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ABSTRACT
A pleiotropic model of maintenance of quantitative genetic variation at mutation-selection balance is

investigated. Mutations have effects on a metric trait and deleterious effects on fitness, for which a bivariate
gamma distribution is assumed. Equations for calculating the strength of apparent stabilizing selection
(Vs) and the genetic variance maintained in segregating populations (VG) were derived. A large population
can hold a high genetic variance but the apparent stabilizing selection may or may not be relatively strong,
depending on other properties such as the distribution of mutation effects. If the distribution of mutation
effects on fitness is continuous such that there are few nearly neutral mutants, or a minimum fitness effect
is assumed if most mutations are nearly neutral, VG increases to an asymptote as the population size
increases. Both VG and Vs are strongly affected by the shape of the distribution of mutation effects.
Compared with mutants of equal effect, allowing their effects on fitness to vary across loci can produce
a much higher VG but also a high Vs (Vs in phenotypic standard deviation units, which is always larger
than the ratio VP/Vm), implying weak apparent stabilizing selection. If the mutational variance Vm is �10�3Ve

(Ve, environmental variance), the model can explain typical values of heritability and also apparent
stabilizing selection, provided the latter is quite weak as suggested by a recent review.

MOST characters in morphology, behavior, and domestic animals and crops and comprehending the ge-
netic basis of evolution and adaptation (Barton 1990;physiology vary continuously among individuals

within populations (Falconer and Mackay 1996). Falconer and Mackay 1996; Bürger 2000).
Since the ultimate source of genetic variation is muta-These quantitative or metric traits are usually observed

to have abundant genetic variation in natural popula- tion, an intuitively appealing explanation for the main-
tenance of polygenic variation is that there is equilib-tions, as reflected directly by the correlation between
rium between the input of new variation by mutationrelatives and indirectly by sustained response to direc-
and its erosion by natural selection [i.e., mutation-selec-tional selection that takes the phenotype well beyond
tion balance (MSB)]. The question is whether muta-its original range (Endler 1986; Roff and Mousseau
tions affecting a metric trait appear frequently enough1987). Such traits are often also found to be under
and/or have large enough effects to provide sufficientapparent stabilizing selection, as evidenced by the re-
new variation to counterbalance the depletion of varia-duced fitness of extreme phenotypes and the constancy
tion by stabilizing selection. Empirical studies on variousof form over geological times and over vast geographic
traits in different species show that mutational variancedistances (Charlesworth et al. 1982; Endler 1986).
(Vm), the fresh genetic variance of a trait generatedThe existence of genetic variation is thus paradoxical,
by mutation in one generation, is typically 10�3Ve (Ve,because stabilizing selection usually depletes genetic
environmental variance), with a range from 10�4 tovariation (Wright 1935; Crow and Kimura 1970) al-
10�2Ve (Houle et al. 1996; Lynch and Walsh 1998).though stabilizing selection in some extreme cases, e.g.,
Assuming that the population is in MSB, a review ofin two-locus models with unequal effects, can maintain
available data on Vm and standing genetic variance (VG)substantial variation (Bürger 2000, pp. 203–216). How
showed that the persistence time of deleterious mutants,then is genetic variation in metric traits maintained in
VG/Vm, for life history traits is roughly one-half that fornatural populations? This is a long-standing and funda-
morphological traits, consistent with the prediction ofmental question in evolutionary biology, the answer to
MSB that traits more closely related to fitness are underwhich is important for understanding the genetic archi-
stronger selection and mutations affecting them aretecture of metric traits and the selective breeding of
eliminated more quickly (Houle et al. 1996).

If MSB is accepted as the mechanism for the mainte-
nance of polygenic variation in natural populations, the
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tion that intermediate phenotypes of a metric trait have pic model is attractive, because it could explain both
the appearance of stabilizing selection and the mainte-the highest fitness indicates apparent stabilizing selection,
nance of polygenic variation as a consequence of theit could have several distinct causes that lead to different
pleiotropic effects of mutations that are, in agreementpredictions about the genetic architecture of metric traits
with the classical view, unconditionally deleterious andin equilibrium populations (Robertson 1967).
highly pleiotropic.A straightforward hypothesis is that natural selection

In addition to the above two hypotheses, many othersacts directly and solely on the metric trait, the value of
such as overdominance (Wright 1935; Robertson 1956;relative fitness having a quadratic relationship with the
Gillespie 1984; Barton 1990), frequency-dependenttrait. This classical hypothesis, called “real” stabilizing
selection (Slatkin 1979; Barton 1990), genotype-by-selection (Falconer and Mackay 1996), has attracted
environment interaction (Gillespie and Turelli 1989;extensive theoretical analyses, and two main classes of
Gimelfarb 1990; Zhivotovsky and Gavrilets 1992),models have been developed. The two models make
and epistatic interaction (Zhivotovsky and Gavriletsdifferent extreme assumptions about allele effects and
1992; Gavrilets and de Jong 1993) have been pro-mutation rate per locus (u) and give quite different
posed to explain the maintenance of polygenic varia-predictions of the equilibrium variance (Kimura 1965;
tion. All these models have their respective appeal andTurelli 1984; Falconer and Mackay 1996; Bürger
weakness in explaining the maintenance of polygenic2000): VG � (2nVmVs)1/2 for the continuum-of-alleles
variation, and they and the real stabilizing selectionmodel and VG � 4nuVs for the rare allele model, where
and pleiotropic models are not mutually exclusive. Forn is the number of potentially mutable loci affecting
example, the epistatic model considered by Gavriletsthe trait and Vs is the strength of stabilizing selection, the
and de Jong (1993) can explain both abundant varia-“variance” of the fitness profile in phenotypic standard
tion and strong stabilizing selection, but experimentaldeviation units. The different approximations are a con-
evidence is scanty as to whether such epistasis is commonsequence of assumptions about the variance introduced
and strong enough (Elena and Lenski 1997; De Visserby new mutations relative to the existing allelic variation
and Hoekstra 1998).(Turelli 1984; Bürger 2000). It is difficult to account

Given the ubiquity of mutations with deleterious pleio-for the observed high variance with either model for
tropic effects, the pleiotropic model inevitably explainstypical estimates of Vm (e.g., 10�3Ve) for what are re-
some polygenic variation and apparent stabilizing selec-garded as typical values of Vs (e.g., 20Ve; Turelli 1984;
tion for a metric trait. The question is how much. Analyt-Falconer and Mackay 1996). In a recent review, how-
ical models of the pleiotropic hypothesis, commonlyever, Kingsolver et al. (2001) concluded that the stabi-
assuming equal deleterious effect of mutations acting

lizing selection might be substantially weaker than has
multiplicatively (Barton 1990) or synergistically (Kon-

been assumed. Further, simple genetic load arguments drashov and Turelli 1992), can only partly explain
suggest that real stabilizing selection cannot operate the observed levels of polygenic variation and apparent
independently on many characters (Robertson 1967; stabilizing selection if Vm �10�3Ve. Relaxing the assump-
Turelli 1985; Barton 1990). tions makes the models more reasonable. Numerical

The hypothesis of the “pleiotropic model” is that natu- methods (diffusion approximations and Monte Carlo
ral selection does not act directly on the metric trait in simulation) can be used instead to tackle complex
question, but on the alleles affecting it through their models (Keightley and Hill 1990; Caballero and
pleiotropic side effects on fitness (Robertson 1967; Keightley 1994). With Vm �10�3Ve but allowing delete-
Hill and Keightley 1988). With this model, an allele rious effects to vary among alleles, numerical results
has a direct effect (a) on a specific trait, with its pleiotro- indicate that the observed level of polygenic variance
pic effects on all other traits condensed into its net can be accounted for (Keightley and Hill 1990; Cabal-
effect (s) on fitness. The MSB under this model can lero and Keightley 1994), though the typical strength
also generate apparent stabilizing selection, shown as of stabilizing selection can be only partially explained
a negative correlation between fitness and phenotypic (Barton 1990; Keightley and Hill 1990).
deviation from the mean, even for a trait that is purely Here we construct a pleiotropic model on the basis
neutral and irrelevant to fitness (Gavrilets and de of previous theoretical studies and empirical data avail-
Jong 1993). This is because, if unconditionally deleteri- able on new mutations and segregating alleles affecting
ous alleles can either increase or decrease the value of metric traits and fitness to predict the polygenic variance
a specific trait, individuals carrying more deleterious (VG) and strength of apparent stabilizing selection (Vs)
alleles (Barton 1990; Kondrashov and Turelli 1992) for a metric trait in an equilibrium population. By
or alleles of large deleterious effects if a and s are corre- applying a more general model of the relationship be-
lated (Keightley and Hill 1990) will tend to have tween a and s of mutations, we aim to find out what levels
more extreme phenotypes and low fitness. The model of VG and Vs could be explained within the pleiotropic
captures the conventional wisdom that essentially all model. In particular, a weakness of models in which s

has a continuous distribution is the unbounded increasemutations are pleiotropic and deleterious. The pleiotro-
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of VG with Ne (Keightley and Hill 1990). This was investi- in which the mean value of the trait is z � �n
i�1 xiai and

xi is the average frequency of the mutant allele at locusgated and different assumptions were tried to decrease
i, the variance of squared deviation isthis dependence so that VG can asymptote as Ne becomes

large. We use both analytical and numerical approaches
VG2 � Var((z � z)2) � (1/N)�

N

j�1

(zj � z)4 � �(1/N)�
N

j�1

(z j � z)2�
2

to obtain predictions from the model and compare
them with observations. We hope thus to obtain a better
understanding of the genetic properties of metric traits � �

n

i�1
�2xi(1 � xi) � 3�2xi(1 � xi)�2�a4

i /16 � 2V 2
G , (2)

in an equilibrium population under the pleiotropic mod-
el. By comparing predictions with empirical observa- the covariance of the relative fitness and the squared
tions, we also hope to ascertain how robust is the pleio- deviation is
tropic model as an explanation of polygenic variation.

Cov(w, (z � z)2) � ��
n

i�1

2xi(1 � xi)(1 � 2xi)(si/2)a 2
i /4,

(3)
MODEL AND ANALYSIS

and the variance of relative fitness isGene actions and contributions of mutants: Muta-
tions in a diploid individual are assumed to have effects

Vf � Var(s � s) � �
n

i�1

2xi(1 � xi)s 2
i /4. (4)on a neutral metric trait z, with a the difference in value

between homozygotes, and pleiotropic effects on fitness,
Bivariate distribution of mutant effects on the metricwith s the difference in fitness between homozygotes.

trait and on fitness and their simulations: To evaluateThe gene actions on the metric trait and on fitness
Equations 1–4, we need to know the properties of mu-within and across loci are assumed to be additive; that
tant effects on the metric trait and on fitness, which varyis, dominance and epistasis are ignored, which Barton
between alleles. Although much effort has been madeand Keightley (2002) argue is an adequate model.
to quantify the features of mutant effects (Mackay andThe expected increase in variance in the metric trait
Langley 1990; Hill and Caballero 1992; Mackay eteach generation, the mutational variance, is given by
al. 1992; Davies et al. 1999; Elena and Moya 1999;Vm � 1⁄2�E[a2] when the expected number of mutations
Shaw et al. 2000; Imhof and Schlötterer 2001; Wlochper haploid genome per generation is �. A population
et al. 2001), detailed information about the marginalof N diploid individuals, with an effective population
and joint distribution of mutant effects on the metricsize Ne and random mating, is assumed. It is also as-
trait and fitness is unknown or indirect. Even for Dro-sumed that the total number of loci per individual is so
sophila, for which there are many studies, the data seemlarge and the mutation rate per locus is so low that
to suggest a highly skewed and leptokurtic distributionmutations occurring at the same loci can be ignored.
of mutation effects (Mackay and Langley 1990; HillTo assess the genetic variation maintained and the
and Caballero 1992; Mackay et al. 1992), but the fine-

strength of apparent stabilizing selection at MSB, we
scale information is still lacking. As in Keightley and

need to obtain the contribution from all mutant alleles. Hill (1990), the distribution of mutant effects on the
As the strength of apparent stabilizing selection is a metric trait is assumed to be symmetrical about a � 0,
function of the aggregate effects of alleles at all segregat- and only deleterious mutations on fitness are assumed
ing loci in the population (Keightley and Hill 1990; to occur, in accord with the classical view (Falconer
Falconer and Mackay 1996), a multilocus model is and Mackay 1996). For a general model in which a
analyzed. The results obtained in this subsection are wide relationship between effects and rates of mutations
valid in a quite general sense except that linkage disequi- is included, it is assumed that the marginal distribution
librium between loci is ignored and gene action is addi- of effects on fitness, g(s), is a gamma distribution with
tive. scale parameter �s and shape parameter �s,

Let the frequencies of the wild-type allele (A) and
g(�s, �s; s) � ��ss s�s�1exp(��ss)/�(�s). (5)the mutant allele (a) at a given locus be 1 � x and x,

respectively. With a one-locus model, the conclusion
Similarly the marginal distribution of |a| is also a �about the contribution from mutant alleles is quite sim-
distribution with parameters �a and �a. The � distribu-ple, while within a multi-locus model, the conclusion is
tion spans a wide range of possibilities and particularly

not straightforward. If mutations at any of n loci in a
a small value of the shape parameter � implies that

diploid individual can affect the neutral trait z and have mutant genes of small effects are much more common
pleiotropic effects on fitness, then the contribution than those of large effects (see Figure 1). A � distribu-
from all these mutations can be described by the follow- tion is said to be leptokurtic if its shape parameter � � 1.
ing properties. The genetic variance is The variability of the distributions is defined in terms

of εa � √E[a2] � √�a(�a � 1)/�a and εs � √E[s2] �VG � Var(z � z) � �
n

i�1

2xi(1 � xi)a 2
i /4, (1) √�s(�s � 1)/�s. The means and variances of the mar-
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Figure 1.—Examples of the gamma dis-
tribution g(s) � ��ss s �s�1exp(��ss)/�(�s)
for a range of �s. The parameter �s describes
scale rather than shape and its value is such
that E(s2) � 1 for each curve.

ginal distributions are E[a] � 0, V[a] � ε2
a, E[s] � are functions of the shape parameters �s, �a, and the

correlation 	.εs √�s/(�s � 1), V [s] � ε2
s/(�s � 1). The level of pleiot-

The method of simulating |a| and s employed in thisropy of a mutation presumably changes with its absolute
article is different from and more general than that inmagnitude of phenotypic effect, |a|, on the metric trait,
Keightley and Hill (1990) in which only a bivariatemutations with large effect being more likely also to
� distribution with �a � �s � 1⁄2 (i.e., Wishart distribu-have a serious impact on fitness than those with small
tion) was assumed for |a| and s.effect. This is supported by observations from spontane-

Genetic variance maintained and strength of apparentous and P-element-induced mutation experiments
stabilizing selection at MSB: Kimura’s (1969) diffusion(Mackay et al. 1992; Keightley et al. 2000). As in
approximations under the infinite independent lociKeightley and Hill (1990), it is assumed that the
model were used to obtain the equilibrium frequencyeffects of mutations on the traits can be correlated, and
distribution 
(x ; s) and other properties of a mutantthe correlation of absolute values of mutant effects on
with a specific fitness effect s in a large population atthe metric trait and on fitness is defined as 	 � cov(|a|,
MSB. Since 
(x ; s)dx represents the expected numbers)/√V[|a|]V [s].
of loci in which the mutants of particular fitness effectGenetic variances and strength of apparent stabilizing
s are in the frequency range x � x � dx at equilibrium,selection were evaluated by Monte Carlo simulation and
the total expected number of mutants of fitness effectanalytical methods. Effects of mutant alleles were sam-
s is given by 	1�1/(2N )

1/(2N ) 
(x; s)dx. Thus under the infinitepled from a bivariate gamma distribution, h(|a|, s) with
loci model, �i in formulas (1–4) should be transformedparameters εa, �a, εs, �s, and 	 using algorithm GTVR
to 	1�1/(2N )

1/(2N ) 
(x; s)dx. Summing over all possible mutants(Schmeiser and Lal 1982; see appendix a) and a from
of effects a and s leads to the equilibrium genetic vari-|a| by randomly allocating sign. Since selection acts on
ance from Equation 1,fitness, the conditional moments of the mutation effects

on the metric trait given s are important in evaluating VG � 

∞

0



∞

�∞

1�1/(2N )

1/(2N )

(x ; s)h(a, s)2x(1 � x)(a 2/4)dxdads

the properties of the populations at MSB,
� 


∞

0



∞

�∞
h(a, s)H(s)(a 2/4)dads, (8)

E[a2|s] � ε2
a�b0 � b1

s
εs

� b 2
s 2

ε2
s
�, (6)

with the heterozygosity H(s) � 	1�1/(2N )
1/(2N ) 
(x ; s)2x(1 �

x)dx � 8Ne�[1/(2N) � u(s)]/s, in which the fixation
E[a4|s] � ε4

a�c 0 � c1
s
εs

� c 2
s 2

ε2
s

� c 3
s 3

ε3
s

� c 4
s4

ε4
s
�, (7) probability of the mutant of initial frequency 1/(2N) is

given by u(s) � (1 � exp(Nes/N))/(1 � exp(2Nes))
(Kimura 1962). Similarly, from (2),where the coefficients bi and ci, given in appendix a,
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VG2 � 

∞

0



∞

�∞
h(a, s)H(s) � 3K(s)� a4

16
dads � 2V 2

G � m4 � 2V 2
G, Cov � 1⁄8


∞

0
C(s)sE[a 2|s]g(s)ds. (16)

(9)
In the following we first work out analytical results for VG

with and Vs for infinite populations, and then numerical results
are presented and discussed for finite populations.K(s) � 


1�1/(2N )

1/(2N )

(x ; s)�2x(1 � x)�2dx

�
16Ne�

s � 1
2Nes � 1

Nes
�u(s) �

1
2N� �

1
2N

(1 �
1

2N
)�

ANALYTICAL RESULTS

Let us consider an infinite population such that Nes ��
u(s)

6
�

1
8N 2

(1 �
1

3N
)�.

1, where the heterozygosity and other properties can
be simplified to H � C � 4�/s and K � 0. It is straightfor-The expressions for H(s) and K(s) were given by Kimura
ward to obtain the following properties from (14–16)(1969). Similarly, from (3) and (4), using the same
and (6–7) if the distribution of mutation effects onmethod as Kimura (1969), the covariance of relative
fitness is not leptokurtic, i.e., �s � 1,fitness and the squared deviation is

VG � (2Vm/E[s])�b0�s /(�s � 1) � b1√�s /(� s � 1) � b2�s /(�s � 1)�Cov � Cov(w, (z � z)2) � 

∞

0



∞

�∞
h(a, s)C(s)

s
2

a 2

4
dads,

� (2Vm/E[s])(1 � (�s, �a, 	))�s /(�s � 1), (17)(10)
with

m4 � (Vmε2
a/(2E[s]))�(�s, �a, 	), (18)

C(s) � 

1�1/(2N )

1/(2N )

(x ; s)2x(1 � x)(1 � 2x)dx

Cov � �(b0 � √�s/(�s � 1)b1 � b 2)Vm � �Vm, (19)

with�
8Ne�

s � 1
Nes

�u(s) �
1

2N� �
1

2N
(1 �

1
2N

)�.
(�s, �a, 	) � 2	(√�s/�a � √�a/�s � √�a�s � 	)/((�s � 1)(�a � 1))The variance in fitness is

andVf � 

∞

0
g(s)H(s)(s 2/4)ds. (11)

�(�s, �a, 	) � c0�s/(�s � 1) � (c1 � c3)√�s/(�s � 1)As mutant alleles are unconditionally deleterious, the
individuals with the more extreme genotypes with re- � c 2�s/(�s � 1) � c4(�s � 2)/(�s � 1).
spect to the metric trait are less fit and thus selected
against, which gives an appearance of stabilizing selec- The strength of apparent stabilizing selection Vs can be
tion. Stabilizing selection is usually measured as the obtained by putting all these into Equation 13. It is
regression of relative fitness on squared phenotypic de- clearly seen that VG and Vs are dependent on the bivari-
viation from the optimum measured in phenotypic stan- ate distribution of mutation effects on the metric trait
dard deviation units, given as and on fitness, whereas Cov is not. These expressions

clearly show that, as �s decreases and approaches one,bw,P2 � VPCov(w, P2)/VP2 � VPCov(w, (z � zm)2)/VP2,
VG and Vs tend to infinity (see Figure 2a).(12)

If the distribution of mutation effects on fitness iswhere the phenotypic variance is VP � VG � Ve. The
leptokurtic, i.e., 0 � �s � 1, however, simple integrationvariance of squared phenotypic deviations is VP2 � VG2 �
of Equations 13–16 shows that whenever 	 � 1, VG and2Ve(Ve � 2VG) � VG2 � 2V 2

P � 2V 2
G assuming that envi-

Vs would be infinite for an infinite population, as shownronmental effects are normally distributed (Keightley
in simulations of Keightley and Hill (1990). Thisand Hill 1990). Then the strength of stabilizing selec-
intrinsic difficulty of the pleiotropic model of continu-tion is explicitly expressed by
ous fitness effects (Hill and Keightley 1988; Keight-

Vs � �1/(2bw,P2) � �(m4 � 2V 2
P)/(2VPCov). (13) ley and Hill 1990), which is also a consequence of

the assumption of infinite independent loci, is avoidedIt is worth noting that Vs defined here is different from
when equal fitness effects are assumed for all mutantsthe conventional one (e.g., Turelli 1984), which is
(Barton 1990; Kondrashov and Turelli 1992;equivalent to VsVP. Using the conditional second and
Tanaka 1996). If variation of the fitness effects of muta-fourth moments given in appendix a, we can further
tion is to be retained, then this difficulty can be avoidedreduce the above formulas as
by assuming a minimum fitness effect for any mutation,

VG � 1⁄4

∞

0
H(s)E[a 2|s]g(s)ds, (14) as suggested by Mackay et al. (1992). A mutation can

be defined as any change in the base sequence of DNA
m4 � 1⁄16


∞

0
H(s) � 3K(s)�E[a4|s]g(s)ds, (15) in the genome. Theoretically any such mutation change
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Figure 2.—Dependence of the genetic vari-
ance maintained in the metric trait on (a) the
shape parameter of the fitness effects of mutations
when 	 � 0 for different values of E[s]/�s and
(b) the correlation between the absolute value of
the mutation effects on the metric trait and fitness
when E[s]/�s � 103 and �s � 0.875 for different
values of �a. The average fitness effect is E[s] �
0.04. Dashed lines are interpolations.

at the molecular level can affect the genome and thus VG �
�

�s �
∞

n�1

E[a 2|s � n�s]
n

g(n�s)/ �
∞

n�1

g(n�s)
the individual (Keightley and Hill 1988; Nielsen
2001). This minimum fitness effect exists in some way

�
2Vm

�s �b0φ�1 � b1
�s
εs

� b 2
�s 2

ε2
s

φ1�, (20)although it may be too small to be detected with current
available equipment (Davies et al. 1999).

The relevant fundamental question is whether the m4(s) �
�

4�s �
∞

n�1

E[a4|s � n�s]g(n�s)
n

/ �
∞

n�1

g(n�s)
distribution of the fitness effect of mutations is continu-
ous or discrete. As Keightley (1991) argued, “The as-

�
Vmε2

a

2�s �c0φ�1 � c1
�s
εs

� c 2
�s 2

ε2
s

φ1 � c 3
�s 3

ε3
s

φ2 � c4
�s4

ε4
s

φ3�, (21)sumption of a continuous distribution of allelic devia-
tions is also unrealistic because these are likely to fall
into discrete classes.” These discrete classes are likely Cov � �

�

2 �
∞

n�1

E[a 2|s � n�s]g(n�s)/ �
∞

n�1

g(n�s)
due to the fact that DNA sequence is discrete and that
there may be a finite number of alleles and their effects

� �Vm �b0 � b1
�s
εs

φ1 � b 2
�s 2

ε2
s

φ2�, (22)could be discrete. As Max Planck did 101 years ago for
avoiding “ultraviolet catastrophe” in black body radia-

and the variance in fitnesstion (e.g., Bransden and Joachain 1992), we assume
here that fitness effects of mutations are discretized as

Vf � �
∞

n�1

�(n�s)2

n�s
g(n�s)/ �

∞

n�1

g(n�s) � ��sφ1. (23)n�s, where n � 1, 2, . . . , and a “quantum” �s � 0 is
the possible minimum unit.

With the assumption of discretization of fitness effects
of mutants, the properties for an infinite population The definitions of φ�1, . . . , φ3 and their approximations
can then be obtained by substituting (6–7) into (13–16) when the minimum fitness effect is very small compared

to the standard deviation of fitness effects (i.e., �s � εs)and (11),
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TABLE 1 value of the trait, which is different from albeit similar
to the real stabilizing selection on the trait, which wasThe genetic variance maintained in an infinite
assumed to act on the squared deviation of the traitpopulation at mutation-selection balance and
(Turelli 1984). Otherwise, if 	 � 1, VG and Vs arestrength of apparent stabilizing selection

under the extreme cases � � 0 and 1 dependent on �s and thus can become infinite in an
infinite population. The same results as Equations 17″

�s VG Ṽs
b Vs and 18″ can also be obtained for �s � 1 by this method

of discrete approximation. In this situation VG and Vs	 � 0
remain finite, due to the fact that the numbers of neutral

Equala 2Vm

E[s]
(� V eq

G )
2

E[s]h2
(� V eq1

s ) mutations in this case are actually null (see Figure 1).
This indicates clearly that the unlimited increase of VG0 � �s � 1c �(�s)V eq

G �(�s)V eq1
s is due to the accumulation of essentially neutral alleles

of large phenotypic effect (Kondrashov and Turelli1 ln(
E[s]
�s

)V eq
G ln(

E[s]
�s

)V eq1
s

3�

4�
h2 � Ṽs 1992).

The covariance between the relative fitness and squared
�1

�s

�s � 1
V eq

G
�s

�s � 1
V eq1

s deviation is always independent of �s, the correlation
	, and shape parameter �s, being equal to the negative

	 � 1 of the mutational variance per generation (cf. Bürger
�s � 2
4��s

h2 � 2000, p. 310). Combining (13) and (19) leads to a gen-
eral constraint on VP and Vs,0 � �s

�s

�s � 1
V eq

G
�s

�s � 1
V eq1

s Ṽs

Vs � VP/Vm, (24)
a The same results as Barton (1990). Here E[s] � �s for

equal mutation effect. which in principle makes the pleiotropic model impossi-
b Ṽs is the strength of apparent stabilizing selection when ble to simultaneously explain high genetic variance and� � 1 and Ṽs � VP/Vm. The approximate for � � 1 is Vs � 3�h2/

high heritability and strong apparent stabilizing selec-(4�) for 	 � 0. In general, the inequality Vs � Ṽs holds and
tion. The variance in fitness, Vf � ��s/�s � �εs �thus generally Vs � VP/Vm. For a gamma distribution of muta-

tion effects on the metric trait the kurtosis is 3� � (�a � 2) √�s/(�s � 1) � �E[s], being independent of �s, de-
(�a � 3)/(�a(�a � 1)). The shape parameters �s and �a for creases as the distribution of mutation fitness effectsboth marginal � distributions can be different.

becomes more leptokurtic. One surprising point is thatc �(�s) � ��s/(1 � �s) � (C0�
�ss /(C1(1 � �s)))(E[s]/�s)1��s.

Vf is proportional to the product �εs rather than �ε2
s .

It is interesting to compare our results with Barton’s
(1990), who assumes equal fitness for all mutations andare given in appendix b. It is thus straightforward to get
thus no correlation between the absolute values of mu-the genetic variance and strength of apparent stabilizing
tant effects on the metric trait and on fitness. In ourselection. For parameter �s � 1,
notation, this means s � �s (i.e., the minimum effect
of mutations is the exclusive effect) and g(s) � �(s �VG �

2Vm

E[s] �ln(
E[s]
�s

)b0 � 1

√2
b1 � 1

2
b 2�, (17�)

�s), where �(·) is the Dirac delta function. The same
results as Barton (1990) can be obtained from (13–16).

m4 �
Vmε2

a

2E[s] �ln(
E[s]
�s

)c0 � 1

√2
(c1 � c 3) � 1

2
c 2 � 3

2
c4�, If the fitness effects vary across mutations and are distrib-

uted as a gamma random variable, then the results thus
(18�) obtained are different from Barton’s (1990; see Table

1). In our results for VG and Vs, there are two parameterswhile for 0 � �s � 1,
relating to variation of mutation fitness effects: the mini-
mum fitness effect, �s, and variability of the fitness ef-VG �

2Vm

E[s]
�s

1 � �s
�C 0��s�1

s

C1
�E[s]

�s �
1��s

b0 � 1 � (�s, �a, 	)�, fects of mutations, εs (or equivalently the mean fitness
(17″) effect E[s]). For shape parameter �s � 1, the genetic

variances are �s/(�s � 1) times that of Barton’s (1990)
m4 �

Vmε2
a

2E[s] � C 0��ss

C1(1 � �s)
�E[s]

�s �
1��s

c0 � �(�s, �a, 	)�. for the same mean fitness effects (see Table 1). As �s

approaches 1, VG tends to infinity. For �s � 1 (i.e., expo-
(18″) nential distribution), however, VG is limited if �s is finite.

If the distribution of mutation effects on fitness is highly
leptokurtic (i.e., �s � 1), then the genetic variance canCov is still given by (19). These equations show clearly
also be much larger than that of Barton’s (1990) for thethat for �s � 1, VG and m4 can be divided into two parts:
same mean fitness effects (see Figure 2a). For instance, ifone is dependent on �s and the other is not. VG and Vs

�s � 1⁄4, this increase is �12-fold if �s � E[s]/102 andare independent of �s only if 	 � 1. This is because the
selection in this special case is acting on the absolute 69-fold if �s � E[s]/103. The results in Figure 2 show
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Figure 3.—Genetic variance maintained in the
metric trait as a function of the effective popula-
tion size under the assumption of a discrete distri-
bution of mutation fitness effect. The new muta-
tional variance in the metric trait is Vm � 10�3

and the minimum fitness effect of mutations is
�s � 10�6. Three different values of �s, the shape
parameter of the distribution of mutation fitness
effects, are investigated. Results are shown for two
strengths of fitness selection, εs, and three correla-
tions 	.

that the shape of distribution of fitness effects affects reduces VG (see Figure 2b). The marginal distributions
of mutation effects on the trait and on fitness may bethe genetic variance. At the limit �s → 0, almost all

mutations have the same effect �s; whereas when �s → different, which does not cause any difference to the
genetic variance if 	 � 0. If there is some correlation∞, the kurtosis of the distribution of mutation effects

on fitness 3� → 1 (i.e., equal effects). Both extreme between the absolute values of mutation effects on the
trait and on fitness, however, the genetic variance wouldsituations return to Barton’s (1990) results (Table 1

and Figure 2a). Clearly �s � 1 is a critical point. be affected. The example shown in Figure 2b displays
that when the correlation is intermediate, the impactAn increasing correlation between |a| and s always



427Pleiotropic Model of Genetic Variation

Figure 4.—Strength of apparent stabilizing se-
lection as a function of the effective population
size, Ne. The mutation rate � � 0.2. Other parame-
ters are the same as in Figure 3.

is not large even with a large difference in distributions, induced, but the strong apparent stabilizing selection
is still not achieved.i.e., �s/�a � 1⁄2, 2. For convenience, we consider only

the situations where �s � �a in the following numerical
investigation. As there exists a general relation (24), the

NUMERICAL RESULTS
high variation in the metric trait can be maintained
only under weak selection; if mutation effects on fitness The effective sizes of some natural populations, espe-

cially those of large vertebrates, are unlikely to be largevary across loci substantially more genetic variance is
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TABLE 2

The influence of the shape parameter �s on VG and Vs under the assumption of discrete mutation fitness effects

�s
1⁄8 1⁄4 1⁄2 1 1.125 1.5

	 � 0
εs 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05
VG 1.1 0.87 1.22 0.762 1.13 0.472 0.90 0.21 0.86 0.18 0.77 0.13
Vs 10010 4580 7449 3091 5054 1936 3454 1352 3263 1298 2877 1204

0.5
εs 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05
VG 0.61 0.42 0.667 0.357 0.638 0.216 0.55 0.10 0.54 0.091 0.51 0.071
Vs 2551 1864 2653 1691 2423 1367 2151 1163 2112 1144 2032 1111

1
εs 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05 0.005 0.05
VG 0.139 0.014 0.171 0.018 0.221 0.023 0.27 0.028 0.28 0.029 0.30 0.031
Vs 1118 937 1274 1021 1373 1036 1476 1044 1493 1045 1534 1048

The minimum fitness of mutations was assumed to be �s � 10�6 and effective population size Ne � 1000.
The mutation rate is large enough (e.g., � � 1) to ensure that Vs approaches its asymptotes.

and appear to be of the order of 103–104 (Frankham tive to the shape of distributions of mutation effects
on the metric trait and fitness. For this purpose the1995; Yu et al. 2001). Furthermore, the distribution of

mutation effects (s) could be leptokurtic, with most situations of different �s have been investigated, and the
results are shown in Table 2. The difference is evident. Ifmutations having only slightly deleterious effects

(Keightley 1994). Therefore Nes may not always be the correlation 	 � 1 and εs � 0.05, the genetic variance
maintained at MSB decreases (e.g., from 0.87 to 0.13much larger than unity and the dynamics of most muta-

tions in natural populations may actually be dominated for 	 � 0) and the selection becomes strong (e.g., Vs

decreasing from 4580 to 1204 for 	 � 0) as the valueby drift rather than selection, so it is important to con-
sider population size and genetic drift in models on the of the shape parameter �s increases (e.g., from 0.125 to

1.5). If εs � 0.005, the trend of VG and Vs is the same asmaintenance of polygenic variation.
The analytical expressions for VG and Vs are difficult that for εs � 0.05 except for a maximum between �s �

0.125 and 0.25 (cf. Figure 2a). If the correlation is equalto obtain when Nes � 1, which might be typical values
for most mutations in natural populations. The calcula- to unity, the opposite trend occurs; i.e., VG and Vs

increase with �s (cf. Table 1). It is clear in Figures 3tions using (13–16) when the correlations between |a|
and s are not unity show that if the continuous distribu- and 4 that VG increases monotonically and approaches

an asymptote as the population size increases for alltion of mutant effects on fitness is assumed, the genetic
variance continues to increase as the effective popula- the values of the shape parameter �s. If �s � 1, VG ap-

proaches an asymptote as the population size reachestion size increases. This is still true even for other distri-
butions (e.g., normal) of fitness effects in which nearly �1/�s. If �s � 1, VG approaches an asymptote indepen-

dently of the size of the minimum fitness �s assumed.neutral mutants are not predominant. If the mutant
effects on fitness are discretized with the minimum ef- This, in agreement with the analytical results above for

infinite populations (Figure 2 and Table 1), results fromfect �s, then the genetic variance and the strength of
apparent stabilizing selection would approach the as- the sharp difference between the distribution of muta-

tion fitness effects of �s � 1 and �s � 1. The formerymptotes that were determined by Equations 17″ and
18″ and are shown in Figures 3 and 4. The minimum has few nearly neutral mutants while the latter has pre-

dominately mutants of s � 0 (see Figure 1). Thus theeffect �s in Figures 3 and 4 was set to 10�6. If it was
changed to another value, e.g., 10�8, the trend of VG and differences between �s � 1 and �s � 1 are qualitative,

while the differences among values of �s � 1 or amongVs with Ne for �s � 1 would be the same except that VG

and Vs would asymptote at a population size of �108 values of �s � 1 are only quantitative.
The way in which Vs approaches its asymptote withrather than �106.

Experimental data regarding the joint distributions the effective population size Ne is more complicated
(see Figure 4), as Vs can increase or decrease with Ne.of both mutation effects on the metric trait and on

fitness or even the marginal distributions are scant (e.g., For a finite population with a fixed flux of mutations,
the strength of apparent stabilizing selection is deter-Mackay et al. 1992; Keightley et al. 2000). An impor-

tant theoretical question is whether genetic variation mined by the interplay of the genetic drift and selection.
Because the strength of selection is dependent on Nesand strength of apparent stabilizing selection are sensi-
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Figure 5.—Strength of apparent stabilizing se-
lection at MSB as a function of the mutation rate
� under the assumption of a discrete distribution
of mutation effect on fitness. The minimum muta-
tion fitness effect is �s � 10�6. Results are shown
for three strengths of fitness selection, εs, and
three correlations 	 between the effects on the
metric trait and on fitness. The distribution of
mutation effects on fitness is gamma with �s � 1⁄4.
Curves for other values of shape parameter �s

(e.g., 0.5, 1, 1.5) are similar.

rather than purely on s, selection is predominant and to a limiting value with Ne. In this case, Nes may not
significantly increase with Ne because most mutants aregenetic drift can be ignored only when the population

size is large. When the population size is not large, the neutral or slightly deleterious. If the population size is
too small, the dynamics of mutant alleles are controlledinterplay between genetic drift and selection is compli-

cated, which may lead to a different relationship be- mainly by genetic drift. As Ne increases, selection first
becomes stronger and then weakens and Vs finally as-tween Vs and Ne for different values of other parame-

ters [e.g., variability of fitness effects of mutations (εs), ymptotes as Ne�s � 1.
It is also evident in Figures 3 and 4 that VG and Vsthe correlation (	), and the mutation rate (�)]. With

	 � 1, Vs decreases to its limiting value as Ne increases. decrease as the correlation, 	, or εs increases, in agree-
ment with analytical results for infinite population (seeFor the situations with 	 � 1, the trend of Vs with Ne is

complicated. If there are few nearly neutral mutants (i.e., Figure 2a and Table 1). As C(s) � 4�/s, the absolute
value of covariance of relative fitness and the squared�s � 1), Vs decreases and asymptotes as Ne increases,

due to the fact that Nes increases with Ne and soon deviation is �Vm for a finite population (cf. Equation
19), which sets up a constraint between VG and Vs (seepredominates over the genetic drift. If there are pre-

dominantly neutral mutants (i.e., �s � 1), Vs first de- Equation 24). Figures 3 and 4 show that VG can be high
enough but Vs is always �103 (i.e., the inverse of Vm).creases and approaches a minimum and then increases
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As long as the mutational variance increment per the metric trait are segregating in the population, the
apparent stabilizing selection is weaker than that of thegeneration is given as Vm � 1⁄2�ε2

a � 10�3Ve, then the
genetic variance is in theory independent of the rate house-of-cards rare allele model (Turelli 1984; Bar-

ton 1990). If there are numerous mutant alleles segre-and effects of mutations. This can be seen from (14)
and (6). However, different mutation rates may lead to gating in the population, the constraint on VG and Vs is

similar to that of other pleiotropic models (Kondra-different degrees of apparent stabilizing selection on
the population for the same genetic variations retained. shov and Turelli 1992; Gavrilets and de Jong 1993;

Tanaka 1996), approximated by Vs � VP/Vm (in theIn the numerical examples, the effective population
size was set to 103, and the minimum fitness effect of traditional definition of Vs: Vs/VG � VG/Vm).

The influence of the correlation between absolutemutations was set to 10�6. The results shown in Figure
5 show that Vs decreases quickly as the mutation rate � values of mutation effects on the metric trait and fitness

on VG and Vs was assessed. In the extreme case of 	 �increases and approaches an asymptote as � exceeds
some value (e.g., 10�2 in our examples). In other words, 1, the selection becomes strongest and correspondingly

the variance maintained in the metric trait shrinks. Inapparent stabilizing selection is weak if the number of
mutations segregating in the population becomes few general, an increase in the correlation leads to reduc-

tion in both VG and Vs, as found by Keightley and Hilland increases to an asymptote as mutations become
numerous (cf. Keightley and Hill 1990). (1990). Numerical investigations on the dependence of

VG and Vs on the effective population size Ne show that
VG increases to an asymptote as Ne increases and reaches

DISCUSSION
an order of 1/�s. This prediction implies that the ge-
netic variances depend greatly on Ne if Ne � O(1/�s).Comparison with other models of maintenance of

variation: A general pleiotropic model of variation main- In other words, 1/�s would be a measure of the sensitive
size of population to the genetic variances if leptokurti-tained at MSB has been analyzed in this article. The

mutants affecting the metric trait of interest also have cally distributed mutations were assumed.
As (13–16) show, the genetic variance and strengtha deleterious effect on the individual who carries them,

and so, because extreme genotypes tend to be less fit, of apparent stabilizing selection depend only on the
squared deviations of mutation effects on the metricthe metric trait appears to be under stabilizing selection.

Assuming additive gene action across and within loci and trait from the optimum. Thus the assumption of a sym-
metrical distribution of the mutation effects on the met-linkage equilibrium, the genetic variance and strength of

apparent stabilizing selection have been obtained. The ric trait about zero is not of significance, confirmed by
Monte Carlo simulations, but if the mean effect differsmutation effects on the metric trait and on fitness both

vary among loci and are assumed to be distributed as a from zero, random genetic drift would lead to a direc-
tional change in the population mean. The impact ofbivariate gamma with any shape parameter. By em-

ploying diffusion approximations under the infinite in- dominance of mutant alleles is not important if the
degrees of dominance of the mutant effects on the met-dependent loci model (Kimura 1969), formulas for VG

and Vs have been obtained, and results are in agreement ric trait and on fitness are the same. If they differ and
if, for example, effects on fitness are purely recessivewith previous Monte Carlo simulations using a similar

multilocus model (Keightley and Hill 1990). Com- while effects on the metric trait are partially dominant,
the genetic variance would increase and the apparentpared to Keightley and Hill (1990) who assumed the

heritability of a typical value 1⁄3, the heritability in this stabilizing selection would become weaker.
Comparison with observations: Although mutationsstudy varies with the genetic variance and is given by

VG/(VG � Ve). are important to many phenomena and processes, in-
cluding the maintenance of variability, estimates of mu-Analysis shows that the unlimited increase of VG and

Vs (Keightley and Hill 1990) disappears only when tation rate (�) and average mutation effects (εs, εa) are
imprecise. Data suggest that the total deleterious muta-the shape parameter of distribution of the mutation

effects on fitness is greater than one, in which there are tion rate is �1 in mammals and �1 in flowering plants
(Kondrashov 1998). The scanty data for multicelluarfew nearly neutral mutations. To avoid the unlimited

increase of VG for the highly leptokurtic distribution of eukaryotes are consistent with any value of � between
0.1 and 100 (Kondrashov and Turelli 1992). Recentmutation effects on fitness (i.e., �s � 1), fitness effects

were assumed to have discrete values, s � n�s, n � 1, studies on Caenorhabditis elegans, however, show that the
mutation rate for life history traits is �1.0 and is of the2, . . . with the minimum effect �s � 0. Analysis for

the infinite population limit reveals that VG and Vs are order 10�3 (Keightley and Caballero 1997; Vassi-
lieva and Lynch 1999). The best estimate of the aver-proportional to the product of (�s)�s�1 and E(s)��s.

Compared with Barton’s (1990) results, variation in age selection coefficient against heterozygous mutations
is E[s/2] � 0.02 (Crow and Simmons 1983). Data forfitness effects can induce much higher genetic variance

at MSB for the population with the same mean fitness Drosophila bristle traits show that � is in the range
0.09–1.0 and εs in the range 0.01–0.2 (Keightley andeffect E[s]. If only a few deleterious alleles affecting
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Hill 1990; Caballero and Keightley 1994). Data for viding a satisfactory explanation to maintenance of vari-
ation in the metric trait that is under quite weak appar-competitive viability in Drosophila suggest that � � 0.01

and E[s] � 0.08 (Chavarrias et al. 2001). Data for yeast ent stabilizing selection. A “pure” pleiotropic model
such as investigated here, in which there is no realSaccharomyces cerevisiae show that � is of the order 10�3 and

E[s/2] in the range 0.01 and 0.05 (Wloch et al. 2001). stabilizing selection or other force maintaining the vari-
ance of the metric trait, would, however, lead to driftEstimates of the strength of natural selection in natu-

ral populations have been summarized by Turelli in its mean due to random fixation of mutants.
As pointed out by Kondrashov (1998) and King-(1984), Endler (1986), Crow (1989), and Kingsolver

et al. (2001). Endler’s (1986) survey indicates that stabi- solver et al. (2001), the estimates of mutation rates and
selection effects are not very reliable. In the theoreticallizing selection in natural populations is quite common

and strong, with typical estimates of the strength Vs � investigations of polygenic variation and stabilizing se-
lection, both variances and strengths at MSB are assessed20Ve (Turelli 1984). The recent synthesis by King-

solver et al. (2001) shows, however, the distribution simultaneously. However, data on mutation rates and
effects, heritabilities, and strengths of stabilizing selec-of estimated quadratic selection gradients is symmetric

about zero, so the mean is nearly zero, with the mean tion that were used to compare with the theoretical
predictions are collected, in most cases, from separateof the absolute values �0.1. Further, only �16% of

the negative values of quadratic selection gradients are experiments. If the rates and effects of the base change
in DNA sequences were universal, this might not causereported as significantly different from zero at p � 0.05

and in most cases where there are significant values any serious deviation. Although difficult, it would be
desirable to design an experiment in which both muta-there is also significant directional selection on the same

trait. Thus the estimates provide little evidence for de- tion and selection parameters could be estimated with
adequate precision at the same time.tectable stabilizing selection, given the limited power of

the available evidence. Kingsolver et al. (2001) thus We are grateful to Nick Barton, Peter Keightley, Sergey Gavrilets,
suggest that stabilizing selection is typically quite weak Ruth Shaw, and an anonymous reviewer for helpful comments. This

work was supported by a grant from the Biotechnology and Biologicaland not more common than disruptive selection.
Sciences Research Council (R35396).To maintain abundant heritability the genetic vari-

ance should be of the order of 103Vm as experimental
data typically show Vm � 10�3Ve (Hill 1982; Houle et
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(Cherian 1941; Kotz et al. 2000). Although it is not V [a|s] � E[a 2|s] � ε2
a[(1 � 	)2 � 2√3	(1 � 	)
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],
easy to obtain the conditional distribution of the metric
trait z given the selective coefficient s, it is possible to
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get the conditional properties by employing the theo-
rem that, given Y2 � Y3 � y2 � y3, Y3 is a � random

�
|s|
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�
35
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(1 � 	)4�,variable with the density function (�(�3 � �2)/
�(�3)�(�2))��3�1(1 � �)�2�1 over the range [0, y2 � y3],

which, except for 	 � 0 and 1, are different from thewhere � � y3/(y2 � y3) (Sheldon 2000). The conditional
conditional properties from algorithm GTVR (i.e., Equa-variances and fourth moments of the metric trait given
tions 6 and 7). This means that both methods can pro-the selective coefficient s can therefore be explicitly
duce the correlated effects with required properties butexpressed in (6) and (7), in which the coefficients bi, ci

induce different bivariate distribution density functionsare the functions of the shape parameters �s, �a, and
(see Kotz et al. 2000).the correlation 	 and given as

b0 � (�a � 	√�a�s � 1)(1 � 	√�s/�a)/(�a � 1)
APPENDIX B

b1 � 2	√�a(�s � 1)(1 � 	√�s/�a)/(�a � 1)
The functions φi of �s�s are defined as φi � �∞

n�1
b 2 � 	(	√�a�s � 1)√�s/�a/(�a � 1) nig(n�s)/�∞

n�1g(n�s), i � �1, 1, 2, 3. As g(·) is given by
(5), φi � �i/�0, where �i � �∞

n�1n�s�i�1�n, i � �1, 0, . . . ,and
3, and �i�1 � �d�i/d� with � � exp(��s�s). For �s �
1, for �i(i � �1, . . . , 3), we have �ln(1 � �), �/(1 �c0 � (�a � 	√�a�s)(�a � 	√�a�s � 1)(�a � 	√�a�s � 2)
�), �/(1 � �)2, �(1 � �)/(1 � �)3, and �(1 � 4� � �2)/

� (�a � 	√�a�s � 3)/(�2
a(�a � 1)2) (1 � �)4, which can be approximated by �ln(�s�s), 1/

�s�s, 1/(�s�s)2, 2/(�s�s)3, and 6/(�s�s)4 if �s�s � 1.c1 � 4(�a � 	√�a�s)(�a � 	√�a�s � 1)(�a � 	√�a�s � 2)
For 0 � �s � 1, numerical calculations show that when

� 	√�a�s√(�s � 1)/�s/(�2
a(�a � 1)2) �s�s � 1, �i (i � �1, . . . , 3) can be approximated as

C0 � C1(�s�s)1��s, C1(1 � �s)(�s�s)��s, C1(1 � �s) �sc 2 � 6(�a � 	√�a�s)(�a � 	√�a�s � 1)	√�a�s(	√�a�s � 1)/(�2
a(�a � 1)2)

(�s�s)�1��s, C1(1 � �s)�s(�s � 1)(�s�s)�2��s, C1(1 �
c 3 � 4(�a � 	√�a�s)	√�a�s(	√�a�s � 1) �s)�s(�s � 1)(�s � 2)(�s�s)�3��s. Here C0 and C1 are

functions of �s, and some values are given in the follow-
� (	√�a�s � 2)√�s(�s � 1)/(�2

a(�a � 1)2(�s � 2))
ing table:

c4 � 	√�a�s(	√�a�s � 1)(	√�a�s � 2)(	√�a�s � 3)
�s

1⁄16
1⁄8 1⁄4 1⁄2 3⁄4 7⁄8 15⁄16

� �s(�s � 1)/(�2
a(�a � 1)2(�s � 2)/(�s � 3)). C0 1.71 1.78 1.96 2.61 4.55 8.58 16.59

C1 16.51 8.60 4.80 3.54 4.75 8.70 16.64For the special situation that the shape parameters are
one-half, then the bivariate � distribution is a joint For �s � 1, �i(i � �1, . . . , 3) approximate C1(�s�s)1��s,
Wishart distribution, and the correlated mutation ef- C1(�s � 1)(�s�s)��s, C1(�s � 1)�s(�s�s)�1��s, C1(�s �
fects can be sampled as s � εsu2

1/√3 and |a| � εa[	1/2u1 � 1)�s(�s � 1)(�s�s)�2��s, and C1(�s � 1)�s(�s � 1)(�s �
(1 � 	)1/2u2]2/√3 (Keightley and Hill 1990), given 2)(�s�s)�3��s. Finally we have for �s � 0, φ1 � �s/(�s�s),
two pseudorandom independent standardized normal φ2 � �s(�s � 1)/(�s�s)2, φ3 � �s(�s � 1)(�s � 2)/(�s�s)3,
deviates u1 and u2. The conditional variances and fourth and φ�1 � [C0/((1 � �s)C1)](�s�s)�s � �s�s/(1 � �s)
moments of the metric trait given the effect of the mu- (0 � �s � 1); φ�1 � �s�s ln(1/�s�s) (�s � 1); φ�1 �
tant on the fitness are then �s�s/(�s � 1) (�s � 1).




