
Spatially Uniform Sampling in 4-D EPR spectral-spatial imaging

Kang-Hyun Ahn1,2 and Howard J. Halpern*,1,2

1 Department of Radiation and Cellular Oncology, University of Chicago, Chicago, Illinois

2 Center for EPR Imaging in Vivo Physiology, University of Chicago, Chicago, Illinois

Abstract
4-D EPR imaging involves a computationally intensive inversion of the sampled Radon transform.
Conventionally, N-dimensional reconstructions have been carried out with N-1 stages of 2-D
backprojection to exploit a dimension-dependent reduction in execution time. The huge data size of
4-D EPR imaging demands the use of a 3-stage reconstruction each consisting of 2-D
backprojections. This gives three orders of magnitude reduction in computation relative to a single
stage 4-D filtered backprojection. The multi-stage reconstruction, however, requires a uniform
angular sampling that yields an inefficient distribution of gradient directions. We introduce a solution
that involves acquisition of projections uniformly distributed in solid angle and reconstructs in three
2-D stages with the spatial uniform solid angle data set converted to uniform linear angular
projections using 2-D interpolation. Images were taken from the two sampling schemes to compare
the spatial resolution and the line width resolution. The degradation in the image quality due to the
additional interpolation was small, and we achieved ∼30% reduction in data acquisition time.
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Introduction
Electron paramagnetic resonance imaging (EPRI) has been successfully applied to biological
systems to quantify physiologic parameters, most importantly tissue oxygenation based on
spectral linewidth imaging [1-6]. One can extract information about the local fluid environment
from the EPR spectrum, which is obtained for each spatial voxel in a 4-D spectral-spatial image
[2,7]. The extremely short relaxation time of the electron spin system makes the continuous
wave (CW) EPRI technique accessible for most applications. Filtered back-projection (FBP)
is commonly used for image reconstruction in CW EPRI [8-12].

Conventionally, FBP for N-dimensional image reconstruction has been carried out with N-1
stages of 2-D backprojection to exploit a dimension-dependent reduction in execution time.
Although the multi-stage reconstruction is mathematically equivalent to the single stage
reconstruction, it imposes a sampling constraint that projections are aligned in a grid defined,
for a 3-D image, by azimuthal and polar angles. In this framework, sampling at uniform linear
angles ends up with a non-uniform distribution of gradient directions, with the directions about
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the poles more densely sampled than at the equator. The inefficiency in the data acquisition is
a price that one has to pay for the fast computing with the use of a multi-stage reconstruction.

Recent improvement of PC performance realizes a single stage reconstruction in a reasonable
computing time for 3-D EPR images taken with uniform solid angle sampling [13]. However,
the huge data size of 4-D EPR imaging inflicts a heavy load of computation, and demands the
use of a 3-stage reconstruction that can achieve three orders of magnitude reduction in
computation. We devised an imaging procedure that acquires projections uniformly distributed
in spatial solid angle and reconstructs in three 2-D stages. The uniform solid angle data set is
converted to uniform linear angular projections using 2-D interpolation. With uniformly
distributed directions of gradient, we reduce spatial sampling without significant loss of the
bandwidth. Our method, however, involves an additional interpolation step that may degrade
image quality. We tested the new procedure and compared it with the conventional EPRI. The
important figures of merit that characterize the quality of 4-D EPRI are spatial resolution and
line width resolution. With an acceptable degradation in these image qualities, we achieved
∼30% reduction of data acquisition time that comes from avoidance of inefficiently distributed
projections.

Sampling at uniform linear angles brings about spatially crowded projections around the pole.
The use of hyperspherical polar coordinates for 4-D EPRI implies the existence of a pole that
incorporates a spectral angle as well as spatial angles [14,15] and vide infra. We emphasize in
the title of this work that the uniformity of the solid angle is not fully four dimensional. There
is a similar redundancy in the projections obtained at small gradients or small gradient angles.
A fully uniform 4-D solid angle sampling with single stage image reconstruction algorithm
will achieve the best tradeoff between image quality and the data acquisition time. This would
reduce acquisition of the small gradient angle projections. Unlike the spatial angle sampling,
the gradient angle projection sampling involves different signal-to-noise levels at different
gradient angles. The low gradient projections have much higher signal-to-noise than those with
larger gradients. The reduction of the number of low gradient projections is not useful because
they are obtained in relatively short time intervals. In addition, the computational complexity
for single stage 4-D image reconstruction algorithm is 3 orders of magnitude higher than the
3-stage 2-D backprojection reconstruction algorithm.

Methods
Data Acquisition

We made a hexagonal phantom consisting of 7 capillary tubes with 1.4 mm inner diameter,
lengths in the range of 46-53 mm (extending well beyond the resonator) and a distance between
samples of 1.6 mm. A small bottle phantom with 9.5 mm inner diameter and 45 mm length
was used for images of a homogeneous phantom. The sensitive region of the resonator was 1.6
cm diameter and approximately 2.5 cm along the axis of the resonator. The phantoms were
filled with 1 mM deoxygenated OX063 radical (methyl-tris[8-carboxy-2,2,6,6-tetrakis[(2-
hydroxyethyl]benzo[1,2-d:4,5-d']bis [1,3]dithiol-4-yl]-, trisodium salt, MW 1427), a kind gift
from Nycomed Innovations, Malmo SW. Images of the small bottle phantom were used for a
quantitative comparison of the image quality defined in the following section.

We used a spectroscopic imager operating at 250 MHz [16] to take 4-D spectral-spatial EPR
images of the phantoms. A single loop-single gap resonator (with a sample holding loop 16
mm in diameter and 15 mm in length) was used with a circulator based bridge with quadrature
RF detection. Field modulation was produced by a 7.5 cm radius Helmholtz coil pair operating
at 4.98 kHz with over-modulation (17 μT modulation amplitude). An accurate line shape
simulation allowed operation with high modulation amplitude to increase signal-to-noise ratio
(SNR) in images without sacrifice in the determination of the intrinsic line width [17,18]. The
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RF power delivered to the resonator was 0.020 mW, which was 10 times lower than the
saturation level. 14 spectral projections were employed for each of the spatial angular
projections. The spectral projections are characterized in terms of a spectral angle α defined
as

tanα = G ΔL ∕ ΔB, [1]

where G is the gradient magnitude, ΔL is the spatial FOV, ΔB is the spectral FOV [14,15]. The
spatial and spectral field of view (FOV) was 30 mm and 0.1 mT, which required maximum
gradient of 30 mT/m. To compensate for the low SNR at higher gradient projections, the signal
was averaged using, for example, 8 sweeps per projection for the highest gradient. Each sweep
was acquired with 256 field points, 3 ms/point, 3 ms time constant, and 12-dB/octave filter
using an SR830 lock-in amplifier (Stanford Research Systems, Sunnyvale, CA). The
projections were subjected to a Gaussian filter whose width was 3.2 points and then subsampled
to 256/3.2=80 points.

Image Reconstruction
Computation used standard PCs running MATLAB (Mathworks, Cambridge, MA) version 7.
A C code algorithm called from the MATLAB environment performed the backprojection
portion of the reconstruction. 4-D spectral-spatial images of the phantoms were taken with two
different sampling schemes. First, the image was taken with conventional sampling using
uniform linear angles (Figure 1a). This required 10 evenly spaced azimuthal samples for each
of 10 evenly spaced polar angles, which resulted in a non-uniform distribution of gradient
directions. The numbers of angular sampling NPOLAR, NAZIMUTHAL over the interval of [−π/
2, π/2] define the polar angular interval Δθ = π/NPOLAR, and the azimuthal angular interval
Δφ = π/NAZIMUTHAL. For a sphere of radius r, the angular intervals subtend arcs of length of
Δlθ = rΔθ, and Δlφ = rsinθΔφ. The sinogram of the conventional sampling was fed into a 3-
stage reconstruction algorithm. The second image (Figure 1b) was taken with 66 projections
at uniform solid angular intervals. The centers of the solid angle intervals were determined in
the following way. We assigned uniform solid angle to each interval using a constraint of
Δlθ = Δlφ. The centers of the angular bins were then defined by the following:

NAZIMUTHAL = round(NPOLAR sinθ),
φk = − π

2 + π
NAZIMUTHAL

(k − 1
2 ), k = 1, …, NAZIMUTHAL,

θk = − π
2 + π

NPOLAR
(k − 1

2 ), k = 1, …, NPOLAR .

[2]

With NPOLAR = 10, Eq. [2] produces 66 locations uniformly populating the unit hemisphere.

A sinogram of uniform linear angles (10 evenly spaced polar and azimuthal angles) was
produced from the 66 projections sampled at uniform solid angles using 2D cubic spline
interpolation at each polar angle and gradient magnitude. Figure 2 demonstrates the procedure
of azimuthal angular interpolation for a specific polar angle nearer the polar axis (θ=27°) and
a polar angle nearer the equator (θ=63°). The interpolated sinogram was used for the 3-stage
reconstruction of the image taken with uniform solid angular sampling.

Characterization of Image Quality
The image qualities were compared using two figures of merit: spatial resolution and line width
resolution. Methods to evaluate spatial resolution are well established in imaging theory [19,
20]. The deterministic blurring properties of linear shift-invariant imaging systems can be
characterized by a response or spread function. We used an edge spread function, which is the
response of the system to an edge source modeled by a 2-dimensional step or Heaviside function
[21]. It is mathematically equivalent to the indefinite integral of a line spread function [20].
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Figure 3 demonstrates the use of the edge spread function. The rise of signal intensity profile
from a simulated phantom image is fitted to an error function, from which full width at half
maximum (FWHM) of the line spread function can be extracted. For this work two points
separated by one FWHM are taken to be resolved. This definition of resolution is a good
surrogate for the classical Rayleigh criterion where two points of equal intensity are said to be
resolved if the intensity between them drops to 81% of the maximum [22].

Currently, with conventional PCs, we can reconstruct a 4-D image with maximum number of
bins 152 for each dimension, which occupies 2 GB (= 1524×4 bytes) of memory when each
spectral value is represented as a single precision number. For a practical convenience
regarding processing time and memory, we use projections subsampled to a smaller number
of bins than the maximum possible. With 80 bins for each dimension, the spatial FOV of 30
mm defines the voxel linear dimension of 30√2/80 = 0.53 mm, which has a non negligible
effect on spatial resolution measurement.

To analyze the effect of finite voxel size, we reconstructed the image using various numbers
of bins from 30 to 150. The voxelation was approximated as a Gaussian spread function, whose
width is linearly proportional to the voxel size. Then, the measured spatial resolution S can be
specified as a convolution of the intrinsic spatial resolution Si and the Gaussian spread function.
This leads to the following quadrature addition.

S 2 = Si2 + (kD)2 [3]

where k is a dimensionless constant that characterizes the effect of voxel size D. The
measurements of spatial resolution from images reconstructed with various numbers of bins
were fitted to Eq. [3] to estimate the intrinsic spatial resolution.

A second figure of merit for these images is line width resolution. This translates into oxygen
resolution through the linear relationship between oxygen concentration and line width [2].
Figure 4a shows the small bottle phantom, and its EPR spatial image is shown in Figure 4b.
From each spatial voxel an EPR spectrum is derived. After selection of voxels with intensity
amplitude at least 15% of that of the maximum, the fitting algorithm [17,18] was used to extract
the Lorentzian line width from each voxel spectrum. In Figure 5, we display a single plane
slice of small bottle phantom showing the fitted line width (Figure 5a) that corresponds to the
shaded vertical section of Figure 4b. A histogram of line widths from all of the voxels of the
bottle is shown in Figure 5b. The standard deviation of the line width distribution is a quantity
that increases as SNR goes down, and was chosen to characterize the line width resolution of
the image. Frequently, the line width distribution was accompanied by outliers that unduly
degraded the line width estimation. These outliers were mostly from edge artifact and were
successfully removed with erosion of the edge voxels (Figure 5c, 5d). The line width resolution
was defined as a standard deviation of the line width distribution obtained from the voxels of
the bottle with 2 outer layers eroded.

Results
Quantitative Comparison of Image Quality

The data acquisition time was 68 minutes for the 100 uniform linear angular projections and
was 45 minutes for the 66 uniform solid angular projections. The latter required an additional
interpolation step (Figure 2) achieved in less than a second using a PC equivalent to a 2 GHz
Intel Pentium 4. The three stage 4-D image reconstruction took 130 seconds.

The spatial resolution was measured at 10 places along the Z direction on one side of the bottle,
and at 10 places along the same direction on the other side of the bottle (Figure 6). This amounts
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to 20 measurements of spatial resolution along the direction parallel to the pole, around which
projections are densely populated with uniform linear angles. We also obtained 20
measurements of spatial resolution along the direction perpendicular to the pole. The
comparison of the two sampling schemes at the two different directions is shown in Table 1.
Sampling at uniform solid angles achieved ∼30% reduction in data acquisition time with a
12% degradation in spatial resolution. Note the residual asymmetry of the resolution parallel
and perpendicular to the polar axis even with the uniform solid angle sampling.

The above procedure was repeated for the images reconstructed with numbers of bins varying
from 30 to 150 to analyze the effect of voxel size. Figure 7 shows the measurements of spatial
resolution converge toward the intrinsic spatial resolution as the voxel size decreases. The
estimated intrinsic FWHM values for the two sampling schemes at the two perpendicular
directions are shown in Table 2.

Extraction of line width from the 4-D image produced a 3-D line width map of 80×80×80
matrix, where each dimension corresponded to 3√2 cm. There were approximately 9300 voxels
in the phantom before erosion. The number of voxels in the phantom after two outer layers
eroded was ∼4100. Line width means and resolutions are displayed in Table 3, which indicates
no significant difference.

The EPRI procedure of the small bottle phantom was simulated with the incorporation of
experimental noise power spectrum. The simulation was carried out with various numbers of
spatial samples. Figure 8a shows the uniform solid angle approach outperformed the uniform
linear angle approach in terms of the linewidth resolution. Both sampling methods reached the
same spatial resolution with the number of projections over 66 (Figure 8b).

Imaging of Hexagonal Phantom
We took EPR images of the hexagonal phantom (Figure 8a) composed of 1.4 mm id by 0.1
mm wall capillary tubes embedded in a nonparamagnetic elastomer cast with sampling at 100
uniform linear angles (Figure 8b) and with sampling at 66 uniform solid angles (Figure 8c). It
demonstrates a remarkable difference in the image quality between the non-uniform
distribution and the uniform distribution of projections. The difference was dependent on the
geometry of the phantom, and we validated this observation with computer simulation.
Synthetic hexagonal phantoms were designed with two different orientations (Figure 9). These
phantoms were associated with the simulated spectrum of OX063, and were sampled with the
above schemes using the same effective spectral and spatial FOV. The image reconstructed
with projections sampled at uniform linear angles, which has projections densely sampled
along Z direction, revealed a difference in its performance depending on the phantom rotation.
Sampling at uniform solid angles, however, was relatively insensitive to the phantom rotation.

Discussion
We took images of a small bottle phantom using the two sampling schemes, and examined the
image quality in terms of spatial resolution and line width resolution. Sampling at uniform
linear angles, producing a densely sampled area around the pole, manifested the resolution
asymmetry originating from the nonuniform distribution of projections. The use of an edge
spread function was useful to quantify the spatial resolution, and identified the anisotropy of
spatial resolution.

Images taken from the hexagonal phantom displayed an interesting geometric effect. The Z
direction is the more densely sampled direction for uniform linear angle sampling. The
configuration of the top phantom in Figure 9a has a projection in the X direction with 5 distinct
intensity peaks, and has a projection in the Z direction with 3 distinct intensity peaks. In other
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words, it requires more resolving power along the X direction. With the same argument, we
can characterize the Z direction of the bottom phantom as requiring more resolving power. We
note that the closely packed projections in the Z direction poorly reconstruct the configuration
of the top phantom when sampling at uniform linear angles. This was verified in Figure 9b,
which is the simulation result of sampling at uniform linear angles for each rotational
configuration.

Recently, an adaptive data acquisition strategy has been developed to adjust the distribution
of projections such that significant projections are acquired preferentially [13]. The results of
Figure 9b support the idea of adaptive acquisition for the phantom with a certain symmetry.
The above argument about the phantom configuration can be reiterated in terms of projection
information, and Figure 9b shows a detrimental effect when the number of projections is
increased in the direction that retains a relatively small amount of information.

For animal experiments, such as oxygen imaging in a murine tumor, it is unlikely that the line
width distribution has such a conspicuous directional dependence. Sampling that ensures a
good image quality irrespective of phantom geometry will be good enough to serve for practical
animal imaging. The simulation result of sampling at uniform solid angles is shown in Figures
9c. It implies that the sampling scheme is relatively insensitive to the configuration of the
phantom. Interestingly, as shown in Tables 1 and 2, there still is some spatial resolution
asymmetry with uniform solid angle sampling. We hypothesize that this is due to the
asymmetric interpolation necessary to use the multistep 2-D reconstruction.

To obtain line width resolution, we computed the standard deviation of the eroded line width
map. In Table 3, compared with the image sampled at 100 uniform linear angles, no significant
difference of line width resolution was observed with the image sampled at 66 uniform solid
angles. The reduction in the number of sampling around the over-sampled area and the
additional interpolation for multi-stage reconstruction did not degrade the line width resolution.

Conclusions
We devised a 4-D EPR imaging procedure that acquires projections at spatially uniform solid
angles and reconstructs the image with interpolated projections at uniformly distributed
azimuthal and polar angles. The image obtained from the new procedure was compared with
the image sampled at uniform linear angles. A small degradation of spatial resolution was
observed, and the line width resolution did not change. In this way, we reduced the data
acquisition time by ∼30%, and still allowed the use of a fast multi-stage reconstruction.
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Figure 1.
Two different sampling schemes. Full sampling for both polar and azimuthal angles over [−π/
2, π/2] covers the half sphere. The illustration shows sampling of polar angles (θ) over [0, π/
2], and sampling of azimuthal angles (φ) over [−π/2, π/2]. (a) Conventional sampling mode
requires evenly spaced azimuthal sampling for each of evenly spaced polar angles. This results
in a densely sampled area around the pole where polar angle is close to zero. (b) Sampling at
uniform solid angles was achieved by modulating the number of azimuthal samples with
sinθ weighting, where the polar angle θ is uniformly sampled. Each sample occupies the same
solid angle to achieve efficient data acquisition. The gradient directions at polar angle 27° and
63° are marked with ×, and the sinograms at these directions are displayed in Figure 2.
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Figure 2.
Demonstration of 2-D interpolation. Sinograms of a hexagonally symmetric phantom: the
highest gradient magnitude (a) at polar angle 27° and (b) at polar angle 63° are shown. The
spatial positions of these samples are marked with × in Figure 1. The data set sampled at uniform
solid angles is converted to that of uniform linear angle to exploit the fast multistage
reconstruction algorithm.
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Figure 3.
Measurement of spatial resolution. A cylindrical synthetic phantom was created in which
voxels were associated with synthetic EPR spectra of the spin probe. The phantom underwent
simulated EPR imaging, and the reconstructed image is shown at the top. An intensity profile
along a straight line perpendicular to the surface of the image is plotted at the bottom. The
intensity plot, or edge spread function, is fitted to an error function to extract the FWHM of its
derivative.
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Figure 4.
(a) Photograph of the small bottle phantom used for a quantitative analysis of spatial resolution
and line width resolution. (b) EPR spatial image of the small bottle phantom. A concave surface
(seen from the outside) is visible which portrays the curved bottom wall of the bottle. The
shaded vertical region shows the section of the line width maps in Figure 5. Note that the
apparent difference between the EPR image and the photograph is the bottle wall thickness.
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Figure 5.
Measurement of line width resolution. (a) Fitted line width map of the phantom at the section
specified in Figure 4b. (b) Histogram of the line width values for voxels in the bottle image.
Standard deviation of the distribution can characterize the line width resolution, but the outliers
mostly from the edge artifacts unduly degraded the line width estimation. (c) Line width map
of the phantom with 2 outer layers eroded at the same section as in (a). The eroded image,
smaller than the actual phantom, retained the inherent linewidth variation. (d) Histogram of
the line width values for voxels in the eroded image. The outliers were successfully removed
by erosion.
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Figure 6.
The spatial resolution was measured along two directions. The comb lines along Z direction
in one side of the bottle represent 10 measurements using edge spread function. With another
10 measurements in the other side of the bottle, we obtained 20 samples for spatial resolution
along the direction parallel to the pole. The same measurement was carried out along X
direction which is perpendicular to the pole.
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Figure 7.
Spatial resolution S can be specified as a convolution of the intrinsic spatial resolution Si and
the voxelation. As the voxel size decreases, spatial resolution converges toward the intrinsic
spatial resolution. Values of FWHM measured from images reconstructed with various
numbers of bins are plotted in squared scale to show the relationship of quadrature addition.
(a) Uniform linear angles, parallel to the pole. (b) Uniform linear angles, perpendicular to the
pole. (c) Uniform solid angles, parallel to the pole. (d) Uniform solid angles, perpendicular to
the pole.
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Figure 8.
Simulated results show changes of image qualities with the variation of number of spatial
samples. Open circles represent uniform solid angle method, and crosses represent uniform
linear angle method. Dotted vertical lines indicate 66 spatial samples. (a) Linewidth resolution.
(b) Spatial resolution (average of measurements parallel and perpendicular to the pole).
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Figure 9.
(a) Photograph of the hexagonal phantom used for a qualitative assessment of spatial resolution.
The separation between the liquid samples was approximately around the resolving distance
(∼1.7 mm). (b) EPR spatial image of the hexagonal phantom taken with sampling at 100
uniform linear angles. The resolving power was better along Z direction, where the sampling
was dense. (c) EPR spatial image taken with sampling at 66 uniform solid angles. All 7 tubes
were clearly resolved. The poor reconstruction of (b) with larger number of sampling than (c)
reveals the risk of the reconstruction with non-uniform spatial resolution, which was further
clarified in Figure 9 with simulation.
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Figure 10.
Simulation results of sampling at uniform linear angles (10 polar × 10 azimuthal) and sampling
at 66 uniform solid angles. (a) The configuration of the phantom in the top requires more
resolving power along X direction, whereas that in the bottom requires more resolving power
along Z direction. (b) Reconstructed images from sampling at uniform linear angles. The
gradient directions are denser along Z direction, and the bottom configuration results in a better
image compared to the top configuration. (c) Reconstructed images from sampling at uniform
solid angles. These are relatively insensitive to the phantom geometry.
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Table 1
Comparison of spatial resolutiona from sampling at uniform linear angles and sampling at uniform solid angles.

100 unif. linear angles 66 unif. solid angles

parallel to the pole 1.4 ± 0.03 mm 1.6 ± 0.05 mm

perpendicular to the pole 1.7 ± 0.05 mm 1.8 ± 0.08 mm

a
The spatial resolution was computed from images reconstructed with 80 bins for each dimension.
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Table 2
Estimated intrinsic spatial resolutiona from sampling at uniform linear angles and sampling at uniform solid
angles.

100 unif. linear angles 66 unif. solid angles

parallel to the pole 0.73 mm 0.93 mm

perpendicular to the pole 1.1 mm 1.2 mm

a
The intrinsic spatial resolution was estimated from images reconstructed with various number of bins.
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Table 3
Comparison of line width resolution from sampling at uniform linear angles and sampling at uniform solid angles.

100 unif. linear angles 66 unif. solid angles

line width resolution (SD) 0.17 μT 0.17 μT

mean 1.74 μT 1.75 μT
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