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INTRODUCTION

JACKSON, SYMON AND MANN (1964) in the preceding paper have presented
extensive pedigree data bearing on the linkage between the Xg blood group
locus and the deutan and protan sites on the X chromosome. The lod scores
(log odds) are here calculated from 26 pedigrees in that study. A further
eight small pedigrees were totally uninformative. An IBM 7090 computer
was used (Renwick and Schulze, 1961), the program treating each pedigree
as a single unit and considering all possible genotypes for persons of uncertain
or unknown genotype. In these calculations, the usual frequencies for Ameri-
cans of European origin were used for the Xa, dcutan, and protan alleles
(0.64, 0.06, 0.02), although it appears possible, from evidence in the pedigrees
themselves, that the frequency of protan defects in this inbred group might
be somewhat higher than such figures would predict. For example, there are
two men with a protan defect and one with a deutan defect among 36 un-
related husbands tested for color vision and lacking tested grandsons via
daughters. (Any such grandson might, by being colorblind, have caused the
pedigree to be selected for study. Hence the maternal grandfather in these
pedigrees is rather more likely to be colorblind than the average man in the
same community and has been excluded from the count.)

RECOMBINATION FRACTION BETWEEN Xg AND THE DEUTAN-
PROTAN REGION OF THE X

Table 1 gives the lod scores (Morton, 1955; Smith, 1959) for various values
of the recombination fraction, 0, between Xg and the deutan-protan region
(on the approximation that the deutan and protan sites are sufficiently close
together that they have very similar true recombination fractions, 9, with Xg).
In this analysis, no allowance has been made for possible misclassification of
phenotype or for any undetected illegitimacies. There was no selection at all
at one locus (the Xg locus), and therefore no ascertainment correction is
needed (Morton, 1955). Figure 1 (antilods plotted against 0) shows the
relative likelihood of obtaining these families for various values of 0, the peak
being at 0 = 0.42 (0.42, 0.40 for Xg,: deutan and Xg: protan separately).
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FIG. 1. Relative likelihoods (antilods) plotted against the recombination fraction, 6,
between Xg and the deutan-protan region. Prior probabilities are not included here.

PROCEDURE FOR ESTIMATING LIMITS

To obtain an estimate and limits of the map interval, after incorporating
prior probabilities, a graphical method has been used (see Fig. 2), in which
the final relative probabilities are plotted against the map interval, w (as sug-
gested for a slightly different method by Dr. J. H. Edwards, personal com-
munication) using a suitable transformation for 6 to w. The formula, 4w =
tanh-1 20 + tan-1 26, is the best of the simpler transformations so far avail-
able for mouse data (Carter and Falconer, 1951) and has been used here.
The usual formula, 2w = tanh-1 29, of Kosambi (1944) was found by Carter
(1954) to give a rather poor fit, i.e. mouse map intervals are not closely addi-
tive if the Kosambi formula is used. Table VIIi of Fisher and Yates (1963),
z = 1/2tanh-1 r, is invaluable for both transformation procedures. See Bailey
(1961) for an excellent review of mapping transformations.
The prior probabilities of map intervals are assumed to be proportional to

L - w (Morton, 1955), where L is the genetical (map) length of the chromo-
some. Our estimate of L for the human X chromosome is two morgans. (One
morgan, M, = 100 centimorgans, cM, or 100 map units. The map interval, in
morgans, if small, is equal to the recombination fraction expressed as a
decimal.)

This estimate is based on approximately 30 M for the total autosomal map
length in males, as deduced from chiasma counts (Ford and Hamerton, 1956).
In mammals (and in other orders), recombination fractions and, therefore,
total genetical lengths in the XX sex are generally greater than in the oppo-
site sex (Haldane, 1922). Human linkage data show that man is probably no
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FIG. 2. Relative probability densities plotted against the map interval, w, between Xg
and the deutan-protan region using Carter and Falconer's transformation of 0 to w. The
prior distribution of w (dotted line) is assumed proportional to L - to where L, the
genetical length of the X, is estimated as 2.0 morgans. The final distribution (continuous
line) incorporates this prior distribution.

exception (Renwick, 1963; Cook, 1965; Renwick and Schulze, 1965) but more
extensive data are available in the mouse, where the ratio is about 1.25:1
(Green et al., 1962; Carter, 1954). The cytological data of Slizynski (1960)
suggest 1.15:1. The ratio 1.25:1 would imply a human female autosome map
of 37.5 M. An estimate of about 2 M is then obtained for the X by assuming
that physical lengths in mitotic metaphase are roughly proportional to geneti-
cal lengths, provided that the chromosomes appear to be equally densely
coiled in mitosis. This condition is met reasonably well in male somatic cells,
and in such cells the Ferguson-Smiths, Ellis, and Dickson (1962) find the
X to be equal to 5.43% of the total length of the autosomal haploid set. The
above condition is probably also met in the female for the autosomes and for
the one X which is not late-replicating.

For the four Drosophila melaru)gaster chromosomes, the correlation coefficient is 0.97 be-
tween the actual genetical lengths, i.e. 0.66, 1.08, 1.06, 0.03 M (Warren and Novitski,
1962), and the genetical lengths which would be expected, 0.52, 1.05, 1.23, 0.03 M-if the
same total genetical length were distributed among the chromosomes proportionally to their
physical lengths measured from the (presumed interphase) salivary gland chromosomes
(Bridges, 1942). The data of Elliott (1953) on two flowering plant species show correla-
tions of more than 0.98 between the mitotic metaphase lengths of individual chromosomes
and their deduced genetical lengths estimated from chiasma counts. For maize, the correla-
tion between genetical lengths (Rhoades, 1962) and cytological lengths is only 0.8,
whether the expectations are based on the mitotic diagrams of MeClintock (1929) or on
the meiotic prophase measurements of Longley ( 1939).

ESTIMATES OF MAP INTERVALS AND OF THEIR LIMITS

Estimates of map interval, derived with the aid of the Carter-Falconei
transformation of 0 to wt, are given in Table 2a (see also Fig. 2) and those

C) C) S in (' m v n m
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derived with the aid of the Kosambi transformation in Table 2b. In both
tables, the modal (maximum probability) and median estimates obtained
graphically are accompanied by the appropriate 95% probability limits and
by the corresponding 0 values (recombination fractions). Values are given
for the pooled Xg: deutan - protan data and for the Xg: deutan and
Xg: proton intervals separately. The modal estimates of the three map in-
tervals correspond to 0 values of 0.42, 0.42, 0.40 on the Carter-Falconer scale,
values which are almost identical to those given by the Kosambi scale or to
the direct maximum likelihood estimates of 0 from the raw lod scores (Table
1, Fig. 1). The prior assumptions have had a negligible effect on these esti-
mates but they have allowed limits of the map intervals to be found. The
data (on the Carter-Falconer scale) give a modal estimate of w = 0.48
morgans for the Xg: deutan - protan intenral and the narrowest limits which
encompass 95% of the probability (i.e. 95% of the area under the graph shown
in Fig. 2) are 0.31 M and 1.64 M (0 = 0.30 and approximately 0.5).

The graphical determination of such limits is facilitated by the fact that these are
also the limits which have the same relative probabilities (same ordinates) as each other
and which together exclude 5% of the area under the curve, y = f(w). That this is so,
even for an asymmetrical distribution (provided that it is unimodal and has no truncation
or other discontinuity at either of the narrowest limits) can be shown by considering any
two w values, to1 and to1 + D, which have an area, A (95% of total area under curve),
between them. These are then the narrowest limits when w1 is such that D is a minimum.

Suppose the lower limit is moved by Sw and the upper limit is moved in the same
direction by Sw + SD, without change in the area, A, between the new limits. Then the
changes in area at the two limits must be equal. Thus

SW * f(Wj) = (SW + SD) * f(w1 + D) approximately.

(toj) - f(wl + D)
Hence SD/8w -

f(w1+ D)
At the limit, as SD/Sw tends to zero,

f(wt) = f(w, + D)

i.e. the ordinates are equal. This is the condition for a minimal D and not for a maximal D,
as is shown by the fact that d'D/dw' is necessarily positive for the unimodal types of
distribution specified above:

f(tw + D)t, - f(wf)t,
d2D/dw8 -

[f(w, + D)f2
where t. and t5 are the tangents to the curve at w = to1 and w = w, + D respectively.
t9 is negative and the other items are positive, hence d'D/dwio is positive. (A closely
related result is given by Neyman and Pearson, 1936.)

The narrowest limits are thus readily found by trial and error, using a
planimeter, and have -the reassuring property that the maximum probability
value necessarily lies between them if the curve is unimodal. Similar non-
central limits for a parameter with a skewed distribution are more usually
obtained, e.g. Morton (1956), by a symmetrizing transformation (with subse-
quent retranslation of the limits into original units) or by the ratio method
of Haldane and Smith (1947), but the first is not possible here and the second

415
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TABLE 2A. MAXIMUM PROBABILITY ESTIMATES AND MEDIAN ESTIMATES (IN
MORGANS) OF MAP INTERVAL, X6, BETWEEN Xg AND THE deutan-protan REGION,

ON THE ASSUMPTION THAT THE X CHROMOSOME IS Two MORGANS LONG
Corresponding values of the recombination fractions, 0, are also given. Carter and

Falconer's transformation, 4w = tanh-120 + tan-129, has been used.

From Xg

w 0

0.48 0.42

0.49 0.42
0.44 0.40

Narrowest (asymmetrical) limits
accounting for 95% of

the probability

U,

0.31 & 1.64 0.30 & -0.5

0.30 & 1.65 0.29 & _0.5
0.25 & 1.64 0.24 & -0.5

Conventional (symmetrical) limits
accounting for 95% of

the probability

II, 0

0.77 0.49 0.36 & 1.73 0.34 &!~-0.5

0.79 0.49
0.76 0.49

0.34 & 1.74 0.33 & 5-0.5
0.29 & 1.73 0.28 & t0.5

TABLE 2B. ON THE SCALE OF THE KOSAMBI TRANSFORMATION, 2t = TANH -120
Narrowest (asymmetrical) limits

accounting for 95%/s of
From Xg the probability

Tvne of
estimate

Mlaximum
probability
estimates

Median
estimates

LOcus u,

deutan- 0.60 0.42
protan

deutan 0.62 0.42
protan 0.53 0.39

deutan-
protan

deutan
protan

0.37 & 1.65 0.31 & -0.5

0.33 & 1.66 0.29 & c0.5
0.26 & 1.65 0.24 & asi0.5

Conventional (symmetrical) limits
accounting for 95% of

the probability

17 0

0.81 0.46 0.43 & 1.74 0.35 & -0.5

0.83 0.47 0.39 & 1.75
0.79 0.46 0.32 & 1.74

0.33 & _-0.5
0.28 & -0.5

suffers, when applied to limited data, from an uneconomical safety factor.
Central (i.e. conventional) 95% limits are also given in Table 2 together with
the median estimate, the estimate to which they are clearly more appropriate.

TEST FOR ADDITIVITY OF MAP INTERVALS

The section of chromosome between Xg and deutan is spanned also by the
two intervals Xg: G6PD (0.26 morgans by the above method) Adam et al.,
1963; Fraser et al., 1964), and G6PD : deutan, 0.05 morgans (Porter,
Schulze, and McKusick, 1962), G6PD being the symbol for the glucose 6-
phosphate dehydrogenase locus. The combined length, 0.32 morgans, falls far
short of the present estimate, 0.48 morgans, for the Xg: deutan interval but

Type of
estimate

Maximum
probability
estimates

Median
estimates

Locus

deutan-
protan

dentifln
protan

deutan-
protan

deutan
prota(n



RENWICK AND SCHULZE

the discrepancy is not surprising in view of the wide limits of all the estimates.
Xg G6PD has narrowest 95% limits of 0.13 M and 0.52 M, corresponding
to 0 = 0.13 and 0.43. If the Kosambi formula is used throughout, the dis-
crepancy from additivity is much larger, the estimate of the combined lengths
remaining at 0.32 morgans and the Xg: deutan interval rising to 0.62 morgans.
When the publication of X-linkage data being collected by other workers

is complete, it should be possible to construct a consistent map of the X
chromosome and to discriminate further between the suitabilities of various
mapping transformations for man.

SUMMARY

From the data of Jackson, Symon, and Mann (1964), linkage between the
Xg blood group locus and the deutan-protan region of the X chromosome has
been estimated via scores calculated by an IBM 7090 computer. The maxi-
mum probability estimate of the map interval is 0.48 morgans (48 map units)
and corresponds to a recombination fraction, 0, of 0.42. The narrowest 95%
limits of this estimate are wide and, on the basis of the mapping formula of
Carter and Falconer (1951), may be estimated as 0.31 morgans and 1.64 mor-
gans, if available knowledge of the probable genetical length of the X
chromosome is used. A length of two morgans for the X chromosome has been
chosen here, on the basis of indirect evidence. The data, although allowing
estimates to be made of the map distance of Xg from the deutan and protan
sites separately (0.49 M and 0.44 M) are inadequate to determine the order-
ing of deutan and protan with respect to Xg.
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