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A mathematical method, based on polar coordinates that allow modelling of primary and secondary growth
processes in stems of extant and fossil plants, is summarized and its potential is discussed in comparison
with numerical methods using digitizing tablets or electronic image analysing systems. As an example,
the modelling of tissue distribution in the internode of an extant sphenopsid (Equisetum hyemale) is
presented. In the second half of the paper we present new data of a functional analysis of stem structure
and biomechanics of the early lignophyte Tetraxylopteris schmidtii (Middle Devonian) using the polar coor-
dinate method for modelling the tissue distribution in stems of different ontogenetic age. Calculations of
the mechanical properties of the stems, based on the modelling of the tissue arrangement, indicate that
there is no increase in structural bending modulus throughout the entire development of the plant. The
oldest ontogenetic stage has a significantly smaller bending elastic modulus than the intermediate ontogen-
etic stage, a ‘mechanical signal’, which is not consistent with a self-supporting growth form. These results,
and the ontogenetic variations of the contributions of different stem tissues to the flexural stiffness of the
entire stem, are discussed in the evolutionary context of cambial secondary growth.
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1. INTRODUCTION

Many woody plants show considerable changes in stem
dimensions during ontogeny. In trees, for example, a
young seedling with a length of several centimetres and a
diameter of a few millimetres can grow to a huge tree with
stem heights reaching, in some species, more than 100 m
and diameters at breast height of 5 m or more (e.g.
Eucalyptus globulus, hmax: 120 m, dmax: 8 m; Pseudotsuga
menziesii, hmax: 100 m, dmax: 4.5 m; Sequoiadendron
giganteum, hmax: 120 m, dmax: 11 m; Speck & Schmitt
1992). This increase in height and diameter is
accompanied by marked variations in stem anatomy and
dramatic changes in the contributions of different stem
tissues towards the cross-sectional area and axial second
moment of area. The contribution of the secondary wood
increases considerably during ontogeny, whereas the con-
tributions of cortex (used here for all tissues outside of the
cambium) and pith significantly decrease. Contributions
of wood towards the axial second moment of area, a geo-
metrical value critical in bending mechanics, in hard- and
softwood trees may increase from 10% or 20% (typically
found in 1-year-old stems) up to more than 95% in large
old trees (cf. Speck 1994a; Brüchert et al. 1995, 2000;
Gallenmüller et al. 1999; Hlavatsch et al. 2000). By con-
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trast, the cross-sectional shape of the three main tissues
of the stem—pith, wood and cortex—remains relatively
constant during ontogeny, forming ellipes, circles or circu-
lar rings. This is entirely different in many lianescent
plants, where the cross-sectional shape of different stem
tissues can change significantly during ontogeny (figure
1) with complex tissue arrangements developing in older
climbing stems (cf. Speck 1994a; Rowe & Speck 1996;
Speck et al. 1996; Speck & Rowe 1999a). In both fossil
and living herbaceous plants, very different stem struc-
tures exist (figure 2). These range from relatively simple
anatomies such as in Rhynia gwynne-vaughanii (Lower
Devonian) to complex tissue arrangements such as those
found in Arachnoxylon kopfii (Middle Devonian) and in
the extant Equisetum giganteum and Psilotum nudum. The
contribution of different stem tissues towards the cross-
sectional area and axial second moment of area may also
change during primary growth processes as can the cross-
sectional shape of the stem tissues. With the exception of
asymmetrical or bilaterally symmetrical stems caused, for
example, by stem inclination or the influence of prevailing
wind loads, most plant stems and the tissues comprising
them are essentially centrisymmetrical in cross-section.
This allows descriptions of the cross-sectional form of
stems and stem tissues quantitatively with relatively simple
mathematical procedures using polar coordinates. These
formulae can also be used for calculating the cross-
sectional areas and the polar and axial second moments
of area of the different stem tissues and to model the
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Figure 1. Ontogenetic variation in the cross-sections of four tropical lianas showing the pronounced structural variety found in
stems of plants with a non self-supporting, lianescent growth habit: (a) Passiflora glandulifera; (b) Bauhinia guianensis agg.;
(c) Maripa scanden; (d ) Condylocarpon guianense. Tissues from the centre outwards: pith (central white area); dense wood
(hatched area); less dense, lianescent wood (area marked with dashes and small circles representing large vessels);
parenchymatous inner cortex, phloem and wood rays (white areas); sclerenchymatous tissues (black areas); outer cortex and
bark (stippled area). Ontogenetic stage 1 (OS 1) includes cross-sections of young stiff searching axes, ontogenetic stage 3 (OS
3) shows medium-sized already relatively compliant stem parts, and ontogenetic stage 4/5 (OS 4/OS 5) old basal stem parts
which are very flexible. (Modified from Speck et al. (1996) and Speck & Rowe (1999a), with permission.)

anatomical changes occurring in plants during primary
and secondary growth. We summarize this approach,
which has been published previously in a more theoretical
manner (Speck et al. 1990) and discuss some new ideas
on the advantages and disadvantages of this method when
applied to extant and fossil plants. We present new results
of the modelling of secondary growth processes and their
influence on biomechanical stem properties in the early
lignophyte Tetraxylopteris schmidtii (Middle Devonian),
which is currently believed to be one of the earliest mem-
bers of the lignophyte-clade to which the ‘progymno-
sperms’ (Aneurophytales, Archaeopteridales) and all seed
plants (Spermatophyta) belong (Rothwell & Serbet 1994;
Kenrick & Crane 1997; Rowe & Speck 2003).
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2. METHOD FOR MODELLING COMPLEX
CENTRISYMMETRIC STRUCTURES

Many plant tissues have a cross-sectional shape that can
be modelled in good approximation with a star-shaped or
lobed outline, as can be seen, for example, in Maripa
scandens (figure 1c), Condylocarpon guianense (figure 1d ),
A. kopfii (figure 2b), E. giganteum (figure 2c) and P. nudum
(figure 2d). We introduce a method using polar coordi-
nates for modelling complex centrisymmetric structures
with examples of star-shaped cross-sections.

(a) Star-shaped cross-sections
The outline of a star-shaped cross-section is generated

in polar coordinates by defining a radius r(�) whose length
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Figure 2. Tissue arrangements in cross-sections of fossil and extant herbaceous plants. (a) Rhynia gwynne-vaughanii (Early
Devonian), showing a simple anatomy with tissues arranged in circles and circular rings; (b) Arachnoxylon kopfii (Middle
Devonian) having a complex star-shaped stelar structure (from Taylor & Taylor 1993); (c) Equisetum giganteum (extant)
internode with complex tissue arrangement (from Spatz et al. 1998a); (d ) Psilotum nudum (extant) stem with star-shaped
circumference, the outline of the sclerenchymatous cortex and the stele is also star-shaped (from Speck & Vogellehner 1994).
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Figure 3. Star-shaped structure with three arms (k = 3) and a
relative extension of the arms of � = 0.5 modelled by using
polar coordinates.

is defined by the following equation depending on the
angle � (cf. Baule 1979; Bronstein & Semendjajew
1981).
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r(�) =
rmax

1 � �
(1 � �cosk�) = q(1 � �cosk�). (2.1)

The number of arms of the structure is given by k and
their relative extension by �, with

0 � � =
rmax � rmin

rmax � rmin
� 1 and q =

rmax

1 � �
. (2.2)

The radius r(�) moves in a counter-clockwise direction
from 0 to 2� and describes the outline of a star-shaped
cross-section with a minimum radius rmin and a maximum
radius rmax (figure 3). Double integration from 0 to r(�)
and from 0 to 2� allows the calculation of the cross-
sectional area A and the polar second moment of area Ip
of the star-shaped formation, by using the basic formulae
for A and Ip as given in engineering and biomechanics
textbooks (e.g. Stephens 1970; Young 1989; Niklas
1992).

A = � 2�

0
� r(�)

0

r� dr� d� = �q2(1 � 0.5�2) (2.3)

Ip = �r2 dA = � 2�

0
� r(�)

0

r�3 dr� d� = 0.5�q4(1 � 3� 2 � 0.375� 4).

(2.4)

For centrisymmetric structures it is easier to calculate the
polar second moment of area Ip that takes into consider-
ation the cross-sectional area and cross-sectional shape of
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a stem tissue by weighing the distribution of the area to
the centre of mass (i.e. the neutral fibre) of the structure.
The polar second moment of area is the tangible geometri-
cal value as far as torsional loads are concerned. For two
perpendicular axes through the centre of mass of the
structure, as given by the x, y-coordinate system having
its origin in the centre of mass of the structure

Ip = �r 2 dA = Ix � Iy . (2.5)

Ix and Iy are the axial second moments of area relative to
the x-axis as neutral axis (Ix) or to the y-axis as neutral
axis (Iy), respectively. For centrisymmetric structures with
threefold symmetries or higher, i.e. in the case of star-
shaped cross-sections for three or more arms (k� 3), it
can be proved that for all neutral axes running through
the centre of mass the axial second moment of area Ia
is constant

Ia = Ix = Iy = 0.5Ip = 0.25�q4(1 � 3� 2 � 0.375�4). (2.6)

It is interesting, that the cross-sectional area and the axial
second moments of area are independent from the num-
ber of arms (k) of the star-shaped cross-section, and only
depend on the maximum radius (rmax) and the relative
extension of the arms (�) (figure 4a,b). For a mathemat-
ically more detailed derivation of the formulae, discussions
as to the bending efficiency of star-shaped formations with
various outlines, and for a generalization of this approach
by using Fourier series we refer to Speck et al. (1990).

(b) Central circles
Central circles can be considered as special cases of star-

shaped cross-sections where the number of arms k = 0.

For k = 0 ⇒ r(�) = const. = rmax = r ⇒ � = 0 and q = r.
(2.7)

With these variables, the above formulae for cross-sec-
tional area A, polar second moment of area Ip and axial
second moment of area Ia simplify to the well-known for-
mulae for circles:

A = �r 2 Ip = 0.5�r4 Ia = Ix = Iy = 0.25�r4. (2.8)

The combined axial second moments of area of complex
structures such as circular rings, star-shaped circular rings
and segmented rings can therefore be simply calculated by
summation or subtraction of the axial second moments of
area of simple structures (see Appendix A).

(c) Circles arranged in a single ring
Such an arrangement is also often found in cross-sec-

tions of plant tissues such as in eustelic vascular bundles
or in the structure of vallecular and carinal canals in
sphenopsids (horsetails) (figure 2c). To allow a mathemat-
ical treatment of this cross-sectional shape several con-
ditions have to be fulfilled, and chosen to correspond as
closely as possible with biological reality (figure 5):

(i) the radii of the n small circles are constant:
rs = const.;

(ii) the n small circles do not overlap.

If this holds, the cross-sectional area A trivially calcu-
lates as:

A = n�r2
s . (2.9)
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(a) (b)
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Figure 4. Examples for star-shaped cross-sections, circular
rings and star-shaped rings. (a,b) Star-shaped cross-sections
with rmax = 1.0, k = 7, � = 0.7 and k = 20, � = 0.2,
respectively; (c) circular ring with rmax = 1.0 and rmin = 0.6;
(d) star-shaped ring with rmax = 1.0, k = 30, � = 0.1 (star-
shaped outline), rmin = 0.7 (circular inner margin).

rp

SP3

SP2

SP1

rs

rmax

1
ϕ

2
ϕ

x-axis

y-
ax

is

π/2

3/2π 

0

2π3
ϕπ

Figure 5. Circles arranged in a single ring. Three circles with
a constant radius rs are symmetrically arranged in a single
ring with the radius rp; SP1, SP2, SP3 are the centres of mass
of the three small circles, rmax = rs � rp (modified from Speck
et al. 1990).

For finding a simple analytical solution for polar and axial
second moments of area three additional conditions (again
in good accordance with biological reality) have to be
matched (Speck et al. 1990):

(i) SP1, SP2, SP3, ... SPn the centres of mass of the n
small circles are arranged on a single circle with the
radius: rp;

(ii) the n small circles are symmetrically arranged

�i = 2�i/n i = 1, 2, 3, …n; (2.10)
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(iii) the entire structure with a centre of mass in the ori-
gin of the x,y-coordinate system is centrisymmetric
with a threefold symmetry or higher (n � 3).

For these conditions it can be proved that for all neutral
axes running through the centre of mass the axial second
moment of area Ia is constant:

Ia = Ix = Iy = 0.5Ip = 0.5�n(0.5r4
s � r2

s r2
p). (2.11)

By summation the axial second moments of area of poly-
cyclic structures, i.e. circles arranged on several concentric
circles, can be calculated (see Appendix B).

3. TISSUE ARRANGEMENT IN EQUISETUM
HYEMALE (SPHENOPSIDA, EQUISETACEAE)

As a first example we include an analysis of a species of
horsetail (Equisetum hyemale), an extant sphenopsid. The
method described above is used for modelling the geo-
metrical arrangement of complex tissue structures in an
internode and for calculating the contribution of the vari-
ous tissues towards the cross-sectional area and axial
second moment of area (figure 6).

For modelling the cross-sectional shape of the various
stem tissues the outline of each respective tissue is
described as follows:

(i) outline of the stem: star-shaped formation with
rmax = 1.000, k = 20, q = 0.982, � = 0.018;

(ii) inner margin of the collenchymatous hypodermal
sterome: star-shaped formation alternating with
shallow and deep indentations with rmax = 0.945,
k = 40, qdeep = 0.879, �deep = 0.075, qshallow = 0.929,
�shallow = 0.017; the collenchymatous hypodermal
sterome represents a star-shaped ring with a star-
shaped outline (the outline of the stem) and a star-
shaped inline (the outline of the parenchymatous
tissue);

(iii) vallecular canals: circles arranged on a single circle
n=20, rp=0.774, rs=0.079;

(iv) double endodermis including vascular bundles: cir-
cular ring plus circles arranged on a single circle
router = 0.676, rinner = 0.661; n = 20, rp = 0.702,
rs = 0.018;

(v) pith cavity: central circle r = 0.631.

With this model the contribution of the stem tissues
toward cross-sectional area and axial second moment of
area can be calculated as follows.

percentage
percentage axial second

cross- moment of
tissue type sectional area area

hypodermal sterome
(collenchyma) 15.61 28.14

parenchymatous tissues 26.08 34.40
vallecular canals 14.27 17.79
double endodermis layer

(including vascular
bundles) 2.78 2.65

pith cavity 41.26 17.02
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This example shows that even very complicated tissue
arrangements such as internodes of extant and fossil
sphenopsids (see Spatz et al. 1998a,b; Speck et al. 1998)
can be modelled in good approximation. For a detailed
discussion of the biomechanical properties and variation
of the functional anatomy along the stem of E. hyemale,
refer to Speck et al. (1998).

4. ADVANTAGES OF MATHEMATICAL MODELS
BASED ON POLAR COORDINATES COMPARED

WITH NUMERICAL ANALYSIS OF TISSUE
DISTRIBUTION

This analysis of tissue distribution has several advan-
tages over numerical methods involving digitizing tablets
or image analysing systems.

(i) When the mathematical model is formulated, only a
few geometrical parameters need to be measured in
stem cross-sections, making the method time
efficient.

(ii) Models allow predictions of how changes in tissue
pattern during ontogeny or evolution will influence
the mechanical properties of the stem. The role or
function of specific tissues can therefore be assessed
within evolutionary, ecological or developmental
context and thus changes the mechanical impor-
tance of the different tissues can be assessed.

(iii) If time-dependent formulae describing the various
shapes of tissues were to be used, the dynamics of
changes in tissue size and shape during ontogeny
could be simulated, i.e. the plants could be ‘grown
artificially’ in terms of their stem anatomy and
mechanics.

(iv) Cross-sectional area (A) and axial second moment
of area (Ia) of different stem tissues can be modelled,
and the mechanical significance of these tissues can
be calculated even for fossil plant material often
deformed during fossilization.

(v) Hypothetical ontogenetic stages of a plant species
missing in the fossil record can be modelled, and
their mechanical properties can be quantitatively
‘predicted’.

This modelling method for dealing with plant tissue geo-
metries can be applied both for investigating mechanical
and developmental trends in living plants and especially
for modelling extinct plants that are preserved anatom-
ically (see, for example, Speck & Vogellehner 1988, 1994;
Rowe et al. 1993; Speck 1994b; Speck & Rowe 1994,
1999b, 2001; Rowe & Speck 1998, 2003; Niklas & Speck
2001). However, in living plant species with asymmetrical
stem and tissue cross-sections or with very complicated
tissue structures, numerical analyses may be preferable for
a detailed functional analysis, as in recent studies of some
Clematis species (see Isnard et al. 2003a,b).

5. FUNCTIONAL ANALYSIS OF TETRAXYLOPTERIS
SCHMIDTII (EARLY LIGNOPHYTE, MIDDLE

DEVONIAN)

Anatomically preserved fossil plants offer the possibility
of determining the geometrical distributions of tissues as
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Figure 6. Tissue arrangement and polar coordinate models of an internode of Equisetum hyemale. (a,b) Cross-section through
an internode of the middle part of the stem; (c) stem surface; (d ) double endodermis and vascular bundles; (e) inner limit
hypodermal sterome; ( f ) outer limit of pith cavity; (g) vallecular canals.

well as observing the cellular characteristics and cell wall
thicknesses of individual cells (cf. Speck 1994b; Speck &
Rowe 1999b). For most stem organizations, the compo-
nent tissues can be approximated as centrisymmetric
arrangements as outlined above. The principal step in pro-
ducing a model based on fossilized plant material is to
construct centrisymmetric models of the tissue distri-
butions and calculate the contribution to the second
moment of area of each tissue. The second step is to attri-
bute values of bending elastic modulus to each fossil
tissue. The latter is based on comparisons of cell shape,
wall thickness and cell wall ornamentation of biomechan-
ically tested living plant tissues (Speck & Rowe 1999b,
2001). Values of bending elastic modulus for specific fossil
tissues (Etissue,i ) are therefore based on values for the most
similar tissues measured from living plants such as paren-
chyma, collenchyma, sclerenchyma, xylem tissue, bark
tissue, wood and phloem. Values of bending elastic modu-
lus can be modified according to variations in wall thick-
ness or variations observed among living tissues in terms
of cell shape.

Estruct = ��m
i = 1

Etissue,i Itissue,i��Istem, FSstruct = �m
i = 1

Etissue,i Itissue,i , (5.1)

FStissue,i = Etissue,i Itissue,i /FSstruct. (5.2)

(i) Estruct: structural bending elastic modulus of the
entire stem
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(ii) FSstruct: flexural stiffness of the entire stem
(iii) Itissue,i: axial second moment of area of the ith fos-

sil tissue
(iv) Etissue,i: bending elastic modulus of the ith fossil

tissue, calculated from values experimentally
determined from living tissues

(v) FStissue,i: contribution of the ith fossil tissue towards
the flexural stiffness of the stem

(vi) Istem: axial second moment of area of the entire fos-
sil stem

(vii) m: number of different stem tissues.

In this paper, we follow the terminology used in recent
investigations where the term structural bending elastic
modulus or structural Young’s modulus is employed for
this quantity in plant stems, which are clearly composite
structures rather than homogeneous materials (Rowe &
Speck 1996, 1998; Speck & Rowe 1999a; Gallenmüller et
al. 2001).

Values of flexural stiffness are then calculated for each
tissue (FStissue,i = Etissue,i Itissue,i) and for the entire cross-
sectional area of the stem. From the simple arithmetical
relations between flexural stiffness, second moment of
area and bending elastic modulus, the following para-
meters can be derived from the model which concern the
mechanical properties and change in properties of the
plant stem as a whole: the flexural stiffness (FSstruct) and
structural bending elastic modulus of the entire stem
(Estruct), and the contribution of each of the m tissues to
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the flexural stiffness of the stem (FStissue,i). To test the
accuracy of this approach we have measured the bending
mechanical properties of the stems of some extant plant
species experimentally. We have then compared these
experimental results with the values calculated by using
independently measured bending elastic moduli of the dif-
ferent stem tissues and their respective contributions to
the axial second moment of area. In all cases we found a
very good agreement between calculated and experimen-
tally measured data (Speck et al. 1996; Brüchert et al.
2000).

A key part of the analyses on fossil stems concerns the
fact that mechanical parameters are calculated for differ-
ent ontogenetic stages, as well as different sizes of stem
and thus describe a ‘signal’ of how mechanical properties
change between growth stages or branch levels of the
plant. These data are directly comparable with recent
studies on living plants in which biomechanical signals
traced during development can readily distinguish differ-
ent growth forms such as self-supporting trees and shrubs,
semi-self-supporting plants, creeping plants, root climbers
and lianas (cf. Speck 1994a; Speck & Rowe 1999a). For
example, trends in parameters such as flexural stiffness
and structural bending elastic modulus show different pat-
terns between trees and lianas, and these can be compared
with the trends observed for fossils. These composite
models can also explore the ‘performance’ or contribution
of specific tissues to the geometry and flexural stiffness
of the stem. In an evolutionary context this presents an
opportunity to investigate which tissue components were
important for the bending stiffness of the stem at many
stages of evolution from simple early land plants to sophis-
ticated and complex organizations, including one or more
types of secondary growth.

In the following section, we outline a new biomechan-
ical analysis on one of the earliest known plants with sec-
ondary growth (Beck 1957; Scheckler 1976; Taylor &
Taylor 1993; Niklas 1997). Recent phylogenetic studies
place this plant and allied forms at the base of the ligno-
phytes, a clade characterized by a secondary vascular cam-
bium (Kenrick & Crane 1997). This structure is a
sophisticated lateral meristem producing wood (secondary
xylem and ray tissue) towards the inside and secondary
phloem tissue towards the outside. The structure charac-
terizes all lignophytes before the evolution of the seed as
well as all seed plants. Some groups, most notably mono-
cotyledons, have lost this type of secondary growth. The
appearance of the combination of wood and secondary
phloem possibly represented a key innovation that allowed
wide-scale architectural and physiological radiations of
plant growth forms (Rowe 2000; Rowe & Speck 2003).
Wood is clearly an important mechanical element of many
self-supporting and non-self-supporting plants. In the fol-
lowing mechanical analysis, we decided to investigate
whether one of the earliest and phylogenetically basal lig-
nophytes was a self-supporting growth form and to what
extent the wood contributed towards a self-supporting
growth form within the constraints of the developmental
patterns and contributions from other tissues.

6. METHODS

Centrisymmetric models of the Tetraxylopteris stem were con-
structed after observation of fossil slide preparations generously
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stage II
(3rd-order
branch)

stage III
(1st-order
branch)

stage I
(4th-order
branch)

2nd-order
branch

Figure 7. Schematic reconstruction of a branching system of
Tetraxylopteris schmidtii (modified from S. Scheckler). Four
branching orders are shown; from three of them (stage I, II
and III) anatomically preserved material exists and is
included in our analysis.

donated by Dr S. Scheckler. The material comes from the
Middle Devonian of New York state and its cellular details are
preserved by preservation in pyrite (Scheckler 1976). A previous
description identified four developmental stages of this plant
(figure 7) and in the available material sufficient anatomical
preservation was present to construct three centrisymmetrical
stages of development.

7. MODEL

The youngest stage (figure 8a,b) corresponds to a four-
armed star-shaped outline with tissues from outside to
inside represented by: (i) hypodermal sterome of alternat-
ing longitudinal bands of collenchyma fibres and paren-
chyma; (ii) cortical region of large parenchyma cells; (iii)
narrow zone of a mixture of primary phloem and small
amounts of secondary phloem; (iv) the stele area compris-
ing primary xylem and pith as well as small amounts of
secondary xylem.

The second stage (figure 8c,d) included significant lev-
els of secondary growth. Tissues from outside to inside
included: (i) hypodermal sterome of alternating bands of
collenchyma fibres and parenchyma; (ii) narrow zone of
collapsed parenchymatous cortex and secondary phloem;
(iii) broad zone of secondary xylem and ray tissue (wood);
(iv) primary xylem and pith of central stele.

The third and final stage (figure 8e, f ) included, from
outside to inside: (i) an outer bark-like tissue resulting
from cellular proliferation of the secondary phloem; (ii)
two oval to circular branch traces; (iii) a zone of secondary
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(a)
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(e)
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Figure 8. Tetraxylopteris schmidtii, cross-sections of stages of development and polar coordinate models of these cross-sections
showing the arrangement of the different stem tissues. (a,b) Small fourth-order branch (youngest ontogenetic stage I) tissue
types from outside to centre: hypodermal sterome, parenchymatous cortex, phloem, primary xylem; (c,d ) medium-sized third-
order branch (intermediate ontogenetic stage II) tissue types from outside to centre: hypodermal sterome, parenchymatous
cortex, secondary phloem, secondary xylem, primary xylem; (e, f ) old first-order branch (oldest ontogenetic stage III) tissue
types from outside to centre: bark-like tissue, second-order branch trace, secondary phloem, outer secondary xylem, inner
secondary xylem, primary xylem.

Phil. Trans. R. Soc. Lond. B (2003)
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phloem; (iv and v) zones of dense outer and inner second-
ary xylem and ray tissue divided into four shallow differen-
tiated arms; (vi) primary xylem.

8. ASSUMPTIONS

As in all attempts at modelling fossil organisms quanti-
tatively a range of assumptions were necessary for either
simplifying or combining complex elements that are not
readily handled. Apart form the basic assumptions
inherently involved in the bending theory of composites
(cf. Wainwright et al. 1976; Speck et al. 1990; Niklas
1992; Vincent 1992) two main additional assumptions
were necessary for the model of Tetraxylopteris. These con-
cerned: (i) the mechanical properties in bending of the
outer bark-like tissue of the periderm (figure 8e, f ) which
is not readily comparable with biomechanically tested
modern barks; and (ii) the mechanical contribution of the
two lateral branch traces (figure 8e, f ) which are not longi-
tudinally continuous along the stem but depart at rela-
tively wide angles at the nodes. We decided to adopt an
experimental approach similar to that carried out in a pre-
vious analysis modelling fossil twigs of the Carboniferous
seed plant Pitus dayi (Speck & Rowe 1994). In this case
we modified the basic composite model into a series of
‘what if ’ scenarios or simulations with: (i) variable mech-
anical values of Estr for the periderm; and (ii) the construc-
tion of two basic models based on the nodal (= with
branch traces) and internodal (= without branch traces)
parts of the stem.

9. RESULTS

In the following section we discuss the findings based
on the structural bending elastic modulus of the stem for
each level of branching as well as the contribution of some
of the main tissues towards flexural stiffness of the stem.
For the results based on structural bending elastic modu-
lus, we present alternative calculations for the oldest stage
III in both the nodal and internodal parts of the stem. For
reasons outlined below in the discussion, we present only
data based on the internodal regions of the stem for the
data based on contributions towards flexural stiffness.

(a) Model I: periderm (bark) of oldest stage III
modelled as a mixture of collenchyma fibres

and parenchyma tissue
The model based on the internodal region of the stem

shows a pattern of values between young stems (stage I)
and old stems (stage III) varying from 2700 to 2800 MPa,
respectively with the intermediate stage II having a rela-
tively higher value of 4400 MPa (figure 9a). The analysis
of the nodal region in which two calculations are necessary
to describe the bilaterally symmetrical structure, indicate
a similar pattern in which the calculation for the oldest
stage related to the y-axis as a neutral axis shows a slightly
higher modulus influenced by the contribution of branch
traces (figure 9b).

The data based on the contribution of each tissue to
flexural stiffness in the internodal region indicate that the
first two stages are dominated by the contribution of the
outer fibre tissues, which contribute almost 90% of the
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flexural stiffness in branches of stage I and nearly 50% in
branches of stage II in which fibrous secondary phloem
contributes another 10% (figure 9c). In this model the
partly fibrous peridermal tissue contributes almost 50%
and the fibrous secondary phloem over 15% of the flexural
stiffness in old branches of stage III. Despite the relatively
large volume of wood in stage I branches, its contribution
to flexural stiffness of the stem is only just over 35%.

(b) Model II: periderm (bark) of oldest stage III
modelled as bark-like tissue

The model based on the internodal region differs from
model I in the value of the oldest stage III, which shows
a structural bending elastic modulus modulus of only
1700 MPa (figure 10a). During the development of the
stem from young to old stages there is therefore an
increase followed by a more marked decrease in the modu-
lus of the stem. As in model I, the nodal distribution of
the structural bending elastic modulus shows an elevated
value where the branch traces are orientated further away
from the neutral plane of bending along the y-axis
(figure 10b).

The contribution of different tissues to flexural stiffness
in the internodal region of the stem differs markedly from
that in model I, with the bark-like peridermal tissue con-
tributing less than 15% and the secondary xylem and the
fibrous secondary phloem contributing ca. 60% and 25%,
respectively (figure 10c).

(c) Interpretation and comparison of models
A comparison of the models above indicates that there

is no increase of structural bending elastic modulus during
the entire development of the plant from stage I to stage
III. Compared with all tested living plants, this is not typi-
cal of self-supporting plants—plants that can remain
upright without recourse to some sort of lateral support.
This result holds true for all of the tested models, whether
the periderm is modelled as a fibre and parenchymatous
tissue or as a bark-like tissue. In the second model, stage
III (periderm = bark-like tissue) shows a more marked
drop in modulus compared with model I, with a modulus
less than 50% of stage II. This pattern is not at all consist-
ent with a self-supporting growth form.

The models including the branch traces (nodal models)
in the calculations do not qualitatively change the pattern
in structural bending elastic modulus during ontogeny. In
neither case do the contributions of woody branch traces
elevate the value of the structural bending elastic modulus
in the older stages to values higher than those of stage II.
Therefore, even taking into consideration the horizontal
branch traces in the older stage of growth, the pattern in
the structural bending elastic modulus is not that of a self-
supporting plant. We favour an interpretation based on
the internodal region of the stem. Branch traces will only
locally stiffen portions of the stem as a whole whereas
internodal regions represent the ‘weaker’ link in a longi-
tudinally complex structure. We, therefore, prefer to take
the internodal regions as the value dictating the probable
bending properties and resistance to bending of the stem
as a whole.

The contribution of tissues to the flexural stiffness of
the stem clearly shows the transition from a hypodermal
mechanical architecture to one in which secondary tissues
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Figure 9. Tetraxylopteris schmidtii. (a,b) Variation of structural bending elastic modulus during ontogeny: model I—periderm
(bark) of oldest stage III modelled as a mixture of collenchymatous fibres and parenchymatous tissue; (a) internodal region
without branch traces in stage III branches; (b) nodal region with branch traces in stage III branches (Iy ( y-axis as neutral
line): filled bars; Ix (x-axis as neutral line): open bars); (c) percentage contribution of tissues towards flexural stiffness in the
internodal region.

contribute to the mechanics of the stem. Younger axes are
dominated by the outer primary fibre tissue, which is
placed on the outside of the stem and is optimally pos-
itioned in terms of the second moment of area to resist
bending forces. The first model incorporating a mixture
of fibres and parenchyma indicates that the final stage of
development has a mechanical architecture dominated by
an outer mechanical periderm or bark. The second model
indicates that if the outer periderm tissue is modelled as
a mostly bark-like tissue, the contributions from the wood
and the phloem are more significant and that the fibrous
and more peripheral phloem tissue has a smaller contri-
bution than the wood. Our preference is to favour results
based on a parenchymatous tissue, rather than one in
which fibres contribute significant stiffness to such a
tissue. Close inspection of the fossil tissue indicates that
fibres and thick-walled stone cells were scattered and
probably did not confer any appreciable stiffness to the
periderm tissue.

These results indicate that the growth form of
Tetraxylopteris was not typical of self-supporting plants.
The early stages of growth depended on an outer primary
ring of mechanical tissue that provided a high level of stiff-
ness. This is an organization characteristic of many other

Phil. Trans. R. Soc. Lond. B (2003)

contemporaneous architectures. The results indicate that
Tetraxylopteris did indeed modify the primary body of the
plant by secondary growth but that the older, possibly
more basal stem had a lower structural bending modulus
than the younger and more apical plant stems. This sug-
gests that the appearance of wood in this species, and per-
haps others, was not a mechanical feature that was
optimized for producing a self-supporting growth form
(Rowe & Speck 2003). The geometrical modelling of all
tissues, as well as the comparison of models, indicate that
even if the peridermal tissue is modelled as a fibrous tissue
the oldest developed stage does not show a higher struc-
tural bending elastic modulus than the younger stage. This
is also true whether we include the lateral branch traces
as a ‘nodal model’ or disregard them as an ‘internodal
model’.

10. CONCLUSIONS

Modelling plant stems and their composite tissue sur-
faces through polar coordinates is a convenient method of
constructing complex patterns that can approximate
closely to biological organizations of primary and second-
ary tissues. Geometric analyses of living plants can be
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Figure 10. Tetraxylopteris schmidtii. (a,b) Variation of structural bending elastic modulus during ontogeny: model II—periderm
(bark) of oldest stage III modelled as bark-like tissue; (a) internodal region without branch traces in stage III branches;
(b) nodal region with branch traces in stage III branches (Iy ( y-axis as neutral line): filled bars; Ix (x-axis as neutral line): open
bars); (c) percentage contribution of tissues towards flexural stiffness in the internodal region.

readily tested against digitized surfaces through images,
and thus tested so that simple and relatively few
centrisymmetric measurements can be used to generate
complex models. Models of fossil tissues are particularly
amenable to this simple method and are being used to
investigate the growth form diversity and evolutionary sig-
nificance of potential innovations such as the appearance
of secondary growth in plants. The simple approach is also
appropriate for testing alternative hypotheses and ‘brack-
eting’ mechanical values of fossil tissues that are difficult
to interpret. The method can also be used for reciprocal
hypothesis testing when exploring the evolution of plant
growth forms. The plant growth form itself and the mech-
anical importance of individual tissues can be further
tested when additional growth stages are found in the fos-
sil record and can be added to the existing analysis to see
whether the trend in structural bending elastic modulus
significantly changes. Such flexibility in the approach is an
excellent way of developing ideas as new data are found,
and in the case of Tetraxylopteris will ultimately test
whether the hypothesis stating that wood was not initially
a mechanical innovation, stands or falls.
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the slide preparations of Tetraxylopteris schmidtii. This study
was done during the receipt of a PROCOPE award to T.S.
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APPENDIX A: CIRCULAR RINGS, STAR-SHAPED
CIRCULAR RINGS AND SEGMENTED STRUCTURES

For calculating the areas, polar and axial second
moments of area of circular rings and star-shaped rings
the additive or subtractive properties of areas and second
moments of area are used, by simply subtracting the value
of the inner cross-sectional structure from the value of the
outer structure (figure 4c,d).

Aring = Aouter � Ainner

Ip,ring = Ip,outer � Ip,inner (A 1)
Ia,ring = Ia,outer � Ia,inner.

The same holds for systems of several concentric, non-
overlapping circular rings or star-shaped rings that can
also be treated as superimposed of single concentric rings.

The additive or subtractive properties can also be used
for calculating areas and second moments of area for
segments of central circles, star-shaped formations or ring-
like structures, if these segmented structures have a three-
fold symmetry or higher (cf. Rowe et al. 1993; Speck &
Rowe 1994).
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APPENDIX B: CIRCLES ARRANGED IN SEVERAL
CONCENTRIC RINGS

Polycyclic structures can be treated as a superimpo-
sition of monocyclic structures by taking advantage of the
additive properties of cross-sectional areas and second
moments of area. If, for each of the monocyclic subsys-
tems, the above conditions are fulfilled and the circles of
the different subsystems do not overlap, relatively simple
analytical solutions for the polar and axial second
moments of area are possible. In particular, this holds if
the radii of the single circles are constant in the entire
polycyclic structure, and if the number of single circles is
either constant in each monocyclic subsystem or increases
in a regular manner from the innermost to the outermost
subsystem. The latter (rs = constant and a regularly
increase from the innermost to the outermost cycle) can
be used in good approximation for modelling the atactos-
teles of some monocotyledonous plants and the polysteles
of some extant and fossil ferns and other fossil her-
baceous plants.

The approach discussed above can be extended to all
types of centrisymmetric structure, even if they have rather
complex cross-sectional shapes as found, for example, in
stelar systems of extant and fossil plants (Speck & Vogel-
lehner 1988).
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