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Both sperm typing and linkage disequilibrium patterns from large
population genetic data sets have demonstrated that recombina-
tion hotspots are responsible for much of the recombination
activity in the human genome. Sperm typing has also revealed that
some hotspots are heterogeneous in the population; and linkage
disequilibrium patterns from the chimpanzee have implied that
hotspots change at least on the separation time between these
species. We propose a population genetics model, inspired by the
double-strand break model, which features recombination hot-
spots that are heterogeneous across the population and whose
population frequency changes with time. We have derived a
diffusion approximation and written a coalescent simulation pro-
gram. This model has implications for the ‘‘hotspot paradox.’’

Analysis of the Seattle SNP, Perlegen, and HapMap data sets
has suggested that the fine-scale recombination rate varies

with position across the chromosome (1–3). Indeed 80% of the
recombination activity is believed to occur in as little as 10–20%
of the sequence. So-called recombination hotspots, narrow
regions generally 1 kb wide with elevated recombination rates,
have been estimated approximately every 100 kb across the
human genome. Sperm typing (4–6) (for reviews, see refs. 7 and
8) has confirmed the presence of recombination hotspots. Al-
though more recent population genetic modeling efforts (9–11)
have included recombination hotspots, these methods, like their
predecessors (12–16), assume that the recombination rate is (i)
homogeneous across the population, and (ii) constant through-
out time. However, sperm typing has also demonstrated that
some hotspots are heterogeneous in the population (17). More-
over, analysis of linkage disequilibrium patterns in the human
and chimpanzee populations (18, 19) has shown little congru-
ence between the location of hotspots in the two species,
implying that recombination rates change at least on the order
of the separation time between these species.

The predominant mechanistic model of recombination is the
double-strand break model illustrated in Fig. 1 (20) (for a review
see ref. 21). In this model, there is a break through both strands
of one of the chromosomes. On this chromosome there is a loss
of several hundred base pairs around the break. This loss is then
replaced by copying from the other chromosome. The break can
be resolved as either a crossover or a conversion event. In most
population genetic models, this loss and copy of DNA has been
ignored: in these models there is an exchange of DNA between
chromosomes, but, despite this rearrangement, all sections of the
chromosome are assumed to retain their original quantities.
Because the length of this loss is relatively small, this simplifi-
cation had seemed benign.

However, this loss is the key factor in the ‘‘hotspot paradox’’
(e.g., refs. 22 and 23). This paradox states that if the hotspot is
caused by some motif in the DNA sequence that elevates the
local double-strand break rate, then this motif will often be lost
in a recombination event; and, thus, all hotspots will be so
short-lived that they will never be observed. Researchers have
considered positive selection on the hotspot or multiple hotspots
at different nearby positions, without successfully resolving the

paradox (22, 23). Another suggestion (24) is that perhaps there
is some distance between the motif and the break position: after
a break event, then, whether or not the motif is transmitted
depends on this distance and the amount of lost DNA. In yeast,
researchers have observed double-strand breaks as far as 1.3 kb
away from a known motif (25). In humans, researchers have
measured gene conversion tract lengths averaging less than this
distance, namely several hundred base pairs (26). In prokaryotes
(27, 28) and yeast (24, 29), such hotspot-causing motifs have been
identified. In humans, there is compelling evidence that some
hotspot-causing motifs are found in retrotransposons; however,
these motifs explain �20% of the inferred human hotspots (2,
30–32). The cause of most human hotspots is unclear; for the
purposes of this article, a motif is anything genetically inheritable
that elevates the local double-strand break rate on a chromo-
some harboring it, thus increasing the chance that it will not be
transmitted to the next generation. Therefore our model applies
not just to simple DNA sequence motifs, but also to possible
epigenetic factors (33) or even motifs comprised of multiple
interacting DNA sequence patterns.

In this article, we incorporate the double-strand break model
into the standard population genetics model (e.g., ref. 34). The
model has parameters governing the random amount of DNA
lost and copied from the other chromosome after a double-
strand break. In addition, we include a recombination hotspot
model. We assume that, in a given chromosomal region, a motif
originated once in the past, and since then it has been transmit-
ted genetically. In chromosomes harboring this motif, the dou-
ble-strand break rate is elevated at a specified distance from the
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Fig. 1. Double-strand break model. Each red and blue line represents the
same chromosomal region; the model shown is during meioses so there are
two copies of both the red and blue chromosomes. The short black line
represents a double-strand break on the red chromosome; some surrounding
DNA has been lost and is then copied from the blue chromosome. The break
can be resolved either through a conversion or a crossover event. The colored
triangles and ovals represent potential locations for the hotspot motif: in this
example, a motif at the triangle location loses one red copy and gains one blue
one, whereas a motif at the oval location retains the original quantities.
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motif. Whether an individual heterozygous for the motif trans-
mits the motif is random and depends on this distance, the
amount of lost and copied DNA, and the hotspot recombination
rate.

This combined model, explained in more detail in Materials
and Methods, relaxes the two assumptions from the first para-
graph in a natural way. Other researchers have considered
similar models (22, 23, 31), but we derive a diffusion approxi-
mation rather than just relying on computer simulations. This
same diffusion arises as a model for gene conversion (35, 36); for
a coalescent description of gene conversion see refs. 37 and 38.
This equivalence makes sense because the transmission of the
motif is analogous to an allele experiencing gene conversion.
The diffusion approximation allows us to analytically study the
evolution of the hotspot’s frequency in the population and to
better understand how this evolution depends on the model
parameters. To study the effect of the model on linkage dis-
equilibrium patterns, we have written a coalescent simulation
program. We investigate the range of parameters for which the
Hotspotter (10) recombination rate estimation program, which
assumes the recombination rate is homogeneous across the
population, detects the simulated heterogeneous hotspots. The
simulation code is available at our website, www.cmb.usc.edu/
people/petercal.

Results
The only parameter in the diffusion approximation is �. � is a
scaled parameter proportional to the probability that the hotspot
motif both causes a double-strand break, and the motif is then
lost in the subsequent loss and copying of DNA, see Eq. 2. To
interpret �, we find it useful to consider a hotspot with 1-kb
width and a per-base recombination rate elevated h1 times above

the genome average. Substituting 10�8 for this average and N �
10,000 for the diploid population size, then � � h1fh/10, where
fh is the probability that the motif is lost after a double-strand
break caused by the hotspot. Therefore, for example, � � 1 can
be parameterized as a 1-kb hotspot with recombination rate
elevated h1 � 100 times, and probability fh � 0.1.

Fig. 2 shows various diffusion solutions with different colors
representing different � values. Fig. 2 A shows the normalized
probability that a hotspot achieves a specified frequency as a
function of that frequency. The probability is normalized by
dividing by the probability that a neutral mutation achieves this
same frequency; the neutral mutation solution is the case � � 0.
The solutions are u(1/2N, b) from Eq. 4. Fig. 2B shows the
normalized probability that a hotspot currently at a set frequency
eventually fixes in the population. The solution is u(x, 1) from Eq.
4. For Fig. 2 A and B, for the 0.1 dark and light blue solutions,
the probabilities are similar to the probabilities for a neutral
mutation. For the � � 1 green solution, the probabilities, which
depend on the current frequency, are not less than a factor of 3
lower than for the neutral mutation. For the � � 10 orange and
red solutions, the probabilities are much smaller than for a
neutral mutation. Fig. 2C shows the expected time for a hotspot
currently at a specified frequency to be either fixed or lost in the
population; the solution is Eq. 5. Fig. 2D shows the mean age of
a hotspot as a function of its current frequency; the solution is
Eq. 7. In both parts, the � � 0.1 dark and light blue solutions
nearly coincide both with each other and the neutral mutation
solution (� � 0, not shown). The � � 1 green solution is similar.
The � � 10 orange and red solutions have smaller mean times
and ages.

The coalescent simulation program has more parameters than
the diffusion approximation. In Table 1, we vary the probability
fh and the current hotspot frequency (same frequency in the
population and the sample). The other parameters and their
values are discussed in Materials and Methods. The simulation
program produces a sample of 100 haplotypes that are randomly
combined into 50 genotypes and input to the Hotspotter (10)
recombination rate estimation program. If the hotspot’s recom-
bination estimate exceeds the flanking regions 95% credibility
region, the hotspot is counted as detected. When the current
hotspot frequency is 50% (or higher), a sufficient signal has been
left in the linkage disequilibrium patterns so that the hotspot is
detected with high frequency for all tested fh values. When the
current hotspot frequency is 30%, whether the hotspot is de-
tected depends on the fh parameter. As expected, lower fh values
imply older hotspots and, therefore, increased frequency of
detection. When the current hotspot frequency is 10% (or
lower), there is little chance of detecting the hotspot.

Discussion
We propose a population genetics model with recombination
hotspots that are heterogeneous in the population and whose
population frequency changes with time. These complications have
been shown to exist, and the double-strand break model provides
a natural way to model them. We have derived a diffusion approx-
imation for the evolution of the hotspot in the population. � is a
scaled parameter proportional to the product of the probability that

Fig. 2. Diffusion solutions. Different colors represent different values of the
model parameter �: red, 100; orange, 10; green, 1; light blue, 0.1; dark blue,
0.01. (A) The normalized probability that a hotspot achieves a specified
frequency. The probability is normalized by dividing by the probability a
neutral mutation (� � 0) achieves the same frequency. (B) The normalized
probability that a hotspot currently at a set frequency eventually fixes in the
population. (C) The expected time that a hotspot currently at a specified
frequency takes to either be fixed or lost from the population. (D) The mean
age of a hotspot as a function of its current frequency.

Table 1: Detection frequency for simulated hotspots as a
function of fh and the current hotspot frequency

fh

Current hotspot frequency, %

10 30 50

0.99 0 30 90
0.90 10 40 90
0.10 20 50 100
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the motif causes a double-strand break and fh, the probability that
this motif is lost in the subsequent loss and copying of DNA. For
� � 1, the hotspot behaves similarly to a neutral mutation, thus
possibly resolving the hotspot paradox. For this parameter range,
hotspots are not automatically eliminated from the population, but
evolve much like neutral polymorphisms. One of the advantages of
the diffusion approach is that it allows one to study how the
parameter values affect the model without waiting for ever more
computer simulations. Our conclusion is different from some
others who have considered this paradox (22, 23); one reason may
be that, presumably because of computational constraints, these
researchers simulated the model under, in our opinion, unrealistic
parameter values. For all �, the mean ages and mean times to
fixation or loss considered in Fig. 2 are on the order of the effective
population size [N � 10,000 (39)] in generations and are thus much
less than the species separation time between humans and chim-
panzees [6–7 million years (40)]. This result is consistent with the
inferred incongruity between human and chimpanzee hotspots (18,
19). For different human populations, however, because the time of
the last great out-of-Africa migration is estimated to be �100,000
years ago (41), some hotspots are predicted to be population-
specific, whereas others will be present in all populations.

To study the effect of this model on linkage disequilibrium
patterns, we have written a coalescent simulation program. We
varied the current frequency of the hotspot and the probability fh
and then measured the frequency at which the hotspot was de-
tected. Hotspots with current frequency 50% and above left a
sufficient linkage disequilibrium pattern to almost always be de-
tected, whereas hotspots with current frequency �10% were rarely
detected. Thus, recombination estimation programs such as
Hotspotter (10) and LDHat (11), which assume that the recombi-
nation rate is homogeneous across the population, will detect most
of the high-frequency hotspots, few of the low-frequency hotspots,
and some of the intermediate-frequency ones.

The ideas presented in this article could be applied to model
multiple recombination hotspots. However, for an intermediate
or large number of hotspots, we would advocate developing a
new forward-simulation algorithm rather than modifying the
presented coalescent program; otherwise, one would have to
consider not just one group with the hotspot and one without but
many groups for all of the different combinations of the multiple
hotspots.

In this article, we have assumed that the single hotspot in the
chromosomal region of interest originated once in the past. It is
unclear how hotspots originate: they may be due to a de novo
mutation, repeatedly introduced by transposable elements (2,
30), or some epigenetic factor (33). Fig. 3 shows the genealogy

of a sample. An interesting observation is that, in some sense, it
appears that the hotspot is created multiple times, whenever a
recombination event causes a descendent to possess the motif
even though its ancestor did not (when the black genealogy line
crosses the red population curve). These instances, however, are
due to the loss of DNA surrounding a double-strand break, and
the subsequent copying of the existing motif from the other
chromosome and not to recurrent creations of the motif.

Materials and Methods
Diffusion Approximation. To derive a diffusion approximation
(e.g., refs. 42 and 43), we consider a Moran model (e.g., ref. 43).
There are 2N chromosomes, each of which may have the
recombination hotspot motif. At rate 2N2, a randomly selected
chromosome dies and is replaced by the product of two randomly
selected chromosomes. If both of these two chromosomes have
the motif, then so does the replacement chromosome; if neither
of these two chromosomes has the motif, then neither does the
replacement. We refer the reader to Fig. 1 for the case when one
of these two chromosomes has the hotspot motif and the other
does not. In this case, each of the chromosomes suffers a
double-strand break with probability r. With independent prob-
ability fr, the DNA at the motif’s position is lost and copied from
the other chromosome. Chromosomes with the hotspot motif
suffer a double-strand break with an additional probability h and
with independent probability fh: the motif sequence is lost and
replaced with DNA from the other chromosome. Because of the
low probabilities, we ignore the possibility of multiple breaks
near the location of the motif. The probability that the hotspot
motif is transmitted when the two chromosomes are heterozy-
gous for the motif is,

p � rfr � �1/2��1 � hfh � 2rf r�

� �1/2��1 � hfh� . [1]

The rfr term comes from the case when the double-strand break
affects the motif location on the chromosome without the motif,
causing there to be two copies of the motif, one of which will be
transmitted to the replacement chromosome; the term (1/2)(1 �
hfh � 2rfr) comes from the case when there are no breaks on
either chromosome near the motif location, so the motif will be
transmitted to the replacement chromosome with probability
1/2. We take the usual diffusive limit as N increases to infinity.
Define

� � Nhfh [2]

and assume � is positive and finite. � is a scaled parameter
proportional to the probability that a hotspot motif both causes
a double-strand break, and the motif is then lost in the subse-
quent loss and copying of DNA. Let Xt be the fraction of
chromosomes with the hotspot motif at time t. Then,

dXt � � �X t�1 � X t�dt � X t�1 � X t�dB t. [3]

This same diffusion arises as a model for gene conversion (36)
and for the Wright-Fisher model with selection (e.g., ref. 42).
The case � � 0 models a neutral mutation, where a heterozygous
individual transmits the mutation with probability 1/2. In the
Results, we use this case for comparisons.

We are now able to use diffusion theory (e.g., refs. 42 and 43),
to calculate many quantities of interest. The probability that a
hotspot at frequency x � b achieves frequency b is

u�x, b� �
exp�2�x� � 1
exp�2�b� � 1

. [4]

Fig. 3. Coalescent model. The sample has three chromosomes. The red curve
represents the changing hotspot population frequency. Events e1, e3, e5, and
e6 are coalescent events. Event e2 is a recombination event: one region with
the hotspot motif is broken into two sections, only one of which has the motif.
Event e4 is another recombination event: one region with the hotspot motif
is broken into two sections, neither of which has the motif.
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Eq. 4 can then be used to find the probability that a hotspot
achieves frequency b: set x � �, where � is small, representing the
single chromosome where the motif originated. Likewise, to find
the probability that a hotspot currently at frequency x eventually
fixes in the population, set b � 1. The expected time for a hotspot
to go from frequency x to either fixation or loss is, in units of 2N
generations,

v(x)�
exp�2�x� � 1
exp�2�� � 1 �

x

1 exp�2�� � exp�2�z�

�z�1 � z�exp�2�z�
dz

�
exp�2�� � exp�2�x�

exp�2�� � 1 �
0

x exp�2�z� � 1
�z�1 � z�exp�2�z�

dz .

[5]

We consider the diffusion conditional on the hotspot frequency
Yt eventually reaching zero,

dYt � ���Y t�1 � Y t�

� Y t�1 � Y t�
2�

1 � exp�2��1 � Y t��
� dt

� Y t�1 � Y t�dB t. [6]

This diffusion is time-reversible (e.g., ref. 43), so we can use it
to study the hotspot frequency going backwards in time. Then,
conditioning on the hotspot originating at an arbitrarily small
frequency, the mean age of a hotspot currently at frequency x is,
in units of 2N generations,

v*�x� �
exp�2�x� � 1

�exp�2�� � exp�2�x���exp�2�� � 1�

��
x

1 �exp�2�� � exp�2�z��2

�z�1 � z�exp�2�z�
dz

�
1

exp�2�� � 1

��
0

x �exp�2�� � exp�2�z���exp�2�z� � 1�

�z�1 � z�exp�2�z�
dz .

[7]

Coalescent Simulation. We consider an equivalent coalescent
model looking backwards in time (e.g., ref. 44). We refer the
reader to Fig. 3. The population has a constant number 2N of
chromosomes. We are interested in modeling the genealogy of
a small sample s of chromosomes. We specify the initial number
of chromosomes in the population Nh,t� 0 that possess the
hotspot motif and the initial number of chromosomes in the
sample sh,t� 0 with the motif. Note the number of chromosomes
in the population without the motif Nr,t � 2N � Nh,t for all times
t; the number of chromosomes in the sample without the motif
is sr,t. This model is similar to some selection models (45) in the
way it separates those chromosomes with and without the motif
and in the way it uses the population frequency to govern the
sample’s genealogy. An ancestor possesses the hotspot motif if
and only if its descendent does, unless a recombination event has
possibly affected this inheritance. Going backwards in time, at
each generation, two samples with the hotspot motif coalesce
with probability

�Sh,t

2 � � N r,t, [8]

and two samples without the motif coalesce with probability

�Sr,t

2 � � N r,t. [9]

We use the diffusion equation (Eq. 6) to simulate the hotspot’s
frequency in the population in the previous generation, condi-
tioned on the number of hotspots eventually decreasing to one
at the point in the past when the motif originated. At each
generation, each chromosome in the sample is paired with a
chromosome from the population; whether this second chromo-
some has the hotspot motif is randomly determined based on the
hotspot population frequency. The only genetic information of
interest from this second chromosome is whether or not it
possesses the motif. For each of these two chromosomes, with
probability r, there is a double-strand break, and the location of
the break is uniform in the region. For chromosomes harboring
the motif, there is an additional probability h of a double-strand
break due to the motif, and this break is always located in the
middle of the region. Because of the small probabilities, we
assume that there is, at most, one break per chromosome pair per
generation. After a break, the chromosome with the break loses
a random amount of DNA: a uniformly chosen number of base
pairs between the parameters c1 and c2 is taken from both the
right and left sides of the break. This loss is then replaced by
copying from the other chromosome. The break may be resolved
in a conversion or a cross-over event. The genetic material,
including any mutations and the presence or absence of the
hotspot motif, is transmitted as shown in Fig. 1. The hotspot
motif is located a distance d to the right of the middle of the
region. (We would like to emphasize that although we have
decided to make the distance between the motif and the
double-strand break deterministic and the amount of lost and
copied DNA random, we could have made a similar model with
the distance random and the amount deterministic or both the
distance and the amount random. The important parameter is fh,
the probability that a double-strand break due to the motif
causes the loss of the motif in the subsequent loss and copying
of DNA, which is a function of both the distance and the
amount.)

We trace the genealogy of the original sample, and any copied
regions due to the loss of an original sample’s ancestral region,
back to the most recent common ancestor. Note that different
regions of the chromosome may have different most-recent
common ancestors. A coalescent event decreases by one the
number of pieces we have to track, whereas a recombination
event increases this number by one. A recombination event may
make an ancestor have the hotspot motif although its descendent
does not, or vice versa. Once we have completed the genealogy,
we then rain mutations down according to the infinite-site model
(e.g., ref. 44): at each generation with probability m, there is a
uniformly located mutation.

Next, we discuss the parameter values used in Table 1 in
Results. The chromosomal region of interest is 100 kb. Breaks
due to the hotspot occur at the middle of the region at position
50,000. The motif is d base pairs to the right of this position. The
random amount of DNA lost to the right and left of a double-
strand break is uniform between c1 � 100 and c2 � 200 base
pairs. By varying the distance d, we vary the probability fh. For
the entries in Table 1, d � 101 base pairs implies probability
fh � 0.99; d � 110, fh � 0.90; and d � 190, fh � 0.10. The
population size is N � 10,000 diploids; the sample size is s � 100
chromosomes. Per chromosome per generation, the mutation
probability is m � 10�3, or 10�8 per base for the 100-kb region.
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Per chromosome per generation, the nonhotspot double-strand
break probability is r � 5 	 10�4, or 5 	 10�9 per base; because
there is a recombination event if either of two paired chromo-
somes suffers a break, the recombination probability is 10�3, or
10�8 per base. For chromosomes harboring the motif, there is an
additional per generation break probability of h � 10�3. As
discussed previously, this can be interpreted as a hotspot with
width 1 kb and recombination probability elevated h1 � 100

times above the genome average. The probability that a double-
strand break is resolved as a cross-over, as opposed to a
conversion, is one.
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