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SUMMARY

Populations of antigenically diverse pathogens undergoing genetic exchange may be categorized into
strains on the basis of a set of principal protective antigens. The extent to which polyvalent vaccines based
on these protective antigens can alter the population structure of the pathogen is determined by the degree
of cross-protection between strains. In the case where there is no cross-protection, vaccinating against a
particular strain will have no e¡ect on the others. As cross-protection increases, the strains containing
the antigenic variants included in the vaccine will be diminished in prevalence, and those that do not will
increase in prevalence. The rise in prevalence of the latter will become more and more exaggerated as
cross-protection increases. However, beyond a critical level of cross-protection, in the absence of vaccina-
tion, the steady state of the system is asymmetric in that a certain subset of strains (with non-overlapping
repertoires of antigenic variants) will dominate over the others in terms of prevalence. Under these circum-
stances, a vaccine consisting of the most immunogenic combinations of antigenic variants can cause a
dramatic increase in frequency of a subset of rare strains.

1. INTRODUCTION

The key protective antigens of many important
pathogens in human communities are often highly
variable, such as those of Plasmodium falciparum, Neisseria
meningitidis and the human immunode¢ciency virus
(HIV). Two options are available in designing vaccines
against such antigenically diverse organisms. Vaccines
may be developed that arti¢cially boost immune
responses against determinants common to all strains.
This strategy is complicated by the fact that these
immune responses do not appear to have a substantial
protective e¡ect under natural conditions, unless
repeated exposure occurs such that cross-protective
immunity develops slowly over many years.

An alternative is to consider vaccine preparations
involving the highly immunogenic variable antigens,
but this has the disadvantage that the entire spectrum
of antigenic types may not be covered. Such multi-
valent vaccines o¡ering partial protection are been
considered in a number of cases. One such example is
Neisseria meningitidis, where subtype-speci¢c sequences
of the subcapsular outer membrane protein PorA play
a dominant role in the induction of bactericidal anti-
bodies. Por A has two principal antigenic regions VR1
and VR2 (Maiden et al. 1991). It has been established
that the human immune system is capable of mounting
a bactericidal immune response to VR1 and VR2
epitopes (Wiertz et al. 1991), which are consequently
being seen as candidates for new vaccines against N.
meningitidis. A genetically engineered construct

comprising two such strains (van der Ley & Poolman
1992) is currently under trial.

Another example is Streptococcus pneumoniae, where
large-scale e¤cacy trials are currently being conducted
of vaccines consisting of conjugated pneumococcal
polysaccharides of only a selection of the several
serotypes predominantly causing disease in infants and
young children (Watson et al. 1995). Organisms that
exist as a set of strains would thus be subjected to
selection against some, but not all, strains. In the case
where there is virtually no inter-strain competition
(due to lack of cross-immunity, for instance) and no
genetic exchange (i.e. the clonal case), it is clear that
such a strategy would be e¡ective in eradicating or
greatly reducing the abundance of a certain proportion
of strains and would have almost no e¡ect on the
others, with the overall consequence of reducing
infection, and (unless there was a strong conserved
response protecting against disease) the total disease
burden. In this paper, we consider the e¡ects of
utilizing such vaccines within a system where
pathogens exchange genetic material and where di¡er-
ent levels of cross-immunity operate between the
constituent strains.

The rational design of vaccines involves identifying
a critical set of protective antigenic targets among the
various elements that are presented to the host's im-
mune system. Recent advances in molecular methods
have made it possible to pick out the precise coding
sequences of de¢ned epitopes within key protective
antigens, using a number of direct and indirect
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strategies. The choice of epitopes and antigens for in-
clusion in such subunit vaccines is often determined
by quantitative assessments of immune responses to
these determinants observed in immune individuals
or in immunogenicity studies in naive individuals
(Ada 1995). A previous study (Gupta et al. 1996) indi-
cates that the pathogen population may be structured
by the host's immune responses to key protective anti-
gens into an equilibrium state where certain
combinations of antigens or `strains' dominate, in
terms of prevalence, over the other s̀trains', despite
the occurrence of frequent recombination events. As a
multivalent vaccine whose design is based solely on
laboratory studies may include either the high-
frequency (`dominant') or low-frequency (`subdomi-
nant') strains, we will categorize the results according
to the pre-vaccine prevalence of the strains included in
the vaccine. Our aim is to determine how the use of
multivalent vaccines targeted at highly immunogenic
antigens can alter the balance between the frequencies
of the parasite strains.

2 . A SIMPLE MODEL FOR VACCINATION
WITHIN RECOMBINING PATHOGENS

We consider a pathogen population where a strain is
de¢ned by n loci, each with a number of alleles. Each
combination of alleles at the di¡erent loci thus
constitutes a strain. For example, in the case where
there are two immunologically dominant loci, each
with two alleles or variants, the four possible types of
strains are ay, ax, bx and by, where a and b are alleles
at one locus, and x and y are alleles at the second lo-
cus. Strains that do not share any alleles do not
interfere with each others' transmission, because the
immune responses directed against one strain, say ax,
are ine¡ective against the other, say by, as neither anti-
a nor anti-x responses will recognize either b or y. By
contrast, for strains that do share alleles, cross-protec-
tion may range in e¡ectiveness from none to complete,
depending on the fate of a particular strain, say ax,
within a host who has protective immune responses
either against a or x, but not both (due to exposure to
either ay or bx). We de¢ne a cross-protection para-
meter, , measuring the degree to which infection
with a given strain limits the transmission of strains
that share any of its alleles. If  � 0 then the strains
do not interact, whereas if  � 1 then there is total
cross-protection between the strains. We assume, with-
out any loss of generality, that immunity to a given
strain i does not modify the probability of infection
by any other strain j, but only reduces the probability
of transmission of that strain by a factor 1ÿ . Hence
the process of acquisition of immunity to a given
strain is independent of the other strains, and the pro-
portion immune to a given strain i, zi, is simply given
by

dzi
dt
� (1ÿ zi)Li ÿ �zi; (1)

where Li � �i � vi represents the per capita rate of
acquistion of immunity for the fraction of the popula-
tion, 1ÿ zi, who are susceptible to strain i. (See

Appendix 1 for the relationship between the model
described here and the full SEIR model for a pathogen
with M strains.) Immunity to strain i can be acquired
through two routes: by vaccination, at a rate vi ; or by
exposure to the wild agent, at a rate �i, the force of infec-
tion of strain i. In either case, for simplicity we assume
that immunity is lifelong. Therefore, individuals only
stop being immune upon death, which occurs at a per
capita rate of �.

The proportion of the populationwho are c̀ompletely
susceptible' to strain i are those who have not been in-
fected either by i or any strain sharing alleles with i.
There are then a second class of individuals who have a
reduced probability of becoming infectious with strain i
after exposure: namely, those who have already been ex-
posed to a strain that shares alleles with i. It is therefore
necessary to keep track of those individuals who have
been exposed to strain i or any strains sharing alleles
with i. If we denote the proportion of the population in
this class as wi, its dynamics are simply given by:

dwi

dt
� (1ÿ wi)

X
j

OijLj ÿ �wi, (2)

where Oij � 1 if strains i and j share alleles (including
the case where i � j), and Oij � 0 otherwise.

The fraction of the population that are completely
susceptible to strain i is then just 1ÿ wi, so the rate at
which this class of individuals becomes infectious is
(1ÿ wi)�i. The fraction of the population in the second
susceptibility class (those that have not been exposed to
i but have been exposed to a strain sharing alleles with
i) is wi ÿ zi. The rate at which this class becomes
infectious is therefore (1ÿ )(wi ÿ zi)�i. Assuming
both groups lose infectiousness at a per capita rate of
�, the dynamics of the proportion of the population
infectious for strain i, yi, are thus given by

dyi
dt
� �(1ÿ wi)� �1ÿ )(wi ÿ zi)��i ÿ (�� �)yi. (3)

Figure 1 schematically represents the e¡ect of cross-
protection for strain ax in the two-locus two-allele case.

For this paper, we reduce the complexity of the set of
equations by making the approximation that the
probability that an individual is immune to one strain
is independent of their immunity to any other strain
(Gupta et al. 1996). Hence the proportion of the
population susceptible to strain i, and to any strain
sharing alleles with i, is approximated by the product
of the proportions susceptible to the individual strains,Q

j (1ÿ Oijzj). Hence wi can be approximated by

wi ' 1ÿ
Y
j

(1ÿ Oijzj), (4)

meaning the time evolution of wi no longer needs to be
explictly modelled (i.e. equation (2) can be dropped).
This results in a signi¢cant drop in computational
complexity, especially for systems with many antigeni-
cally active loci, each with many alleles.

The output of the models will be represented in
terms of the proportion of the population with natural
immunity to strain i, zni, which is given by
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dzni
dt
� (1ÿ zi)�i ÿ �zni (5)

The dynamics of strain zni are thus determined by the
force of infection for strain i alone, whereas the total
proportion immune, zi, is determined by both the force
of infection and the per capita rate of vaccination.

The impact of genetic exchange on the population
structure of infectious disease agents may be examined
within this framework by modifying the force of
infection term, �, to include the assumption that the
progeny of parasites within hosts infectious for two or
more strains will consist of de¢ned fractions, �jk, of the
various combinations of the di¡erent strains, j and k,
that may generate strain i through recombination (see
Appendix 1). As the proportions that are infectious
are very small (� >> �) the force of infection of
strain i may be approximately represented as:
�i � �i( yi �

P
jk �jk yj yk), where �i is a combination of

parameters a¡ecting the transmission of strain i. The
behaviour of the model is largely una¡ected by the
precise functional form of the recombination term.
The basic reproductive number of strain i (the number
of secondary infections generated by an infectious
individual within a pool of susceptibles (Anderson &
May 1991)), Ri

0, can be shown to be �i=�.

3. MODEL BEHAVIOUR WITHOUT
VACCINATION

It can be demonstrated analytically that there are
two types of equilibria for this system. These are
illustrated in ¢gure 2, which records the changes with
time in the proportion immune to the four strains in
the two-locus two-allele case, for di¡erent levels of
cross protection (i.e. (a)  � 0, (b)  � 0:75, (c)
 � 0:8, (d)  � 1). When there is no cross-protection,
the proportion immune to a given strain, zi (� zni , as
immunity can only be acquired naturally), will simply
equilibrate independently of the other strains at
1ÿ 1=Ri

0. This is shown in ¢gure 2a for the strains ax
(R0 � 5), ay (R0 � 4:5), bx (R0 � 4), and by (R0 � 3:5)
respectively. As the degree of cross-protection in-
creases, the equilibrium prevalence of each strain
declines as a result of immunological interference by
other strains; nonetheless they are maintained in the
system at levels commensurate with their respective
basic reproductive rates. However, such a symmetric
solution is unstable at  � 1, and as shown in ¢gure
2d, it is replaced by an asymmetric solution, where
one set of strains dominates over the other types. This
situation occurs even when all strains have the same
basic reproductive rate. The strains can be divided into
two sets of non-overlapping or `discordant' pairs ax,by
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Figure 1. A schematic representation of the relationship between the proportions immune to strains sharing alleles in the
two-locus two-allele case. We focus on the strain ax. Those immune to strain ax (zax) are shown in white. The area outside
of zax is shown by the diagonal hatching. Within this area, the region marked in grey represents individuals who are not
immune to ax but do have immunity to a strain that shares alleles with ax (i.e. ay or bx). Individuals in this category will
transmit ax with probability 1ÿ  where  is the degree of cross protection between strains sharing alleles. In the absence of
cross-protection, the entire hatched region will be susceptible to ax.



and ay,bx that share no alleles with each other. It may
be shown that provided the degree of cross-protection
is high, one set of discordant strains will always
strongly dominate, in terms of abundance, over the
other discordant set. There thus exists a critical level
of cross protection, crit, in which the symmetric equi-
librium becomes unstable and bifurcates to give upper
and lower asymmetric branches (Gupta et al. 1996).
The critical value of , calculated for the general
two-locus two-allele case, using the approximation re-
presented by equation (4), is:

crit �
1ÿ 1=Rj

0

1ÿ 1=Ri
0R

j
0

Here Ri
0 and Ri0

0 are the basic reproductive rates of the
dominant pair of strains and Rj

0 is the lower value of the
subordinate pair.Which pair will dominate beyond the
critical level of cross-protection is determined by the
combination of basic reproductive rates and may in fact
change according the precise value of . This is demon-
strated by the contrast between ¢gures 2c and 2d. In the
latter ( � 1), ax and by dominate by virtue of ax having
the highest R0 ; by contrast, just beyond the critical level
of cross-protection (crit � 0:75), ay and bx dominate by
virtue of having a higher average R0 (¢gure 2c). In the
following sectionwe will examine the e¡ects of vaccinat-
ing with various combinations of strains under these
di¡erent equilibrium conditions.

4 . MODEL BEHAVIOUR WITH
VACCINATION

This section is organized into two parts, as the equi-
librium population structure of the parasite changes
dramatically at a critical value of , with two classes of
dynamical behaviour (namely, symmetric and asym-
metric solutions). In the ¢rst part, we discuss the
consequences of introducing vaccination against a
single strain in the situation where a symmetric
equilibrium prevails due to cross-protection being
lower than the critical level. In the second part, we
consider the e¡ects of vaccinating against the dominant
and the subdominant types within an asymmetric equi-
librium (i.e. where non-overlapping strain structure has
been established due to strong cross-protection between
parasite types sharing relevant immunogens).

(a) Symmetric equilibrium: <crit

If the level of cross-protection is not high enough to
precipitate an asymmetric equilibrium, all the parasite
types will cocirculate at frequencies commensurate with
their basic reproductive rates.We consider here the con-
sequences of vaccinating against a selection of strains,
between the limits of no cross-protection and the critical
threshold where cross-protection is su¤cient to destabi-
lize the symmetric equilibrium. In the limit where there
is no cross-protection ( � 0), vaccinating against any
combination of strains will simply result in the selective
elimination of those types without any e¡ect on the
remaining types. The proportion naturally immune to
the latter will thus remain at 1ÿ 1=Ri

0, and the propor-
tion naturally immune to the strains included in the
vaccine will fall to zero (provided coverage and e¤cacy
are adequate), as the proportion of the population im-
mune to these strains as a result of vaccination rises. As
cross-protection increases, the existence of a large pro-
portion of the population immune by vaccination
against a particular strain, say ax, will begin to have an
e¡ect on other parasite types sharing alleles with ax (i.e.
ay and bx). At the same time the steady state prevalence
of each strain (i.e. the prevalence at the time the vacci-
nation programme is implemented) will decrease as 
increases due to competition between the strains. Thus
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Figure 2. The changes with time in the proportions of the
host population immune to the four strains strains ax
(R0 � 5), ay (R0 � 4:5), bx (R0 � 4) and by (R0 � 3:5), for
the following levels of cross protection: (a)  � 0, (b)
 � 0:75, (c)  � 0:8, (d)  � 1.



as  increases, vaccination against a single strain (e.g. ax)
will have the e¡ect of increasing competition against ay
and bx, and reducing competition against the discordant
strain by. The net e¡ect will be that as  increases, the

relative change in frequency of the discordant strain will
increase until the threshold where  � crit is reached.
Figure 3 illustrates this e¡ect of vaccinating against
a single strain, ax, in the two-locus two-allele case
described above, contrasting (a)  � 0 and (b)  � 0:75:

(b) Asymmetric equilibrium: >crit

If the level of cross-protection is su¤cient to permit
one set of strains to dominate over the others, then we
must separately consider the e¡ects of vaccinating
against the dominant and the subdominant types.

Figure 4 illustrates the general patterns that arise in
the case where cross-protection is complete (i.e. with
reference to ¢gure 2d). Figure 5 demonstrates the pat-
terns that emerge when cross-protection is incomplete
in the special case where the strain with the highest
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Figure 3. The e¡ect of vaccinating against a single strain,
ax, in the two-locus two-allele case described above, for (a)
 � 0 and (b)  � 0:75.
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Figure 4. The e¡ects of vaccinating (a) with any two or
more strains, and (b) with a single subdominant strain, ay,
in the case where cross-protection is complete (i.e.  � 1).
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Figure 5. The e¡ects of vaccinating (a) with the dominant
strains, (b) with the subdominant strains, and (c) with a
single subdominant strain, in the case where cross-protec-
tion is incomplete ( � 0:8) but strong enough to yield an
asymmetric equilibrium.



R0 is subdominant (i.e. with reference to ¢gure 2c).
Numerical studies suggest that the following general
conclusions apply to both cases:

1. Vaccinating against one or both of the dominant
strains at a su¤cient level (dictated by the magni-
tude of R0 ) will result in the elimination of the
dominant strains. However, when cross-immunity is
complete, as shown in ¢gure 4a, the subdominant
strains (ay and bx) will also disappear because they
will no longer be generated via recombination from
the dominant types, and will be under equally
strong immune selection from the vaccinated
proportion of the host population. Under incomplete
cross-immunity, certain subdominant strains may
survive at low prevalences, as shown in ¢gure 5a,
particularly if these have higher basic reproductive
rates than the dominant types.

2. Vaccinating against both subdominant types will
eliminate these and also reduce the prevalence of
the dominant types. In the limit of total cross immu-
nity, as shown in ¢gure 4a, ax and by will be
eradicated.This is because increasing the proportion
immune to ay and bx through vaccination will
e¡ectively also reduce the pool of susceptibles for ax
and by. Where cross-protection is not complete, the
dominant types may survive at depressed levels.
However, in the particular case where a subdominant
strain has a higher R0 than the dominant strains, the
latter may be eradicated even when cross-protection
is incomplete, as shown in ¢gure 5b.

3. Vaccinating against a single subdominant strain (e.g.
ay) will cause the other subdominant (bx) to be
selected for. In the case where cross-immunity is
complete, as shown in ¢gure 4b, bx will be the only
surviving strain, as increasing the proportion
immune to ay through vaccination will have fatal
consequences for the dominant strains, ax and by.
With partial cross-immunity, the dominant strains
may survive as shown in ¢gure 5c, where ay continues
to survive at a low prevalence after vaccination with
ax. In general, it is the dramatic increase in the
prevalence of the discordant subdominant that
predominantly characterizes this outcome.

5. DISCUSSION

Antigenic diversity within a parasite population can
only be stably maintained under conditions where the
immune responses to antigens conserved between the
strains are relatively ine¡ective, as otherwise the reper-
toire would be reduced through competitive exclusion
(May & Anderson 1983; Bremermann & Thieme
1989; Gupta et al. 1994). In preparing vaccines for use
against organisms that exhibit extensive antigenic
diversity, the question thus arises as to whether we
should target the more immunogenic polymorphic
determinants or the less immunogenic conserved
determinants.While an ideal vaccine would be one that
was capable of arti¢cially boosting a conserved
immune response that is only weakly protective under
natural conditions, it may not be possible to create such
a construct. The alternative is to arrange a cocktail of

the dominant polymorphic antigens. It is unlikely, how-
ever, that such a cocktail would include the entire range
of relevant epitopes.

In this paper, we have explored the epidemiological
consequences of using vaccines based on polymorphic
antigens that only partially cover the spectrum of anti-
genic types or strains circulating within a community,
where the latter frequently exchange genetic material.
We have shown previously (Gupta et al. 1996) that
populations of infectious agents may be structured into
independently transmitted strains by a dominant
immune response against a polymorphic determinant,
when there is a moderate-to-strong cross-protection
between genotypes that share alleles at the loci that
de¢ne a strain.When this is the case, one set of discor-
dant strains (with non-overlapping combinations of
alleles) will dominate over all other strains. If all
strains appear to be more or less equally prevalent,
then cross-protection between parasite types sharing
alleles must be lower than the critical level required.
In the case where there is no cross-protection, vaccinat-
ing against a particular strain will have no e¡ect on the
others. As cross-protection increases, the parasite types
that share alleles with those included in the vaccine will
be dimished in prevalence, while those that do not (i.e.
the discordant strains) will increase in prevalence. The
increase in prevalence of the discordant strains will
become more and more exaggerated as cross-protection
increases. Beyond a critical level of cross-protection,
however, the discordant strains will only show a
dramatic increase if they are initially subdominant, as
discordant dominant strains will already be extremely
frequent in the population. There are thus two circum-
stances under which a rare strain may increase
suddenly in frequency after vaccination.

The ¢rst is where cross-protection is strong enough to
cause competition between all the parasite types but not
strong enough to generate an asymmetric equilibrium.
Under these circumstances, vaccinating against a parti-
cular set of antigenic types will greatly reduce the
selection pressure against its discordants, and cause
them to increase in frequency. The second scenario
pertains to the situation where cross-protection is high
enough to cause the parasite population to separate into
dominant and subdominant types at equilibrium (i.e.
manifesting as strain structure). In this case, vaccinating
against a subset of subdominant strains will give an ad-
vantage to its discordant subdominants, which will then
exhibit a dramatic increase in frequency. This second
case precisely underscores the importance of conducting
appropriate population studies before proceeding with a
vaccine that hasbeen proven to be e¡ective in laboratory
studies and phase Itrials against only a subset of the anti-
genic types circulating in a de¢ned population. It is
conceivable that the epitopes of subdominant combina-
tions will have been identi¢ed in vitro as they would be
highly immunogenic (the subdominant combinations
may possibly be more immunogenic than the dominant
combinations) and may be singularly e¡ective in a
vaccine preparation. As indicated in ¢gures 4b and 5c,
the use of such avaccinemay cause aprecipitous increase
in the prevalence of a strain that was previously only
present at low levels due to immune selection.
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Assessing the current population structure of the
parasites circulating within a community is therefore
essential to the design of a control programme invol-
ving partial cocktails of strain-speci¢c vaccines.
However, where cross-protection is too low to precipi-
tate a clearly de¢ned strain structure, these
judgements cannot be based on population surveys
alone, as many parasite types may be cocirculating at
similar frequencies within the population. In this case,
it will be important to establish the precise degree of
cross-protection operating between types that share
antigens or antigenic variants. Figure 6 shows the
expected change in the frequency of a strain as a result
of vaccination with its discordant strain (in the two-
locus two-allele case, where all strains have an R0 of 2)
as a function of the degree of cross-protection, .When
 � 0, there is no change in frequency; as  increases
the equilibrium prevalence in the absence of vaccina-
tion declines and the relative change with vaccination
increases. When  exceeds its critical value, the
pre-vaccination prevalence of a subdominant strain will
decline to very low levels as shown in the ¢gure; thus
vaccination will cause a very large increase in
prevalence.

Altering the community ecology of the system in this
manner has the danger of greatly increasing the burden
of disease should the selected types be even slightly more
virulent than the types displaced by vaccination. Even if
this is not the case, the rise in frequency of strains against
which there are no available vaccines will have long-
term consequences for control.The problem is analogous
to the evolution of vaccine-resistant strains or escape

mutants (McLean 1995; Lipsitch 1997), with the added
complexity of genetic interaction between the resistant
strains and the types included in the vaccine. On the
other hand, vaccinating with a range of subdominants
may be more useful than might be thought by simply
considering the frequencies of these strains within a
parasite population.This may have the e¡ect of reducing
the frequencies of the dominant strains considerably. In
the limit of total cross-protection, the latter will be
eliminated and complete eradication may be e¡ected
with su¤cient vaccine coverage.

In conclusion, by integrating components of epide-
miology, population genetics and immunology in a
single theoretical template, this study emphasizes that
the design of vaccines should incorporate a number of
elements in addition to the immunogenicity and safety
of combinations of antigens, namely the details of the
parasite population structure and perhaps even more
critically, the extent of cross-protection between
parasite types. It is important to distinguish here
between cross-protection as a consequence of sharing
relevant antigens or antigenic variants, and cross-reac-
tivity between di¡erent antigenic types, as the latter
may be quanti¢ed by laboratory studies, but the
former is less likely to be determined by experiment-
ation. Longitudinal cohort based studies recording the
sequence of transmissible infections within individuals
may provide information on cross-protection. Epide-
miological studies documenting the history of exposure
to di¡erent serotypes can also assist in quantifying the
degree of cross-protection. While such studies may be
laborious and time-consuming, our analyses indicate
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locus two-allele case, where all strains have an R0 of 2) as a function of the degree of cross-protection, .



that they are essential to the design of a control
programme involving multivalent vaccines.

We thank Brian Greenwood and Adrian Hill for their helpful
comments, and theWellcomeTrust for ¢nancial support.

APPENDIX 1

We consider a general host^pathogen system,
where the pathogen has M strains, and cross-protec-
tion acts to reduce the infectiousness of an individual
infected by a strain, i, if that individual has already
been exposed to a `related' strain, j. More speci¢cally,
let Oij represent the `relatedness' matrix, where
Oij � 1 if strains i and j are related, and Oij � 0
otherwise (we assume that Oij � Oji and that
Oii � 0). The action of cross-protection will be
modelled by assuming that an infected individual
who has already been exposed to a related strain only
has a probability of 1ÿ  of becoming infectious
(though such an individual will always become im-
mune to that strain). However, we assume all
individuals in an infectious state for a particular
strain will be equally infectious for that strain.
We will use a generalized notation to denote indivi-

duals with a particular immunological history. Let
qi1i2...in
j1j2...jmbe the fraction of the population that has been
exposed to strains i1,i2; . . . ,in,j1,j2, . . . ,jm (in that
order) and are simultaneously infectious for strains
j1,j2, . . . ,jm. Here n� m4M. q is then the proportion
of the population that have been exposed to no
strains.

The deterministic dynamics of this system are then
described by the following equation set. For m > 0,
n > 0 and m� n <M, and all unique values of
i1,i2; . . . ,in,j1,j2; . . . ,jm between 1 and M:

dqi1i2...in
j1j2...jm

dt
� (1ÿ Gjm

i1i2...inj1j2...jmÿ1 )q
i1i2...in
j1j2...jmÿ1�jm

� Gin
i1i2...inÿ1j1j2...jmq

i1i2...inÿ1
j1j2...jm �in � �qi1i2...inÿ1

j1j2...jmin

ÿ
X
k

�i1i2...in j1 j2...jmk�k

 !
qi1i2...in
j1j2...jm

ÿ (�� �)qi1i2...in
j1j2...jm . (6)

For m � 0 and n > 0,

dqi1i2...in

dt
� Gin

i1i2...inÿ1q
i1i2...inÿ1�in � �qi1i2...inÿ1

in

ÿ
X
k

�i1i2...injk�k

 !
qi1i2...in ÿ �qi1i2:::in . (7)

For m > 0 and n � 0,

dqj1j...jm
dt
�(1ÿ Gjm

j1j2...jmÿ1 )qj1j...jmÿ1�jm

ÿ
X
k

�j1j2...jmk�k

 !
qj1j2...jm ÿ (�� �)qj1j2...jm .(8)

For m � 0 and n � 0,

dq
dt
� �ÿ q

X
k

�k ÿ �q. (9)

Here �k1k2...kN is 1 if all of k1,k2, . . . ,kN are di¡erent, and
0 otherwise (hence �i1i2...inj1j2...jmk � 0 for all k if
m� n �M). � is the mortality rate of the population,
and 1=� is the mean infectious period. ÿk

l1l2:::lm is
de¢ned to be 1 if any of fl1,l2,:::,lmg is `related' to k, and
0 otherwise

Gk
l1l2...lm � 1ÿ

Ym
r�1

(1ÿ Olrk). (10)

�k is the force of infection for strain k, given by

�k � �
XM
n�0

XMÿn
m�0

XMÿnÿm
p�0

X
i1;...;in

X
j1;...;jm

X
l1;...;lp

qi1...in
j1...jnkl1:::lp

1� (n� p)�
, (11)

where � (04�41) determines the level of infectious-
ness of multiply infected hosts. If � � 0, a host
infectious for multiple strains is as infectious for each
strain as one infectious for a single strain. If � � 1, the
total infectiousness of a host is independent of the
number of concurrent infections.

For more than two strains, this system is cumber-
some to study in the above form. If detailed
information of immunological history dynamics are
not required, it is possible to perform an exact reduc-
tion of the system to a much simpler form. Let zk
denote the fraction of the population exposed to strain
k at some time in their immunological history. Then zk
is given by

zk �
XM
n�0

XMÿn
m�0

XMÿnÿm
p�0

X
i1;...;in

X
j1;...;jm

X
l1;...;lp

(qi1...inkl1...lp
j1...jn � qi1...in

j1:::jnkl1:::lp).

(12)

Similarly, the fraction of the population exposed to
strain k or any strain related to k, wk, is given by

wk �
XM
n�0

XMÿn
m�0

X
i1;...;in

X
j1;...;jm

Gk
i1i2...inj1j2...jmq

i1...in
j1...jm . (13)

De¢ning yk � �k=� as the mean relative infectiousness
of the population for strain k, one can show using equa-
tions (6), (7), (8), (9) and (11) that fzk,wk,ykg form a
closed dynamical system (in the � � 0 case), being
described by:

dzk
dt
� (1ÿ zk)�k ÿ �zk, (14)

dwk

dt
� (1ÿ wk)

X
j

Ojk�j ÿ �wk, (15)

dyk
dt
� (1ÿ wk � (1ÿ )(wk ÿ zk))�k ÿ (�� �)yk. (16)

We now consider the e¡ects of genetic exchange be-
tween pathogens in a single host. Let �i

jk be the
probability that recombination between strains j and k
will result in progeny of strain i.Then the force of infec-
tion for strain k is given by

�k � �
XM
n�0

XMÿn
m�1

X
i1;...;in

X
j1;...;jm

Xm
u�1

�k
jujv

qi1...in
j1 : : : jm

1� (mÿ 1)�
. (17)
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Note that if �k
ij � 1 if i � j � k, and 0 otherwise (i.e.

asexual reproduction), this reduces to equation (11).
Although it is possible to specify reduced state-vari-

able sets that accurately track, say, two concurrent
infections, this is highly computationally intensive. We
therefore make the approximation that the proportion
of the population infected with any two strains is given
by the product of the proportions singly infected with
each strain, multiplied by a factor 1ÿ  if the two
strains are related. The triply infectious are estimated
similarly, with factors of 1ÿ  for every unique pair of
strains which share alleles. Note that as the proportion
of the population concurrently infected with m strains
can be shown to be O((�=�)m), the overall e¡ect of con-
current infections is negligible for � >> � (i.e. for a
disease where the infectious period is much less than
the host's lifespan). This results in relative insensitivity
in model dynamics to the particular approximation
adopted to represent recombination.
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