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Variability of Human Linkage Data

D. C. RAO,1 B. J. B. KEATS, N. E. MORTON, S. YEE, AND R. LEW

It is customary to summarize linkage data on a given pair of loci in man by lod scores
which define the maximum likelihood estimate of a recombination rate 6 [1]. Apart
from sampling errors, there are two causes of variability in such data. Biological
variability subsumes sex, race, age, and other factors which determine recombination
in a doubly heterozygous individual. Technical variability includes errors of parentage,
phenotyping, recording, calculation of lods, and interpolation to estimate 6 as well as
departure of the corresponding measure of goodness of fit from its assumed distribu-
tion.

Here we examine linkage data for 1,665 pairs of loci in 1,699 papers published up to
the end of 1976. The purpose is to determine the frequency and cause of significant
variability preparatory to construction of linkage maps. Preliminary steps have been
described elsewhere [2, 3]. Errors in somatic cell assignments due to multiple isolation
of the same clone, misclassification of chromosomes, and premature publication will
not be considered.

LIKELIHOOD THEORY

If 'i is the maximum value of the lod in the ith of n sets of data and z is the overall
maximum, then in large samples the quantity 2(l1elO) (12-z) has a x2 distribution
with n - 1 degrees of freedom if the n sets are homogeneous [4]. We shall be
concerned about deviation from this assumed distribution in small samples, since the
data sets range from a single pedigree to many nuclear families.

Certain types of data cannot be combined with lods and were therefore rejected.
including the inefficient scores of Penrose, Bernstein, Wiener, and Haldane, and the
Bayesian reduction of lods to an approximate posterior probability [5]. This is part of
the argument against Bayesian linkage tests. Recombinant counts [6], Fisher-Finney
scores, and lods may in principle be converted to a standard lod table, with an error
which depends on sample size and the number of data points reported. Genetic markers
which provide published evidence expressible by lods are listed in table 1.

Linkage workers are inconsistent in the values of 0 for which they report lods.
Sometimes only two values are given, usually for 0 = .1 and .3 [7]. Reconstruction of
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VARIABILITY OF HUMAN LINKAGE DATA

the likelihood is then fraught with error, which reliable interpolation formulae can
minimize. After some experience, we decided to form for each data set a standard lod
table at the 11 values 0 = .001, .01, .05, .10, .15, ....45, and from this table to
estimate 0, z according to the rules given in Appendix A, the adequacy of which is
tested in this paper.

Most publications provide no more than three data sets for each pair of loci,
corresponding to males, females, and unclassified sex of the informative parent. In a
few cases where data were summarized by investigator, race, or other variable of
interest, this primary classifier was retained. We attempt to include each set only once
even when published repeatedly. In some instances data were rejected because of
considerable but unspecified overlap with other sets. While it is likely that a few
duplications were not detected, we believe that such errors are negligible.

Detected linkages should be analyzed under different recombination values for the
two sexes. Where the original data on linked loci are accessible, we calculate lods by a
slight modification of the LIPED program [8] which simplifies data input, but analysis is
still laborious and was not complete at the time this paper was written. Therefore,
many pedigrees coded for linked loci and unspecified sex will ultimately be factored (to
a close approximation) as

Z(Om+f) Z(0m; Of) + Z(Of; Om*),

Z(Om; Of*) - log fM(m; Of*) andf(1/2; Of*)

Z(Of; Om*) = log f(of; Om*)f(/;Om*)

where the subscripts m, f, and m + f denote males, females, and sexes pooled
respectively, Om* and Of* are the simultaneous maximum likelihood estimates, andf(.)
denotes likelihood of the pedigree. This conserves the joint estimates Om*, Of* but
neglects their covariance in the (generally small) information from double intercrosses
and untested generations in which recombinants cannot with certainty be assigned to
sex. We do not think that the results of the present paper are substantially affected by
deferring this analysis until each linkage group is mapped in subsequent papers.

HETEROGENEITY

Two types of heterogeneity are analyzed here for each pair of loci: among studies
within each sex (called heterogeneity within sexes) and heterogeneity between sexes.
Let zij, Zi, and z denote, respectively, the maximum lod scores in the jth study for the
ith sex, for the ith sex over all studies, and over all sexes and studies. Then
heterogeneity within sexes is tested by x2 = 2(1ne 10) (jZij -i) for each observed sex
i, and the heterogeneity between sexes is tested by x2 = 2(lnelO) (yiz'J- z). Observed
distributions of the tail probabilities of these x2's are presented in table 2. This table is
subdivided depending on the overall recombination fraction 0 (= .5 or < .5) and the
linkage status of the two loci involved. Tentative assignments of loci to chromosomes
are shown in table 1. If two are assigned to the same chromosome, they are considered

517



518 RAO ET AL.

o 2

z

3O 07 all w CN W-/c0N 00 d t-n -m1- CS r---

MM -- - ----- o b- -------
£oxobo-- -o

I

<-u

, I*--r0---o-oo r- 5 oo-------.-oor--\o-

I I ...

I..... .... ....

I <

0000 L OR00000 0p 000000w 0 -) 000 0 A.0

I 0I . . ............................ . I

..................e# ..

ll P

Eo

-zI I L ~ H~

««O c«OcO«OO 0«c «O O O 0 0c0C) C) o C,G OO OO O Q * ° °

JZ o) t)_ -_ C)_ _N -_l _ _r ,_vef 'o)NcX~o}ej- ,_m4 z . .) .' .c . .? WC .0 . .. .vI.................,................ ......------- - -011........................... ... ...... --
ez 11 . . . . . en ,* 1

<< <<<<<<<<<&<<<<<Qa><<Mmmm:: uuu 2



VARIABILITY OF HUMAN LINKAGE DATA 519

<V E 0

0~~~~~~~~~~~~~~~~~~=x
QoE

. OOOmmOOQOOOOOOOOOO)OOO0Os m

0~~ ~~~~~~~~~~~~~~~~~~~~~~~E X3.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ ; o
< C ,XXXFU

) = *< .ZXX s 9X ' >@Xg {'_,

- 2 =R Q E~~~~~~~~~~~~~~~~~

_ en0 , - r0q -m 10 -"t C O c t--o- 00 cqCJOttU ).

; . . . . . . . . . *C D

m :::::::::: ::::::::::::::::: 0._<
<~~~~~~~0 ::::,F~~~~~~~~x 0_ CO

v) v) . V) v) (A.-. -. -.-.-.-.E
|r|:5oUq'i::=;> 3 3 2222>2222< z:: Z Z Z Z o 3 2 Xc~-

CC C
- o ; o:bo~~~~~~~0

.oE ,*..i °XX*. -*.- -QX
< sX~~~~~~~~~~e

>A0i

:X~~~~~~~~~~~C C> _ _) Nc 0 O ) C> m CNoo>O -Wnr U

W)~ ~~ ~:n : oNr- w cw tnr ):: : : :: : : : :: : : : :::W)m r- E

;~~~~~~~ . c . ° .

2 ^ Offi E _ c9m o X X I < 2 > A:Zq MqZ: > 2 Z: 14 n>
'uU)UUC L L;[L L 1L1X[1LZ[1 L z



520 RAO ET AL.

H cm cmoO o

°.~~~~c I0.1-- r. 0 0. 0ten

3 0 ^ > t c: P4en 'tm Xen

l~~~~~~~~~~~~~~~~~~~~~~I ,\0tW))Vl

0~~~~~~00W

0

mI' ac e 2 N 05-cI djaD2
< < 0W, < a L

00

L~~~~~~~~~~. 0~~~~~ ~ ~~r 0r

I 0~

0) 00*r- 0r

0)
0)~~~~~~~~~~~~W

H~~~~~~~~E 7:



VARIABILITY OF HUMAN LINKAGE DATA

to be linked; if they are on different chromosomes, they are unlinked; otherwise, they
are taken as probably unlinked.
As anticipated by Haldane [9], the mean and variance of x2 within sexes is less than

in large samples. This discrepancy is most striking when 0 = .5, in which case the data
sets commonly have the same maximum and x2 = 0. Reduction in mean and variance
is also apparent for heterogeneity between sexes (table 2).

There is greater heterogeneity for linked loci with 0 < .5 (table 2): the nominal
significance level Pe = .05 is transgressed four times within sexes (PO = 4/98 = .041)
and 11 times between sexes (PO = 11/48 = .229). Evidently sex is the major cause of
variable recombination for linked loci.

Pairs of loci with significant heterogeneity (Pe < .05) within or between sexes were
reexamined. In most cases heterogeneity within sexes was not accompanied by
significant heterogeneity between studies (pooled over sexes), and heterogeneity
between sexes was consistent with linkage at different recombination values in males
and females.

Preliminary examination revealed reference 0586* [10] as the source of apparent
heterogeneity for several pairs (table 3). A quotation from that paper may be relevant:
"The analysis was carried out by a computer program known as the MARK II on a
Univac 418. This program is known to be capable of giving erroneous results, due to
cumulative rounding errors, where close linkage is present between loci, at least one of
which is rare." Presumably the clause "where close linkage is present between loci"
should read "for small values of 0," since rounding errors may depend on the assumed
value of linkage, but cannot depend on its unknown true value. Apart from numerical
errors, the calculation from only two values of 0 makes interpolation error-prone.

Problems with this reference are not exclusively numerical. ABO (on chromosome
9) gives-a lod of 3.0 with the centromere of chromosome 1 at 0 = .1 (Q = 3.27 at 0 =
.02). This is the only instance known to us where such strong evidence of linkage is
spurious. The authors note that "The high lod score . . . is derived largely from
sibling data and does not appear in two- and three-generation families," which is
contrary to the general experience that sibling data are relatively uninformative. Other
studies give no suggestion of linkage (heterogeneity X21 = 9.27; table 3). Not only does
this paper give a spurious linkage, but it claims unusually frequent recombination
between the centromere of chromosome 1 and the linked FY locus (X21 = 8.51),
whereas recombination with GC is surprisingly rare (X21 = 5.03).
On the above evidence we have rejected the data in reference 0586 [10]. Keats et al.

[11] give reasons to omit two other bodies of data: reference 0045 [12] because of
inextricable duplication with other sources, and the JK tests from references using the
Brazilian data [13] because of serological unreliability. The above exclusions were
made before the analysis presented here (tables 1-5).
From other instances of apparent heterogeneity, we selected the most striking for

further analysis (table 3). Some appear to be genuine type I errors, illustrating that z >
2 is not enough evidence for linkage, but at least two may be systematic. In reference

* Each linkage paper in our data is assigned a unique four-digit number.
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TABLE 3

PROBABILITY RATIO TESTS FOR HETEROGENEITY

X2 among
First locus Second Locus Source sources df Pe P0

A.) Reference 0586 [10] vs. Others

01Q12 .. ABO 0586 [10] 3.266 .022]
Others .097 .366 9.27 1 .002 .001
Total 1.349 .283 J

01Q12 .. FY 0586 [10] .017 .463 )
Others 11.049 .136 8.51 1 .004 .001
Total 9.218 .176 J

01Q12 .. GC 0586[10] 1.197 .022]
Others 0 .5 5.03 1 .025 .011

Total .104 .394 J

B.) Selected Pairs of Loci

ACP1 . LE 0955 [24] 2.227 .145
Others 0 .500 8.63 1 .004 .001
Total .354 .365

ADA. GLOI 0494 [25] 1.660 .013 1
Others 0 .500 6.42 1 .011 .004
Total .265 .237

FY .K 0624 [26] 2.513 .192 (basedonU&K scores)
Others 0 .500 8.29 1 .004 .001
Total .713 .340

FY .LP 1129 [22] 2.006 .029 1
Others 0 .5 6.23 1 .013 .005
Total .654 .216 J

GC ...MNS 0007 [21] .518 .422 1
Others 2.518 .331 5 5.00 1 .025 .011
Total 1.950 .394

GM ................. PI PiZ [15] 9.935 .162 1
Others 7.152 .267 5.78 1 .016 .007
Total 15.832 .240 J

PGD ................ RH Blacks [14] 2.794 .191
Whites 4.549 .263 1.02 1 .313 .245
Total 7.122 .247

PGM1 .RH Blacks [14] 2.285 .230 1
Whites .405 .362 5 3.30 1 .069 .039
Total 1.974 .330

AMY.FY Blacks [14] 0 .5 1
Whites 2.140 .102 5.69 1 .017 .007
Total .904 .240 J

0998, Weitkamp [14] suggested that linkage between loci on chromosome 1 may be
variable among populations. In two of three instances this is supported by our test of
heterogeneity between races (P0 < .05). Gedde-Dahl et al. ([15], reference 0337)
proposed that the PiZ allele may undergo recombination with GM less frequently than
other alleles, as if it were associated with a duplication, deficiency, or inversion. This
too is supported by our analysis (X21 = 5.78).
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TABLE 4

CUMULATIVE DISTRIBUTION OF NOMINAL AND EMPIRICAL SIGNIFICANCE LEVELS WITHIN AND AMONG SEX,
EXCLUDING LINKED LoCI (0 < .5)

Nominal P, Empirical P0 Fitted PO

.95 ...................................... .848 .940

.75 ...................................... .668 .706

.50 ...................................... .442 .432

.25 ...................................... .177 .186

.15 ...................................... .094 .100

.10 ...................................... .061 .061

.05 ...................................... .026 .026

.01 ...................................... .004 .004

.001 .0 .0002

NOTE -Observed (o,) and expected (e;) frequencies of P values over the three intervals of P = (0, .05), (.05, .1) and
(.1. 1), obtained from table 1, yield the significance test: X2 = J(o, - e,)21ei = 12.26 on 2 df.

Whatever the proportion of true instances of biological heterogeneity may be, the
empirical significance level is conservative. Letting Pe denote the nominal (tabular)
significance level and P0 be the empirical significance level, we obtain a relationship
between Pe and PO, based on table 2, as follows. Consider the observed distributions of
Pe values of table 2 for "unlinked" and "probably unlinked" pairs with 0 < .5.
Summing these four distributions gives the overall distribution of 690 values. These
690 P values would be expected to be uniformly distributed in large samples under the
null hypothesis of homogeneity. However, the observed distribution shows sig-
nificantly reduced tail areas (table 4). Regression of ln P0 on In Pe through the origin
for the nine values of table 4 gave the regression coefficient as 1.212. Since some cases
of apparent heterogeneity may be true, P0 - Pe' 212 gives the empirical significance
corresponding to any tabular value. For example, Weitkamp's racial difference for
PGM1 and RH yielded X21 = 3.30 (Pe = .069) for which P0 - (.069)1 212 = .039
which is significant. The empirical relation between P0 and Pe will be useful in
assessing the significance of other instances of apparent heterogeneity in human
linkage data.

TABLE 5

POWER AND RELIABILITY OF THE LINKAGE TEST AMONG 1,665 PAIRS OF LOCI

loglo A

CHARACrERISTIC 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Numberwithz > log1oA ...... 228 118 74 53 46 41 32 31
P(Z > logo A) ............... .137 .071 .044 .032 .028 .025 .019 .019
Power, 1 - /, at + = .054 ... .388 .477 .530 .502 .485 .448 .354 .344
Reliability, p, at 0 = .054 ..... .153 .363 .644 .851 .948 .983 .994 .998
Conservative significance, I/A . .316 .100 .032 .010 .003 .001 .0003 .0001
Power at 0 = .095 ........... .359 .385 .354 .306 .283 .257 .202 .196
Reliability at 4 = .095 ........ .249 .512 .768 .913 .971 .991 .997 .999



POWER AND RELIABILITY

A simple test for linkage sums the lods for a pair of loci over sexes and sources to
consider the maximum value z, asserting linkage if z > log1o A, where A (1 - (3)/a
[16]. Here a is the probability of falsely asserting linkage (a type I error), and (3 is the
probability of failing to detect true linkage (a type 11 error). If we take pairs of loci at
random, the frequency of significant tests is

P(j > logoA) = O(1 -3) + (1 - ) a = (1 -,3) (AO + 1 -+)/A,
where 4 is the prior probability of linkage. Among significant tests the posterior
probability of linkage is

=
(1-f3) - A

P(2 > loglo A) AdO + I-

Morton [1] called p the reliability of the test. From other organisms he guessed k-
.05, assuming a uniform distribution of loci on the linkage map. Renwick [17]
calculated 4 = .054 for man, and this was confirmed by Elston and Lange [18] using
the mitotic lengths from the Paris Conference [19]. Table 5 gives these empirical
measures of power and reliability, which do not depend explicitly on the criterion used
to reject linkage. It cannot be doubted that linkage is ultimately rejected after attempts
to detect linkage for a particular pair of loci have failed. Therefore the linkage test is
always sequential, although the decision rule is not so simple as the theory supposes.
Reliability increases with A, and a value of 1,000 (i.e., log1o A = 3) is necessary and
sufficient for a strong claim of linkage as Morton [1] suggested. These empirical values
from tests in progress resemble his deductions for completed sequential tests, although
the data depart somewhat from his assumptions. For example, for autosomal as well as
X-linked loci, 158 pairs of loci are considered linked, instead of the 90 expected under
random sampling of loci: the excess may well be due to preferential testing of loci
inferred from other evidence to be linked. Estimates of reliability should be increased
(and of power decreased) accordingly (table 5 with k = 158/1,665 = .095). Even
when only autosomal loci are considered, 107 out of 1,595 pairs are considered linked,
instead of the 86 expected (giving / = 107/1,595 = .067).

While the empirical power and reliability must be interpreted cautiously, it appears
that most linkages suggested by z > 1 are false, whereas most linkages supported by
z > 2 are true. Keats et al. [20] give lods for eight pairs of loci with z > 1.5
but not known to be linked. Of these, at least several are expected to be true.

SUMMARY

Linkage scores (lods) are reduced to a standard table for 1,665 pairs of loci. The
likelihood ratio test of homogeneity is shown to be conservative in these small samples;
for 6 < .5 the nominal significance level of .05 corresponds to a true significance level
of .026. Sex is the major cause of variability for linked loci. Biological and technical
sources of residual heterogeneity are discussed and illustrated by published examples.
Empirical power and reliability are in good agreement with earlier predictions.

524 RAO ET AL.
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APPENDIX A
CONVERSION OF DATA TO STANDARD LOD TABLE

For pedigrees analyzed by us, our modified LIPED program [8] gives standard lod tables
directly for each sex. Where there is evidence of linkage and data are adequately reported, we
plan to do such analysis. Otherwise we use an algorithm described in this appendix to construct
standard lod tables if the data are acceptably reported and reject them otherwise. In the future,
data should be reported as a standard lod table for each sex separately and for recombination
values in the other sex close to the maximum likelihood estimate when there is evidence for
linkage.
We follow an elaborate algorithm to construct the standard table of lod scores. The main

features are outlined below. A few numerical examples are presented in table Al.

Case 1: Recombination Counts

The counting method of Smith [6] gives estimates of the number of recombinants A and the
number of informative progeny N, such that 0 = A/N even though A is not in general binomial
nor N the sample size. These may be converted into equivalent values of U and K (Fisher-Finney
U scores) which can then be converted into lods (case 2):

Letting T = 1- 40(1 - 0),

(_ 82nL \( 87'
602 )'/ 809)

where
_ 2 In L = N3

802 -N/0( -0) =A(N-A)

and
87'

4(1 - 20)=- 4(N-2A)
80 N

Therefore, K = N5/16A(N - A) (N - 2A)2.
Since 0 (1 - jU)K/2, a recombinant count A in a sample of size N corresponds to
U = N3/16A(N - A). IfA is actually binomial, it may be converted directly to lods.

Case 2: Fisher-Finnev U Scores

Given U,K directly or by conversion of recombination counts, we estimate

.5 if U 0
0 (I1- UIK)/2 if 0 < U <K

0 if U :K

z (Iog10e) (TU -TK/2),
where T =1 - 40(1 - 0).
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Case 3: Two Values of z

A mooted convention gives only two lods, z1 and Z2, for 01 = .1 and 02 = .3 [7]. If Oi with
larger zi is small, we use binomial theory corresponding to a count of A recombinants and B
nonrecombinants. Then z = A log (20) + B log [2(1 - 0)], where

B- z1 log (202) -Z2 log (201)
log (202) log [2(1 - 01)] - log (201) log [2(1 - 02)]

- - B log [2(1 - 01)]A log (201)

[.001 ifA<0,B>0
0 = .5 ifA > 0,B < 0

I A /(A + B) otherwise.

If Oi with larger zi is large, we prefer the Fisher-Finney equation, z = AT + Br, where

B z1 T2-Z2T1
T1 T2 (T1 -T2)

A = z1!T1 - BT1

.5 if -A/2B 00
0 = t (I -F-A/2B)/2 if O<-A12B < 1

0O if -A/2B , 1.

Case 4: Three or More Lod Scores
Judging from the given lod scores, if the maximum is expected to be around 0 = .5, we use

Fisher-Finney method; if the maximum is around 0 = 0, we use the binomial method outlined in
case 3. If the maximum occurs for an intermediate value of 0, we fit a quadratic equation of the
type z = a + bO + c02 to three points (0k, Z1), (02, Z2), and (03, Z3), where Z2 is the largest given
lod score, z1 is the largest given lod score for 0 < 02, and Z3 is the maximum given lod for 0> 02
[4]:

C (Z1 -Z3) (02 -03) - (Z2 -Z3) (01 - 03)
( -2 032) (02 -03) - (022 -032) (0 -03)

b Z Z3 -c(01 + 03), and
01 - 03

a = - b01-cOl

to estimate

.5 if -bl2c : .5
0= -b2c if 0 <-bl2c < .5

V if - b/2c > 0.
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