THE CALCULATION OF TRANSFER RATES IN TWO
COMPARTMENT SYSTEMS NOT IN DYNAMIC
EQUILIBRIUM*

By EUGENE Y. BERGER anp J. MURRAY STEELE

(From the New York University Research Service, Goldwater Memorial Hospital, and
the Department of Medicine, New York University College of Medicine, New York)

(Received for publication, December 26, 1957)

ABSTRACT

Dynamic equilibrium in a biological system implies that the compartment under
study does not change in size during the period of observation. In many biological
systems there are, however, net changes with time and this report deals with the
mathematical treatment necessary to calculate unequal rates of inflow and outflow.

A method is presented for the calculation of transfer rates in a two compartment
system when the rates of flow between these compartments are unequal but con-
stant. Equations were developed to calculate the amount of material transported
per unit time derived from measurements of specific activity and compartment
size.

The problems of (1) sampling from the pool and (2) the effects of analytical errors
on the estimation of rate have been evaluated. An example has been presented in
which the derived equations have been applied to a study of the simultaneous passage
of sodium into and out of a permanently isolated loop of bowel.

I
INTRODUCTION

The use of isotopes to measure the passage of material through a metabolic
process or through one or more compartments has become well established
in the past 10 years. There are two assumptions that are usually part of the
mathematics necessary for the calculation of this passage. One is that the
size of the metabolic pool does not change during the period of observation;
that is to say, that the rate of material entering (inflow) and the rate of its
leaving the pool (outflow) are equal. The second assumption is that the rates
are constant during the period of observation. These circumstances have been
described as the “steady state” or “dynamic equilibrium” (1-3).

In many biological systems there is a net change with time and, in fact,
these were the only systems the kinetics of which could be studied prior to the
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1136 CALCULATION OF TRANSFER RATES

advent of isotopes. The mathematical treatment necessary to calculate unequal
rates of inflow and outflow has received scant attention (4-7). These systems
are in a “non-steady state’” and, in this report, the term is used to mean that
the metabolic pool or compartment under study is changing in size with time
or that rates of inflow and outflow are changing. The non-steady state may be
one of two types; either (1) the rates of inflow and outflow are unequal but
constant with time,! or (2) the rates of inflow and outflow vary with time?
In the second type of non-steady state, the rates of inflow and outflow in a
single compartment although changing with time, might maintain a constant
difference, and in this case the size of the pool would increase or decrease at a
constant rate. Thus, the observation of a linear change of pool size with time
does not necessarily mean that the rates of inflow and outflow are constant.

TiME||COMPARTMENT 1{COMPARTMENT II
AMOUNT OF MATERIAL A B
ILABELLED PLUS UNLABELLED)] g 0 o
SPECIFIC ACTIVITY fa, 684
EXCHANGE FROM 1 TO I —a—
EXCHANGE FROM II TO I —pf—
AMOUNT OF MATERIAL A=Ay +(B-a)t | B=Bo+(a=A)t
SPECIFIC ACTIVITY + Ba 6p
—aAt—
EXCHANGE OF MATERIAL i
<——ﬁ ét—
i —6pa At—
EXCHANGE OF TRACE <60 1—

F1c. 1. Notations used in mathematical formulations.

As a corollary, a metabolic pool which remains constant in size with time
does not necessarily mean constant rates of inflow and outflow as these rates
may vary with time but remain equal to each other. The second type of non-
steady state presents many alternatives and is not considered further. This
report describes a method for the calculation of inflow and outflow from tracer
data in a non-steady state system of the first type.

1To call attention to the differences in terminology, in Hart’s classification (7)
this first type of non-steady state is labelled Steady state, class 2.

2 There are many ways in which rates of inflow and outflow may change with time.
One of many possibilities is that the transfer rates may proceed as exponential func-
tions of time. In this trivial case of the non-steady state, a rate of flow of material
(labelled plus unlabelled) which itself proceeds as an exponential function of time
should not be confused with the “rate constant” of steady state kinetics. In the steady
state the rate constant describes again an exponential function but it describes the
fraction of total tracer which enters or leaves the pool per unit of time, while the
inflow and outflow are themselves constant and equal.
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I
Theoretical Treatment

As a model, a closed two compartment system in which the rates of flow
between the compartments were unequal but constant was selected. Equations
were developed to calculate from tracer measurements the absolute amount
of material entering and leaving each compartment per unit of time. The as-
sumptions necessary to develop these equations are (1) there is complete and
instantaneous mixing in either compartment and (2) the metabolic process or
transport mechanism does not fractionate the isotopes. The condition of equal
rates of exchange (the steady state) is treated as a special case.

The following notations are introduced (Fig. 1): 4 represents the amount
of material (labelled plus unlabelled) in compartment I, B represents the
amount of material in compartment II, §, represents the specific activity (the
ratio of labelled material to labelled plus unlabelled material) of the material
in compartment I, § represents the specific activity in compartment II, & is
the rate of passage of material from compartment I to compartment IT (amount
per unit time), B is the rate of passage of material from II to I, ¢ represents
time.

The initial conditions at ¢ = 0 are

4 = Ay : (19
B = By 15
04 = 04, (1¢)
05 = 05, (14d)

The mass of material (labelled plus unlabelled) in compartment I at time £ is
A=A+ @B - o (2)

The mass of tracer in compartment I at time £ is 440 + (8 — )!]. The mass
of material at time ¢ + Atis 4o + (8 — a)(¢ + At?). The mass of tracerat ¢ + A¢
becomes f4[4o + (B — @)t] + 65 BAt — 04 cAt. The specific activity in com-
partment I at £ + Atis (04 + A64) and equal to

0A[A0 + (B had a)t] + OBBAt - 04&At
Ao+ (8 — o)t + A1) !

which may be rearranged to

Aly __ BOs—00 @
At T Ao+ B - DG+ AY -

For At — 0,

dis —B(04 — 0s)
@ Ao+ (B— an’ @
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Similarly for compartment II,
dﬂg a(0,4 - HB)

dp 04 — ) s
& "~ Bot (a— B @
Equation (5) is subtracted from (4) to yield
d(GA —_ 63) - 6d‘ _ adt (6)
B4y — O5y) Ao+ @ —a)t Bo+(a—Bit’
Equation (6) may be integrated to yield
64— 05 B 4 a B
Za708 P opll = 7
P Oty 0 @ —F A a—F "B @
With equation (2), equation (7) may be rearranged to
(64 — O8) B
In —~————4In—
4 —Ao| Py~ 020 T " Bo
= B 4 ®
In E’ — ln"A—o
and
(B4 — 05) B
h—————4Iln—
a=A~A° n(040_030)+n30_1 ©
d 1 f— - 111i
"B 4y

The condition o # B is necessary for the solution of equation (7). For the special
case in which o = B the differential equation has the form

Rl s A o
the solution of which is
and
—In -———OA = 05
04y — 05,

B=a= -1_+_1_’ (12)
Ag B

Equations (8) and (9) have general application to the non-steady state in
which rates of flow between two compartments are unequal but constant with
time. Equation (12) applies to the special case in which rates of flow between
compartments are equal. Transfer rates (o and 8) are in terms of amount of
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material per unit time and are determined from measurements of specific
activity (4, §5) and compartment size (4, B).

I
DISCUSSION

The need for calculation of transfer rates in a system not in dynamic equi-
librium arose in experiments in which the object was to measure the simul-
taneous passage of sodium into and out of an isolated loop of bowel in the dog.
A blind end Thiry fistula was prepared and the continuity of the bowel re-
established (8, 9). In a pair of experiments on the ileum radiosodium was
first placed in the lumen of the bowel and in the second experiment it was ad-
ministered intravenously. In both these experiments there was little change
in the amount of sodium in the lumen and the rate of fall of specific activity
with radiosodium placed in the lumen approximated the rate of rise of specific
activity with radiosodium administered intravenously (Fig. 2). When the same
pair of experiments was repeated on a loop of colon, the fall in specific activity
in the lumen again approximated the rate of rise (Fig. 3), albeit in this pair
of experiments there was a decrease in the total amount of sodium in the colonic
lumen and flow out from the lumen had to be faster than flow into the lumen.
This seeming discrepancy was the stimulus for the development of the pre-
ceding equations.

When radiosodium is administered intravenously, the rise in specific activity
in the bowel lumen reflects the entry of radiosodium and sodium into the
lumen. If, when radiosodium is placed in the bowel lumen, radiosodium and
sodium leave in the same ratio that exists in the lumen, their outflow per se
does not alter the specific activity of the sodium remaining in the bowel lumen.
If the specific activity of sodium in the bowel lumen does decrease, it is be-
cause sodium has entered to reduce the existing ratio of radiosodium to sodium.
Thus whether radiosodium is administered intravenously or placed in the
bowel, either a rise or fall of specific activity of sodium in the bowel lumen
reflects only the inflow of sodium and is not related to outflow (except for
correction for the net change, vide infra).

Mathematical confirmation of these observations was developed from equa-
tion (7). Compartment 1 is considered the sodium in the bowel lumen, compart-
ment IT the extraluminal sodium spaces of the dogin exchange with the lumen
and B/B; =2 1. When B/B, = 1 equation (7) can be considered to describe
inflow and outflow in a single compartment. If equation (7) is now expanded
in the form of a power series, the effect of inflow on specific activity may be
distinguished from that of outflow. Substituting for 4 from equation (2), the
first three terms of the expanded form are

04— 05 - _Ef+!3(/3 - a)t’_ﬁ(ﬁ - )%

In
840 — 055 Ao 243 343

(13)
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F1c. 2. A modified Ringer’s solution containing radiosodium (Na*) was placed
in a loop of ileum and samples were removed at intervals. The decrease in specific
activity was measured and plotted on a log scale against time, assigning a value of
one to the first sample (open circles) (in the notations of Fig. 1 6.4/6 4, plotted against
£). For the second experiment, the loop was cleansed and radiosodium administered
intravenously. When plasma specific activity became constant, the loop was cleansed
again, fresh Ringer’s solution (without radioactivity) was placed in it, and the rise
of specific activity measured with time. In order to compare the rate of rise of specific
activity in the second experiment with the rate of fall in the first experiment, the
rate of rise has been plotted as one minus the ratio of “bowel” specific activity to
“plasma” specific activity (solid circles) (in the notations in Fig. 1, 1 — 8,/6;
plotted against 7). Inulin or methyl cellulose was included in the Ringer’s solution
and from measurement of inulin (or methyl cellulose) and sodium concentrations,
the total amount of sodium in the lumen could be estimated.
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(in this form the condition 8 = « is no longer a special case). In a single com-
partment in the non-steady state, the second and subsequent terms of the
right side of equation (13) may be considered a correction for the net change
(B — a). Except for this correction for the net change, either a rise or fall in
specific activity is the result of inflow (8). In a single compartment in the steady

0.5 4

/ | Na'S—
04 ~
S.a

s.

No* (\ / PLOT S:%¢-
a ) "0
0.3 l N’ i
' 5.0.
PLOT '_EI.
0.2
0. 20 40 60

TIME IN MINUTES

Fic. 3. The fall and rise in specific activity are compared in a pair of experiments
on the colon, identical with the pair of experiments described for the fleum (Fig. 2).

state in which rates of inflow and outflow are equal (8 = «) the second and
subsequent terms of the power series are indeterminate and only the first
term applies. Although in the derivation of equation (13) no assumptions were
made as to whether specific activity varied as inflow or outflow, equation (13)
indicates that either a rise or fall in specific activity in a single compartment
in the steady state is purely the result of inflow into that compartment.

There are two points to be made. (1) Changes in specific activity are to be
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distinguished from changes in total mass of tracer in the pool} as outflow of
material from the labelled pool per se clearly decreases the total mass of tracer
but does not alter the ratio of tracer to non-labelled material. Therefore care
must be taken in relating a change in the total mass of radioactivity to a change
in specific activity. (2) When inflow and outflow are equal (observations on the
ileum, Fig. 2), it makes no difference mathematically whether a change in
specific activity is considered inflow or outflow, but caution must be exercised
in interpreting a fall in specific activity as outflow. In a study concerned with
the formation and degradation of a compound, a falling specific activity does
not reflect degradation, but reflects the incorporation of unlabelled components
into the compound.

v
An Experimental Application of the Derived Equations

The conditions and assumptions for the calculations of inflow and outflow
in a two compartment system may of course be modified to conform to par-
ticular experimental circumstances of the non-steady state. What follows is a
physiological study which illustrates the application of the equations to the
measurement of the simultaneous passage of sodium into and out of an isolated
loop of bowel.

It was first necessary to decide whether the inflow and outflow were con-
stant (or a function of time) during the period of observation. The net change
of sodium in the bowel with time furnished a partial answer. Inulin was used
to follow the volume of fluid in the bowel and the amount of sodium in the
bowel was calculated from the known amount of inulin in the bowel, and
from measurements of the inulin and sodium concentrations (Table I).* When
the amount of sodium in the bowel was plotted on (1) an arithmetic scale and

3 Visscher in 1944 conducted experiments similar to those described above (9).
In his calculations he used the decrease in the total number of labelled ions as a
measure of the rate out of the bowel. By dividing the total number of labelled ions
lost by the mean specific activity he arrives at a measure of the outflow of sodium
from the bowel lumen. The difficulty, however, lies in estimating the mean specific
activity. Visscher used the arithmetic mean whereas the correct mean is a func-
tion of (1) the integral of the change in specific activity and (2) the effects of the net
change. With relatively small changes in specific activity, up to 40 per cent, there
is little difference between the arithmetic and correct means. With larger changes
in specific activity, the arithmetic mean overestimates the correct mean at a rap-
idly increasing rate.

4 After December, 1952, methyl cellulose was substituted for inulin as it was found
that in some of the experiments inulin was degraded by the bowel contents. Methyl
cellulose was found to be stable for as long as 3 years in bowel samplings kept at
room temperature.
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(2) a logarithmic scale against time, the slope of these values did not definitely
establish either an arithmetic or logarithmic process as the total change was
relatively small in relation to the accuracy of the analytical procedures (Fig. 4,
open circles). However following the administration of desoxycorticosterone
there was a rapid net decrease in the amount of sodium in the bowel, and in
this instance when the net change was plotted against time the progression was
an arithmetic one over a fourfold decrease in the amount of sodium in the
bowel (Fig. 4, half-solid circles). The experiment was repeated again 24 hours
after a second dose of desoxycorticosterone (Fig. 4, solid circles).

TABLE I

Calculation of the Amount of Sodium in the Bowel from Sample Analyses
Dog SKP, October 15, 1952

Inulin . Sodium Sodium . Relative
Time | SER | meen | M| Volume | e | oflin | proviousty et | amotnis of
min. am. mg./ml. mg. ml. peg./ml. Jeq. peg. peg.
0 0.454 | 4.18 100.0 | 23.9 140.0 | 3349 0 3349 1.000
7.5 0.371 | 4.21 98.11 23.3 140.0 | 3262 64 3326 0.993
15.8 0.457 | 4.64 96.5 | 20.8 139.1 2894 115 3010 0.899
23.0 0.523 | 4.78 94.4119.8 138.0 | 2725 179 2904 0.867
30.5 0.447 | 5.15 91.9 | 17.8 137.5 | 2454 251 2705 0.808
37.8 12.680 | 5.52 89.6 | 16.2 124.2 | 2016 313 2328 0.695

The amount of inulin in the bowel is calculated from that originally placed in it less that
lost in sampling. Sodium corrected is the amount of sodium that would have been in the
bowel had there been no sampling (the sodium previously removed in sampling is added
to the actual amount in the bowel). Relative amounts of sodium is the corrected sodium
expressed as a proportion of the sodium present at zero time. Relative amounts of sodium
are plotted on both an arithmetic and logarithmic scale against time (Fig. 4, open circles).

These data are consistent with the interpretation that the net change was
an arithmetic constant over the period of observation and independent of
the amount of sodium or the volume of fluid in the bowel within the range of
values observed. (Obviously, when the sodium in the lumen is completely re-
sorbed there must be a shift in transfer rates.) The possibility remains that the
rates in and out may be increasing or decreasing while maintaining a constant
difference, but if this were the case experimental data from consecutive sam-
plings would quickly reveal this possibility when substituted in equations (8)
and (9). Observations of this type and the subsequent calculation of flow rates
in many experiments over a 5 year period form the evidence for the assump-
tion that the rates of inflow and outflow are constant within the period of
observation.

In the present experiments the sodium outside the loop of bowel is of the
order of 400 to 800 m.eq. and the sodium in the bowel lumen is of the order
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of 1 to 3 m.eq. Thus when compartment I is the bowel lumen and compart-
ment II is the extraluminal exchangeable sodium of the dog, B/B, can be
considered unity and equations (7), (8), and (9) may be simplified to

04 — 08 8 A
= 4 1
P e —Oms @ — B " 4o’ a0
10 (o7 T ORT]
L J
N \°\L 0,
08 % 09—\ e
: \ > I~ \0\
06 D 08 0
‘ ‘\o \
0.5 N 07 A
04 x‘\ 06 N,
A

0.3 \
0 04 o

03
02 \\
0.l
0.1 ol
20 40 60 20 40 60
MINUTES MINUTES

O 15 0CT 52 CONT, (p 16 OCT 52 DOGA, @ 17 OCT 52 DOCA

Fi1c. 4. Three experiments have been conducted on successive days on the same
loop of colon, a control observation and two observations 24 hours after an intra-
muscular dose of 2 mg. per kg. of desoxycorticosterone acetate in oil. The decrease
in sodium in the bowel in each of these experiments has been plotted on both a
logarithmic and arithmetic scale against time. The sodium in each experiment is
plotted as the Relative amount of sodium as illustrated for the control experiment
(Table I).

A — Ao[In (84 — 08)/(04, — O3,
b= [ —1In 4/4, ] ’ s
_ A — Ao ln [(84 — 88)/(04, — O5q)]
and a=— [ Tin /Ao - 1] . (16)

For the special case in which @ = 8, « has a value of 0.03 to 0.15 m.eq. per
minute (10) and with a value of 400 to 800 m.eq. for By, a/Boe == 0 and equa-
tions (11) and (12) may be modified to
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04 — 0p B
In 74—2 = =
aAo - 030 Ao (17)
and
Ay
B=a=— 7 In [(64 — 6)/(B40 — O5,)] (18)

When B/B; 2 1, complete mixing in compartment II need not be assumed
and the assumption of complete and instantaneous mixing need be made only
for compartment I.°

Sampling needs to be considered in arriving at values for inflow and out-
flow. When methyl cellulose is used to follow the volume of fluid in the lumen,
it may be shown (Appendix) that

4, | 102~ 65)/ sy — O5))]
g = )y Nalv/iMCl (22)
[Nal,/IMClL

and
In [(6% — 03)/(04, — 081)]

i [Na)*/IMC]* -1
[Nal;/IMCly

A — Ay
13

o=

, (23)

in which 4,, [Na],, and [MC},, are respectively the specific activity, sodium
concentration, and methyl cellulose concentration in the first sample, and
64", [NaJ®, and [MC]* are their values at any subsequent sampling from the
bowel lumen. 5, and 8" are respectively the plasma specific activities at the
first and subsequent sampling.® A4 is calculated as illustrated by Sodium cor-
rected (Table I). A representative experiment on the colon illustrating the
application of equations (22) and (23) is presented in Table II.

Thus, with measurements of specific activity, sodium concentration, and
methyl cellulose concentration, equations (22) and (23) permit calculation of

8 In practice, the contents of the lumen are churned by the bowel and at the time
of sampling the entire contents are removed, quickly mixed in a syringe, a sample
taken, and the contents returned.

€05, and 65 may be neglected in equations (22), (23), and (24) in which radio-
sodium is placed in the lumen (as opposed to intravenous administration), where
inflow is relatively slow and where the period of observation is relatively short (under
1 hour). In such experiments the measured plasma specific activity is quite small
compared to the specific activity of the sodium in the bowel lumen (@4 > 05). In
experiments in which inflow is relatively rapid and the period of observation of long
duration when 0, falls to a value which is an appreciable approach towards 03, it
is necessary to account for plasma specific activity.
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the simultaneous flow of sodium (and with proper substitutions other ions or
molecules) into and out of an isolated loop of bowel.

TABLE II

Measurement of Sodium Exchange across the Colon
Sample Experiment: Dog SKP, February 25, 1953

Analytical data Derived data
n 0478
Sam- Methyl® P 04 Rate into|Rate out
Ti ! Na» llu- | A2 [ 4-4 A4 D ————
e | N | S | 4 ! o INaI/ICy | Bowel | of bowel
{Naji/[MCh
min. | gm. »SP;IO/" peg./ml, | mg./ml.| peg. | peg./min. |c.p.M./peg. eq./min.iueq./min.
0 [0.924] 60.87 | 153.2 | 3.65 (3358 397
8.3/0.932) 52.50 | 149.7 | 3.87 [3106] —30.4 351 -1.53 46.5 76.9
18.5/1.131| 44.98 | 149.0 | 4,26 |2835| —-28.3 302 -1.51 42.7 71.0
28.5(1.243| 37.55 | 145.8 | 4.70 |2565 —27.8 258 —1.43 39.9 | 67.7
35.6/1.181| 31.56 | 142.7 | 5.07 |2386] —27.3 221 —1.47 40.0 67.3
42 .414.318] 25.41 1 134.9 | 5.31 |2232] ~26.6 188 —1.49 39.5 | 66.0
Mean l 41.7 ! 69.8

* 80 mg. methyl cellulose in bowel to start.
1 4, corrected for sample removal as in Table 1.
§ In terms of equations (22) and (23).

APPENDIX

Problem of Sampling

Sampling needs to be considered in arriving at values for inflow and outflow in
equations (8) and (9) as these equations presume the labelled pool to be left undis-
turbed. With the removal of a sample and with a smaller labelled pool as a result,
there is a more rapid fall (or rise) in specific activity with a constant inflow than
would have been the case had no sample been removed. In order to compute inflow
and outflow, the theoretical variables (4 and ) in equations (8) and (9) are deter-
mined from actual measurements through corrections. It turns out, however, that
for mathematical reasons these corrections can be greatly simplified.

For clarity, the problem of sampling is dealt with in terms of the experiment on
the bowel in which the removal of 0.5 to 1 ml. samples appreciably alters the size of
the labelled pool (4) which usually starts at 20 ml. and may increase or decrease.

The following notations are introduced in Table III, 4 of equations (8) and (9)
is to be distinguished from Na,. 4 is the amount of sodium in the pool had there
been no sampling. Na, is the actual amount of sodium in the pool immediately after
the #*® sampling and, therefore, partially determined by the (» — 1) previous sam-
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plings. Similar remarks apply to ., MC,, and [MC],. Na» is the amount of sodium

at the end of the n* period, etc.
From equation (14), with the notation introduced in Table III:
for the first period

6. — 6; Na!
In ( A B) - ﬂ n Na- , (19 a)
04y —08) a—f Ny
TABLE III
Sampling Notations
Placed in . . .
B End B End B End
ppr?;‘:hw 2 ﬁergltn ﬁll-lgt 2 se(ezgxlxl:l second 2 :%llln nlt:h 2
sampli g period | period E period | period E period | period a
/7] 2] w wn
Time to H in-1
Bowel contents
Sample size, ml............ St Sz Sn Sn
Specific activity, c.e.m./ .

[T T 641 | 0% 64, | 0% 040 | 0%
Amount of sodium, geg..... Nai Na?! Naz Nat Nan Na®
Concentration of sodium,

weg/mb . ool [Nali | Nalt [Nals | [Najs [Nal, | [Na]®
Amount of methyl cellu-

lose, Mmg............oeun MCo MG MC MCs MC MCa | MC*
Concentration of methyl

cellulose, mg./mil......... [MCl | [MCh {MC}s [ MC)2 MCln | IMCI?

Plasma
Specific activity, c.p.u./ X " .
f L R R 031 05 08’ 08 03,. [} B
for the second period
0% — 6% Na?
In (04 B _ B In Na“ , (19 5)
(043 - 03:) o — ﬁ Nas
for the n*® period
62 — 63 Na*
In B4 =68 8 In —. (19 ¢)
(0415 - oﬂn) o - B Nan
From the beginning of the 1st period to the end of the #*® period,
o Ca—6y) Gi-65) 6i-65) _ B | Nal Na? Na” 20)

(041—-031) ’ (042—053) (04,.—03,,) - o —ﬁ Na1'§a.-2”'Na.,’
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in which sodium is measured as follows:—
MCo — $i{]MCh

Nay = TR (Nl
Nal = “_499_[;{_(*;1}% . INal,
Nop = 20— 5 l[af{%‘z_ SAMCL | inab,
Nt = MG = Sl[?:d%]lz_ SAMCs [Nal?
o, o Mo = SIMCh - MS«E:II?% 2 =SalMCln oo
Nt = MCo = SIMCh ~[ Nfé[;mh 22 =SalMCl o,

in which
[MC]' = [MCl;, [MC]*? = [MCl,, [Na]' =[Nals, [Na]*™! = [Nals;
and in which
(6% — 60%) = (Bay — Op,) and (037 — 03~ = (B4, — O3,).
Equation (20) may be reduced to

L03-0p _ B | INal/iMCP
(a; — 63 a—f [Naly/[MCl’

1

or
n 6z -6
8= A — Ap (B4, — O5y)
I [Na]”/[MC]"J
[Naly/[MCl
In 0% — 63
A — 4o B4y — 035y)
: I [Na]®/[MC]"
[Nal,/IMCh

._1,

21)

(22)

(23)

which are in terms of measurable quantities. (4 — Aq)/t is corrected for sampling

as illustrated by Sodium corrected (Table I).

For the special case @« = § and Na, = Na!, Na, = Na?, etc., sampling may be

corrected for by the equation
n 0% — 03
- (041 - 081)
h—ty —1nh In — In—1
Nay Naz =~ Na,

~1

B=a«a

(24)
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‘Equation (24) is developed from equation (17) in a manner similar to the develop-
ment of equations (22) and (23) from equation (14). Nay, Na, ... Na, may be cal-
«<ulated in a manner similar to Total sodium (Table If).

Effect of Analytical Errors on Estimation of Rate

With these involved formulations, the question naturally arises as to the effects
.of technical and analytical errors on the calculated values of 8 and a. If the logarithm
-of each side of the basic equations (8) and (9) is taken and each side is then differ-
entiated with respect to 8, 4, and ¢ (11), the following equations are obtained

Ag T 1 A6

B | Faz0s B |05 @se
[ 04y — 8z, Bo_
ba . =2 @59
a In 04-—03 +ln-é 04—03
L 0A.° - 030 Ao_
AB [ 4 1 AA
i A~A°+1n£_1n_“i N (25¢0)
B By Ao
Aa [ 4 1 i A4
== A__Ao'i'ln 9.0, +ln£+m£— 1 v (25 d)
L Gay — 05, 4o By Ag
8
8 = 25 ¢)
Aa At
=77 25

In equation (25 @) a 2 per cent error in the measurement of specific activity would
affect 8 by a factor of
1
04— 0p B

ne——"+In—
nvo —-050+ By

The order of magnitude of these coefficients may be seen in Table IV where they
have been calculated for two hypothetical experiments, one in which 8 = 35, @ = 60,
the other in which 8 = 105, @ = 100; in both experiments 4o = 2800 and 1 ml. sam-
ples were removed every 10 minutes. In Table IV, a 2 per cent error in the estimate
of the specific activity of the 10 minute sample of the first experiment would effect
a (2 X 7.64) or 15 per cent error in 8. Under the circumstances when the estimates
of A from concentrations of methyl cellulose and sodium vary within analytical
errors among successive periods, 8 = a, equation (24) gives a better estimate of 8
and a than equations (22) or (23).

In large part these errors expressed precisely in equations (25 a) to (25 f) reflect
the fact that the estimate of rate may in some time intervals depend upon a small
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difference between two large numbers, each of which is subject to analytical errors
[(64 — B4,), (4 — Ap)]. Thus, more rapid transfers, smaller pools, and longer time

intervals all tend to minimize errors (Table IV).

TABLE IV

Error in Estimation of Rate Relative to Error in Measuremeni of Specific Activity, 0;
or Amount of Sodium in Pouch, A

Ao = 2800 peq. 00= 1.0
Time Em:;r rrlgrﬁx ;ersus rrc;r rrl::lra i;m'us Err::r ;1: g zzmu Erm: n:grai;;rsm
B = 35 peq./min. o = 60 peq./min.
min.
10 —7.64 —4.46 +0.49 ~3.96
20 -3.52 -2.05 +0.32 —-1.73
30 -2.13 -~1.24 +0.25 —0.99
40 —1.42 —0.83 +0.19 —0.64
50 —0.98 —0.57 +0.14 —0.44
60 —0.66 —0.39 +0.06 -0,32
B = 105 peq./min. o = 100 geq./min.
10 —2.69 —~2.82 +0.50 —2.32
20 -1.32 —1.39 +1.21 —0.18
30 —0.87 —-0.91 +1.50 +0.59
40 —0.64 -~0.67 +1.57 +0.90
50 ~0.,50 —0.53 +1.64 +1.12
60 -~0.41 —0.43 +1.70 +1.26

(Sodium concentration in bowel maintained at 140 m.eq. per liter.)
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The authors are deeply indebted to Dr. John van Heijenoort of the Department of
Mathematics of New York University for his advice in the computation of the mathe-
matical formulations and for his quinquennial patience through the numerous revi-
sions which are made in order to have the mathematics describe the physiology as
accurately as possible.

The authors wish to thank Dr. James S. Robertson of the Medical Department
of Brookhaven National Laboratory for his review of an earlier draft of this manu-
script. Dr. Robertson suggested an alternate way to arrive at equation (4) instead
of that which the authors have presented, and with his permission we would like to
repeat it here. In the notations used in this report,

dA

'&7=—a+ﬁ 4))
A=Ag—ad+ B8 {am
A6
B0 o ot + 85 (m
(i} A
A%"‘OA%'——'_QGA'*'BOB (ITI o)

Multiplying all terms in Equation I by 64

d
oAd—I: = —ofls + 8,4 aw
Subtracting IV from III a
dé
4 7; = f6p — (304 W

With Equation II and rearranging

Ba_ —PO, — 05
dt " Ao+ (B — a)t VD
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