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A modification of the second-order model for biodegradation was derived, applied to an example data set,
and shown to be superior for describing the anaerobic biodegradation of p-cresol by an enriched bacterial
consortium. The modified model circumvents the no-growth assumption implicit in the use of the second-order
rate equation, but still requires the assumption of first-order kinetics over the course of substrate depletion.
Violation of the no-growth assumption is particularly important since overestimates of the pseudo-first-order
rate coefficient lead to underestimates of the time required for the removal of a xenobiotic chemical from a
contaminated environment. Our calculations show that the errors introduced into the pseudo-first-order rate
coefficient (and the resulting estimates of the second-order rate coefficient) approach 100% if one doubling
occurs in activity over the course of substrate depletion. For an exemplary data set, use of a first-order model
resulted in a 100% overestimate of the first-order decay coefficient, which would in turn lead to a corresponding
overestimate of the second-order rate coefficient. The modified model we describe is a potential alternative to
the pseudo-first-order model for the routine estimation of second-order rate coefficients.

The second-order rate model has received considerable
attention as a tool for quantitatively predicting the disap-
pearance of xenobiotic chemicals from natural environments
(1, 7-10). While attractive in its simplicity, the model suffers
from several practical and theoretical constraints. The major
focus of this manuscript is to quantitatively examine the
errors associated with the second-order rate assumptions
and to lay a theoretical foundation for a modified version of
the model which circumvents some of the theoretical diffi-
culties.
The second-order rate model can be derived from the

differential form of the Monod equation. Published mixed-
culture data support this derivation (7). Unfortunately, this
model has never been applied to substrate depletion data
obtained with pure cultures (or defined mixed cultures)
sampled from chemostats at various growth rates to check
the general validity of this derivation. Such an experiment is
essential since the previous growth rate history of an orga-
nism is known to influence growth and uptake kinetic
parameters determined in batch systems (11). Despite this,
the second-order rate model for biodegradation has been
used to describe the fate of a limited number of xenobiotic
compounds to a statistically appropriate degree (7-10).
Only one of the two assumptions associated with the use

of the second-order rate expression compromises its utility
in a nonconservative way. The first assumption is that
first-order kinetics is obeyed over the course of substrate
depletion. This allows a first-order model to be fit to the data
and the second-order rate constant to be calculated if a
suitable estimate of active biomass is available. When incor-
rect, this assumption leads to an underestimate of the
second-order rate coefficient and a corresponding overesti-
mate of the time required for a xenobiotic compound to
reach acceptable levels in natural ecosystems. From a reg-
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ulatory perspective, overestimating the time required to
reach this substrate concentration is conservative and, thus,
acceptable. In contrast, the assumption that microbial
growth and thus activity changes are negligible can lead to
overestimates of the second-order rate constant and to
unwarranted optimism regarding the rate of pollutant elimi-
nation from a contaminated environment. Violation of this
second assumption may occur when the requisite microor-
ganisms grow at the expense of substrates other than the
pollutant under investigation. Also, significant microbial
growth can occur when the xenobiotic substrate concentra-
tion is in the mixed-order or zero-order region.

In the present manuscript we describe the derivation and
use of a modified version of the second-order rate model that
circumvents the need for the no-growth or no-changes-in-
activity assumption. This modified model still makes the
first-order assumption but allows the active biomass to
increase over the course of substrate depletion. The model
allows the estimation of the second-order rate coefficient and
the slope of the Monod equation in the first-order region
(lLmaxIKs). We illustrate the use of this new model by fitting
it to a substrate depletion curve for the anaerobic biodegra-
dation of p-cresol. It is clear from the discrimination tech-
niques used that the new model is an improvement statisti-
cally in the description of this data set over the second-order
rate expression.

In addition to the derivation and application of this new
model, we discuss the quantitative implications of the two
assumptions discussed above on estimates of the second-
order rate coefficient. Using theoretically derived error
plots, we show that (i) even modest increases in activity
(which may be undetectable depending on how biomass is
measured) can lead to significant overestimates of the sec-
ond-order rate coefficient and (ii) the substrate concentration
must be at least 10-fold below the half-saturation constant to
produce acceptably small errors (<10%) in estimates of the
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second-order rate coefficient when this parameter is deter-
mined assuming first-order kinetics.

THEORY
Model derivations. The second-order rate model and the

model we describe in this manuscript may each be derived
from the differential form of the Monod equation (1, 13, 17):

dSldt = -[(ILmax X S)I(Ks + S)] x (BIY) (1)

where Pumax = the maximum specific growth rate, Ks = the
half-saturation constant for growth on rate-limiting substrate
5, and Y = a yield coefficient for the conversion of substrate
carbon into biomass carbon B. If S is in the first-order
region, then the differential form of the Monod model
simplifies to

dSldt = -[(Lmax X S)/Ks] X (B/U (2)

This model may be re-expressed as

dSldt= -k2XSxB (3)

which is the second-order model for biodegradation where
saturation is presumed negligible and with k2 = pLmax/(Ks ).

Experimentally, the second-order rate model is used in the
following reparameterized form:

dS/dt = -k1 S (4)
with k1 = k2 x Bo. ki is referred to as a pseudo-first-order
rate constant because its value is proportional to the con-
centration of biomass present at t = 0 (BO). By using this
form, the net change in biomass or activity over the course
of a substrate decay experiment is assumed to be negligible.
The derivation of the modified model begins again with the
differential form of the Monod equation, equation 1. Instead
of assuming that B is constant over the progress curve and
equal to Bo, it is allowed to change according to a mass-
balance relationship,

B = Y x (So-S) + Bo (5)
where So equals S at t = 0. Assuming first-order kinetics
leads to

dS/dt = -(pLmax x S)/Ks] X [(So - S) + (Bo/U] (6)
If we group terms in equation 6 and simplify, the following
expression is obtained:

dS/dt = (k x S2) - [(k x So) + kl] x S (7)

where k = p ..ax/Ks and k1 equals the pseudo-first-order rate
coefficient. Thus, by fitting data to equation 7, we can
estimate both the pseudo-first-order rate coefficient, kl, and
an additional parameter, k, that equals the slope of the
Monod equation in the first-order region (,umaxlK&). The
second-order rate coefficient k2 may be estimated by dividing
k1 in equation 7 by the estimate of active B present at the
start of the substrate depletion experiment (BO). This ap-
proach is analogous to the standard method of estimating k2
from the value of k, determined by fitting a progress curve to
equation 4, only the no-growth assumption is not required.
Error curves for k, and k2. The impact of the first-order

and no-growth assumptions on estimates of k, (and on k2
since errors in this parameter are directly proportional to
errors in kl) can be theoretically quantified. Assuming that
active microbial growth occurs according to equation 7, the
apparent estimate of k, determined with equation 4 depends

linearly on the fraction of substrate carbon converted into
biomass. We can express this dependence relative to the
initial amount of active biomass carbon present, Bo (Fig. 1).
The curve shown in Fig. 1 does not depend on the yield
coefficient, Y, since the x axis incorporates all possible Y
values. One can conclude from Fig. 1 that the magnitude of
the overestimate of k, and, hence, k2 will approach 100% if
one doubling in activity occurs during a time series kinetic
experiment.
An error curve for violation of the first-order assumption

may be derived by considering the error in the predicted rate
of substrate depletion for a saturable process as approxi-
mated by first-order kinetics. This curve is mathematically
defined as the difference between rate predictions made by
first-order versus Michaelis-Menten models divided by the
rates predicted from the Michaelian model, as a function of
substrate concentration. This relationship shows that a sub-
strate concentration 10-fold below the half-saturation con-
stant produces errors (<10%) that are acceptable from a
practical perspective (Fig. 2). The absolute error in kl, and k2
estimates derived from k1, approach 50% as the substrate
concentration approaches the half-saturation constant, Km.
Note that a dimensionless substrate concentration (S/Ki)

is plotted in Fig. 2. Thus, this error curve does not depend on
the specific value of Km since this parameter is incorporated
in the dimensionless variable SlKm.

MATERIALS AND METHODS
Experimental data set. Progress curves for the anaerobic

biodegradation ofp-cresol were used to evaluate equations 7
and 4 for estimating the pseudo-first-order rate coefficient ki.
Details on the experimental conditions and methods of
analysis can be found elsewhere (19). Briefly, bacterial cells
were enriched from a shallow anoxic aquifer for their ability
to degrade p-cresol under sulfate-reducing conditions. The
enrichment was grown in a RAMM mineral salts medium
(14) supplemented with 20 mM Na2SO4 and 300 ,uM p-cresol
as the carbon source. The enrichment was anaerobically
transferred to incubation flasks which were in turn con-
nected to an automated high-pressure liquid chromatography
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FIG. 1. Errors introduced into the pseudo-first-order rate coeffi-
cient (and estimates of the second-order rate constant derived from
it) by violation of the no-growth assumption. The x axis equals the
fraction of substrate converted into biomass relative to the initial
biomass. It thus incorporates all possible Y values.
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FIG. 2. Errors introduced into the pseudo-first-order rate coeffi-
cient (and estimates of the second-order rate constant derived from
it) by violation of the first-order kinetic assumption. The dimension-
less substrate concentration S/Km is plotted on the x axis; thus this
curve is a general one and independent of the Km value.

system designed for the unattended collection of time series
kinetic data. The enrichment was amended with p-cresol,
and substrate disappearance was monitored by high-pres-
sure liquid chromatography.

Regression method. The p-cresol decay curve was fit to
both equations 4 and 7, using Hartley's modification of the
Gaussian method (5). The standard errors of the parameters
were approximated by using the covariance matrix of the
parameters (12). These standard errors are optimistic since
they are based on within-assay rather than between-assay
variation.
Model discrimination. Goodness-of-fit for model 4 versus

model 7 was assessed in two ways. First, an F-test for model
discrimination (12) was used to determine if the decrease in
the residual mean square for model 7 was significantly lower
than that obtained for the fit of the p-cresol depletion data to
model 4. Since the integrated versions of the models being
compared are nonlinear with respect to their parameters, the
significance of the F-test is only approximate (12). Second,
lack-of-fit errors (that is, errors due to use of an incorrect
model) were checked for by using residuals plots (4, 12). It is
more instructive to construct residuals plots than to merely
plot the collected data versus the best-fit nonlinear model
since deviations from the fitted equation are magnified in
residuals plots (3).

The objectives of this work were twofold. First, we
wished to quantify and emphasize the influence of the two
assumptions implicit in the use of the second-order model for
biodegradation, namely, the first-order kinetics and no-

growth assumptions. Second, we wished to show, through
the use of an alternative nonlinear model, that the second-
order rate coefficient (derived from the pseudo-first-order
rate coefficient and a suitable estimate of active biomass at
time zero) can be determined without assuming that growth
is negligible during first-order substrate depletion.

Violation of the no-growth assumption can be serious if
the interest in estimating k2 lies with making regulatory
decisions since estimates of pollutant decay rates will be
nonconservative. That is, violation of this assumption leads
to an underestimate of the time needed for removal of a

pollutant since kl, and k2 in turn, are overestimated. The
magnitude of these errors can be large even for modest
increases in biomass (e.g., 25%) during pseudo-first-order
substrate depletion (Fig. 1). For the anaerobic p-cresol
depletion curve, we found that fitting the data to equation 4
resulted in an approximately 100% larger value for k, than
that obtained with model 7 (Table 1). Substituting equation 7
in place of 4 for routine estimation of k, and k2 would
eliminate the need for the no-growth assumption, but the
general validity of equation 7 needs to be established exper-
imentally before a specific recommendation can be made.

If an underestimate of the pseudo-first-order rate coeffi-
cient (and the corresponding value of k2) is obtained, then
the time required for a xenobiotic substrate to reach accept-
able concentrations in a given habitat will be overestimated.
This type of error can occur when zero- or mixed- rather
than first-order substrate disappearance data are incorrectly
fit to the pseudo-first-order model (equation 4). But, this
error is a conservative one. Its quantitative impact has
heretofore not received specific expression, yet this type of
error deserves some attention since overestimating the time
required for pollutant decomposition could have economic
consequences.

Equation 7 did a better job of describing the anaerobic
degradation of p-cresol than did equation 4. The residual
mean square for model 7 was significantly lower than that
obtained for equation 4 at the 1% level of statistical signifi-
cance (Table 1). In addition, the residuals for equation 7
(Fig. 3) showed less systematic behavior than those obtained
for equation 4 (Fig. 4). However, the existence of several
apparently nonrandom regions of the residuals suggest that
even model 7 is not entirely correct. The presence of visually
apparent lack-of-fit errors (Fig. 3) may be due to a violation
of the assumption that first-order kinetics was obeyed during
p-cresol decay. Some systematic behavior in the residuals is
expected even if model 7 is biologically correct given that (i)
residuals are generally correlated since there are only n - p

TABLE 1. Results of fitting p-cresol test data set to equation 4 versus 7

Equation k, (h-1) SE of k, k (h-1 -. M-1) SE of k dfa RMSb

4 2.0 x 10-2 6.6 x 10-4 NEc NE 43 24.80
7 1.0 x 10-2 1.2 x 10-3 2.4 x 10-4 3.8 x 1D-5 42 19.95**d

a Number of data pairs minus number of parameters in model.
b RMS, Residual mean square (sum of squared residuals divided by degrees of freedom).
NE, Not estimable; the ratio of -maxlKs (=k) cannot be estimated by fitting imodel 4 to a first-order progress curve without prior knowledge of Y.

d ** indicates that reduction in the residual mean square for model 7 versus model 4 is significant at the 1% level of statistical significance; note that the
significance level is only approximate since the models are nonlinear.
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FIG. 3. Best-fit curve and residuals for the fit of the p-cresol data
to model 7.

degrees of freedom among them (4) and (ii) intensive sam-
pling alone often results in correlated residuals (6).
Model 7 is mathematically similar to two other biodegra-

dation kinetic models derived by Brunner and Focht (2).
These authors described 3/2-order models in which substrate
depletion was not explicitly linked to growth. Equation 7
may be considered similar in that it depends both on S2 and
S, but substrate depletion is explicitly linked to growth in
equation 7.

Recently, a number of nonlinear models have been pro-
posed to describe the biodegradation of compounds under
various conditions (2, 14, 16-18). The model (equation 7)
described in this work is less complicated than most of these
and includes one more parameter than the simplest biodeg-
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FIG. 4. Best-fit curve and residuals for the fit of the p-cresol data
to model 4.

radation model, equation 4. The use of increasingly more
complicated models to describe the kinetic patterns of bio-
degradation presents difficulties since the number of param-
eters which may be uniquely estimated is limited. Practi-
cally, it is difficult to uniquely determine (that is, identify)
the parameters of nonlinear models with five or more param-
eters from a given biodegradation progress curve. Thus, it is
important that attempts to make models more general by
increasing their complexity be tempered with statistical
judgment. We believe model 7 is a compromise between the
unrealistic simplicity of the first-order model and more
complex multiparameter models which may be difficult to
both identify and discriminate among statistically.
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ADDENDUM IN PROOF

Estimating k and k1 (given BO) by fitting progress curve
data to equation 7 requires a nonlinear regression algorithm
capable of numerically integrating this model to obtain the
best fit S versus t curve. This is not always practical since
many commercial regression routines do not permit fitting
data to differential equations directly. To overcome this
practical difficulty, the integrated version of equation 7 is

S = [P x S0 x exp(P x t)]/[P + (Q x 50) - (Q x So) x
exp(P x t)] (8)

where P = -[(k x So) + ki], Q = k, and exp indicates
exponentiation. Fitting data to equation 8 still requires a
nonlinear regression algorithm, but not one capable of
numerically estimating differential equations (i.e., equation
7).
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