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ABSTRACT In the present paper the Hyers–Ulam stabil-
ity of monomial functional equations for functions defined on
a power-associative, power-symmetric groupoid is proved.

1. Introduction

The basic problem of the stability of functional equations was
proposed by S. Ulam in 1940 in the following form. Suppose
that a function f satisfies the so called Cauchy (or additive)
functional equation f �x + y� = f �x� + f �y� only approxi-
mately. Then does there exist an additive function which ap-
proximates f? (Cf. also ref. 1.) In 1941 D. H. Hyers gave the
following answer to this question. If B1 and B2 are Banach
spaces and for a nonnegative real number ε and a function
f x B1 → B2 we have �f �x+y�−f �x�−f �y�� � ε �x; y � B1�,
then there exists a unique function ax B1 → B2 satisfying
a�x+ y� − a�x� − a�y� = 0 �x; y � B1� and �f �x� − a�x�� �
ε �x � B1� (2). There are a lot of contributions in the lit-
erature of functional equations on this type of stability (cf.,
e.g., ref. 3). Generalizations of Hyers’ result for functions de-
fined on nonassociative and noncommutative structures were
investigated, among others, by J. Rätz (4), G. L. Forti (5), and
recently, by R. D. Luce, Z. Páles, and P. Volkmann (refs. 6,
7, and 8, respectively). The stability of the Cauchy equation
on power-associative, power-symmetric groupoids was proved
in ref. 4, while, in refs. 6 and 7, it was shown even without
assuming power-associativity. Motivated by these results we
study the Hyers–Ulam stability of monomial functional equa-
tions on a power-associative, power-symmetric domain.

Our main result reads as follows. If n is a positive integer,
�S; ◦� is a power-associative, power-symmetric groupoid, B is
a Banach space, f x S→ B is a function, and for a nonnegative
real number ε we have

�1nyf �x� − n!f �y�� � ε �x; y � S�;

then there exists a unique monomial function gx S → B of
degree n such that

�f �x� − g�x�� � 1
n!
ε �x � S�

holds. [The methods used in the paper also work for a more
general range (cf. Remark 2), for technical simplicity we con-
sider functions mapping into Banach spaces.] In the special
case when S is a linear normed space (or an Abelian group),
the result above yields the well-known Hyers–Ulam stability of
monomial functional equations (see, e.g., refs. 9–11), further-
more, if n = 1, we get the stability of the Cauchy equation (cf.
refs. 2, 4, 6, and 7), if n = 2, we obtain that of the so called
quadratic (or square-norm) functional equation (cf. ref. 12).
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2. Notation and Terminology

Throughout the paper �S; ◦� denotes a groupoid, that is, a
nonempty set S with a binary operation ◦x S 3 S → S. The
powers of an element x � S are defined by x1 = x and for
a positive integer m by xm+1 = xm ◦ x. To simplify the nota-
tion, we use the convention x1 ◦ x2 ◦ x3 ◦ · · · ◦ xm−1 ◦ xm =
�· · · ��x1 ◦ x2� ◦ x3� · · · ◦ xm−1� ◦ xm for integers m � 3 and
x1; : : : ; xm � S.

An operation ◦ [or the groupoid �S; ◦�] is called power-
associative if xk+m = xk ◦ xm for all positive integers k;m
and each x � S. (Concerning the role of power-associative
operations in ring theory, we refer to ref. 13; such opera-
tions in connection with the stability of the Cauchy equa-
tion were first studied in ref. 4.) It can be simply verified
by induction that in a power-associative groupoid �S; ◦�, we
have �xk�m = xkm �k;m � �; x � S�. It is easy to see that
power-associativity does not imply associativity: e.g., the oper-
ation x ◦ y = �x − y� on S = �+ is power-associative but not
associative.

We call an operation ◦x S 3 S→ S lth-power-symmetric (or
if it is not confusing, simply power-symmetric) if l � 2 is a
given integer such that �x◦ y�l = xl ◦ yl for all x; y � S (in the
case when l = 2, we also use the term square-symmetric). Al-
gebraic properties of such operations were considered by sev-
eral authors; their role in the stability of functional equations
was investigated in ref. 4 and, for square-symmetric opera-
tions, in refs. 6 and 7. Obviously, commutativity does not fol-
low from power-symmetry: for example, the operation x ◦ y =
y is associative, lth-power-symmetric for each integer l � 2
but not commutative on an arbitrary set S with at least two
elements (concerning the connection between commutativity
and power-symmetry, we refer to ref. 14). Moreover, power-
symmetry is a “weaker property” than bisymmetry: the power-
associative and commutative operation above x ◦ y = �x − y�
is also square-symmetric, but not bisymmetric. [An operation
on S is called bisymmetric if �x ◦ x̄� ◦ �y ◦ ȳ� = �x ◦ y� ◦ �x̄ ◦ ȳ�
for all x; x̄; y; ȳ � S; cf. ref. 15.]

Finally, we consider the difference operator 1, which is
defined, for a function f mapping from a groupoid �S; ◦� into
a linear normed space X, by 11

yf �x� = f �x◦ y�− f �x� �x; y �
S� and for n � � by 1n+1

y f �x� = 11
y1

n
y f �x� �x; y � S�. It can

be easily verified by induction that, for an arbitrary positive
integer n, we have

1nyf �x� = �−1�nf �x�

+
n∑
j=1

�−1�n−j
(
n
j

)
f �x ◦ y ◦ y ◦ · · · ◦ y︸ ︷︷ ︸

j−times

�: [1]

Using this notation we call f a monomial function of degree n
if 1nyf �x� − n!f �y� = 0 for all x; y � S. (Cf. refs. 15 and 16.)
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3. Results and Proofs

Lemma 1. Let n � 1 and λ � 2 be integers and consider the
matrix

A =


α
�0�
0 : : : α

�λn�
0

:::
: : :

:::

α
�0�
�λ−1�n : : : α

�λn�
�λ−1�n


with elements

α
�i+j�
i =

 �−1�n−j
(
n
j

)
; if 0 � j � n

0; otherwise

for i = 0; : : : ; �λ − 1�n, j = −i; : : : ; λn − i. Let ai denote the
ith row in A �i = 0; : : : ; �λ − 1�n� and let b = �β�0� : : : β�λn��,
where

β�j� =

 �−1�n− j
λ

(
n
j
λ

)
; if λ � j;

0; if λ 6 �j;
�j = 0; : : : ; λn�:

Then there exist positive integers K0; : : : ;K�λ−1�n such that

K0a0 + · · · +K�λ−1�na�λ−1�n = b
and

K0 + · · · +K�λ−1�n = λn:
Proof: Cf. refs. 17 and 18. Q.E.D.
Lemma 2. Let �S; ◦� be a power-associative groupoid, X be

a linear normed space, n be a positive integer, and f x S→ X be
a function. If, for a nonnegative real number ε, we have

�1nyf �x� − n!f �y�� � ε �x; y � S�; [2]

then, for any positive integer l,

�f �xl� − lnf �x�� � ln + 1
n!

ε �x � S�: [3]

Proof: Let n; l � � be given and suppose that f x S → X
satisfies 2. In the case when l = 1, 3 holds trivially. If l � 2, we
define, for i = 1; : : : ; �l− 1�n+ 1, the functions Fix S→ X by

Fi�z� = 1nzf �zi� − n!f �z� �z � S�
and the function Gx S→ X by

G�z� = 1nzl f �z� − n!f �zl� �z � S�:
If we replace �x; y� by �z; z�; �z2; z�; : : : ; �z�l−1�n+1; z� and by
�z; zl� in 2, we get

�Fi�z�� � ε �i = 1; : : : ; �l − 1�n+ 1; z � S� [4]

and

�G�z�� � ε �z � S�: [5]

Using 1 and the notation of Lemma 1 for λ = l, the functions
above can be written in the form

Fi�z� =
ln+1∑
j=1

α
�j−1�
i−1 f �zj� − n!f �z�

for i = 1; : : : ; �l − 1�n+ 1, z � S and

G�z� =
ln+1∑
j=1

β�j−1�f �zj� − n!f �zl� �z � S�:

By Lemma 1, there exist positive integers K0; : : : ;K�l−1�n with
the properties

K0 + · · · +K�l−1�n = ln

and

G�z� = K0F1�z� + · · · +K�l−1�nF�l−1�n+1�z�
+ lnn!f �z� − n!f �zl�

for all z � S. The combination of these equations with 4 and
5 yields 3. Q.E.D.

Theorem. Let n � 1 and l � 2 be given integers; �S; ◦�
be a power-associative; lth-power-symmetric groupoid; B be a
Banach space; and f x S → B be a function. If there exists a
nonnegative real number ε for which

�1nyf �x� − n!f �y�� � ε �x; y � S�; [6]

then there exists a unique monomial function gx S→ B of degree
n such that

�f �x� − g�x�� � 1
n!
ε �x � S�: [7]

Proof: Let n; l � �, l � 2 be given and let f x S → B
satisfy 6. By Lemma 2, we have

�f �xl� − lnf �x�� � ln + 1
n!

ε �x � S�:

Using the triangle inequality, we get, for each m � �,∥∥∥∥f �x� − 1
lmn
f �xlm�

∥∥∥∥
�

∥∥∥∥f �x� − 1
ln
f �xl�

∥∥∥∥+ ∥∥∥∥ 1
ln
f �xl� − 1

l2n
f �xl2�

∥∥∥∥
+ · · · +

∥∥∥∥ 1
l�m−1�n f �xl

m−1� − 1
lmn
f �xlm�

∥∥∥∥
�

1
ln
�lnf �x� − f �xl�� + 1

l2n
�lnf �xl� − f �xl2��

+ · · · + 1
lmn
�lnf �xlm−1� − f �xlm��

�
m∑
j=1

1
ljn
ln + 1
n!

ε �x � S�: [8]

Let us define the functions gmx S→ B by

gm�x� =
1
lmn
f �xlm� �x � S;m � ��: [9]

Since
:∑
j=1

1
ljn
= 1
ln − 1

;

we have

�gm�x� − gk�x�� �
1
lmn

1
ln − 1

ln + 1
n!

ε �x � S�

for k;m � �, k , m. Thus, �gm�x�� is a Cauchy sequence
for each fixed x � S. Because of the completeness of B, there
exists the function gx S→ B

g�x� = lim
m→:

gm�x� �x � S�:

It can be shown by induction and by using power-associativity
that the lth-power-symmetry yields

�x ◦ y�lm = xlm ◦ ylm �x; y � S; m � ��: [10]
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Property 6 implies∥∥1nylm f �xlm� − n!f �ylm�∥∥ � ε �x; y � S; m � ��:

Dividing this inequality by lmn, letting m approach infinity, and
using 1 and 10, we obtain

1nyg�x� − n!g�y� = 0 �x; y � S�;
that is, g is a monomial function of degree n. Furthermore, 8
gives∥∥∥∥f �x� − f �xlm�lmn

∥∥∥∥ � 1
ln − 1

ln + 1
n!

ε �x � S; m � ��;

thus,

�f �x� − g�x�� � 1
ln − 1

ln + 1
n!

ε �x � S�: [11]

Eq. 10 implies that �S; ◦� is, for an arbitrary positive integer
r and s = lr , also sth-power-symmetric. Therefore, writing lr
instead of l, the proof can be completed in a similar way as
above. In this case we define functions gm;r x S → B, similarly
to those in 9, by

gm;r�x� =
1
�lr�mn f �x

�lr �m� �x � S;m � ��;

and, for the function g�r�x S→ B defined by

g�r��x� = lim
m→:

gm;r�x� �x � S�;

we get the inequality

�f �x� − g�r��x�� � 1
�lr�n − 1

�lr�n + 1
n!

ε �x � S�;

instead of 11. Obviously, �gm;r�x�� is a subsequence of �gm�x��
for each fixed x � S, so we have g�x� = g�r��x� for all x � S
and r � �, which implies 7.

Finally, we prove the uniqueness of g. Let us suppose that
there exists a monomial function g̃x S→ B of degree n which
is different from g and satisfies

�f �x� − g̃�x�� � cε �x � S�;
where c � � is a constant. Then, using the triangle inequality,
we get

�g�x� − g̃�x�� �
(

1
n!
+ c

)
ε �x � S�: [12]

Since g and g̃ are different, there exists an x0 � S for which
g�x0� 6= g̃�x0�. Thus, there exists an l � � such that

ln ,

(
1
n!
+ c

)
ε

�g�x0� − g̃�x0��
: [13]

Lemma 2 yields g�xl0� = lng�x0� and g̃�xl0� = lng̃�x0�, there-
fore, 13 implies

�g�xl0� − g̃�xl0�� ,
(

1
n!
+ c

)
ε;

which contradicts 12. Q.E.D.
Remark 1: If �S; ◦� is a semigroup (that is, ◦ is associative)

then formula 1 can be written in the form

1nyf �x� = �−1�nf �x� +
n∑
j=1

�−1�n
(
n
j

)
f �x ◦ yj� �x; y � S�:

Obviously, this well known equation is not valid without as-
suming associativity. This fact gives another possible gener-
alization of the concept of monomial functions for nonasso-
ciative groupoids. For a positive integer n and a function f
mapping from a groupoid �S; ◦� into a linear normed space
X, we introduce

1∗ny f �x�= �−1�nf �x�+
n∑
j=1

�−1�n
(
n
j

)
f �x ◦ yj� �x; y � S�;

and we call f a ∗-monomial function of degree n if 1∗ny f �x� −
n!f �y� = 0 for all x; y � S. It can be shown in a similar way as
above that our Theorem also holds for the operator 1∗ and for
∗-monomial functions. Moreover, in this case the lth-power-
symmetry of S can be replaced by the weaker assumption (cf.
ref. 4) that, for all positive integers m,

f ��x ◦ y�lm� = f �xlm ◦ ylm� �x; y � S�:
Remark 2: It is easy to see that with an appropriate modi-

fication of the methods used in the proofs above our main re-
sult can be generalized in the following form. Let n � 1 and
l � 2 be integers, �S; ◦� be a power-associative, lth-power-
symmetric groupoid, X be a sequentially complete Hausdorff
topological vector space over the field of the rationals and let
f x S → X be a function. If, for a nonempty, �-konvex, �-
balanced, sequentially closed, bounded set V � X, we have

1nyf �x� − n!f �y� � V �x; y � S�;
then there exists a unique monomial function gx S → X of
degree n such that

f �x� − g�x� � 1
n!
V �x � S�:

(Concerning the terminology used here, cf., e.g., refs. 19 or 4
and the references given there.)
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