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Abstract

We developed a computer noise simulation model for cone beam computed tomography imaging
using a general purpose PC cluster. This model uses a mono-energetic x-ray approximation and
allows us to investigate three primary performance components, specifically quantum noise, detector
blurring and additive system noise. A parallel random number generator based on the Weyl sequence
was implemented in the noise simulation and a visualization technique was accordingly developed
to validate the quality of the parallel random number generator. In our computer simulation model,
three-dimensional (3D) phantoms were mathematically modelled and used to create 450 analytical
projections, which were then sampled into digital image data. Quantum noise was simulated and
added to the analytical projection image data, which were then filtered to incorporate flat panel
detector blurring. Additive system noise was generated and added to form the final projection images.
The Feldkamp algorithm was implemented and used to reconstruct the 3D images of the phantoms.
A 24 dual-Xeon PC cluster was used to compute the projections and reconstructed images in parallel
with each CPU processing 10 projection views for a total of 450 views. Based on this computer
simulation system, simulated cone beam CT images were generated for various phantoms and
technique settings. Noise power spectra for the flat panel x-ray detector and reconstructed images
were then computed to characterize the noise properties. As an example among the potential
applications of our noise simulation model, we showed that images of low contrast objects can be
produced and used for image quality evaluation.

1. Introduction

Cone beam computed tomography (CBCT) is a promising imaging modality and has been a
research highlight in recent years, mainly because of the recent technological advent of x-ray
flat panel detectors (Chen and Ning 2004,Hampton et al 2003,Mueller and Yagel 2000,Ning
et al 2004). Two major types of CBCT reconstruction algorithm, Feldkamp (Feldkamp et al
1984) (based on weighted filtered backprojection) and ART (Hampton et al 2003,Mueller and
Yagel 2000,Smith 1990) (based on algebraic iterations), and other variant methods, have been
studied and improved in terms of accuracy and efficiency for years.

Many factors can affect the cone beam CT imaging performance such as the x-ray spectrum,
photon scatter, focal spot blurring, scanning geometry, number of projections, scanner
misalignment, detector blurring, detector pixel size, voxel size, reconstruction algorithms,
quantum noise and electronics noise. Especially, several sources of errors and artefacts are
associated with the presence of various noises that could affect the cone beam CT image quality.
It is therefore necessary to assess their significance and consequence on the reconstructed
images to reduce their impacts by either optimizing the scanner design or developing image
correction-related algorithms.
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The fluctuation in x-ray detection is an intrinsic property to the x-ray imaging and cannot be
prevented with current technology (Chesler et al 1977,Riederer et al 1978). Noise in the
reconstructed images is caused mainly by the photon statistics, and in this paper we refer to
this type of photon fluctuation as quantum noise. The spatial resolution in the reconstructed
images could be degraded by the flat panel detector blurring and is often characterized by the
point spread function (PSF) or the line spread function (LSF). Additive system noise (Granfors
and Aufrichtig 2000,Maolinbay et al 2000) that may originate from the scintillator structures
or detector electronics was modelled in this study as well.

The scope of this paper is to present and discuss the techniques of using a parallel computing
technique to simulate various types of noise in CBCT images. The noise power spectra (NPS)
were computed to quantify the noise properties (Faulkner and Moores 1984,Hahn et al
1988,Kijewski et al 1991). To demonstrate the application, our noise simulation method was
applied to the comparison of the two different types of filter (Ramp and Shepp-Logan) used
in the Feldkamp algorithm. It was also used to generate images of analytically modelled
phantoms at various noise level settings for the evaluation of low contrast performance. This
paper was organized as follows. In section 2 we present the methodology including the
development of a parallel random number generator based on the Weyl sequence and the
master—slave programming model used in the paper. The results and their associated
discussions are presented in section 3. A short summary of our study and suggested future
research work are covered in section 4.

2. Theory and methods

In this section, we present the theory and background of the methods used in our noise
simulation model. How we modelled the quantum noise, detector blurring and additive system
noise is described in detail. A visualization technique based on the Feldkamp algorithm was
developed to evaluate the quality of a parallel random number generator used in the noise
simulation.

2.1. Noise and random number generator

Quantum noise production is a stochastic process by nature (Cheng et al 2004,Chesler et al
1977,Riederer et al 1978). People in the scientific community have been using numerical
random number generators (RNG) for stochastic simulation such as Monte Carlo calculations
for decades, and tremendous high-quality research work has been produced (Entacher et al
1999,Koniges and Leith 1989,Saarinen et al 1991,Srinivasan et al 2003). Conventional RNGs
have been developed for the single central processing unit (CPU) computation. Now it is
possible to use hundreds or even thousands of computing processors, either 32-bit or 64-bit,
for intensive numerical applications. The computing capability for a trillion floating point
operations per second (FLOPS) has also been available for the past few years. However, the
research for implementing high-quality parallel random number generators (PRNG) for
parallel programming is still in its early development stage (Ackermann et al 2001,Marchenko
and Mikhailov 2002,Quinn 2004). Especially, there are only limited empirical statistical tests
to quantify and test those PRNGs (Liang and Whitlock 2001,Srinivasan et al 2003). In this
study, we applied the Weyl formalism (Holian et al 1994, Tretiakov and Wojciechowski
1999) to produce independent random number sequences and used a visualization technique
presented in section 2.2 to validate the quality.

In our study, we implemented a parallel random number generator based on the Weyl sequence

(Holian et al 1994) which can be expressed as
X, = {nx a}, 1)
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where X, is the nth random number to be generated, o is an irrational number such as v2, {}
is a mathematical operator, and {x} is the fractional part of x. For example, {1.2345} = 0.2345
because 0.2345 is the fractional part of 1.2345. It has been known for years that the Weyl
sequence has the normality property which is a mathematical requirement for producing a
uniform random number sequence (Holian et al 1994). For the purpose of improving the
randomness property, one often needs to modify equation (1) to become a nested Weyl
sequence (NWS) or a shuffled nested Weyl sequence (SNWS). For an NWS based random
number generator, the equation can be formulated as (Holian et al 1994)

X, =1{n>x{nx aj}, @3
while for an SNWS based random number generator, the method can be expressed as (Holian
et al 1994)

1

sn=M><{n><{n><of}}+5, (3)

%= {s, < o) @
where M is a large positive integer. For quality purposes, a visualization methodology was

used to test the parallel random number generator and we found that the SNWS generator
passed the test while other generators failed (Tu et al 2004).

2.2. Quality of random number generator

We need to inspect the RNGs before putting them into serious numerical calculations. If any
type of correlation were found in the numerical sequence, special attention would be required
with the computed results. In single-CPU computing, one only has to worry about the intra-
sequence correlation. However for parallel computing, we have to concern ourselves with both
intra-sequence and inter-sequence correlation issues. There are a large number of methods
based on either statistical methodologies or simulated physical systems in the research literature
for testing the single-CPU random number generators (Knuth 1998,Press et al 1992,1996), but
very few empirical methods exist for testing the randomness and independence for parallel
random number generators. One can easily extend the methodologies, either based on
mathematical models or simulated physical systems, used in testing intra-sequence to develop
techniques for evaluating the inter-sequence correlation. For example, we can calculate various
correlation coefficients for the random number sequences within the same computing processor
and between different computing processors in order to characterize different types of
correlation. Another possible testing method is to apply the GRIP (geometric random inner
products) formalism which is based on the geometrical probability theory (Parry and Fischbach
2000,Schleef et al 1999,Tu and Fischbach 2002, Tu and Fischbach 2003). In this paper, we
developed a simple visualization methodology to quantify PRNGs including our Weyl
sequence based generator and other generators popularly accessible to the scientific
computational community. The key idea is based on visualizing the reconstructed images
obtained from various parallel random number generators. If the RNG is not free of correlation
problems, then the generated sequence should reveal various forms of hidden non-random
patterns which can be identified as either regular or irregular geometrical shapes such as stripes
or circles embedded in the images.

2.3. Quantum noise and additive system noise

Both the quantum and system noise were sampled directly from the Gaussian probability
density function (Mathews et al 1970),

X2
_ 1 20'2
P(X)_«/ﬁa'e , (5)
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where o is the standard deviation and x is the random variable. The ¢ in the Gaussian function
of equation (5) is equal to the square root of the x-ray fluence I which is defined as the number
of photons received in a unit cross-sectional area (Bushberg et al 2002). The physics for setting
o =+/7is based on the photon statistics which follows Poisson probability density distribution
(Mathews et al 1970),

_.n_—v
Pv(n)—v e 7/

nt, (6)

where v = Np, N is the total trials, p is the probability for a successful event to happen, and n
is the random variable. We also used the function in equation (5) to simulate the additive system
noise where ¢ was set to 4.0 mm determined from the experimental measurement.

2.4. Detector blurring

There are various mechanisms in cone beam CT imaging that could produce blurring. Both the
blurring induced by the flat panel detector and focal spot blurring play a role in reducing the
image quality in terms of spatial resolution. In this paper, we used a two-dimensional (2D)
Gaussian probability density function G(x, y) to model the detector blurring where
_xPay?
2
Glx, y)=e o (7)

and ¢ = 0.2 mm. The numerical value of ¢ was determined from the line spread function
measurement (Bushberg et al 2002,Liu and Shaw 2001,2004).

2.5. Feldkamp reconstruction algorithm

The Feldkamp reconstruction algorithm (Feldkamp et al 1984), based on the filtered
backprojection (FBP) method, was used in the study. We first applied Radon transform
formalism to calculate the analytical projection matrix Pq (p, v) for all the projection views,
where p(v) denotes the x-axis (y-axis) in the 2D space of the flat panel detector. The weighted
projection function Py (11, v) was calculated by multiplying the analytical projection function
Po(u, v) by a geometrical factor,

dSO

2 2

Pglu, v) = —
SO+u + v

x Pglu, V), ®)

where dg, is the distance between the isocentre and the x-ray source. Then we made a
convolution with a selected filter h(p),

Polt, V) = Pefus, V) * h(w), ©

where * is a convolution operator. Finally, we integrated and backprojected P"g(p, v) into the
reconstructed voxel function f(x, y, z) in the object space,

2
27T dso ” dso dso

0 (d — y)2 Py X, z|dé. (20)
so

flx, y, 2)=

dsofy 'dsofy

The Ramp (Ram-Lak) and Shepp-Logan filters (Kak and Slaney 2001,Logan and Shepp
1975) were both used in the filtered backprojection reconstruction. The noise power spectra
for the reconstructed images were also calculated using these two different filters. The vertical
dependence along the z direction for the noise power spectrum was also evaluated for both
filters. Mathematically, the Ramp filter can be expressed as
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1/472 n=0,
h(nt)=\0 n=-even, (11)
— 1/ n?m272 n=odd,

where t is the sampling interval. The Shepp—Logan filter can be expressed as

hlnt) = — 2

(4/72 - 1) 772T2’ (2)

where t is the sampling interval.

2.6. Computing system and parallel programming model

A Linux PC cluster was used in our cone beam CT noise study. There are 24 computing units
in the cluster and each unit is furnished with two (dual) Intel Xeon computing processors. One
unit with 2 GB (gigabytes) memory serves as the front-ended (master) node and the rest of
them with 1 GB memory serve as the computing nodes. They all run Linux operating system
with kernel 2.4.18, and standard open source supporting software packages such as GNU
compilers are installed in each computing unit. The most frequently used communication
libraries for parallel computation such as MPI, OpenMP, PVM and Pthreads, and resource
management and scheduling software such as OpenPBS, Maui and Condor were all integrated
into the system.

We used a parallel master—slave programming model (Laforenza 2004,Quinn 2004,Wilkinson
and Allen 2005) in our noise simulation as shown in figure 1. The geometry of the cone beam
imaging is 160 cm from the x-ray source to the rotational centre and 40 cm from the rotational
centre to the flat panel detector. A total of 45 computing processors were utilized to calculate
up to 450 analytical projection images based on Radon transform formalism. Quantum and
additive system noises were generated with an uncorrelated parallel random number generator
as described in section 2.1. The Gaussian blurring function was chosen to simulate the detector
blurring effect. The Feldkamp backprojection algorithm was implemented to reconstruct the
3D images.

2.7. Implementation

We now briefly summarize the noise simulation model in the following steps:
(1) Determine Iy where 1y is the photon fluence for the open field.

(2) Apply Radon transform formalism to calculate 450 analytical projection image matrices P
(i, J) in which each matrix element contains > xuy x I, where uy is the theoretical linear
attenuation coefficient for a specific voxel k and Iy is the passing length, such that the photon
fluence | received at each pixel in the flat panel detector is

-2, u,l

I=15e KKK (13)

(3) Add quantum noise to P(i, j) such that the photon fluence is changed from I to I', where

, -2, u,l
/ kkk+n

=lge T (14)

Here ng is a random variable sampled from a Gaussian probability density function. Note that
we used the mono-energetic x-ray approach.

(4) Add detector blurring such that
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/”=/ ! * G(x, )

07 /oy Glx, ) (19)

where G(x, y) is defined in equation (7). Note that I' * G(x, y)/lg * G(x, y) is for the purpose of
normalization.

(5) Add system noise such that

" ”

I =1 +n (16)
where ng is drawn from
__1
271
1 s
PX) = —=—=— . 17
)= Toro.® (7)

S

Here o4 denotes the noise level for the system noise, and is determined from the experimental
measurement.

(6) Use the Feldkamp filtered backprojection method to reconstruct images as formulated in
section 2.5.

2.8. Noise power spectrum (NPS)

The image quality can be evaluated and characterized by measuring the spatial resolution and
noise level (Riederer et al 1978). In this paper, the noise power spectra were computed to
quantify the noise properties in the reconstructed images. We also used the computed noise
power spectra to compare the Ramp and Shepp-Logan filters used in the Feldkamp algorithm.

To determine the parameters in our noise simulation such as the numerical value of og in
equation (17), we computed and compared the noise power spectrum in the simulated
projection image for the x-ray flat panel detector used in our digital imaging laboratory. For
the experimental measurement of the NPS, uniform exposure images were acquired with 120
kVp x-rays filtered by a 0.5 mm thick copper plate and 1.0 mAs setting. The NPS was measured
over 100 regions of interest (128 x 128 pixels in each region) that totally occupy an array of
1280 x 1280 pixel area in the central part of the image. A 2D fast Fourier transform (FFT) for
each 128 x 128 square region was calculated and the NPS was computed as follows,

_ LFFTiAx, W} | 2
NPS( o fy) = TN}/ x AXAy (18)

where I(x, y) is the projection image data, Ny (Ny) is the number of pixels in the x(y) direction,
Ay (Ay) is the pixel size in the x(y) direction, and fy (fy) is the spatial frequency in the x(y)
direction. Then we took the average from the upper 4 (y > 0) and lower 4 (y < 0) horizontal
lines parallel to the x-axis (y = 0) in the spatial frequency domain (Liu and Shaw 2001,2004).
We used our noise simulation model to calculate the simulated NPS where the parameter g in
equation (17) is to be determined and then directly compared to the measurement data where
o5 can be estimated by a statistical method such as chi-square (x2) statistics (Press et al
1992). Note that the normalized noise power spectra NPS(fy, fy)/S2 were calculated, where S
is the mean image signal.

To evaluate the noise distribution in the spatial frequency space for the reconstructed image,
a noise-free image was first reconstructed from an analytical phantom without adding the
quantum noise, detector blurring and system noise. Then images from noise-free projection
and from projections with added noise were reconstructed and these two images were
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subtracted from each other. Then a 2D FFT computing routine for the entire 512 x 512 voxel
square in the x=y reconstructed image plane at various vertical positions (z = 0.0, 1.0, 2.0, 3.0,
4.0, and 5.0 cm) was performed. The noise power spectra were computed using equation (18)
and repeated 500 times to reduce the fluctuation to an acceptable level. In the end, we calculated
the average from the 4 upper (y > 0) and 4 lower (y < 0) lines parallel to the x-axis (y = 0) in
the spatial frequency domain. The results are presented and discussed in section 3.

3. Results and discussion

3.1. Noise quality test

We compared the Weyl sequence based parallel random number generator to other parallel
random number generators by using the visualization technique formulated in section 2.2. Two
parallel random number generators selected from the scalable parallel random number
generator (SPRNG) library and our implemented Weyl sequence based generator, SNWS, were
independently used to reconstruct images from the same analytical projection data and the
results are shown in figures 2 and 3. One can easily spot some regular circular patterns in figure
2(b), while no patterns, regular or irregular, are visible in figure 2(a). Also note that various
regular circular patterns are present in figure 3(b), while only smooth noisy background is seen
in figure 3(a). As mentioned in section 2, we concluded that the Weyl sequence based PRNG
results in better randomness and independence than other PRNGs frequently used in Monte
Carlo applications. This result is important because it serves to ensure the high quality of the
randomness of our noise simulation model (Knuth 1998).

3.2. Noise power spectrum

To determine the best numerical value for the parameter o4 in equation (17), we computed and
compared the noise power spectrum for the simulated projection image for the x-ray flat panel
detector. The results from the direct measurement and computer simulation are shown and
compared in figure 4. The data were taken from both the experimental measurement (Liu and
Shaw 2001,2004) and the computer simulation. It is clear that these two curves (measurement
and simulation) are closely matched. The confidence interval for 65 was computed to be 95.0%
using x2 statistics (Press et al 1992). We then concluded that the parameters used in the noise
simulation model for the cone beam CT are well justified.

In figure 5 we compare the computed noise power spectra at the rotation plane (z = 0.0 cm)
for the images reconstructed by using two different filters (Ramp and Shepp—Logan). The result
indicated that the Shepp—Logan filter is a better choice over the Ramp filter simply because
the noise power spectrum values for the Shepp—Logan filter are lower than the Ramp filter. In
figures 6 and 7, we show the computed z-direction dependence for the 2D noise power spectra
(z=0.0and 5.0 cm) for both the Ramp and Shepp—Logan filters. The results indicated that the
overall numerical noise power values decrease when the z value increases for all the spatial
frequencies. This characteristic is originated from the Feldkamp reconstruction algorithm
because more interpolations are required in the backprojection when the reconstruction plane
is not at the plane of z = 0. Mathematically this is equivalent to the smoothing operation (or
convolution). Also note that the fan beam reconstruction is performed at the plane of z= 0.

3.3. Applications

There are several potential applications for our noise simulation model such as a low contrast
performance study. In figures 8, 9, 10 and 11, reconstructed images of various mathematical
phantoms are shown. They potentially can be used in perception studies for evaluating the low
contrast performance of the images. A total of 450 projection views were simulated and the
projection image data were obtained by adding the quantum noise, detector blurring and system
noise to the analytical computed projections. In figure 8 CBCT images of a 3D phantom
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simulated with and without the noise are shown. Note that one can do the contrast sensitivity
study by varying the noise levels in our noise simulation model. The phantom consists of a
cylinder having a diameter of 10.0 cm and a linear attenuation coefficient of 1.0 cm™1 with
eight smaller cylinders arranged in a circular manner. The smaller cylinders all have a diameter
of 0.8 cm and the attenuation coefficients range from 1.01 to 1.08 cm ™1, leading to a contrast
level ranging from 1% to 8% relative to the background. In figure 9 a similar phantom contains
a big cylinder having a diameter of 10.0 cm and attenuation coefficient of 1.0 cm™1 with eight
smaller cylinders of various sizes arranged in a circular manner where the smaller cylinders
all have the same attenuation coefficient of 1.01 cm™1 and the diameters range from 0.2 to 0.9
cm. In figure 10 the images of a simulated chest phantom are reconstructed at various simulated
stages. The image without adding any noise is shown in figure 10(a). The image with quantum
noise is shown in figure 10(b). The image with quantum noise and detector blurring is shown
in figure 10(c). The image with quantum noise, detector blurring and system noise is shown
in figure 10(d). Note that we are able to show reconstructed images at various independent
noise simulated states while in real measurement one can only reconstruct images where
quantum noise, detector blurring and system noise have been combined together. In figure 11
we reconstructed the image by using a Gaussian smoothing filter to preprocess the projection
data after quantum noise, detector blurring and system noise had been added. The image shows
better visual quality if a Gaussian filter is used. Note that all images are shown at the mid x—
y plane (z = 0.0) in figures 8, 9, 10 and 11.

4. Conclusions

We have presented a parallel simulation model and developed a software tool to incorporate
quantum noise, detector blurring and system noise in cone beam computed tomography
imaging. A correlation-free parallel random number generator based on the Weyl sequence
was implemented, tested and compared with other parallel random number generators. A
visualization technique was also developed to detect the non-random patterns hidden in the
parallel random number generators, and the results showed that our implemented generator
delivered better quality than the other tested generators. Two different filters, the Ramp and
the Shepp-Logan filter, used in the Feldkamp reconstruction algorithm were compared and
the dependence on the z direction at the reconstruction x-y plane for the noise power spectrum
was also evaluated. In the end, we demonstrated that our developed noise simulation model
can be used for the purpose of contrast-detail study by creating mathematical phantoms for
specific imaging scenarios and generating reconstructed images corresponding to various
imaging techniques or conditions.
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Figure 1.
Master—slave parallel programming model.
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Uncorrelated noise Correlated noise

(a) (b)

Figure 2.

Images reconstructed from data using different parallel random number generators. (a)
Uncorrelated noise image: only smooth noisy background is visible. (b) Correlated noise
image: regular geometric patterns are visible.
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Figure 3.

Images reconstructed from data using different parallel random number generators. (a) Image
with uncorrelated noise: only smooth noisy background is visible. (b) Image with correlated
noise: various circular patterns are visible.
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Figure 4.

Page 13

Computed NPS for the x-ray flat panel detector. Two curves, one from the experimental
measurement and the other one from the computer simulation, are shown simultaneously. Note

that the spatial frequency on the x-axis has been rescaled where Nyquist frequency is

normalized to 1.0.
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Figure 5.

0.7

Page 14

Computed NPS for the image reconstructed at the mid x—y plane where z = 0. Two curves (one
for the Shepp-Logan filter and one for the Ramp filter) are compared. Note that the spatial
frequency on the x-axis has been rescaled to where the Nyquist frequency is 1.0 and the y-axis

is in logarithmic scale.
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Figure 6.

Computed NPS for the images reconstructed at the x—y plane by using the Shepp—Logan filter
atz =0.0 and z = 5.0 cm positions. Note that the spatial frequency on the x-axis has been
rescaled to where the Nyquist frequency is 1.0 and the y-axis is in logarithmic scale.
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Figure 7.

Computed NPS for the images reconstructed at the x—y plane by using the Ramp filter at z =
0.0 and z = 5.0 cm positions. Note that the spatial frequency on the x-axis has been rescaled to
where the Nyquist frequency is 1.0 and the y-axis is in logarithmic scale.
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()

Figure 8.

Object visibility versus contrast level. Note that images are shown at the x—y plane when z =
0. Note that the noise level is increasing in the order of (b), (c) and (d). (a) Image reconstructed
from analytical projection data (no noise added). (b), (c), (d) Images reconstructed with added
noise.
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Figure 9.

Obiject visibility versus size. Note that images are shown at the x—y plane when z = 0. Note that
the noise level is increasing in the order of (b), (c) and (d). (a) Image reconstructed from
analytical projection data (no noise added). (b), (c), (d) Images reconstructed from projection
image data with noise added.
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(c) (d)

Figure 10.

Reconstruction images shown at various simulated stages. Note that images are shown at the
x=y plane where z = 0. (a) Image reconstructed from analytical projection data. (b) Image with
only quantum noise simulated. (c) Image with quantum noise and detector blurring simulated.
(d) Image with quantum noise, detector blurring and system noise simulated.
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(a)

Figure 11.

Reconstructed images in which quantum noise, detector blurring and system noise are all
simulated. In this specific case, the image reconstructed with a pre-filtering process shows
better image quality than the image without a pre-filtering process. Note that the same phantom
is used as in figure 10 and the image is shown at the x—y plane where z = 0. See the text for
details. (a) Image reconstructed with a pre-filtering process. (b) Image reconstructed without
a pre-filtering process.
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