdomcod, show the same pattern of increasing
T, with decreasing u, with the lines almost exactly paral-
lel, and the same ordering of models as in Table 2. The
SSldomcod model, however, shows a smaller relative
increase in T, with decreasing u.

In Figure 2, Tvalues from simulations based on the
random-walk model are compared with the population
simulations of Table 2 for 4Nu = 0.004 and N = 50,
100, and 200. The random-walk simulations underesti-
mate T, slightly in all models except SSldomcod, but
the discrepancy is smallest for N = 200. The fit of the
random-walk model is sufficiently accurate that we have
attempted extrapolation to larger population sizes,
where the population simulations are too time consum-
ing to perform (Figure 2; N = 500, 1000, 5000). The
results for larger population sizes show that the ranking
of the models is unchanged, but the absolute differences
in T.values between the SSldomcod model and the
other models are further increased such that T, for
the SSlcod model is 15 times greater than T, for the
SSldomcod model for N = 5000 (u = 2 X 1077).

The random-walk simulations are based solely on the
probabilities of entry and loss as functions of the domi-
nance levels and the average probability that a new
mutant invades. The close fit of T.values obtained from
the random-walk simulations to the population simula-
tions therefore strengthens the conclusion that the qual-
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TABLE 2
Coalescence times in models of Sl systems
No fecundity selection Fecundity selection
4Nu N u n T/N T«/N n T/N T«/N
GSlI
0.004 50 20 x10°° 493 + 055 5199 3414 3274 + 1984 5.13 + 0.53 537.4 = 353.6 333.3 * 199.5
100 1.0 X 10°° 6.38 = 0.52 593.1 = 394.6 347.6 + 199.0 6.63 = 0.67 613.8 = 378.9 354.7 = 188.4
200 5.0 X 107° 8.49 + 0.77 698.8 = 4359 397.0 + 221.7 8.77 £ 0.76 7295 = 448.4 410.8 = 222.1
0.04 50 2.0 x 10 6.01 = 0.85 88.6 + 54.9 53.6 + 30.9 6.26 + 0.87 92.6 + 59.5 545 + 30.6
100 1.0 x 10°* 7.82 = 0.92 1025 = 63.0 59.3 + 325 8.09 + 0.98 107.1 = 68.6 59.9 = 31.6
200 5.0 X 10° 10.29 = 1.07 1195 * 684 66.4 + 33.7 10.64 = 1.13 1244 = 74.1 68.3 = 35.6
SSicod
0.004 50 2.0 Xx10°° 5.66 + 0.61 599.1 = 3754 362.0 = 210.7 6.46 = 0.59 648.1 = 385.5 380.0 = 203.2
100 1.0 X 10°° 7.20 = 0.65 662.1 = 403.5 382.6 + 203.2 8.63 £ 0.77 7722 = 455.8 433.8 + 225.8
200 5.0 X 1078 9.28 + 0.64 7615 * 4346 4254 * 2105 1155 *0.81 8835 = 4719 474.6 = 216.5
0.04 50 2.0 x 10 6.72 = 0.82 97.1 + 585 56.8 + 30.2 7.85 +0.89 105.8 = 60.4 60.8 + 30.7
100 1.0 x 10°* 8.66 + 0.97 1109 *+ 67.2 63.0 = 33.1 10.35 = 1.04 119.8 + 66.2 67.3 + 33.3
200 50X 10°% 11.11 +1.02 1346 =776 73.2 + 37.4 13.84 = 1.15 1524 = 84.2 82.8 + 40.5
SSldom
0.004 50 2.0 Xx10°° 2.82 = 0.52 190.2 = 156.2 149.0 = 119.0 3.24 £ 049 206.1 = 151.1 150.3 * 104.5
100 1.0 X 10°° 3.53 £+ 057 1979 = 1342 139.6 * 90.6 433 £+ 055 249.2 = 173.8 163.0 = 103.8
200 5.0 X 1078 457 £+ 056 2389 = 1479 153.6 * 85.6 5.90 = 0.67 2995 = 179.6 182.0 = 97.1
0.04 50 20 x 10 3.55 + 0.71 339 + 241 23.8 = 15.7 4.16 + 0.80 36.1 + 245 24.0 = 14.7
100 1.0 x 10°* 451 = 0.79 40.1 = 27.4 25.7 £ 15.9 550 = 0.91 47.2 = 30.9 28.7 £ 17.0
200 5.0 X 107® 5.87 = 0.88 47.3 = 30.3 28.6 + 16.3 7.33 = 0.94 55.3 = 33.6 322 +17.7
SSldomcod
0.004 50 2.0 Xx10°° 3.37 £ 053 192.8 = 139.5 138.0 = 94.2 418 + 0.53 310.7 = 215.2 209.0 = 133.6
100 1.0 X 10°° 4,05 + 062 168.8 = 1269 112.0 = 75.3 5.65 + 0.66 401.4 = 252.2 248.8 + 136.9
200 5.0 X 1078 470 £ 0.70 1447 = 96.6 92.2 + 56.8 7.61 = 0.72 488.2 £ 297.2 286.6 = 143.0
0.04 50 20x 10 4.40 + 0.83 39.6 + 25,5 25.7 = 14.9 5.21 + 0.81 58.9 + 38.7 36.9 + 22.3
100 1.0 x 10°* 5.47 + 0.95 37.8 + 235 23.5 + 13.2 7.00 = 0.93 70.2 = 42.0 40.9 = 22.0
200 5.0 X 107® 6.75 = 1.10 36.8 + 24.1 21.7 121 9.46 = 1.00 85.7 + 49.7 49.6 = 25.7

Number of alleles (n), total coalescence time (T.), and pairwise divergence time (T,) for the four models with and without
fecundity selection. The random mutations scheme is used. Means are given * standard deviations.

itatively different pattern observed in the SSIdomcod
model must be caused primarily by the directional turn-
over process of alleles in this model (Schierup et al.
1997). Takahata (1990) showed for symmetrical over-
dominance that the expected number of allelic turn-
overs until coalescence is proportional to the square of
the number of extant alleles. This is because all alleles
are equally likely to be lost in each generation. There-
fore, T. is also expected to be proportional to n? in
GSI and SSlcod, where all alleles are equivalent. In the
SSldomcod model, however, the dependence of T, on
n may be reduced because of the directionality of the
turnover process. This deterministic influence becomes
stronger in larger populations, and this explains why
T./N decreases with N in the SSidomcod model whereas
it increases in any other model (Figure 2).

Overall measures of genealogical structure: Figure 3
shows the standardized time intervals between coales-
cence events for seven alleles sampled from 1000 repli-
cate simulations of N = 500, u = 107°, for each of the
models. None of the models departs very much from

1000 +

10

—e—GS!
---A---SSlcod

—-e—- SSldom

—-m-- SSldomcod
—-%-- SSldomcodFS
—»— Overdominance

0.001

0.01

Figure 1.—Coalescence times of all alleles, T., expressed

in units of N generations, as a function of the mutation rate,
u, ranging from 2 X 10~% to 2 X 1075, Values are shown for
all models without fecundity selection as well as for SSldom-
codFS. Expected values for symmetrical overdominance with
selection coefficient s = 1 are also shown.
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Figure 2.—Random-walk simulations. Comparison be-
tween T./N estimated from simulations using the random-
walk (RW) model (solid lines) and the population (POP)
simulations (from Table 1, dashed lines) for N = 50, 100, and
200. For the random-walk simulations, the rounded value of
n observed from simulations was used as the number of allelic
classes and the values of T, subsequently corrected for the
error induced by this rounding (see text). For N > 200, popula-
tion simulations with genealogical recording are too time con-
suming to perform. The random mutation scheme is used.
Nu is kept constant at 0.001.

the horizontal pattern expected for a gene genealogy
described by the coalescence process for a random sam-
ple of neutral genes (Felsenstein 1992). There is a
tendency in the SSldom models for the time intervals
at the top of the genealogy (Ti = 2,3,4) to be relatively
shorter than expected for a neutral gene genealogy, but
the effect is very small compared to the large variance
of the time intervals.

Uyenoyama (1997) suggested four ratios that de-
scribe different aspects of the shape of the genealogy.
Mean values of these ratios =SD are shown, for the
same parameter set, in Figure 4. Again, the differences
among the models are small compared to standard devi-
ations. In most cases, the mean values of the ratios
are close to one, the expected value for neutral gene
genealogies. For GSI, the results agree with the pre-
viously reported results by Uyenoyama (1997). The
main departure from unity is again observed with the
SSldom and SSIdomFS models, where Rg and Ry are
increased relative to the other models. These ratios mea-
sure the length of the terminal branches relative to
the total length of the genealogy and the size of the
genealogy, respectively. The increase in Rsr and R, for
the two SSldom models therefore agrees with Figure 3in
that the upper branches in the genealogy are relatively
shorter in the SSIdom models than in the other models.

Time since origin of extant alleles: Figure 5 shows
the expected times since origin of extant alleles as a
function of their dominance levels at the present time
for one parameter set (N = 200, u = 5 X 1079), in the
random-walk model. These times differ less than 10%
from the results obtained from population simulations.

——GSI
| —=—SSlcod
—%— §Sldom

| | —e—S8SIdomFS
—— SSldomcod
| | —¢ SSidomcodFS

Log(T(i)i(i-1) }

4.4J t 1 t -+ t t —

0 1 2 3 4 5 6 7
Number of allelic lineages

Figure 3.—Standardized time intervals, T(i)i(i — 1), be-
tween coalescent events in genealogies from random samples
of seven alleles in simulations with N = 500 and u = 1075,
as a function of the number of allelic lineages during the
corresponding interval. Values are shown for all models with-
out fecundity selection as well as for SSldomcodFS.

Figure 5 shows that, in all models, recessive alleles are
expected to have an older origin than dominant alleles.
For the SSIdomcod model, this appears at first to contra-
dict that the expected life span of an allele is largest if
the allele is dominant when it arises (Schierup et al.
1997). However, extant recessive alleles observed in the
population in the SSldomcod model are unlikely to be
new mutants because very few alleles enter as recessive.
Instead, recessives consist primarily of alleles that en-
tered the population as dominant and have, through
the directional turnover process, become recessive.
Thus the recessive alleles have an origin more distant
than that of dominant alleles that are likely to have
invaded recently.

The effect of asymmetrical interaction among alleles:
Table 3 shows the proportion of runs where the MRCA
allele is still present in the population, for u = 10~°and
various population sizes. This proportion clearly shows
dependence on the number of alleles and the asymme-
try in their interaction, and we therefore also included
the number of alleles present. For the dominance mod-
els, extant recessive alleles are older and present at
higher frequencies than are dominant alleles, and we
include (in parentheses) the frequency with which an
extant MRCA belongs to the most recessive class.

The results show that the probability that the MRCA
is present drops rapidly with the number of alleles in
the models with codominance. The number of allelic
turnovers that have occurred in these models since the
first occurrence of the MRCA is proportional to n?, as
explained above. The probability that a given allele goes
extinct is 1/n at each turnover, because all alleles are
equivalent in the codominant models, and when n is
large, the number of turnovers since the MRCA is so
large that each initial allele is likely to have gone extinct.
In the SSIdom model, however, the probability that the
MRCA is present is very high, and this allele is usually
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1.5 +

0.5 +

the most recessive. This happens because recessive al-
leles in the SSldom model have a much higher life
span and higher allele frequency than dominant alleles
(Schierup et al. 1997). Because of its high frequency,
the most recessive allele is the most likely ancestor of
each new invading allele, and its long life span assures
that it can stay sufficiently long in the population to
become the MRCA of all extant alleles. In the SSIdom-
codFS model, a pattern similar to the SSldom model is
observed, but the probability that the MRCA is present
is smaller, because the frequency of the most recessive
allele is lower and it has a shorter life span. This model
has the same dynamics as the SSidom model (Vekemans
et al. 1998). The SSIdomcod model, in contrast, shows
adifferent pattern in that the probability that the MRCA
is present is much lower, and the MRCA is not particu-
larly likely to be recessive if it is present. This is again
caused by the directional turnover process, where any
given allele is doomed to become more and more reces-
sive and eventually to be replaced by new dominant
alleles.

Substitution rates: The substitution rate in units of
1/u generations as a function of the population size
(u = 107%) is shown in Figure 6. In all cases, the rate
of substitution of alleles exceeds the relative rate of
one expected for neutral alleles (Kimura 1968). The
SSldomcod model is peculiar in having very high substi-
tution rates. The pattern of substitution rates in the
other models agrees with selection intensities for new
alleles, i.e., SSlcod = GSI > SSldomcodFS > SSldom.
The high substitution rate in the SSldomcod model is
again caused by the directional substitution process,
because a substitution occurs whenever an allele is re-
placed by its dominant descendants. For all models the
substitution rate initially increases with population size
because selection for new alleles increasingly outweighs
genetic drift. For large populations, the substitution rate
decreases again because the intensity of selection fa-

aaGsl

W SSlcod

B SSldom
SSldomFS

1 SSldomcod

[l SSidomcod FS

Figure 4.—Ratios of divergence
time (x=SD), scaled by functions of
allele numbers according to Uyeno-
yama (1997), for allelic genealogies
in simulations with N = 500 and u =
1075,

voring new alleles decreases with increasing number of
extant alleles. The population size yielding the maxi-
mum substitution rate is therefore expected to depend
on u. For this mutation rate (u = 107°), an intermediate
population size of the order of 500-1000 yields a maxi-
mum substitution rate, but the substitution rate de-
creases only slowly for N > 1000.

The effect of the mutation scheme: Table 4 shows
the effect of the mutation scheme on various aspects of
the genealogical structure and allelic dynamics. Under
the one-step mutation scheme, a descendant allele is
given a dominance level next to that of its ancestor, and
this causes a relative increase of recessive mutations
because recessive alleles are more common. However,
this does not affect the number of alleles maintained
in any model (Table 4). Values of T, are insensitive to
the mutation scheme in the SSldom model and the
SSldomcodFS model; i.e., the differences are less than
15%. The SSIdomcod model, in contrast, shows a more

—e— 5Sldom

T — -~ SSldomFS

\ —-&-- 88ldomcod
300 ™\ --x--- 88ldomcodFS

Time to mutation
n
o
o

Dominance class

Figure 5.—Time since the origin of alleles by mutation (in
N generations) as a function of their dominance level in the
dominance models. Results are shown for N = 200, u = 5 X
107% and are calculated from probabilities of entry and loss
using the random-walk model.
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TABLE 3

The proportion of runs (percentage) where one of the extant alleles is the common ancestor of all
alleles present in the population as a function of the population size (u = 107%) for the different models

N = 50 N = 100 N = 500
MRCA MRCA MRCA
Model n present (%) n present (%) n present (%)
GSlI 4.74 25 6.38 11 14.16 0
SSicod 5.37 18 7.26 8 15.16 0
SSldom 2.65 84 (86) 3.51 78 (83) 7.83 56 (88)
SSldomcod 3.17 24 (42) 4.07 15 (37) 7.82 6 (33)
SSldomcodFS 4.02 51 (62) 5.62 35 (56) 12.98 9 (44)

For the dominance models, the proportion of such cases where the allele is also the most recessive allele is

given in parentheses. n, number of alleles.

than threefold decrease in T, with the one-step mutation
scheme, indicating that the turnover process in this
model becomes even more deterministic. This is be-
cause successful dominant alleles are generated exclu-
sively from extant long-lived dominant alleles under the
one-step mutation scheme, and they force other alleles
to become more recessive and hence more prone to
loss. Substitution rates are always lower under the one-
step scheme because the mutation rate to dominant
alleles that are more likely to be successful is reduced
as compared to the random scheme. These results were
also observed with other sets of population sizes and
mutation rates (results not shown).

The lower part of Table 4 shows for each model the
average dominance level at internal nodes (at the time
of mutation) in the genealogical tree of a sample of
alleles (five in SSldom, and six in SSldomcod and SSI-
domcodFS). The table starts from the tip in the geneal-
ogy (two lineages present at the time of coalescence,
i.e., MRCA) to the bottom of the tree (five or six lineages
in the genealogy present at the time of coalescence, i.e.,
the first coalescence). In the SSldom model for both
mutation schemes, the dominance level decreases stead-
ily when moving up the tree (back in time), and this

251—

20 4

——GSI

—=— SSlcod

—a— SSldom

—»— SSldomcod
—*— SSldomcodFS

Substitution rate

100 1000 10000
N

Figure 6.—Substitution rate, expressed in units of 1/u gen-

erations, as a function of population size, N, varying between

30 and 5000 for u = 10~°. Values are shown for all models

without fecundity selection as well as for SSiIdomcodFsS.

agrees with the observation that the most recessive allele
is often the MRCA (Table 4, rows 3-5). The results
for the SSldomcodFS model are qualitatively similar to
those for the SSIdom model, but again, the SSldomcod
model shows a deviant pattern, in that the dominance
level increases when moving up the tree. This pattern
becomes more pronounced with the one-step mutation
scheme, such that the MRCA was almost certainly the
most dominant allele at the time of coalescence of all
alleles. Furthermore, the probability that this MRCA is
still present is very large. However, it is not particularly
likely that it is still dominant (18.1%), because alleles
change dominance levels through their life span in the
SSldomcod model.

The difference in dominance levels between the two
alleles involved in the first (most recent) coalescence is
shown in Table 4, row 6. This measure is included be-
cause it can be estimated from genealogies recon-
structed from sequence data of extant alleles. For com-
parison, the average difference in dominance levels
between two randomly chosen alleles is 0.39 for six al-
leles present and 0.37 for nine alleles present. The ob-
served value for the SSildom model with random muta-
tion is slightly higher than 0.39, showing that there is
a tendency for the first coalescence to be between a
dominant and a recessive allele. This is expected be-
cause recessive alleles attain high frequencies and gener-
ate many descendants and, among these, dominant de-
scendants are more likely to invade the population.
However, this effect is barely detectable. With the one-
step mutation scheme, the difference in dominance lev-
els is much smaller. This reflects the fact that the first
coalescence is (almost always) between alleles at two
adjacent dominance levels, not surprisingly given the
mutation process assumed.

CONCLUSIONS

The expected T, for alleles in models of SSI are gener-
ally long and comparable to those for GSI. Transspecific
polymorphism due to a deep root of the genealogical
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TABLE 4

Properties of allelic genealogies under two different mutation schemes for SSI models with dominance

SSldom SSldom SSldomcod SSldomcod SSldomcodFS SSldomcodFS
random one-step random one-step random one-step
n 5.83 5.77 6.69 6.71 9.35 9.28
TJ/N? 42.1 47.9 38.5 13.7 86.1 75.7
Substitution rate? 3.3 2.7 14.9 9.9 6.2 5.0
Allele older 54.2 49.8 3.8 75.0 16.6 14.2
than T, (%)®
Alleles recessive (%)° 81.9 69.5 31.6 18.1 57.8 535
Difference in 0.44 = 0.22 0.18 + 0.03 0.36 = 0.20 0.15 + 0.03 0.38 = 0.23 0.11 + 0.01
dominance level
Dominance levels of internal nodes
2 0.22 0.22 0.76 1.00 0.23 0.16
3 0.29 0.34 0.78 0.92 0.27 0.27
4 0.34 0.44 0.73 0.84 0.34 0.35
5 0.39 0.49 0.66 0.77 0.39 0.43
6 — — 0.61 0.69 0.43 0.48

Results are shown for N = 200, u = 5 X 107 n, number of alleles.

2 The average observed in the simulations.

® The percentage of simulations where an extant allele is the common ancestor of all alleles present.

¢ The percentage of such alleles that are recessive.

¢ The average difference in dominance levels between the two most closely related, extant alleles.
¢ Average dominance levels of internal nodes (at the time of mutation) are shown for the reconstructed trees from random

samples of five or six alleles; for explanation see text.

tree of alleles is therefore equally likely in GSI and
SSI. The only exception may be for species with an
incompatibility system that may be described by the
SSldomcod model. Values of T, are not likely to distin-
guish any of the other models, because the differences
are small, usually less than threefold. The current and
historical mutation rates probably differ among differ-
ent SSI systems, and because the mutation rate has a
large effect on T, such differences may well override
the differences in T, seen in comparisons among mod-
els. One striking observation, though, is that differences
between sexes in the expression of dominance (SSldom-
cod) can lead to a directional turnover process of alleles,
which results in reduced values of T., especially when
the population size is large and the mutation rate is
small.

In Brassica species, sex-specific differences in domi-
nance have been observed (Hatekayama et al. 1998).
This might suggest that the allelic genealogy for species
in this family should be shorter than that for species
with GSI for similar rates of mutation and long-term
effective population sizes. The extensive transspecific
polymorphism observed among sequences of alleles of
B. campestris and B. oleracea does not support this sugges-
tion. However, the SSI system in Brassicaceae deviates
markedly from our simplistic sex-asymmetric SSldom-
cod model (Thompson and Taylor 1966; Stevens and
Kay 1989). Furthermore, the addition of FS in the SSI-
domcod model completely changes the turnover pro-
cess and substantially increases T.. The level of FS would

need to be estimated for each species by studying the
pollination biology (Vekemans et al. 1998). Therefore,
it is premature from our models to draw conclusions
about the expected size of the genealogy in Brassicaceae
before the genetics of the system and the level of FS
are known sufficiently well to allow it to be modeled
more precisely than by the SSldomcod model. Such a
description of the genetics requires extensive crossing
experiments.

The occurrence of transspecific polymorphism is usu-
ally taken as evidence that a set of allelic lines inherited
by both descendent species during the speciation pro-
cess have survived until the present time. However, in-
trogression of S-alleles may be an alternative hypothesis
for the transspecific polymorphism in Brassicaceae. Hy-
bridization is common in the Brassicaceae. B. oleracea
and B. campestris can be hybridized in the laboratory,
and both species hybridize with the self-compatible
B. napus [B. oleracca and B. napus with difficulty
(McNaughton 1976), B. campestris and B. napus readily
in the wild (Jorgensen and Andersen 1994; Landbo
et al. 1996)]. Kusaba et al. (1997) found that two SLG
alleles from each of these species differ by only 4.4% at
the deduced amino acid sequence, with no differences
found in the hypervariable and putative specificity-
encoding domains. This low divergence may be difficult
to reconcile with the split of these two species, which
has tentatively been estimated as on the order of 10
mya (Uyenoyama 1995). If hybridization occurs at all,
introgression of strongly selected alleles (e.g., rare self-
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incompatibility alleles) and genes closely linked to the
S-alleles may take place even when hybrid viability or
fertility is very low; even neutral markers can cross partial
postzygotic barriers between populations or species
(Bengtsson 1985; Barton and Bengtsson 1986). The
guantitative effects of this hypothesis are currently un-
der study.

The expected elevation in substitution rate at nonsyn-
onymous sites involved in the determination of specific-
ity depends on the model of incompatibility. The direc-
tional substitution process of alleles in the SSldomcod
model may lead to accelerated evolution at these sites
that is not explained by the selection intensity of the
balancing selection alone. The magnitude of this effect
is surprisingly high and may be detectable if species
with sex differences in dominance levels (perhaps in
Brassicaceae or Corylaceae) are compared to species
with similar dominance relations in both sexes (e.g.,
Convolvulaceae).

Dominance in both pollen and style (SSIdom model)
causes decreased Tvalues compared to the codominant
models. This is mainly due to the decrease in the num-
ber of alleles in this model. The SSildom model can be
thought of as a case of asymmetrical balancing selection,
where dominant alleles are more strongly favored when
rare and more strongly disfavored when common. If
selection coefficients of individual alleles are constant,
asymmetrical overdominance decreases the number of
alleles maintained in finite populations, in that a subset
of strongly selected alleles survives longer (Robertson
1962). Takahata and Nei (1990) found in a study of
asymmetrical overdominance that despite the decrease
in the number of alleles, T, was increased by increased
asymmetry of alleles, in contrast to our results with the
SSldom model. In their model, the selection coefficients
are constants assigned at the time of mutation, and
because strongly selected alleles are preferentially kept
in the population, the mean selection coefficients of
extant alleles increase and may not be at equilibrium
at any given time. Consequently, the effective mutation
rate may decrease, accounting for the observations re-
ported by Takahata and Nei (1990).

The overall shape of the allelic genealogies observed
was quantified by two different approaches in the dif-
ferent models, namely the standardized time intervals
between coalescence events and Uyenoyama’s (1997)
ratios. The results clearly show that none of these ap-
proaches can reliably distinguish between models, using
experimental data, because the models behave similarly.
However, the insensitivity of Uyenoyama’s ratios to the
presence or absence of dominance in SSI models broad-
ens their application to detect significant deviations
from expectation in genealogies of SSI systems. Uye-
noyama (1997) showed, using these ratios, that the ge-
nealogical tree of S. carolinense has lower branches sig-
nificantly longer than expected given the selection
inherent in a GSI system. Table 5 shows the ratios esti-

TABLE 5

Ratios of divergence times in two Brassica species

Number of
sequences Rer Rss Rso Rep

Brassica oleracea 23 045 274 515 0.58
Brassica campestris 19 046 3.02 887 0.04

mated in B. oleracea and B. campestris. In both species
Rsp, which measures the length of terminal branches
relative to the size of the tree, is well above the expected
values for any of the models of SSI (Figure 4), indicating
that terminal branches are longer than expected under
an infinite alleles model as in the case of S. carolinense.

The random-walk model captures the essential infor-
mation with respect to allelic dynamics and coalescence
times for all the models investigated (including the co-
dominant models). This shows that the probabilities of
invasion and extinction of alleles as a function of their
dominance levels is the main determinant of S-allele
evolution. In the models of SSI, these probabilities cur-
rently must be estimated from simulations, and a theory
in line with Takahata’s (1990) theory for MHC would
ease their estimation considerably.

When the dominance levels of the alleles are consid-
ered, the superficial similarity in genealogical shape
disappears. In the SSldom and SSIdomcodFS models,
a recessive allele is generally very old, and it is likely to
be the MRCA of all extant alleles. In the SSIdomcod
model, recessive alleles also tend to be oldest, but the
age differences among alleles are small. The age of
an allele cannot be inferred experimentally from the
reconstruction of an intraspecific genealogy, but a joint
genealogy of alleles from more species may indicate
allelic age. This requires that the domain of allelic speci-
ficity of the alleles is identified, such that allele homol-
ogy can be identified in comparisons among species.
The identification of allelic specificity may, however,
be obtained from transformation experiments where
S-alleles are transferred between species (see Kao and
McCubbin 1996). The prediction is that a recessive
allele is more likely to be preserved in different species
and to show transspecific polymorphism as a reflection
of an ancient state of the population. On the other
hand, if hybridization between the species occurs or has
occurred after speciation, then introgression of S-alleles
is likely because of the selective advantage of rare alleles
with a variant specificity. The probability of entrance of
a new dominant allele is higher, because rare dominant
alleles are selected more strongly than rare recessive
alleles. Thus, when transspecific polymorphism is a re-
flection of genetic introgression, then the shared allele
is expected to be placed high in the dominance hierar-
chy at the time of introgression.

The details of the mutation model do not appear to
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influence T, very much, as judged from the two extreme
mutation schemes modeled in this study. On the other
hand, from a genealogical tree of the alleles where the
dominance levels of the nodes are known, inferences
on the mutation scheme may be made. If closely related
alleles have similar dominance levels, a mutation
scheme, where the dominance level of a descendant
allele is close to that of its ancestor is likely.
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