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How to perform measurements in a hovering animal’s
wake: physical modelling of the vortex wake of the

hawkmoth, Manduca sexta

Eric D. Tytell* and Charles P. Ellington
Department of Zoology, University of Cambridge, Downing Street, Cambridge CB2 3EJ, UK

The vortex wake structure of the hawkmoth, Manduca sexta, was investigated using a vortex ring generator.
Based on existing kinematic and morphological data, a piston and tube apparatus was constructed to
produce circular vortex rings with the same size and disc loading as a hovering hawkmoth. Results show
that the artificial rings were initially laminar, but developed turbulence owing to azimuthal wave instability.
The initial impulse and circulation were accurately estimated for laminar rings using particle image veloci-
metry; after the transition to turbulence, initial circulation was generally underestimated. The underesti-
mate for turbulent rings can be corrected if the transition time and velocity profile are accurately known,
but this correction will not be feasible for experiments on real animals. It is therefore crucial that the
circulation and impulse be estimated while the wake vortices are still laminar. The scaling of the ring
Reynolds number suggests that flying animals of about the size of hawkmoths may be the largest animals
whose wakes stay laminar for long enough to perform such measurements during hovering. Thus, at low
advance ratios, they may be the largest animals for which wake circulation and impulse can be accu-
rately measured.
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1. INTRODUCTION

Insects use a variety of techniques to increase the lift forces
from their wings. All of these techniques, including the
leading-edge vortex (Ellington et al. 1996) and wing
rotation (Dickinson et al. 1999; Sane & Dickinson 2002),
involve increasing the circulation around the wing. How-
ever, the importance of wing rotation has been questioned
(van den Berg & Ellington 1997a; Sun & Tang 2002) and
the contribution of the leading-edge vortex is difficult to
assess without direct measurements of its strength (van
den Berg & Ellington 1997a).

Measuring circulation in the wake of flying animals
could help to resolve these questions about high-lift mech-
anisms. Modern quantitative flow visualization facilitates
measurements of circulation, as well as force, work and
power from living animals. However, even using these
modern techniques, wing motion makes direct circulation
measurements around a wing very difficult. Rather than
performing measurements around the wing, vortex wake
theories (Rayner 1979a,b; Ellington 1984b) predict that
the circulation in the wake should match that around the
wing. Even these simpler measurements are complex,
though, and many methodological problems and intrinsic
issues of wake development make accurate estimation dif-
ficult.
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Vortex theories (Rayner 1979a,b; Ellington 1984b)
approximate the wake as a series of unlinked vortex rings:
circular distributions of vorticity shed off the wings at
every beat (figure 1). Producing circular vortex rings is the
most efficient method for an animal to propel itself
through a fluid (Lighthill 1973), and there is experimental
evidence that rings do exist in the wake, although the
distribution of vorticity may be more complex than the
models assume (Spedding et al. 1984; Spedding 1986;
Willmott et al. 1997). Application of the extensive theor-
etical and experimental work on vortex rings (reviewed in
Shariff & Leonard 1992) could provide direct methods for
estimating wake momentum, circulation and energy for
flying animals. However, even for the simplified vortex
wake structure, experimental studies have had difficulty in
accurately measuring these values.

Flight experiments have used hovering or slow flight as
a test case. In hovering, the impulse of a wake vortex ring,
i.e. the total momentum imparted to the fluid during vor-
tex ring generation, can be estimated directly from
measurements in the wake. Since a hovering animal is
stationary, all of the measured impulse I is used to support
its weight. Therefore, the measured must be equal to the
ideal impulse I0, the animal’s weight multiplied by the per-
iod of vortex ring generation

I0 =
mg
f

, (1.1)

where m is the mass of the animal, g is the acceleration
due to gravity and f is the vortex ring generation frequency
(equal to the wing beat frequency when weight support is
provided only on the downstroke, and twice that value
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Figure 1. Schematic of two vortex rings in the wake of a
hovering hawkmoth (after Ellington 1984b). The moth is
shown in grey. Because Ellington’s vortex wake theory is
based on Rankine–Froude momentum jet theory (Ellington
1984a), the vortex ring radius is predicted to decrease in the
far field, rather than increase, as was seen in this current
study.

when the upstroke provides support as well). A mismatch
between the measured and ideal impulses reveals potential
inaccuracies in the wake measurements. For example,
Spedding et al. (1984) and Spedding (1986) studied the
wakes of slow-flying pigeons and jackdaws, but their wake
impulse estimates were consistently lower than those
necessary to support the birds’ weights.

The momentum deficit common to these studies could
come from two types of error: simple measurement errors,
or intrinsic problems with the measurement of these types
of wakes. Measurement errors may include insufficient
sampling density, excess velocity error that obscures small
vorticity fluctuations and spatial averaging from PIV.
Intrinsic problems include, first, problems with the
assumptions of the wake model, or, second, if the assump-
tions are correct, problems related to vortex ring dynamics
that make measurements on circular vortex rings difficult.

For intrinsic errors, in the first case, the models assume
that the wake consists of simple circular vortex rings and
that force balances are in effect. However, the individual
shedding events may have more complex vorticity distri-
butions than simple circular vortex rings (van den Berg &
Ellington 1997b) or the models may not correctly account
for the dynamics of linked vortex rings.

If the models do describe the wake accurately, the
dynamics of vortex ring evolution still makes measurement
complicated. In theory, the total circulation of a vortex
ring system stays constant unless it interacts with a solid
body. In practice, though, measuring the circulation can
be difficult or impossible, for two reasons: viscosity and
turbulence. The more important of the two is determined
by the ring Reynolds number Re, defined according to a
dimensional argument (e.g. Glezer 1988) as

Re =
UR
�

=
�

�
, (1.2)
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where U, � and R are the ring velocity, circulation and
radius, respectively, and � is kinematic viscosity. For low
Reynolds number rings, viscosity is the dominant force. It
causes the vorticity in the rings’ cores to diffuse out. In
theory, this does not decrease the circulation, but it
reduces the velocities in the rings by spreading them out
over a larger area, which makes them harder to measure.
High Reynolds number rings, by contrast, are not affected
much by viscosity, but are unstable. They often develop
azimuthal waves around their circumference, which
eventually cause turbulence in the ring. The flow becomes
more disorderly and the ring tends to shed vorticity. In
theory, again, the circulation of the vortex ring and all of
the pieces of shed vorticity remains constant. The vorticity
shed by the ring, though, may be small enough to be affec-
ted by viscous vorticity diffusion, even if the ring itself is
not. Shed vorticity may thus be hard to measure. Even
worse, vorticity is also shed randomly, which means that
a fluid element with one sense can interact with another
of the opposite sense, cancelling both of them out and
actually reducing the total circulation.

Despite these problems, it is still worthwhile to pursue
the goal of accurately estimating flying parameters from
the wake. Accurate in vivo measurements of thrust, circu-
lation and power output in the wake of a flying animal
could help to refine current high-lift models of insect
flight, as well as other theoretical predictions, including
estimates of optimal migration speed, maximum muscle
power output and lift, thrust and drag (Pennycuick 1975;
Casey & Ellington 1989; Ellington et al. 1996; Alexander
1997; Sane & Dickinson 2002). To perform these
measurements accurately, this study seeks to determine
the intrinsic causes of the momentum deficit and possible
methods for avoiding the deficit. This study does not dis-
cuss measurement error in the PIV technique, which has
already been analysed thoroughly (e.g. Huang et al. 1997;
Westerweel 1997), and ultimately can be minimized.
Instead, we focus on intrinsic errors. By artificially gener-
ating a wake similar to that of a hovering hawkmoth, the
wake parameters can be precisely controlled and repeated,
enabling direct comparisons of initial values and values
estimated from the wake, which is impossible to do in a
biological system. The sources of intrinsic error leading to
the momentum deficit can thus be assessed and ulti-
mately avoided.

2. MATERIAL AND METHODS

An artificial vortex ring generator was constructed to produce
rings like those in a hovering hawkmoth’s wake (Willmott &
Ellington 1997a,b), assuming that weight support is provided
only by the downstroke: that is, the frequency of ring generation
equalled the wing beat frequency. Rings were generated by a
piston moving rapidly through a sharp-edged 10 cm diameter
tube, designed to match the hawkmoth’s wingspan (ca. 10 cm)
and disc loading, pd (the force of the moth’s weight divided by
the area swept by its wings: ca. 3.0 N m�2). From equation
(1.1), the desired impulse, I0, of the artificial ring is

I0 =
pdA
f

, (2.1)

which must be equal to the total momentum I imparted to the
fluid over the time during which the piston moves,
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Table 1. Vortex ring generation parameters.

parameter units value

disc loading pd N m�2 3.0
generation frequency f Hz 25
correction factor � — 4/3
stroke duration T ms 40
stroke length L mm 44.2
mean stroke velocity U m s�1 1.10

I = �AL�U , (2.2)

where A, L and U are the piston’s area, stroke length and mean
velocity, respectively, and � is a correction factor that describes
how much the piston deviates from its mean velocity (cf. P in
Glezer 1988). The parameter � is defined so that
�U(t)2 = U(t)2, where the overbars denote a temporal average
and t is time. In other words, � corrects the square of the mean
velocity to give the mean square velocity, which is proportional
to the momentum imparted. Noting that the mean piston velo-
city U is Lf, and equating equations (2.1) and (2.2), we can
solve for the stroke length

L =
1
f�

pd

��
. (2.3)

Using the mean disc loading value of 3.0 N m�2 from Wilmott &
Ellington (1997b), a generation frequency equal to the wingbeat
frequency of 25 Hz and � of 4/3 (representing a piston motion
with constant acceleration followed by constant deceleration),
the stroke duration, T, is 40 ms and the stroke length, L, is
44.2 mm, giving a mean stroke velocity of 1.10 m s�1. Table 1
summarizes the generation parameters.

The initial circulation of the vortex ring can be estimated from
these generation parameters. The rate at which vorticity is shed
during the piston stroke is 1

2[U(t)]2. Integrating this expression
over the stroke period to obtain the total circulation added to
the fluid, the initial circulation �0 is thus

�0 =
1
2

�L2f. (2.4)

Didden (1979, 1982) directly measured the vorticity flux from
a pipe vortex ring generator and found that the actual flux is
slightly higher than equation (2.4) suggests, largely owing to
boundary layer effects around the edge of the tube. Shariff &
Leonard (1992) found that the initial circulation could be accu-
rately predicted using the following corrected circulation �0,c:

�0,c = �1.14 � 0.64
R
L��0, (2.5)

where R is the pipe radius.
To produce these rings, a Ling Vibrator V201 was connected

through a lever arm to a 10 cm diameter piston in a tube with
sharp edges. This allowed stroke lengths of up to ca. 50 mm
over 40 ms, producing a maximum generation impulse of ca.
1 mNs. The piston position was calculated from the vibrator
position, monitored with a LVDT. Flow was visualized in a
2.1 × 0.6 × 0.6 m glass chamber using smoke or polystyrene par-
ticles. The chamber was sealed and kept away from sources of
heat to minimize convection. Smoke (vaporized mineral oil) was
produced by a Nutem smoke generator and pumped into the
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Figure 2. PIV filming configuration with a vertical light
sheet.

vortex generator tube from two holes in its sides; particles
(Expancel 091 DE 80 expanded polystyrene) were directly
pumped into the chamber using a simple atomizer. A vertical
laser light sheet, produced using a 6 mm rod lens with a 60 mW
Omnichrome 532 argon ion laser, provided illumination. Care
was taken to film at right angles to the light sheet using an
Adimec MX12P digital CCD camera running at frame rates
from 25 to 214 Hz, corresponding to resolutions of 1024 × 1024
to 1024 × 100 pixels (figure 2). Most images were filmed at
either 80 or 100 Hz. Images were directly digitized using a
Matrox Pulsar digitizer and Eye Image Calculator v. 2.0 (Io
Industries) software. Different image sets were synchronized in
time using an LED that was activated during the piston stroke.

Vortex ring position and diameter were calculated from the
smoke images by manually identifying the vortex core using
Matlab v. 5.0 (The MathWorks, Inc.). The spatial origin was
defined as the end of the generator tube in x, and its axis in r
(figure 2). The temporal origin was the end of the piston stroke.
PIV, as described in Westerweel (1997), was performed on the
particle images, with interrogation regions of ca. 24 × 24 mm
(40 × 40 pixels) and grid spacing of 9 × 9 mm (15 × 15 pixels).
Erroneous vectors were rejected manually only when both the
magnitude and direction were noticeably different from their
neighbours, and were replaced using a cubic spline interpol-
ation. Data were taken from three rings, each at a different point
along the ring path: at x = 0–0.5 m, 0.2–0.7 m and 0.8–1.3 m,
corresponding to times t = 0.3–0.6 s, 1.0–2.4 s and 4.2–5.1 s. In
the first region, the ring was laminar; in the second, it started
the transition to turbulence; and in the third, it was turbulent.

The circulation of the vortex ring is the line integral of velocity
around the vortex core, assuming that all vorticity is confined
to the core. Based on this assumption, the outer contours can
be placed at an arbitrary distance where fluid velocity is zero,
and thus can be ignored. The only contour that matters, then,
is along the centre-line. Because PIV is a discrete technique,
circulation was calculated using a trapezoidal integration algor-
ithm along the centre-line velocity profile, as in Spedding et al.
(1984). The centre-line was identified manually and velocity
vectors were linearly interpolated along it. Circulation values
were rejected if the centre-line profile did not reach zero on both
sides of the vortex ring. Circulation was not calculated by
directly integrating around a circle enclosing the vortex core,
because the image magnification was too high to visualize both
the centre-line and the outer edges of the vortex core simul-
taneously.
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Glezer & Coles (1990) describe another way to estimate circu-
lation, but only for turbulent vortex rings. Using a similarity
coordinate � and a normalized fluid velocity u∗

t , defined as

� = (x � x0)� �

I(t � t0)
�1/4

and

u∗
t = u��

I�1/4

(t � t0)3/4, (2.6)

the circulation can be estimated by an integral in time along one
point in space:

� = �I�� 1
(t � t0)1/2G,

where

G = � �

0

u∗
t d�, (2.7)

and where x0 and t0 are the apparent origins of the ring in space
and time. The parameter G is constant during the life of the
turbulent ring, and defines its ‘strength,’ much as the circulation
� does for a laminar ring. Once G is known, the circulation for
the turbulent ring can be estimated for any time after the tran-
sition to turbulence.

Glezer and Coles also formulate a set of proportionalities,
as follows:

(i) R 	 (x � x0)
(ii) (x � x0)4 	 (t � t0)
(iii) U�1/3 	 (t � t0)1/4

(iv) U�1/3 	 (x � x0),

where R is the vortex ring radius and U is its velocity. These
relations can be used to estimate the apparent origin in space
and time.

To assist comparisons with data from Manduca and other vor-
tex ring studies, all variables were normalized. Following
Weigand & Gharib (1997), we use dimensionless, normalized
time t∗ and vortex ring velocity U∗ as follows:

t∗ =
�t

16R2

and

U∗ =
4
UR

�0 , (2.8)

where � is the kinematic viscosity. In addition, a normalized vor-
tex ring radius R∗ and circulation �∗ were used:

R∗ =
R
R0

and

�∗ =
�

�0
, (2.9)

where R0 and �0 are the tube radius and initial vortex ring circu-
lation, respectively.

Once ring circulation is measured, the actual ring impulse I is

I = ��A, (2.10)
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where A is the area of the ring. This was then compared with
the impulse produced by the vortex ring generator, estimated
from equation (2.2).

All reported error values are standard errors of the mean.
Where it is not obvious, n is also listed.

3. RESULTS

The piston stroke, although it deviated significantly
from the ideal velocity profile, was repeatable. The piston
position could be measured to 1% error. The mean velo-
city correction factor � for all strokes was 1.261 ± 0.002
(n = 56). Despite the repeatability, though, vortex rings
often had different paths and velocities. Most of the vari-
ation seemed to come from random turbulent shedding
of vorticity.

Vortex rings were generated with two ranges of gener-
ation impulse values: one similar to that of hovering
Manduca, 0.7–1.0 mN s (Re = 4000 to 5000), and a lower
one for comparison, 0.4–0.45 mN s (Re = 2800 to 3000).
At the higher impulse, the Ling vibrator was operating
close to its maximum force output, causing the stroke dur-
ation to be less repeatable and increasing the range of gen-
eration impulses.

All vortex rings were initially laminar and became tur-
bulent. There were four identifiable periods in the evol-
ution of the rings (as in Sallet & Widmayer 1974;
Weigand & Gharib 1994) as follows:

(i) an initial laminar phase, in which the ring appears
smooth and circular;

(ii) the beginning of the azimuthal wave instability, in
which waves are visible around the circumference of
the ring, but it retains its smooth appearance;

(iii) the onset of turbulence, when the wave nodes
become enlarged and the apparent circulation
around them increases; and

(iv) a fully turbulent stage.

For both impulse ranges, the laminar period lasted for
1.5 ± 0.1 s, followed by a wave period of 0.3 ± 0.1 s and a
turbulent onset period of 0.7 ± 0.1 s, after which the rings
were fully turbulent. They generally travelled for eight to
ten diameters before becoming turbulent, and up to the
end of the tank (15 or more diameters further) after
becoming turbulent. Transition times and positions were
not significantly different for the different impulse rings
(p � 0.05 in all cases).

Vortex ring radius stayed approximately constant during
the laminar phase, and increased after the onset of turbu-
lence (figure 3). Low-impulse rings had a lower nor-
malized radius during the laminar phase, 0.764 ± 0.004
(n = 8), compared with that for high-impulse rings,
0.891 ± 0.001 (n = 6).

The velocity of the rings decreased during the laminar
period (figure 4), but then varied greatly when they were
turbulent (not shown). Figure 4a shows the difference
between true velocities for high- and low-impulse rings;
figure 4b shows how the velocity and time normalizations
allow both impulses to be pooled. The high variance for
the turbulent rings is owing to the difficulty of determining
their positions. The laminar data were fit using a logarith-
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Figure 3. Normalized radius versus normalized time. Each
point is the mean of at least two radii, and error bars
indicate s.e.m. Azimuthal waves start at t∗ = 0.0005, and
turbulence begins at about t∗ = 0.001. The bar at the bottom
shows the state of the ring, from laminar to turbulent.

mic equation based on the model of Saffman (1970) of
viscous vortex ring velocity

U∗ = A logt∗ � C, (3.1)

where A and C are constants estimated from the data.
This model does not account for vortex ring formation or
turbulence, and thus only values of between t∗ = 8 × 10�5

and 7 × 10�4 were included in the fit. For this time period,
A = �0.43 ± 0.04 and C ranged from –0.6 to 1.5 (n = 7).
The model of Saffman (1970) has A = �0.5; the estimated
A value is not significantly different from this (p = 0.18).
The value of C in his model (0.558) is derived by
assuming an approximately solid body rotation in the core.
The large range of estimated C values indicates that this
assumption is invalid. The overall logarithmic decrease in
velocity, though, suggests that these rings are significantly
affected by viscosity.

To assess the feasibility of estimating circulation from
vortex rings in air, PIV was conducted at three stages in
the vortex ring evolution: early in the laminar period, dur-
ing the transition to turbulence and during the turbulent
period. Circulation was calculated for 40 frames from two
laminar rings and 55 frames from one turbulent one. Only
a few rings were analysed owing to the difficulty of
attaining the proper particle seeding densities in air.

A sample velocity field and centre-line profile for a lami-
nar ring is shown in figure 5. For laminar rings in the first
two phases, the estimated circulation, 680 ± 9 cm2 s�1,
was close to the initial circulation, 694 cm2 s�1, meaning
that the normalized circulation �∗ was close to unity:
�∗ = 0.98 ± 0.07. After the transition to turbulence in the
second phase, the estimated circulation had decreased to
560 ± 30 cm2 s�1, giving �∗ = 0.84 ± 0.04. Fully turbulent
rings in the third phase had circulations of 393
± 1 cm2 s�1, �∗ = 0.598 ± 0.002. Figure 6 shows the nor-
malized circulation plotted versus normalized time.

The error in velocity values from the PIV algorithm was
estimated by calculating velocities for still air. This pro-
duces a combined error that includes the imperfections in
the video system as well as the accuracy of the PIV algor-
ithm itself. It will, however, tend to highlight the tendency
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Figure 4. Velocity decreases logarithmically with time for
laminar rings. Both plots have a bar at the bottom that
indicates the state of the ring. (a) Plot of true velocity versus
time for two rings of different Reynolds numbers, with the
actual Saffman (1970) viscous decay model (dashed line)
and a logarithmic model that accounts for deviations from
solid body rotation in the vortex ring core (equation 3.1;
solid line). (b) Pooled data for normalized vortex ring
velocity with logarithmic (equation 3.1; solid line) and linear
(dashed curve) fits. Only the filled points were used to
calculate the fit, because the logarithmic model is not valid
at small times.

for PIV to produce integer pixel displacements (G. R.
Spedding, personal communication; for a general dis-
cussion of PIV errors, see Huang et al. 1997; Nogueira et
al. 1997). The mean velocity estimate in still air was not
significantly different from zero (p = 0.4) and the mean
magnitude, equal to the error on velocity measurements,
was less than 0.4 cm s�1. Given this error on velocity, the
circulation estimates had a total error of 16 cm2 s�1, or ca.
2% (Taylor 1982). The larger errors above seem be a
result of true variations between vortex rings.

For the turbulent rings, circulation was also estimated
using the Glezer & Coles (1990) transform. First, the
apparent origin was calculated using the proportionalities
above. The apparent spatial origin x0 was estimated
according to (iv) by fitting U1/3 to x. The temporal origin
t0 was estimated with (ii), by fitting (x � x0)4 to t. The
scatter in the data resulted in large errors on both esti-
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Figure 5. A sample vector field plot of a laminar vortex ring (Re = 4700) at t = 0.3 s (t∗ = 2.8 × 10�5). The thick solid line in
part (a) indicates the centre-line. (a) PIV velocity vector data with vorticity shown with contours. Solid contours indicate
anticlockwise vorticity, dotted contours indicate clockwise vorticity, and the dashed contour is the 0 s�1 contour. The
separation between contours is 8 s�1. (b) Centre-line velocity plot, showing fluid velocity in the direction of the centre-line.
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Figure 6. Normalized centre-line circulation versus time.
The three clusters of points are from different rings, all with
Re = 4500. The solid curves show the model for decay in
circulation: until the onset of turbulence at t = 1.5 s
(t∗ = 5.8 × 10�4 s), circulation should remain constant, and
after that, it falls according to the similarity model in
equations (2.5) and (2.6). The bar at the bottom indicates
the state of the ring, from laminar to turbulent.

mates: x0 = �2.3 ± 0.3 m and t0 = –0.30 ± 0.20 s. Based on
these x0 and t0 values, G was estimated to be 3.8 ± 1.7.
Using equation (2.7), the actual circulation can be
approximated at any time; thus, extrapolating back to the
onset of the wave instability at 1.5 s (t∗ = 0.0005), the cir-
culation was 680 ± 360 cm2 s�1, �∗ = 1.0 ± 0.5. The fitted
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model for turbulent decay of circulation is shown in fig-
ure 6.

All PIV data are summarized in table 2.

4. DISCUSSION

The purpose of this study was to analyse the dynamics
of an idealized, hovering hawkmoth wake to identify prob-
lems with the analysis, and not to mimic the complexity
of the real wake. Even for simple, circular, isolated vortex
rings generated under controlled conditions, the transition
to turbulence causes a major problem in the wake analysis.
Circulation and therefore impulse estimates are robust
and constant while the ring remains laminar, but shedding
of vorticity after the transition to turbulence causes a sharp
decline in circulation. In the controlled conditions of this
study, it was possible to extrapolate back and estimate the
initial circulation of a turbulent ring, but this is probably
not feasible for a real wake. First, it is unlikely that the
apparent turbulent origin can be determined in a real
wake: accurate velocity and position measurements are
difficult to make, and the turbulent transition time will be
hard to estimate. Second, vortex rings in a real wake prob-
ably do not gradually make a transition to turbulence.
Willmott et al. (1997) observed a much more rapid turbu-
lent breakdown of vortex rings in the hawkmoth wake,
apparently caused by interaction between rings; the ring
created on the downstroke breaks down nearly instan-
taneously during supination, when the trailing vortex from
the wing tip is close to the ring. Thus, turbulence seems
to be triggered not by the azimuthal wave instability, but
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Table 2. Summary of PIV data in the three regions.
(See text for an explanation of the calculations. The values in the parentheses are assumed and the dashes indicate parameters
that had too little data to calculate.)

region 2
region 1 region 3
laminar laminar transition turbulent

generated
circulation �0 (cm2 s�1) 710 670 670 658
Reynolds number Re 4700 4500 4500 4400

measured
times t (s) 0.3–0.6 1.0–2.0 2.5 4.2–5.1
radius R (mm) 40.2 ± 0.3 42.1 ± 0.7 39 ± 1 (44)
ring circulation � (cm2 s�1) 729 ± 9 654 ± 9 560 ± 38 393 ± 1

estimated generation parameters
circulation � (cm2 s�1) 729 ± 9 654 ± 9 — 680 ± 360

by the interaction between vortices, and the model of
Glezer & Coles (1990) may not be accurate. Regardless
of the model’s accuracy, though, the breakdown is so
rapid that it would be difficult to make measurements
before the ring structure completely dissipates.

In principle, estimating circulation by the centre-line
integration method should include the vorticity shed into
the wake of a turbulent vortex ring. For their pigeons and
jackdaws, Spedding et al. (1984) and Spedding (1986)
compared this estimate with that obtained by the line inte-
gral around a closed loop enclosing the vortex core. They
found that the core circulation was typically three-fifths of
the total circulation estimated by the centre-line method,
a value that is consistent with experimental studies on tur-
bulent rings (Maxworthy 1977). About 40% of the vor-
ticity had therefore been shed into the wake, even though
it was not obvious from visual inspection of the flow vis-
ualization photographs. However, without a timed series
of photographs and the benefit of the turbulent decay
model of Glezer & Coles (1990), which was published
later, Spedding could not estimate how the total circu-
lation decreased with time. Some shed vorticity crosses the
centre-line in the wake, and is cancelled by surrounding
vorticity of the opposite sense. This leads to the observed
decay of circulation and impulse with time, even using the
centre-line integration method.

It is clear that measurements must be made while the
wake vortices remain laminar to allow accurate estimates
of circulation and impulse; otherwise, the wake is almost
certain to show a momentum deficit. Furthermore, except
for special cases (like the pigeon and jackdaw) where wake
vortices are relatively isolated or turbulent, circulation
should not be estimated by the centre-line integration
method. Most wakes have a complicated three-
dimensional structure, and velocities along the centre-line
will also be influenced by other recently shed vortices. Cir-
culation should be estimated instead by the line integral
around a closed loop enclosing the laminar vortex core.
In addition, one should not assume that the wake rings are
circular; instead, the actual area of the vortex loop must be
used.

Phil. Trans. R. Soc. Lond. B (2003)

Spedding’s momentum deficit for the wakes of pigeons
and jackdaws (Spedding et al. 1984; Spedding 1986) may
be a result, in part, of measurements on turbulent rings.
The ring Reynolds number Re for the vortex rings that he
observed are much higher than those in this study. Ring
impulse I, from equation (2.10), is equal to the ideal
impulse in equation (1.1)

I = 
��r2 =
mg
f

, (4.1)

which allows us to solve for � and the ring Re

� =
mg

�
R2f
=
pd

�f

and

Re =
pd

�� f
. (4.2)

Thus, the ring Reynolds number in the wake of Sped-
ding’s pigeons should be ca. 90 000, well into the range
that Glezer (1988) found to be turbulent from formation.
Such turbulent rings should begin to shed vorticity
immediately, possibly crossing the centre-line and being
cancelled by opposing vorticity or becoming obscured by
measurement error, making it difficult to detect and lead-
ing to a momentum deficit.

In general, it is probably not possible to measure wake
circulation accurately for animals larger than insects or the
smallest birds. Disc loading and wing beat frequency scale
approximately as R and R�3/4, respectively, for geometri-
cally similar animals (Dudley 2000). Thus, substituting
these proportionalities into equation (4.2), ring Reynolds
number should be proportional to R7/4. Given that a hawk-
moth with a wing length of 5 cm has a ring Reynolds num-
ber of ca. 5000, a small bird with wing length of 10 cm
should have Re near 17 000, which is at the low end of
the range of vortex rings that Glezer (1988) found to be
initially turbulent. For birds as large as pigeons, the vortex
wake will almost certainly be turbulent from generation.
Although it was possible under the controlled conditions
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of this study to estimate initial circulation from a turbulent
vortex ring, it will probably not be so in studies of flying
animals. Thus, large insects such as hawkmoths or small
birds such as hummingbirds probably represent the largest
animals for which the wake circulation can be measured
accurately.
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GLOSSARY

LVDT: linear variable displacement transducer
PIV: particle image velocimetry


