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abnormal proteins or a new species of active protein. Suppressed mutants derived
from non-CRM formers produced relatively little of one of the two components
suggesting that some defect in A or B protein formation exists in these strains.
The authors are indebted to Mrs. Mary Hurd and Mrs. Virgina Horn for their
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ON THE LIMIT OF SOLUTIONS OF DIFFERENTIAL-DIFFERENCE
EQUATIONS AS THE RETARDATION APPROACHES ZERO

BY RICHARD BELLMAN AND KENNETH L. COOKE

THE RAND CORPORATION AND POMONA COLLEGE

Communicated by S. Lefschetz, May 20, 1959

1. Introduction.-In various parts of mathematical physics, we encounter equa-
tions of the form

ELm(u) + L,(u) = 0 (1.1)

where Lm(u) is a differential operator of order m, Ln(u) is a differential operator of
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order n, m > n . 1, and e is a small parameter. Examples of this occur in hydro-
dynamics where e represents a viscosity, and in the study of the multivibrator (in
the form of the Van der Pol equation) where e represents a small inductance. A
great deal of effort has been devoted in recent years to the study of the limiting be-
havior of the solutions of (1.1) as e -- 0.

Equations of this type also arise in parts of the scientific world where time-lags
and retardations are present. Given a differential-difference equation of the form

u'(t) + au(t - e) = g(u), t > 6,
u(t) = f(t), O< t < , (1.2)

where 0 < e < 1, one frequently uses as an approximation an equation of the form

V'(t) + au(t) - au'(t) + a(2u(t)/2 = g(u), (1.3)

precisely an equation of the type appearing above.
We shall show that the study of the limiting behavior of the solutions of (1.2) is

relatively easy to carry out compared to a similar study for (1.1). A typical result
and sketch of proof will be presented below. Complete details, extensions, and
generalizations will be presented subsequently.

It is interesting to observe that we have a situation in which the more accurate
description yields an easier problem, and the obvious approximation yields a more
difficult problem.

2. A Typical Result.-Representative of the results that can be obtained is the
following.
THEOREM. Consider the equation

u'(t) + au(t-6) = g(u), t > e, (2.1)
u(t) = f(t),0 t < 6,

where e > 0, and

(a) g(u) satisfies a Lipschitz condition for juf < c1,
(b) f(t) is continuous at t = 0, (2.2)
(c) f(O) = C2 < Cl.

Then, for 0 < t < to, where to is dependent upon cl and g(u),

lim u(t) = v(t), (2.3)

where v(t) is the solution of

v'(t) + av(t) = g(v), v(0) = f(O). (2.4)

The convergence is uniform for 0 < t < to.
Similar results can be obtained for systems of equations with any finite number

of lags.
3. Sketch of Proof. The proof depends, as might be expected, upon the proper-

ties of the solution of the linear equation

u'(t) + au(t-e) = g(t), t > 6, (:3.1)
u(t) = f(t), 0 < t < ,
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which, in turn, depends upon the properties of the kernel

(j e =1 esids 3227ri Jac s + ae s (3.2)

Here C represents any line of the form s = so + it, -o < t < o, with so > a. It
is easy to show that as e -- 0,

K(t, e) K(t) = e` (3.3)
uniformly for 0 < t < to < a), where to is any fixed finite quantity.
The solution of (1.2), under the assumptions that we have made, can be obtained

as the solution of the integral equation

u(t) = uo(t) + J'f g(u(t,))K(t - to, E)dt1, t > E, (3.4)

where uo(t) is the solution of (1) corresponding to g(u) - 0.
This we solve by the method of successive approximations. Set

un+1(t) = f(t), 0 < t < , n > 0, (3.5)
Un+1(t) = uo(t) + Rf g(un(t,))K(t - ti, e)dt,, t > e, n > 0.

Under the foregoing assumptions, it is easy to show that Un(t) ->- u(t) uniformly for
0< e< eo,O < t < toforn = O,1,...,andthatase--o0,un(t) -vn(t) - 0,uni-
formly for 0 < t < to, where the sequence { v,(t) } is determined by the relations

vo(t) = f(O),
vn+l(t) = vo(t) + fOt g(vn(t,))ea(l - 11) dtl, (3.6)

t >On > 0.

Since the same assumptions ensure that Vn(t) -* v(t) uniformly in 0 < t < to, where
v(t) is the solution of

v(t) = f(O) + fo' g(v(t,))e-a( - tl)dti, (3.7)

we have the desired uniform convergence of u(t) to v(t) in 0 < t < to as e -O0.
The same method can be applied to demonstrate the corresponding result for

more general differential-difference equations.
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1. In a space Vn of n dimensions the Ricci principal direction vectors denoted
Ahi as h takes the values 1 to n, are defined by the equations'

(R1j + Phgij) Xhl = 0, (1)

where Rf1 is the Ricci tensor, goj is the metric tensor, and Ph as h takes the values
1 to n, are scalars. Both Rij and g9j are symmetric in their indices i and j.


