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ABSTRACT

We developed a general model of sporophytic self-incompatibility under negative frequency-dependent
selection allowing complex patterns of dominance among alleles. We used this model deterministically to
investigate the effects on equilibrium allelic frequencies of the number of dominance classes, the number
of alleles per dominance class, the asymmetry in dominance expression between pollen and pistil, and
whether selection acts on male fitness only or both on male and on female fitnesses. We show that the so-
called “recessive effect” occurs under a wide variety of situations. We found emerging properties of finite
population models with several alleles per dominance class such as that higher numbers of alleles are
maintained in more dominant classes and that the number of dominance classes can evolve. We also
investigated the occurrence of homozygous genotypes and found that substantial proportions of those can
occur for the most recessive alleles. We used the model for two species with complex dominance patterns
to test whether allelic frequencies in natural populations are in agreement with the distribution predicted
by our model. We suggest that the model can be used to test explicitly for additional, allele-specific, selective

forces.

HE population genetics of plant species with spo-

rophytic self-incompatibility (SSI) are notoriously
difficult to study both empirically and theoretically be-
cause of the complex dominance relationships occur-
ring among alleles. WRIGHT (1939) developed a theory
for gametophytic self<incompatibility (GSI), a genetic
system to avoid selffertilization involving recognition
between a protein expressed in the haploid pollen and
two codominantly expressed pistil proteins, and iden-
tified negative frequency-dependent selection as the
major evolutionary force promoting allelic diversity.
According to Wright’s theory, selection under GSI is
symmetric among alleles, and the only relevant feature
of an allele is its current population frequency. In SSI,
however, the incompatibility phenotypes of pollen and
pistils are determined by the diploid genotypes of the
paternal and maternal plants, respectively, and are
governed by complex dominance interactions among
alleles that introduce asymmetrical selection among
alleles (BATEMAN 1952; SCHIERUP el al. 1997). A general
understanding of the population genetics of SSI has
also been difficult because different authors investigated
different, often nonoverlapping model representations
of SSI, sometimes with unstated assumptions, so that
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their outcomes have been difficult to compare (Table
1). Differences among models comprise: (1) frequency-
dependent selection acting on male fitness only (cor-
responding to Wright’s assumption) vs. selection on both
male and female fitnesses, named “fecundity selection”
in VEKEMANS et al. (1998); (2) expression of dominance
in both pollen and pistils vs. codominance in pistil and
dominance in pollen; and (3) occurrence of at most
one allele per dominance class along a hierarchical lad-
der of dominance vs. allowing several alleles per domi-
nance class.

Previous analyses of deterministic models of SSI have
shown the following:

1. Recessive alleles should reach higher equilibrium
frequencies than more dominant alleles, the so-called
“recessive effect” (BATEMAN 1952; SAmMpsoN 1974).
The reason is that negative frequency-dependent se-
lection tends to homogenize the frequencies of the
phenotypic classes (the “isoplethy” hypothesis). Be-
cause of dominance, recessive alleles can be present
in more phenotypic classes than are dominant al-
leles, and they thus reach higher total frequencies
(CopE 1962).

2. Within a given class of dominance, individual allelic
frequencies should be inversely related to the num-
ber of alleles in that class, the so-called “small
number effect” (SAMPsoN 1974). This arises because
within a given dominance class, alleles are selectively
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TABLE 1

Features of the different specific sporophytic self-incompatibility models available in the literature

No. of

Selection

Dominance

dominance No. of alleles per

classes

Marked results (see text)

Authors

Population

model

relationships

dominance class

Alleles from a recessive dominance class reach higher frequencies

BAaTEMAN (1952)

Infinite

cod, dom, domcod FDS,,

than alleles from a more dominant class.
Identical phenotype frequencies at equilibrium (“isoplethy”).

CoPE (1962)

Infinite and finite IMRIE et al. (1972)

Infinite

FDS,,

dom

Low no. of alleles maintained in small isolated populations.
Individual allelic frequencies within a dominance class are inversely

SampsoN (1974)

Infinite

FDS,,

domcod
domcod

=

S o0

related to the no. of alleles within this class.

CHARLESWORTH (1988) The difference in frequencies between recessive and dominant

Infinite

dom, domcod FDS,,

1-4

2 and 3

alleles is lower under the domcod than under the dom model.

Infinite and finite SCHIERUP ¢t al. (1997) The most recessive allele is highly sensitive to drift under domcod.

cod, dom, domcod FDS,, s Infinite and finite VEKEMANS et al. (1998) Adding selection on female fitness under domcod causes the most

cod, dom, domcod FDS,,

3-11
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3 and 11

recessive allele to be protected from drift.
Only one allele is maintained deterministically in the pollen-

UvENOYAMA (2000)

Infinite

FDS,,

domcod

recessive class if more than two alleles are in the pollen-dominant

class.

“FDS,, in finite population simulations and FDS,, ;¢ in deterministic equilibrium frequencies computations.

equivalent and are thus expected to reach identical
frequencies at equilibrium (as in completely sym-
metric models of balancing selection such as GSI).
In contrast to expectation 1 above, recessive alleles, if
present in higher number, could thus potentially reach
lower overall equilibrium frequency than dominant
alleles.

3. The recessive effect is substantially less pronounced
in models where dominance is acting in pollen (with
a single allele per dominance class) and all alleles are
codominantin the pistil (domcod model) as compared
to models with identical expression of dominance
in pollen and pistil (dom model) (CHARLESWORTH
1988; ScHIERUP et al. 1997). In the latter, the strength
of the recessive effect was found to increase with an
increasing number of dominance classes whereas the
reverse was true for the domcod model (SCHIERUP
et al. 1997).

4. The properties of the domcod model denoted in
expectation 3 are no longer valid when selection
acts on both the male and the female fitnesses (i.e.,
when the availability of compatible pollen is limited).
Under such a selection scenario, the properties of
the domcod and dom models are qualitatively very
similar (VEKEMANS et al. 1998).

5. A peculiar behavior was observed for alleles in the
recessive class in a domcod model with two classes of
dominance and no selection on female fitness. In
many instances where two alleles were introduced
in the recessive class, only a single allele could be
maintained deterministically (UyENoyama 2000).
Also, with a single recessive allele, the total frequency
of dominant alleles was increasing with the number
of alleles, varying from ~0.5 to 0.8 when increasing
from 2 to 50 dominant alleles in the population.

Detailed theoretical investigations of SSI in finite
populations have been rather scarce and did not model
cases with more than one allele per dominance class.
IMRIE et al. (1972) showed that only a very low number
of alleles at the S locus (S alleles) would be maintained
in a small population under domcod SSI, but that recur-
rent migration would lead to a substantial increase in
the number of alleles maintained. SCHIERUP et al. (1997)
compared different models of SSI with or without domi-
nance, with dominance represented as a linear hierar-
chy with a single allele per dominance level. The total
number of alleles maintained in finite populations was
found to decrease with increasing expression of domi-
nance and was interpreted as the result of decreasing
overall strength of selection in the presence of reces-
sive alleles that are not expressed in heterozygous geno-
types (SCHIERUP et al. 1997). The domcod model showed
idiosyncratic evolutionary dynamics of alleles, with most
dominant alleles having a higher rate of successful in-
vasion whereas most recessive alleles had a higher rate
of loss, leading to continuous evolution toward an
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increasing absolute level of dominance within popula-
tions (SCHIERUP et al. 1997). The introduction of se-
lection on female fitnesses was found to override this
running-over process (VEKEMANS et al. 1998).

Although data on patterns of dominance and distri-
bution of allelic frequencies in natural populations
are accumulating slowly, application of the theoretical
results to actual data has remained difficult because
extant patterns of dominance relationships among al-
leles at SSI loci are typically more complex than the
over-simplified dominance relationships assumed in the
models (e.g., STEVENS and KAy 1989; KowyaMA et al.
1994; MEHLENBACHER 1997). However, testing predic-
tions from models on the distribution of allelic fre-
quencies within and among populations is necessary to
assess the occurrence of frequency-dependent selection,
to test whether selection is acting on male vs. female
fitnesses, and to detect the occurrence of additional
selective forces, potentially differing among alleles. Ad-
ditional components of selection could arise, for in-
stance, as a consequence of the association of S-allele
lineages to different sets of deleterious alleles at linked
loci (the “sheltered load”; UYENoYaMA 1997) or of the
occurrence of partial overlap among pairs of allelic
specificities leading to selection to avoid false rejection
of nonself pollen (RicHMAN 2000; CHOOKAJORN ¢! al.
2004). Although the sheltered load hypothesis was ini-
tially suggested for GSI systems, it is potentially of major
interest in SSI, with the difference that its strength is
expected to vary among dominance classes as recessive
alleles may occur as homozygotes (BECHSGAARD el al.
2004).

Here, we present a flexible model of SSI that allows
deterministic computations for any number of domi-
nance classes with any number of alleles per dominance
class and full definition of dominance relationships
in pollen and pistil between each pair of alleles. Our
model also allows specifying whether selection acts on
male fitness only or both on male and on female fit-
nesses. The model allows the computation of expected
equilibrium frequencies as well as single-generation
genotypic changes in cases with complex patterns of
dominance previously determined from nature. We use
the model to explore situations with more than two
dominance classes and different numbers of alleles per
class, both in deterministic models and in finite pop-
ulations. In both types of models we estimate the relative
frequencies of alleles from the most recessive and the
most dominant classes. We also estimate frequencies of
homozygote genotypes as they are of special interest in
the context of the sheltered load hypothesis. In finite
populations we monitor the number of alleles per
dominance class and the number of dominance classes
maintained. We discuss how our results extend the
current knowledge about SSI and permit explicit de-
tection of non-frequency-dependent selection compo-
nents in species with SSI.

MODEL AND METHODS

We consider a sporophytic self-incompatibility system
determined by n specificities in a diploid hermaphro-
dite species. The phenotype of an individual bearing
specificities ¢ and j depends on the patterns of expres-
sion (relative dominance) of their associated alleles at
the pollen and pistil selfincompatibility genes. We
suppose that a given allele encodes for a single specific-
ity and a given specificity is encoded by a single allele. An
#specific pollen protein is produced when allele S; is
expressed in the anthers, whereas an ispecific protein
is produced at the pistil surface when the S; allele is
expressed in the pistil. The pollen and pistil phenotypes
of an individual S;$; can then be interpreted as the
relative proportions of proteins ¢ and j produced in
anthers and pistils, respectively. Note that a given plant
may express different specificities in pistils and anthers
if the dominance relationships between co-occurring
alleles are not the same in the reproductive structures.
Moreover, an individual may express two different spec-
ificities if the alleles it carries are partially codominant
in a reproductive structure, possibly at different in-
tensities in the case of partial dominance. A cross is
considered incompatible when pollen and pistil pro-
teins bearing the same specificity come into contact
provided there is enough of them in both reproductive
structures for recognition to occur.

In the following, we computed the expected geno-
typic frequencies under any scheme of dominance rela-
tionships among n alleles and two contrasting models
of frequency-dependent selection:

1. Frequency-dependent selection occurring through
male and female reproductive structures (FDS,, /¢), also
called fecundity selection by VEKEMANS et al. (1998).

2. Frequency-dependent selection occurring only
through male reproductive structures (FDS,,) first
proposed by WriGHT (1939). The main hypothesis
of this model is that all maternal plants produce the
same number of offspring without regard for the
quantity of compatible pollen they receive.

Dominance relationships: We define a and ¢, two
square matrices of dimension n X n, respectively con-
taining the dominance relationships for all pairs of
alleles in anthers and pistils, where % is the number of
different specificities actually present in the population.
The elements on row 7 and column jin these matrices
are a;= 1 — ayand ¢;; =1 — dj;, respectively the dom-
inance level of allele S; over allele S;in pollen and pistil,
with 0 = ;= land 0 = d)y- = 1 forall {4, j}. For instance,
if a;; =1, §; is fully dominant over §; in anthers and if
Qi = Qj; = %, S;and S; are codominant. More generally,
if a;; > 1, §;is partially dominant over S;in anthers.

From genotypes to phenotypes: We denote A;and Py,
respectively, the anther and pistil phenotypes of an
individual with genotype S§;S;. Phenotypes are defined as
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vectors of dimension 7 as follows: A; =[xy, ... , %, ...,

x,,) with x,, = 0 for u &{i,j}, x,= o; andx]—a] =1—-q;
if i # j, and x; = 1 if i = j. We can define in the same
way the phenotype of the pistil: P;=[x, ... , %, ... , ]

with x, = 0 for u &{i,j}, x; —d),jandx =dbi=1-d;
if i # j, and x; = 1 if i = j. Typically, Aj and Py have
the form [00 ... Oy ... 0; 0], which can be 1nter—
preted as the proportion of u-specific protein produced
in anthers and pistil of an individual S§;S;, for all u €
{1,2, ... ,n}.

Cross compatibilities: This definition of the pheno-
type is convenient because a cross between a pollen from
an §;5; plant and the pistil of an S;5; plant is compatible
if A -PL=0, with 0 = ¢ =1 a specified threshold
Value and the superscript T indicates the transpose of
vector P We denote py, the variable that takes the
value 1 if the cross between a pollen from an S;S; plant
and the pistil of a S;.S; plant is compatible and 0 if it is
not; in other words, py=1if A;; - Pl <o orelse piri=20.

A cross is compatible in four cases:

i Ifi#k i#1 j#k andj# [ then A; - P}, = 0 and the
cross is compatible.

. Ifi=k i# L j#éiandj# L A; - Pj = azd, and the
cross is compatible if a;b,; = o. If we specify o = 0
then the cross is possible only if S; is fully recessive
relatively to S; or S; or both.

iii. Symmetrlcally, ifj=1i#kj# i,andj# k A; PE =

ajidby = (1— a;)(1— dy), and the cross is compatlble
if ;b =0.

ivIfi=kj=LlLandi# j A
ayby; + (1 —ay)(1—dy).

While the cross implies two plants with the same
genotype S;5;, the cross may be compatible if domi-
nance is expressed differently in anthers and pistil;
for example, if §; is fully dominant over S; in anthers
and fully recessive in pistil, then we have a;; = 1 and
¢;; = 0, and therefore Aj - -PL =0 and the cross is
compatible.

Genotypic frequency change: We denote f; the fre-
quency of genotype S;S; in the population, fj; the fre-
quency of genotype S;; in the next generation, and
F={f;} a symmetric matrix. We assume an infinite
population of diploid hermaphrodite individuals pro-
ducing an infinite number of pollen and ovules. We also
assume that the probability that a given pistil receives
a given type of pollen depends only on the frequency
of the latter in the pollen pool. We denote wy, the frac-
tion of seeds produced by a cross between S;S; pollen
and S,5; ovules among all seeds. The fraction of seeds
produced by a cross between genotypes S;5; and S;S;
is wy; + wyy. Hence, the frequency of seeds S;S; pro-
duced by a cross between genotypes S;S; and S;S; is
(w”kl + wyy) /4 if k# 1 and i # j, (wy + wkh/)/Q if k= lor
i = j, and (wyi + wy;) if k= 1 and ¢ = j. Finally,
the frequencies of heterozygotes §;5; and homozygotes
S$;S; after one generation are

by + i, =

n n

fi= Z (wiije + wikii) + Z s(wagj + wiin)

k=1 k=1

n n
+ D> il + w)  fori# j,
k=1 I=1
kti 1A
i = 1
4
fi= Z Wiijj + w/yn +Z Wijij +Z 24 Wiji, + wzkz;
/ j=1 k=1
]7&7 i ki (])

The value of wyj,;for any two genotypes depends on their
population frequencies, on the compatibility indicators
pijr» and on the chosen regime of frequency-dependent
selection: FDS,,, ,r or FDS,,,.

Under FDS,,, /¢, a pistil $;.5;receives compatible pollen
with a probability equal to the overall sum of the fre-
quency of compatible pollen sz,isjﬁzjklﬁj- Hence, if
compatible pollen is rare (pollen limitation), a given
plant may produce less seeds and selection may occur
through both male and female reproductive functions.
Pollination of a pistil S;S; by a pollen §;S; occurs with
probability f;; f; and fertilization with probability pj,
Jij fur Hence, the contribution of a cross between a pol-
len §;S; and a pistil $S; to the next generation under
FDS,,, /¢ is

- Pijeifiifu ©)
ikl = .
v E :L.L,u?v (pstuv + puvst)fstfuv + Zz,v puvuvfugv

S=lu=v U=V

{s.0}#{w0}

Under FDS,,, every plant receives enough compatible
pollen such that all plants produce the same quantity of
seeds and selection occurs through the male reproduc-
tive function only. The total frequency of compatible
pollen with an S;S; pistil is Y\ _, puwkifuo Such that
ovules of an S5, plant are fertilized by pollen from an
S$;S; plant with probability

Pijrifij
Z 271, puvklfuv

u=v

(3)

According to FDS,;, a cross between a pollen §;S;and a
pistil S.S; thus contributes to the next generation in
proportion

o = Dk fiifut
i =~—n__, 5
v Z Z,v puvkl fuv

uU=v

(4)

Overall the frequency of allele §; in the next gener-
ation thusequalsto f; = fi; + >7 ki 1/2f%, where f}; and
fij can be obtained from Equatlon 1, where values for

wj;can be obtained from either Equation 2 or Equation
4 under FDS,, /r or FDS,,,, respectively.
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Simple cases: Three kinds of dominance relationships
have typically been used in the literature (SCHIERUP
el al. 1997; VEKEMANS et al. 1998): cod, where all alleles
are codominant in pistil and pollen; dom, where alleles
occur in a linear dominance hierarchy, identical in both
pistil and pollen (two alleles from the same dominance
class are codominant and each allele of a given domi-
nance class is either strictly dominant or strictly recessive
relative to the alleles of another dominance class); and
domcod, where alleles follow the dom model in pollen
and the cod model in pistil. Each of these three models
can be conveniently represented with our notations,
using the following dominance relationships matrices
a and ¢ (here represented for three dominance classes
and six alleles, two alleles in each class):

1 05 05 05 05 05
05 1 05 05 05 05
05 05 1 05 05 05
05 05 05 1 05 05
05 05 05 05 1 05
05 05 05 05 05 1

Qcod = d)cud = d)domcu(l =

1 05 0 0 0 0
05 1 0 0 0 0

I 1 1 05 0 0] (5

Qdom = d)dom = Cdomeod = 1 1 0.5 1 0 0 ( )
1 1 1 1 1 05

1 1 1 1 05 1

Hence, for instance, allele $; in the domcod model is
codominant with allele Sy only (they are in the same
dominance class) and recessive relative to all other
alleles in pollen, while it is codominant with all alleles
in pistil. Here, we do computations mainly for two kinds
of dominance relationships, dom and domcod, for
which we state for clarity that class 1 is always the most
recessive class. It is, however, possible to numerically
compute genotypic frequencies at equilibrium for any
dominance relationships between alleles (see below). A
Mathematica (WOLFRAM RESEARCH 2004) notebook per-
forming those calculations is available from S. Billiard.

Deterministic equilibrium frequencies: According to
Equations 1, 2, and 4, the frequency change for a given
genotype depends on the genotypic frequencies matrix
FE We thus computed the frequency of all genotypes
after reproduction, during which frequency-dependent
selection occurs, using Equations 1 and 2 under FDS,,, /¢
or Equations 1 and 4 under FDS,,. Deterministic
equilibrium genotypic and allelic frequencies were
computed using recursively Equations 1, 2, and 4 until
the frequency change in one generation was <107° for
all genotypes. The initial genotypic frequencies are the
same for all genotypes and set as the inverse of the total
number of possible genotypes 2/(n(n + 1)).

Allele number in the most recessive class: This
analysis was motivated by the unexpected result of
UyvyeNoyaMa (2000) who showed that, under FDS,,
and domcod dominance relationships with two domi-
nance classes, two alleles could not coexist in the
recessive class except when more than two alleles occur
in the recessive class or two or less alleles in the
dominant class, in which case all recessive alleles can
be maintained. We determined if this result still holds
for models with more than two dominance classes, for
dom and domcod dominance relationships and under
both FDS,,, rand FDS,,,. For a given set of parameters, we
first ran computations until deterministic equilibrium
was reached (see previous paragraph). Since all geno-
typic frequencies are equal at the beginning of the
deterministic computations, no alleles are lost deter-
ministically during this step. We then perturbed the
system by randomly changing the frequency of all
genotypes (multinomial sampling of genotypic frequen-
cies with 1000 trials) and let the population evolve
deterministically for an additional 10,000 generations.
The deterministic equilibrium after the perturbation
did not depend on the sampling. So, we chose to
perform the procedure a single time for each single
parameter set. We specifically investigated whether (1)
allelic frequencies came back to the same equilibrium
values as before the perturbation (we considered that
the equilibrium frequencies before and after the per-
turbation were identical if the difference between them
was <107°) or (2) some alleles tended to disappear. We
performed computations for 3, 4, 5, 6, and 10 dominance
classes, with one, two or three alleles by dominance class.
Only some combinations of these parameters have been
examined (see supplemental data at http:/www.genetics.
org/supplemental/ for the complete list of parameter
combinations tested).

Selection strength: Because frequency-dependent
selection acts on genotypes rather than alleles and since
an infinite array of genotype frequencies is compatible
with a given set of allelic frequencies, measuring the
strength of selection for a given allele is not an easy task.
In general, the strength of selection can be defined as a
function of the frequency change in a generation. When
a genotype departs from its equilibrium frequency,
negative frequency-dependent selection is expected to
bring frequencies back to equilibrium. To measure
selection strength for allele ¢ in a synthetic way, we
compared its frequency change in a generation nor-
malized by the genetic variance s,=(f/— f;)/(fi(1 — f)))
for a given deviation from its equilibrium frequency
d:=(f; — f*)/fi*, where a superscript asterisk refers to
equilibrium values. Practically, random deviations were
obtained by sampling 500 diploid individuals from a
population at deterministic equilibrium for cases with
two alleles by dominance class. Values of d; and s; were
computed for every simulated population and the
procedure was repeated 100,000 times. The strength
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of selection for allele ¢ was measured as the slope of the
linear regression between d; and s;.

Stochastic simulations: For simulations in finite pop-
ulations with Ndiploid individuals, we used a three-step
life cycle:

1. Gametogenesis, syngamy, and seed production:
Frequency-dependent selection occurred during
this step and we used Equations 1, 2, and 4 to com-
pute the genotypic frequencies in the seed pool
(assuming that individuals produce an infinite
number of seeds).

ii. Drift: Given the genotypic frequencies in the seed
pool after frequency-dependent selection, we ran-
domly sampled N seeds to constitute the next
generation of adults.

iii. Mutation: The number of mutation events occur-
ring in a generation was drawn from a Poisson
distribution with mean 2Nw, with p the muta-
tion rate. We used a K-allele model (KAM); i.e., we
randomly drew for each mutation event one of the
2N genes, whose allelic state was equiprobably
changed to one of K — 1 other possible states,
irrespective of dominance classes.

To compute the expected number of alleles in finite
populations, simulations were performed for dom and
domcod dominance relationships, under both selection
regimes, with three dominance classes. We fixed the
number of possible allelic states to K= 18 (6 per class)
and K = 30 (10 per class) for N = 100 and N = 500,
respectively. Those limits were fixed after some pre-
liminary simulations showing that for these population
sizes, a higher number of alleles at a given time was
never or very rarely reached. Some alleles could be lost
by drift or introduced in the population by mutation,
and thus 7 varies but at any given time, n = K. Sim-
ulations were also performed with a higher number of
possible allelic states, but the results were quantitatively
similar (not shown). Simulations were started with K/3
alleles in each class, the total number of alleles at the
beginning was thus n = K, and the initial genotypic
frequencies were set at deterministic equilibrium with-
out mutation as described above. We ran simulations for
10,000 generations to reach a drift-mutation—selection
equilibrium where the mean total number of alleles
over time remained stable. We then recorded the num-
ber of alleles in each class every generation during
100,000 generations and computed the probability that
a given number of alleles were present in a given class
during the whole process. An allele was counted if its
frequency was >0.01 after drift. We performed 100 in-
dependent replicates of the whole process and we pres-
ent the mean over replicates. Since the process is
stationary, that is to say the mean and the variance of
the number of alleles in the population do not change
with time, our estimation of the expected number of
alleles should not be biased.

Total class frequency

Class 3

1 10 20 30 40 50

0.5

o ———— - —————

o
B
o>

o
.
w

.................... } o]
..................... Hames)

1 10 20 30 40 50
Generations

Total class frequency

FIGURE 1.—Dynamics of the total frequency of dominance
class frequencies, under dom and domcod dominance rela-
tionships for cases with three dominance classes and two al-
leles by class. Dashed line, FDS,, s model; solid line, FDS,,
model.

DETERMINISTIC DYNAMICS AND EQUILIBRIUM

Model verification: The deterministic equilibrium
frequencies obtained using our model were compared
to the results available in the literature for models
with FDS,,, with only one allele in each class (SCHIERUP
et al. 1997), n alleles in two classes under domcod
(Uvenoyvyama 2000), n alleles in three classes under
domcod (SampsoN 1974), and n alleles in four classes
under dom (SCHIERUP ¢ al. 2006) as well as with FDS,,, /¢
with 1 allele in each class (VEKEMANS et al. 1998). Results
were identical in all cases, thus confirming that the
proposed formalization is a correct generalization of all
previous SSI models.

Deterministic dynamics: Figure 1 shows the dynamics
of allelic frequencies under dom and domcod domi-
nance patterns with three dominance classes and FDS,,, /¢
or FDS,, selection regimes. Although equilibrium was
reached more quickly under FDS,,, s than under FDS,,
for the dom model, equilibrium allelic frequencies were
sensibly the same under both selection regimes. Under
domcod, in contrast, the equilibrium values differed
greatly between the two selection regimes: The differ-
ence between dominance classes was higher under
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FDS,, /¢ than under FDS,,,. Despite the large difference
in the frequencies at equilibrium under domcod, the
equilibrium values were reached in approximately the
same number of generations under both models of selec-
tion. This is due to the fact that selection occurred
through male and female fitnesses under FDS,, /i; con-
sequently, although the difference between initial and
equilibrium frequencies was greater under FDS,,, s than
FDS,,, selection was also stronger and the approach
toward equilibrium frequencies was faster.

The recessive effect: We investigated the recessive
effect in models with different numbers of dominance
classes and numbers of alleles per class, using both
selection regimes. We quantified this effect with either
the frequency of a single allele from a given class or with
the total frequency of all alleles of that class. Figure 2
shows that equilibrium frequency of a given allele
decreases when the dominance level of its class in-
creased under both dom and domcod dominance
patterns and for both selection regimes. The effect
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FIGURE 2.—Frequency at deterministic equilib-
rium of an allele as a function of the dominance
level of its class, for different total numbers of
dominance classes. The alleles belonging to a
class with dominance level d are recessive relative

to the alleles belonging to classes with a domi-
nance level higher than d and dominant over al-
leles belonging to classes with a dominance level
lower than d. The computations have been done
for 20 alleles equally distributed in each class. In
the case of dom (top), only results obtained un-
der the FDS,, model of selection are shown be-
cause results under FDS,, ¢ are almost identical
(see Table 2 for a comparison).

was, however, weak under domcod with FDS,,,. Interest-
ingly, equilibrium allelic frequencies were almost iden-
tical between the two selection regimes under the
dom model, which generalizes the results obtained by
VEKEMANS ¢t al. (1998) in a simpler model with only one
allele by class. In the domcod model in contrast,
equilibrium allelic frequencies were sharply different
between FDS,, and FDS,, ¢ with substantially higher
difference between the most recessive and the most
dominant allelic frequencies under FDS,,, f.

Figure 2 also reveals that the equilibrium frequency of
an allele of a given class increases together with the total
number of classes. This effect arises as a consequence of
fixing the total number of allelic states (the small
number effect; SaMpsoN 1974). In such case, the num-
ber of alleles by class varies and the total frequency of a
class is then equally shared among all alleles of that class.
Moreover, the total frequency of a class depends on the
total number of alleles considered. For a given number
of classes, an increase in the total number of alleles
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TABLE 2

Total frequency of dominance classes at equilibrium under the FDS,,, or the FDS,, s model, for 20 and 40 alleles
equally distributed among dominance classes

Dominance Total Selection Dominance

Dominance level

patterns allele no. regimes class no. 1 2 3 4 5 6 7 8 9 10 FU
dom 20 FDS,, 2 0.604 0.396 1.53
5 0.353 0.215 0.167 0.141 0.124 2.85

10 0.272 0.139 0.108 0.091 0.080 0.072 0.066 0.061 0.057 0.054 5.01

FDS,,, /¢ 2 0.607 0.393 1.54

5 0.355 0.214 0.167 0.141 0.123 2.88

10 0.272 0.139 0.108 0.091 0.080 0.072 0.066 0.061 0.057 0.054 5.03

40 FDS,, 2 0.597 0.403 1.48

5 0.335 0.219 0.172 0.146 0.128 2.61

10 0.236 0.145 0.113 0.095 0.084 0.076 0.069 0.064 0.060 0.057 4.15

FDS,,, /¢ 2 0.598 0.402 1.49

5 0.335 0.219 0.172 0.146 0.128 2.61

10 0.236 0.145 0.113 0.095 0.084 0.076 0.069 0.064 0.060 0.057 4.15

domcod 20 FDS,, 2 0.516 0.484 1.06
5 0.210 0.205 0.200 0.195 0.190 1.11

10 0.106 0.105 0.103 0.102 0.101 0.099 0.098 0.097 0.096 0.094 1.12

FDS,, /¢ 2 0.561 0.439 1.28

5 0.282 0.216 0.185 0.165 0.152 1.86

10 0.182 0.132 0.112 0.099 0.091 0.085 0.080 0.076 0.073 0.070 2.60

40 FDS,, 2 0.508 0.492 1.03

5 0.205 0.202 0.200 0.197 0.195 1.05

10 0.103 0.102 0.101 0.101 0.100 0.100 0.099 0.098 0.098 0.097 1.06

FDS,, /¢ 2 0.554 0.446 1.24

5 0.272 0.216 0.187 0.169 0.156 1.74

10 0.167 0.131 0.113 0.101 0.093 0.087 0.082 0.078 0.075 0.072 2.31

FU is the frequency unevenness, defined as the ratio of the frequencies of the most recessive allele to the most dominant allele.

resulted in an increase in the total frequency of the most
dominant classes, together with a decrease in the total
frequency of the most recessive classes (Table 2).

In spite of the inherent asymmetry among alleles in
SSI caused by dominance, the frequency unevenness
(FU), as measured by the ratio of the total frequency of
the most recessive to the most dominant classes, was very
low in some cases, especially under FDS,, and domcod
dominance patterns (VEKEMANS ¢t al. 1998 showed this
result for one allele by class). Indeed, in this case FU re-
mained as low as 1.03 when the 20 alleles considered
belong to two dominance classes only. Yet, several fac-
tors had an impact on FU. For a given set of parameters
in Table 2, FU under FDS,, s was on average 35.5%
higher than under FDS,,,. Moreover, as revealed by Table
2, the number of dominance classes strongly influenced
how even allelic frequencies remained among classes.
FU generally increased with the number of classes,
reaching overall frequencies for the most recessive class
5.03 times higher than the overall frequencies for the
most dominant class with 20 alleles evenly distributed
among 10 dominance classes. Table 2 also shows that
when the number of alleles by class increases, FU de-

creases, under both dominance patterns and selection
regime. This is due to the fact that the higher the
number of alleles, the lower the selection strength dif-
ference between alleles of different dominance classes
since the number of compatible genotypes is increased
for all genotypes. Hence FU tends toward 1 when the
total number of alleles increases. Conversely, when there
is only one allele in the most recessive class and there are
several alleles in the more dominant classes, the re-
cessive effect may be large (Table 3).

These results confirmed the generality of the reces-
sive effect when there is a linear dominance hierarchy
between alleles in pistil and pollen (dom) or in pollen
only (domcod), for models with alarger number of dom-
inance classes and higher numbers of alleles per class
than had previously been considered, as well as under
the two selection regimes considered.

Homozygote frequencies: Because of the dominance
relationships among alleles in SSI, homozygotes can be
formed for alleles belonging to all classes but the most
dominant one. As revealed by Table 3, homozygotes for
the most recessive allele can reach high equilibrium fre-
quencies even when the total number of alleles is high



TABLE 3

Homozygote frequencies for the most recessive class(es) in models with two and three dominance classes

FDS,, /¢

FDS,,

domcod

dom

domcod

dom

Allele
frequency

Allele Homozygote Allele Homozygote Allele Homozygote
frequency frequency frequency

Allele no. per Homozygote
dominance class” frequency

Dominance

No. of dominance

classes

frequency

frequency

frequency

level

0.612

0.323
0.148
0.099
0.251

0.674
0.542
0.481

0.671 0.250 0.550 0.405
0.371

0.398
0.258

1-2
1-6
1-10
1-1-1

0.418

0.114 0.266
0.076

0.536
0.475

0.341

0.211

0.300

0.204

0.182 0.487 0.333 0.610 0.544
0.071 0.356
0.285

0.610

0.333

0.108
0.070
0.028
0.006
0.002

0.472

0.412

0.204
0.157
0.024
0.007
0.003

0.290

0.468

0.200

1-3-3

154 0.408 0.045 0.230

0.024
0.005

0.258

0.223

0.286

0.036

0.223
0.101

1-1-1

0.119

0.100
0.067

0.125
0.080

0.005
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0.079

0.068 0.002

0.002

1-5-5

“The number of alleles in the most recessive class is fixed to one, and alleles are equally distributed among other classes.

and they possibly represent an important proportion of
individuals carrying the most recessive allele. The ho-
mozygote frequency is higher under dom than under
domcod for both selection regimes and is lower under
FDS,, than under FDS,,, /1. Table 3 also shows homozygote
frequencies for alleles of class 2 when there are three
dominance classes. Homozygotes for class 2 alleles reach
much lower equilibrium frequency than the class 1 allele.

ALLELE NUMBER BY DOMINANCE CLASS

Allele number in the most recessive class: UYENOYAMA
(2000) showed that under FDS, and domcod domi-
nance patterns with two dominance classes, very re-
strictive conditions are required for two alleles to be
deterministically maintained in the most recessive class.
We used our general model to extend this investigation
and explore the conditions under which several alleles
can be deterministically maintained in the most reces-
sive class when there are more than two dominance
classes for both selection regimes, under dom and dom-
cod dominance relationships (all parameter combina-
tions examined and results are available as supplemental
data at http:/www.genetics.org/supplemental/).

Under FDS,, /¢, two or more alleles in the most re-
cessive class were always maintained and had identical
frequency at equilibrium under both the dom and the
domcod dominance relationships. The same was true
for the dom model under FDS,,. In contrast, under
FDS,, in the domcod model, several alleles could be
maintained in the most recessive class only if more than
two alleles occurred in the most recessive class. When
exactly two alleles occurred in the most recessive class,
they could still be maintained if (1) there is a single
allele in each other dominance class and/or (2) there is
a single allele in each class but exactly two alleles in the
most dominant class (3 classes), in one of the 3 most
dominant classes (4, b, and 6 classes), or in one of the 4
most dominant classes (10 classes). In all other cases,
notably with two alleles in the most recessive class and
three alleles in at least one of the other classes, the reces-
sive allele with the lowest frequency ultimately disap-
peared. Altogether our results thus suggest that the
occurrence of a single allele in the most recessive class
is a specific property of the FDS,,, regime when combined
with the domcod dominance relationships.

Number of alleles maintained in finite populations:
Simulations with three dominance classes, under dom-
cod dominance relationships and for both selection
regimes in a population of 100 and 500 diploid individ-
uals, showed that the distributions of the allele number
for dom under FDS,,, ,r and FDS,,, were similar to those
for domcod under FDS,,, ¢ (Figure 3). The average num-
bers of alleles under FDS,,, s and FDS,,, under dom and
domcod are given in Table 4.

Interestingly, the number of alleles maintained in a
class increased with dominance. Under FDS,,, /¢, there
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dominance classes under
domcod dominance rela-
tionships (distributions pat-
terns for dom under FDS,,
and FDS,, ¢ are similar to
the pattern of domcod un-
der FDS,, /¢).
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Allele number

Allele number

was a high probability to observe only one allele in the
most recessive class, but this probability decreased with
increasing population size. When comparing both dom-
inance models under FDS,, /s, we found that the num-
ber of alleles maintained in each class was higher under
domcod than under dom (Table 4).

When the population size was large enough, more
than one allele could frequently be maintained in the
most recessive class under FDS,, r and domcod (Table
4). Under FDS,,, however, one allele was at best ex-
pected in the most recessive class, with many cases where
all alleles from this class became lost from the popula-
tion. Under FDS,, when N = 100, distributions for the
number of alleles were quite different between dom and
domcod. Under domcod, the most typical outcome was
no allele in the most recessive class and mostly one allele
in class 2. Under dom, one allele was always maintained
in the most recessive class (Table 4). Under domcod,
when the size of the population was increased to N= 500
individuals, the probability of loss for the most recessive
class was ~0.33. In the latter case, class 2 became the
most recessive class, where a single allele was thus ex-
pected to be maintained (vs. one to four alleles main-
tained when class 1 existed in the population). As a
consequence, the distribution of the number of class 2
alleles became bimodal (Figure 3). Although the distri-
bution of the number of class 3 alleles was not bimodal,
it was, however, wider than under FDS,, s presumably
because when class 1 was lost, more alleles were present
in class 3.

4 6 8 10
Allele number

Selection strength: Although selection strength var-
ied extensively according to the genotypic composition
of the population (Figure 4), the expected selection
strength over all genotypic compositions closely fol-
lowed negative frequency-dependent selection. Most in-
terestingly, Figure 4 shows that the relationship between
selection strength and relative deviation differed among
classes. The slope was high for the most dominant class,
intermediate for the intermediate class, and low for the
most recessive class. In addition, the regression slope was
higherunder FDS,,, /s than under FDS,, (Table 4), in line
with the fact that equilibrium was attained more quickly
(Figure 1). The slopes were also higher under domcod
than under dom under both selection regimes, and they
were also higher for alleles in higher dominance classes.
This strongly suggested that alleles in the most recessive
class are subject to weaker selection than alleles in the
dominant classes. This analysis provided a mechanistic
explanation for the differences in the number of alleles
maintained in a class in finite populations. The stronger
selection is, the higher the number of alleles maintained
in the population is expected to be. Indeed, even if al-
leles in the most dominant classes are expected to be the
leastfrequent (Table 2), the most dominant class has the
highest number of alleles (Table 4) because those alleles
are returned to their equilibrium frequency faster than
alleles in the recessive classes. Hence, for a given equili-
brium frequency and a given population size, the
probability for an allele to be lost by drift is negatively
correlated with its dominance level.



Mean allele number and selection strength per dominance class in a finite population

Modeling Sporophytic SI

TABLE 4

Mean allele no.

Slope (selection strength)

1361

No. of Mutation  Dominance  Dominance
individuals rate pattern class FDS,, FDS,, /¢ FDS,, FDS,, /¢
100 0.0001 dom 1 1.06 1.07
2 1.38 1.77
3 1.55 2.08
Total 3.99 4.92
domcod 1 0.26 1.21
2 1.12 2.5
3 3.93 2.78
Total 5.31 6.49
500 0.00002 dom 1 1.09 1.13 —0.077 —0.12
2 2.91 4 —-0.124 -0.197
3 3.61 4.91 —0.178 —0.279
Total 7.61 10.04
domcod 1 0.68 2.25 —0.082 —0.161
2 2.13 5.32 —0.188 —0.281
3 7.58 6.22 —0.336 —0.369
Total 10.39 13.79

The slope is obtained by linear regression between selection strength and relative deviation from equilibrium

(see text and Figure 4 for details).

APPLICATIONS

Comparison between expected and observed fre-
quencies in natural populations: The dominance rela-
tionships between alleles have been studied in only a few
species with sporophytic self-incompatibility and, at
best, only partially. An estimation of observed allelic fre-
quencies in a natural population is also available in a few
cases only. To illustrate the potential use of our model to
test the hypothesis of negative frequency-dependent se-
lection, we applied our model to two cases for which
both data sets are available: Sinapis arvensis (STEVENS
and Kay 1989) and Ipomoea trifida (KOwyAMA et al.
1994). Assuming that individuals were sampled in a
large population at selection—-mutation equilibrium, itis
possible to test whether the observed allelic frequencies
are significantly different from the expectation under
our model. For that purpose, we used a likelihood-ratio
test to test whether the observed frequencies signifi-
cantly differ from a multinomial distribution with the
expected equilibrium allelic frequencies as parameters.
The expected equilibrium allelic frequencies were com-
puted using our general model, with the number of
alleles n equal to the number of specificity observed in
each population: n = 33 for the population of S. arvensis
and, respectively, n = 5, n = 16, and n = 6 for pop-
ulations M81, M84, and G80 of I. trifida. We computed
the log-likelihood ratio

where Njis the number of copies of allele j observed in
the population, N is the total number of sampled
individuals, f;* is the expected frequency at equilibrium
for allele j, and nis the number of alleles observed in the
sample. The observed allelic frequencies are then
significantly different from the expectations if Q is
higher than a chi square with n — 1 d.f. We also per-
formed the test on each allele independently, consider-
ing all other alleles as a single one, and tested if its
observed frequency significantly differed from its ex-
pected frequency under our models (footnote ain Tables
5and 6). For that purpose, we also used a likelihood-ratio
test with n = 2.

Example 1—S. arvensis: STEVENS and Kay (1989) ob-
tained genotype frequencies for 34 individuals from a
natural population. They found 35 alleles, belonging to
three distinct dominance classes in pollen and two dom-
inance classes in pistil. Interestingly, several dominance
relationships were asymmetrical. Allele 1, for instance,
was one of the most recessive alleles in pistil but one of
the most dominant alleles (together with allele 2) in
pollen (STEVENS and Kay 1989; appENDIX A). Table 5
reports the observed frequencies from STEVENS and
Kay (1989) as well as the expected frequencies obtained
under FDS,, and FDS,, . Overall, the observed fre-
quencies were not significantly different from the
expected frequencies under FDS,, s while they were
significantly different from the expected frequencies

n N under FDS,,, (Table 5). This discrepancy was mostly due
QEQZMIHQN}*v (6) to several large differences between both selection
J=1 J regimes in the expected frequencies at equilibrium,
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FIGURE 4.—Selection strength as a function of the relative
deviation from equilibrium, under FDS,, and domcod for
three dominance classes. Each point represents a result for a
randomly chosen genotypic composition of the population
(see text for details). For a given relative deviation from equi-
librium, several genotypic compositions are possible. The re-
sults of a regression analysis for each class are shown in
Table 4.

notably for alleles 23 and 25. Allele 25 is the single most
recessive allele in pollen and one of the nine most
recessive alleles in pistil. Its observed frequency is
significantly different from the expected frequency
under FDS,,,. Surprisingly, although allele 23 was pre-
dicted to be one of the less frequent alleles in the
population, it was actually one of the most frequent in
the samples, suggesting that evolutionary forces other
than negative frequency-dependent selection may play a
role in the evolution of this allele.

Example 2—1. trifida: The genotype of 214 individu-
als from three populations was determined and 23 al-
leles were found by Kowyama et al. (1994). We give in
Table 6 the expected allelic frequencies obtained under

TABLE 5

Observed and expected frequencies for Sinapis arvensis
according to dominance relationships and data from
natural populations given in STEVENS and Kav (1989)

Allele Observed FDS,, /¢ FDS,,
1 0.029 (2) 0.070 0.081
2 0.015 (1) 0.023 0.029
3,24 0.029 (2) 0.038 0.028
4, 6,12 0.029 (2) 0.020 0.020
5,9, 14 0.015 (1) 0.020 0.020
7,13 0.059 (4) 0.020 0.020
8 0.044 (3) 0.018 0.020
10, 11 0.059 (4) 0.038 0.028
15 0.059 (4) 0.034 0.028
16 0.044 (3) 0.038 0.028
17, 27, 28, 35 0.015 (1) 0.020 0.020
18, 19, 29, 30, 34 0.029 (2) 0.020 0.020
20 0.015 (1) 0.046 0.054
23 0.088 (6) 0.020 0.020¢
25 0.015 (1) 0.069 0.104-
26, 31 0.015 (1) 0.038 0.028
32, 33 0.015 (1) 0.055 0.058
Likelihood ratio 38.961 46.633
Pvalue 0.185 0.046

The number of identified alleles is given in parentheses
next to the observed allele frequencies.

“Alleles for which the observed frequency is significantly
different from the expectations, using a likelihood-ratio test

at 5%.

the FDS,, and FDS,,,; models as well as observed
frequencies in three populations. The dominance
relationships matrix used for the computations is de-
rived from Kowyama et al. (1994) and is given in
APPENDIX B. The dominance relationships are approx-
imately symmetric in pollen and pistil for all alleles. For
computations in each population, we used a reduced
matrix restricted to alleles present in each population.
We found almost no differences between the predic-
tions under both selection regimes. The observed
frequencies were significantly different from the expect-
ations in each population (Table 6). This departure was
due to 2 alleles in population M81, 3 in population M84,
and 4 in population G80. Allele 3 was recessive to all
other alleles in pistil and pollen and it was, as expected,
the most frequent in all populations. Allele 10 was
recessive to all alleles except allele 3 and, as a conse-
quence, it was expected to be the second most frequent
allele after allele 3 in all populations. However, it was
actually not the second most frequently observed allele
in populations M81 and MS84. Indeed, allele 8 in
population M81 and allele 16 in population M84 had
a much higher frequency than expected.

Although some level of concordance can be found,
especially for S. arvensis, the two examples above gen-
erally enabled us to reject the model’s predictions.
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TABLE 6
Observed and expected frequencies for Ipomoea trifida according to dominance relationships and data from natural
populations given in Kowyama et al. (1994)
Population
M81 (70) MB84 (82) G80 (62)

Allele Observed FDS,, /¢ FDS,, Observed FDS,, /¢ FDS,,, Observed FDS,, /¢ FDS,,
1 0.061 (5) 0.047 0.047
2 0.012 (1)« 0.059 0.059
3 0.486 (34) 0.468 0.468  0.366  (30) 0.295 0.293  0.371 (23) 0.450 0.449
4 0.037 (3) 0.059 0.059
5 0.073 (6) 0.038 0.039
6 0.024 (2) 0.051 0.050
7 0.012 (1)« 0.059 0.059
8 0.271 (19)“ 0.137 0.137
9 0.086 (6) 0.114 0.114
10 0.143 (10) 0.181 0.181  0.085 (7) 0.119 0.118  0.323  (20)° 0.175 0.175
11 0.014 (1)« 0.100 0.100
12 0.085 (7 0.037 0.038 0226 (14)° 0.080 0.083
13 0.032 (2)° 0.133 0.132
14 0.016 (1)« 0.077 0.077
15 0.032 (2) 0.084 0.084
16 0.134 (1D 0.043 0.044
17 0.037 (3) 0.037 0.037
18 0.024 (2) 0.037 0.037
19 0.012 (1) 0.047 0.047
20 0.012 (1) 0.036 0.037
22 0.012 (1) 0.037 0.037
X 0.012 (1) — —
Likelihood ratio 16.461  16.461 34.76 33.96 31.77 31.159
Prvalue 0.002 0.002 0.002 0.002 <0.001  <0.001

The sample size is given in parentheses next to the population name and the number of identified alleles is given in parentheses

next to the observed allele frequencies.

“Alleles for which the observed frequency is significantly different from the expectations, using a likelihood-ratio test at 5%.

Although the low number of individuals analyzed
relative to the total number of alleles in the population
may greatly affect the accuracy of allele frequency
estimates, this pattern of discrepancy may actually reveal
that additional evolutionary forces are indeed interfer-
ing with the strict frequency-dependent selection imple-
mented in our model. Our model may thus be viewed as
a “null model,” where frequency-dependent selection is
the only evolutionary force taken into account.

DISCUSSION

Generality of the model: Due to the generality and
flexibility of our approach, we were able to investigate a
large range of SSI models in a single framework. This
enabled us to fill the gaps between previously scattered
theoretical investigations (Table 1) as well as to extend
previous results to situations with many dominance
classes and several alleles per class. This approach has
been used to compute equilibrium genotypic and allelic
frequencies under a variety of conditions and to com-
pute expected genotypic changes over a single genera-
tion on the basis of known genotypic composition from

a natural population, as well as to perform exploratory
stochastic simulations. These analyses rely on the as-
sumption that the only relevant force acting on S alleles
is negative frequency-dependent selection generated by
self-incompatibility. Basically we showed that the higher
frequency of recessive alleles is a general feature of SSI
models, but also that in finite populations the number
of dominance classes will evolve according to the pop-
ulation size, and that dominant classes will contain
more alleles than recessive classes. We also showed that
fecundity selection (FDS,,/f) may have large effects on
the dynamics of allelic frequencies as well as on the
expectation of the number of alleles, the number of
dominance classes, and the number of alleles by class
maintained in finite populations. We notably showed
that contrary to FDS,,, it is possible to maintain de-
terministically more than one allele in the most re-
cessive class under domcod and consequently in finite
populations.

Because our model uses very general recurrent equa-
tions, it can be extended to incorporate direct selection
on S alleles, such as, for instance, selection due to the
expression of linked deleterious alleles in homozygotes.
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In line with most other theoretical investigations of self-
incompatibility (SI) (but see CHARLESWORTH 1988), we
also assumed that selfincompatibility was fully func-
tional (technically, the compatibility threshold o was set
to zero in all our computations). However, partial self-
incompatibility is often reported in empirical studies
(Nou et al. 1991; REINARTZ and Lis 1994; GooD-AVILA
and STEPHENSON 2002; MABLE et al. 2005), and exam-
ination of its effect using modifications of our model is
straightforward.

Generality of the recessive effect: As was shown by
several authors in a number of different specific
situations, we observed in deterministic models that
alleles from the most recessive class were always more
frequent than dominant alleles, and this result was
consistent across any number of classes, any number of
alleles per class, and both types of selection (Table 2 and
Figure 2). However, the strength of this recessive effect
varied greatly among models. In the dom model, the
effect increased drastically with increasing number of
dominance classes, but was little affected by the number
of alleles per class. In the domcod model with FDS,,,, the
recessive effect was weak and did notincrease much with
the number of dominance classes, whereas the effect
was stronger under FDS,, r. These results are qualita-
tively identical to those obtained by SCHIERUP et al.
(1997) and VEKEMANS et al. (1998) in models with only
one allele per class. We showed that the recessive effect
is even higher when the number of alleles by classes is
different, especially when there is only one allele in the
most recessive class (Table 3). In general agreement
with these results, higher frequencies of the most
recessive alleles have been observed in most empirical
surveys of S alleles in natural populations of species with
SSI (SampsoN 1967; STEVENS and Kay 1989; Kowyama
et al. 1994; MABLE et al. 2003; GLEMIN et al. 2005). Using
our model, the recessive effect seemed also to be
verified for the most recessive alleles in a case with very
complex overall patterns of dominance, such as allele 25
in S. arvensis. In other complex cases, it may be difficult
to decide unambiguously which allele is dominant or
recessive but we can still interpret differences in
expected frequencies in terms of relative dominance.

How many alleles per dominance class in finite
populations? This study is the first to investigate models
of SSI that allow multiple alleles per dominance class in
finite populations (but see UveEnovama 2000). We
consistently found that the number of alleles main-
tained per dominance class increases with dominance
level. This result is not trivial because deterministic
computations in models with an identical number of
alleles in each class predicted a lower frequency of more
dominant alleles, which could potentially cause a higher
rate of loss of dominant alleles due to genetic drift.
Empirical studies seem to agree overall with this
expectation. In Arabidopsis lyrata, where four dominance
classes have been recorded, 8 S alleles are known overall

in the two most recessive classes, whereas the two most
dominant ones comprise 16 S alleles (PRIGODA et al.
2005). Similarly, in a single population of this species, 3
and 8 S alleles were found in the most recessive and the
most dominant classes, respectively (SCHIERUP et al.
2006). In Brassica insularis, where two dominance classes
are known and dominance relationships seem to follow
the domcod model, 2 alleles have been identified in the
recessive class whereas >18 alleles have been recorded
in the dominant class (GLEMIN et al. 2005). Differences
in allele numbers between the most recessive and the
most dominant classes are increased under FDS,,, ¢, as
compared to the FDS,, model, and we showed that the
overall strength of selection is higher under the former.
The higher number of alleles in dominant than in
recessive classes could be due either to higher rates of
incorporation of new alleles, with dominance confer-
ring a large advantage over recessive alleles when rare
(ScHIERUP et al. 1997), and/or to lower rates of loss. Our
estimates of the strength of selection on alleles from
different classes of dominance indicate a clear trend of
increasing selection intensity with increasing domi-
nance (Table 4). SSI systems thus appear as important
examples of asymmetric balancing selection. Because
individual allelic frequencies within a given dominance
class are inversely related to the number of alleles in that
class (SaMPsON 1974), the recessive effect is amplified by
this difference in allele numbers, with substantially
higher differences in frequencies between dominant
and recessive alleles in finite populations, which could
explain the very high differences in allelic frequencies
observed for I. trifida (Table 6).

An additional mechanism must be taken into account
to explain the number of alleles by dominance class
under the FDS,, model of selection and domcod
dominance relationships. Indeed, as first pointed out
by UvENoYvaMA (2000), under deterministic conditions,
two alleles cannot coexist in the most recessive class: As
soon as a slight perturbation is introduced, the less
frequent allele tends to disappear. Although this argu-
ably occurred under a wide range of parameters, we also
showed that some cases exist where two alleles can be
maintained in the most recessive class for up to 10
dominance classes. It is interesting to note that this
result does not extend to FDS,, s under which two
alleles can typically coexist at deterministic equilibrium
under domcod. When the size of the population is
small, only one allele is observed in the most recessive
class (Figure 4). However, when the size of the popula-
tion increases, then more than one allele coexist in the
most recessive class even under domcod dominance
relationships, contrary to results under the FDS,,, model
(Table 4 and Figure 4). GLEMIN et al. (2005) found
evidence for the occurrence of two alleles in the most
recessive class within populations of B. insularis and
suggested that it could be due to population substruc-
ture. We show here that it is possible to maintain two
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alleles in the most recessive class in a panmictic
population when selection occurs through both male
and female reproductive structures. Because of the low
density in B. insularis populations, pollen limitation due
to low pollinator activity could indeed generate a female
component of frequency-dependent selection through
fecundity selection (VEKEMANS et al. 1998), and the
FDS,,, /s model is likely to be relevant.

How many dominance classes in finite populations?
In finite populations, the number of dominance classes
may evolve. SCHIERUP e/ al. (1997) showed that under
the FDS,,, regime and domcod, the most recessive alleles
could not be maintained in finite populations: Every
time a more dominant allele appeared in the popula-
tion (in their model the number of dominance classes
was infinite), the most recessive allele tended to be lost,
resulting in a constant turnover of the most recessive
allele. Hence, absolute levels of dominance tend to
increase over time. Here we reported a phenomenon
similar to the results of both UvyENovyama (2000) and
ScCHIERUP et al. (1997). Indeed, as shown in Figure 3 and
Table 4, under FDS,,, and domcod, class 1 may be lost.
The probability of loss of the most recessive class de-
pends on the size of the population, suggesting that a
simple interaction between demography and selection
may cause differences in the number of dominance
classes in different species. This could be relevant to ex-
plain why in the Brassica genus, only two dominance
classes are found in Brassica, where domcod patterns of
dominance are reported (THoMPsoNand TAYLOR 1966),
whereas at least four dominance classes are known to
occur in A. lyrata where patterns of dominance are
dom-like (PrRIGODA et al. 2005). Our results suggest that
differences in numbers of dominance classes can be
explained by an interaction between demography and
selection. The lower number of dominance classes in
the Brassica genus could be related, for instance, to the
occurrence of an ancient bottleneck, which would be
congruent with the observation of lower phylogenetic
diversity of alleles in Brassica than in A. lyrata (SCHIERUP
et al. 2001).

Measure of selection strength: The measure we used
to quantify selection strength allowed us to better
understand the difference in allele number maintained
in different dominance classes under different models.
Selection strength is a synthetic quantitative measure ex-
plaining the different dynamics and expectations at
equilibrium in finite populations both for selection
regimes and for any kind of dominance relationship.
Figure 4 showed that the frequency of an allele is not
sufficient to predict its frequency change in a genera-
tion under negative frequency-dependent selection be-
cause this change will depend upon the exact genotypic
composition of the population at this generation. In-
deed, the frequency of an allele can increase in a
generation even if it is higher than its equilibrium
frequency expectation. Sporophytic self-incompatibility

systems illustrate how difficultit may be to measure selec-
tion under complex selection regimes such as negative
frequency-dependent selection, notably since it de-
pends on genotypic rather than allelic frequencies. In
finite populations, selection strength reflects the prob-
ability of loss for an allele and depends on its dominance
class. However, within complex dominance patterns,
it can be difficult to determine the absolute dominance
level of an allele and it is possible to use selection
strength for this allele to estimate its probability of being
lost or maintained.

Frequency-dependent selection models and pollen
limitation: We observed large differences in the prop-
erties of the FDS,,, and FDS,,, s models of selection, in
terms of frequencies at equilibrium, dynamics, and ex-
pected number of alleles by class. Notably, under FDS,,, /¢
several alleles are expected in the most recessive class,
contrary to under the FDS,, model. The fundamental
difference between both models is that under the FDS,,
model, all plants receive sufficient compatible pollen to
fertilize all their ovules, such that all plants produce the
same quantity of seeds whatever their S-locus genotype
and whatever the genotypes of the other individuals in
the population. However, it is known that “pollen limita-
tion” may be frequent in natural populations, i.e., that
seed output is limited by the availability of compatible
pollen (LARSON and BARRETT 2000). Under the FDS,,, /¢
model, not all plants produce the same quantity of seeds
when the population departs from equilibrium because
the probability that a given ovule will be fertilized is
proportional to the amount of compatible pollen and
thus varies among genotypes at the S locus. It would be
interesting to know which of the two models of selection
is closer to natural conditions, and we anticipate that
this should heavily depend both on the species consid-
ered and on ecological conditions. Indeed, when pop-
ulations are small, because of a recent bottleneck or a
recent colonization event, or highly structured or when
pollen dispersal is strongly spatially restricted, we could
expect pollen limitation to be important. The occur-
rence of clonality due to vegetative propagation within
species with SSI can also increase the incidence of pol-
len limitation, due to within-ramets incompatible polli-
nation (DEMAURO 1993; YouNG et al. 2002). Under those
circumstances, FDS, s models could be more relevant.

Causes of the deviation between expected and ob-
served frequencies in natural populations: Our model
enabled us to compute expected frequencies for each
allele and each genotype at equilibrium for any kind of
dominance relationship. We showed that observed al-
lelic frequencies were significantly different from the
expected frequencies under FDS,,, for S. arvensis (Table
5) and that alleles 23 and 25 taken independently had
frequencies significantly different from their expec-
tations. For 1. trifida the observed frequencies were dif-
ferent from their expectations in three populations.
Four kinds of causes could explain these discrepancies
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between expected and observed allelic frequencies.
First, the empirical determination of allelic frequencies
and dominance relationships within natural popula-
tions may be inaccurate. Indeed, in articles from which
those data were taken, only a fraction of all pairwise
dominance relationships between alleles were actually
tested, the others being inferred transitively. Also, errors
in allele identification and statistical uncertainty due to
low sample size relative to the number of alleles could
lead to imprecise estimation of allelic frequencies. In
particular, if all alleles are not known, the model will
overestimate the allelic frequencies at equilibrium, es-
pecially for alleles in the same dominance class as the
missing alleles. Second, the sampled population may
not be at equilibrium because of drift or perturbations
of the habitat or because the colonization of the pop-
ulation is recent. Third, population structure can also
cause some deviation from deterministic equilibrium
because the intrademe frequencies distribution can be
different from that of a panmictic population for inter-
mediate migration rates (SCHIERUP 1998). Fourth, some
important model assumptions could be erroneous. In-
deed, we assumed that all S alleles are selectively equiv-
alent while there are reports of differential selection on
S alleles (BECHSGAARD et al. 2004). Also, we have seen
that the frequency of homozygotes is not negligible,
especially for alleles in the most recessive dominance
classes and when the number of S alleles is low. Hence,
selection on S-allele-linked deleterious recessive alleles
may play an important role in the dynamics of S alleles
in sporophytic systems (UvyENoyaMA 1997) and could
explain the discrepancy between expected and ob-
served frequencies in a natural population. Finally,
several mechanisms have been described that could oc-
cur in addition to frequency-dependent selection and
potentially affect predictions for the number of alleles
and their respective frequencies.

CONCLUSIONS

The model presented here is very general and allows
predicting either genotypic frequencies at deterministic
equilibrium (and all statistics derived from genotypic
frequencies such as F) or the expected genotypic fre-
quencies that change in a generation. We confirmed
previously identified characteristics of SSI systems and
generalized them to situations with several alleles per
dominance class. Moreover, we found emerging prop-
erties of such systems in finite populations such as the
dynamics of the number of dominance classes and the
asymmetry in allele numbers among classes. However,
these predictions hold only under the assumptions that
the sole mechanism acting is negative frequency-
dependent selection due to the particular reproductive
system. Hence, the results obtained under this model
constitute a direct test of this hypothesis, as illustrated
with two example applications. Consequently one can

use this model as a tool to detect alternative selection
forces that may be allele specific. Furthermore, in this
article, the dominance classes were set either as param-
eters in the deterministic computations or as the result
of the maintenance or loss of alleles in a finite pop-
ulation because of drift and frequency-dependent selec-
tion. However, the model can be used to examine the
evolution of dominance through the selection of a
dominance modifier.
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APPENDIX A

Dominance relationships between alleles in Sinapis arvensis from STEVENS and Kay (1989)

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 23 24 25 26 27 28 29 30 31 32 33 34 35
Pairwise dominance relationships in pistil

11 0 0 0 00O 0 06O 0O 0O 0O 0 0O O O O O O 050 0 050 0 0 0 0 0 05050 0
2 1 1 05050505050505050505050505050505051 05051 0505050505051 1 0505
3 1 051 050505050505050505050505050505051 05051 0505050505051 1 0505
4 1 05051 0505050505050505050505050505051 05051 0505050505051 1 0505
5 1 0505051 05050505050505050505050505051 05051 0505050505051 1 0505
6 1 050505051 050505050505050505050505051 05051 0505050505051 1 0505
7 1 05050505051 0505050505050505050505051 05051 0505050505051 1 0505
8 05 0505050505051 05050505050505050505051 05051 0505050505051 1 0505
9 1 050505050505051 050505050505050505051 05051 0505050505051 1 0505
101 0505 05 05 050505051 0505050505050505051 05051 0505050505051 1 0505
11 05050505 05050505051 05050505050505051 05051 0505050505051 1 0505
121 0505 05 05 0505050505051 050505050505051 05051 0505050505051 1 0505
131 05050505 05 0505050505051 0505050505051 05051 0505050505051 1 0505
141 0505 05 05 05 05 0505050505051 05050505051 05051 0505050505051 1 0505
151 050505 05 05 05 05 0505050505051 050505050505051 0505050505051 1 0505
16 1 05 05 05 0.5 0.5 05 05 05 0.5 05 05 0505051 0505051 05051 0505050505051 1 0505
171 05 05 05 05 05 05 0.5 05 05 05 05050505051 05051 05051 0505050505051 1 0505
181 0505 05 05 05 05 05 050505 0505050505051 051 05051 0505050505051 1 0505
191 05050505 05 05 05 050505 050505050505051 1 05051 0505050505051 1 0505
20050 0 0 0 000600 00O 0O 0O 050 0 00 1 00 050 0 0 0 0 0 05050 0
231 050505050505 05050505 05050505050505051 1 051 0505050505051 1 0505
241 05050505 050505050505 05050505050505051 051 1 0505050505051 1 0505
25050 0 0 0 06 06000 060 0 0 OO OO O O0OBO OT1TO0OO0OO0O OO0 O 05050 0
261 05 05 05 050505 05050505 05050505050505051 05051 1 05050505051 1 0505
271 05 05 05 05 0.5 05 05 05 05 05 0505 0505050505051 05051 051 050505051 1 0505
2811 05 05 05 050505 05050505 05050505050505051 05051 05051 0505051 1 0505
291 0505050505 050505050505 050505050505051 05051 0505051 05051 1 0505
30 1 0.5 0.5 05 05 05 05 05 0505 05 0505 0505050505051 05051 050505051 051 1 0505
311 05 0.5 05 05 05 05 05 0505 05 05 05 0505050505051 05051 05050505051 1 1 0505
32050 0 0 0 06 060 0 00 0 0 0 0O 0 OO O 0OBO O O0b0O O0OO0OOO0OO0O 1 050 0
33050 0 0 0 0O 0O 000 0O O OOOOO0O OO O0O50 0 050 0 0 0 0 0 051 0 0
34 1 05050505 05 05 050505 05 0505 0505050505051 05051 0505050505051 1 1 05
351 05 05 05 0.5 05 05 05 0.5 05 05 05 0505 05050505051 05051 0505050505051 1 051

(continued )



1368 S. Billiard, V. Castric and X. Vekemans

APPENDIX A

(Continued)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 23 24 25 26 27 28 29 30 31 32 33 34 35

Pairwise dominance relationships in pollen

050 0 0 0 O O 05
050 0 0 0 O O 05
1 0505050505051

50 0 0 1 050 0 O O O 0505050 0 O O 050 0 0 O
50 0 0 051 0 0 0 O O 0505050 0 O O 050 0 0 O
0505051 1 1 050505051 1 1 050505051 05050505

110511111111 11111111111111111111T1F1:1
2651111111111 11111111111111111111T1:1
30 1 0 0 00 0 0 05050 0 0 05050 0 0 0O O 0505050 0 O 0 050 0 0 O
4 0 1 1 05050505051 1 0505051 1 05050505051 1 1 050505051 05050505
5 0 1 051 050505051 1 0505051 1 05050505051 1 1 050505051 05050505
6 0 1 05051 0505051 1 0505051 1 05050505051 1 1 050505051 05050505
7 0 1 0505051 05051 1 0505051 1 05050505051 1 1 050505051 05050505
8 0 1 050505051 051 1 0505051 1 05050505051 1 1 050505051 05050505
9 0 1 05050505051 1 1 0505051 1 05050505051 1 1 050505051 05050505
10 0 050 0 0 0 0 0 1 050 0 O 05050 0 O O O 0505050 0 O O 050 0 0 O
110 050 0 0 0 0 0 051 0 O O 05050 0 O O O 0505050 0 O O 050 0 0 O
12 0 1 0505050505051 1 1 05051 1 05050505051 1 1 050505051 05050505
13 0 1 0505050505051 1 051 051 1 05050505051 1 1 050505051 05050505
14 0 1 0505050505051 1 05051 1 1 05050505051 1 1 050505051 05050505

0.

0.

1

1

1

1

—
N}
(=]

18 0 1 0505050505051 0505051 1 051 0505051 1 1 050505051 05050505
19 0 1 0505050505051 0505051 1 05051 05051 1 1 050505051 05050505
20 0 1 0505050505051 0505051 1 0505051 051 1 1 050505051 05050505
23 0 1 0505050505051 1 0505051 1 050505051 1 1 1 050505051 05050505
24 0 050 0 0 0 0 0 05050 0 O 05050 0 0 O O 1 05050 0 O O 050 0 0 O
250 050 0 0 0 0 0 05050 0O O 05050 0 O O O 051 050 0 O O 050 0 0 O
26 0 050 0 0 0 0 0 05050 0 O 05050 0 O O O 05051 0 0 O O 050 0 0 O
270 1 0505050505051 1 0505051 1 05050505051 1 1 1 0505051 05050505
28 0 1 0505050505051 1 0505051 1 05050505051 1 1 051 05051 05050505
29 0 1 0505050505051 1 0505051 1 05050505051 1 1 05051 051 05050505
300 1 0505050505051 1 0505051 1 05050505051 1 1 0505051 1 05050505
310 050 0 0 0 0 0 05050 0 O 05050 0 O O O 0505050 0 O 0 1 0 0 0 O
320 1 0505050505051 1 0505051 1 05050505051 1 1 050505051 1 050505
330 1 0505050505051 1 0505051 1 05050505051 1 1 050505051 051 0505
340 1 0505050505051 1 0505051 1 05050505051 1 1 050505051 05051 0.5
350 1 0505050505051 1 0505051 1 05050505051 1 1 050505051 0505051

APPENDIX B

Dominance relationships between alleles in Ipomoea trifida from Kowyama et al. (1994)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 22
Pairwise dominance relationships in pistil

1 1 1 1 1 0 1 1 1 0 1 0 0 1 0 0 05 0 0 1 0 0
2 0 1 1 05 0 0 05 05 0 1 0 0 05 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 0 05 1 1 0 0 05 05 0 1 0 0 05 0 0 0 0 0 0 0 0
5 1 1 1 1 1 1 1 1 05 1 0 05 1 05 1 1 05 05 1 0 0.5
6 0 1 1 1 0 1 1 1 0 1 0 0 1 0 0 05 0 0 05 0 0
7 0 05 1 05 0 0 1 05 0 1 0 0 05 0 0 0 0 0 0 0 0
8 0 05 1 05 0 0 05 1 0 1 0 0 05 0 0 0 0 0 0 0 0
9 1 1 1 1 05 1 1 1 1 1 0 05 1 05 05 1 05 05 1 0 0.5
10 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 05 1
12 1 1 1 1 05 1 1 1 05 1 0 1 1 05 05 1 05 05 1 0 0.5
13 0 05 1 05 0 0 05 05 0 1 0 0 1 0 0 0 0 0 0 0 0
14 1 1 1 1 05 1 1 1 05 1 0 05 1 1 05 1 05 05 1 0 0.5
15 1 1 1 1 0 1 1 1 05 1 0 05 1 05 1 1 05 05 1 0 0.5
16 05 1 1 1 0 05 1 1 0 1 0 0 1 0 0 1 0 0 05 0 0

(continued)



1369

Modeling Sporophytic SI

APPENDIX B

(Continued)
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Pairwise dominance relationships in pollen
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