
A Closed-Form Analytic Expression for FRAP Formula for the Binding
Diffusion Model

Minchul Kang* and Anne K. Kenworthy*y

*Department of Molecular Physiology and Biophysics and yDepartment of Cell and Developmental Biology, Vanderbilt School of Medicine,
Nashville, Tennessee

ABSTRACT One of the most dominant methods cells use for a large class of cellular processes is reaction (or binding) diffusion
kinetics, which are controlled by kinetic constants such as diffusion coefficients and on/off binding rate constants. Fluorescence
recovery after photobleaching (FRAP) can be used to determine these kinetic constants in living cells. While an analytic expression
for FRAP formulae for pure diffusion has been available for some time, an analytic FRAP formula for the binding diffusion model has
not been reported yet. Here, we present an analytic FRAP formula for the binding diffusion model in an explicit form allowing for
diffusion of the bound complex for either a uniform circle laser profile or a Gaussian laser profile.
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The binding kinetics of proteins play important roles in

biological processes such as cellular/nuclear signal transduc-

tion, cell regulation, transcriptional regulation, and the im-

mune response depending on binding targets (1–2). Formally,

these processes can be described by the equation

U 1 R %
kon

koff

B; (1)

where U and R denote unbound molecules and specific bind-

ing sites or receptors, and B denotes bound complexes (UR).

Fluorescence recovery after photobleaching (FRAP) pro-

vides an excellent way to study binding kinetics in vivo (3–7).

For the case of pure diffusion, several analytic formulae have

been derived that can be used to extract the diffusion co-

efficients (6,7). However, in reality, both binding kinetics and

diffusion are responsible for the recovery in some cases,

especially for the binding of soluble proteins to DNA or

membranes (5,8). Thus, FRAP data also have to be interpreted

as a combination of these two processes. Previously, several

studies have computed binding rate constants from FRAP by

data fitting (3–5). Some studies were devoted to simplification

of the binding diffusion model depending on the size of the

parameters (3,4). Although a Laplace transform of the

solution of the binding diffusion model was reported (3), to

our knowledge no analytic FRAP formula for the binding

diffusion model in an explicit form has been reported so far.

Moreover, the Laplace transform solution is limited to the

case of a uniform circle laser profile, and also does not allow

for diffusion of the bound complexes. Here, we present a

closed-form analytic expression of the FRAP formula for the

binding diffusion model.

To write differential equations for Eq. 1, let us consider the

following a first-order reaction diffusion equation of ligand-

receptor type binding. As is common in some classical articles

(6,7), we assume that the bleaching spot size is small so that

we can treat cells as an infinite plane and guarantee full

recovery. We also assume that the receptor density is high

enough so that a pseudo association rate constant k#

on ¼ konR
is constant. For typographical simplicity, we will drop the

term # and use kon to represent k#

on: Now, for kon, koff, D1,

D2 . 0, and D1 . D2, consider the following binding

diffusion model in an infinite plane,

_u ¼ D1=
2
u� konu 1 koffb; (2a)

_b ¼ D2=
2
b 1 konu� koffb; (2b)

where u ¼ @u/@t and =2 ¼ (@2/@x2 1 @2/@y2) with initial

conditions,

uðx; 0Þ ¼ uie
�cIðxÞ

; bðx; 0Þ ¼ bie
�cIðxÞ

; (3)

where x is used to represent (x, y). In Eq. 3, for the laser

parameter c, the laser I(x) can be either a uniform circle

profile (6,7),

IðxÞ ¼
I0

pv
2 jxj2 # v

2

0 jxj2 . v
2

8<
:

or Gaussian laser profile,
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IðxÞ ¼ 2I0

pv
2 exp �2jxj2

v
2

� �
;

where I0 is the total laser power and v is either the radius of

the laser (uniform circle profile) or the half-width at e�2

height (Gaussian laser profile). Notice that in both cases, we

have
R R

R2 IðxÞdx ¼ I0:
The solution to Eq. 2 for the initial conditions given by

Eq. 3 has been found by Aifantis and Hill (9,10) as

uðx; tÞ ¼ e
�kont

Fðx;D1tÞ � uðx; 0Þ

1
elt ffiffiffiffiffiffiffi

koff

p

D1 � D2

Z D1t

D2t

e
�ms

ffiffiffiffiffiffiffiffi
konj

p
I1ðhÞFðx; sÞ � uðx; 0Þ

�

1
ffiffiffiffiffiffiffi
koff

p
I0ðhÞFðx; sÞ � bðx; 0Þ

�
ds; (4a)

bðx; tÞ ¼ e
�koff t

Fðx;D2tÞ � bðx; 0Þ

1
e

lt ffiffiffiffiffiffi
kon

p

D1 � D2

Z D1t

D2t

e
�ms

ffiffiffiffiffiffiffiffiffiffiffi
koff=j

p
I1ðhÞFðx; sÞ�bðx;0Þ

�

1
ffiffiffiffiffiffi
kon

p
I0ðhÞFðx; sÞ � uðx; 0Þ

�
ds; (4b)

where

l ¼ konD2 � koffD1

D1 � D2

m ¼ kon � koff

D1 � D2

j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� D2t

D1t � s

r

h ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
konkoffðD1t � sÞðs� D2tÞ

p
D1 � D2

Fðx;DtÞ ¼ 1

4pDt
e
�x

2
1 y

2

4Dt :

In Eq. 4, I0 and I1 are modified Bessel functions, and *

represents convolution. Notice that F is the fundamental

solution of the diffusion equation,

F
�
ðx;DtÞ ¼ D=

2
Fðx;DtÞ

Fðx; 0Þ ¼ d0

for Dirac delta function d.

We now use this solution to derive the FRAP formula for the

binding diffusion model. FRAP formulae for u and b are given by

FðtÞ ¼ FuðtÞ1 FbðtÞ; (5a)

FuðtÞ ¼ qe
Z Z

R
2

IðxÞuðx; tÞdx; (5b)

FbðtÞ ¼ qe
Z Z

R
2

IðxÞbðx; tÞdx; (5c)

where Fu(t) and Fb(t) are fluorescence intensities of unbound

and bound molecules. The parameter q is the product of all

the quantum efficiencies of light absorption, emission, and

detection and e is the attenuation factor of the excitation laser

beam (6).

By plugging Eq. 4 into Eq. 5, we obtain

FuðtÞ ¼ e
�kont

IuðD1tÞ

1
e

lt ffiffiffiffiffiffiffi
koff

p

D1 � D2

Z D1t

D2t

e
�ms

ffiffiffiffiffiffiffiffi
konj

p
I1ðhÞIuðsÞ

�

1
ffiffiffiffiffiffiffi
koff

p
I0ðhÞIbðsÞ

�
ds; (6a)

FbðtÞ ¼ e
�koff t

IbðD2tÞ

1
e

lt ffiffiffiffiffiffi
kon

p

D1 � D2

Z D1t

D2t

e
�ms

ffiffiffiffiffiffiffiffiffiffiffi
koff=j

p
I1ðhÞIbðsÞ

�

1
ffiffiffiffiffiffi
kon

p
I0ðhÞIuðsÞ

�
ds; (6b)

where

Iu=bðDtÞ ¼ exp � v
2

2Dt

� �
I0

v
2

2Dt

� �
1 I1

v
2

2Dt

� �� �

3ðFu=b

i � F
u=b

0 Þ1 F
u=b

0 ; (7)

for the uniform circle laser profile (7) where F
u=b
i is prebleach

fluorescence intensity of u and b and F
u=b
0 is postbleach

fluorescence intensity of u and b.

For the Gaussian laser profile (6),

Iu=bðDtÞ ¼ F
u=b

i

n

K
n gðn;KÞ;

where gða; xÞ ¼
R x

a e�tta�1dt is the incomplete g-function,

n ¼ (8Dt/v211)�1 and K is computed from the fraction of pre-

and postbleach fluorescence intensities as

F
u=b

i =F
u=b

0 ¼ ð1� e
�KÞ=K:

The value Iu=bðDtÞalso can be represented as a series as

shown in Axelrod et al. (6).

Finally, we can write the FRAP formula for the binding

diffusion model as

FðtÞ ¼ e�kont
IuðD1tÞ1 e�koff t

IbðD2tÞ

1
e

lt

D1 � D2

Z D1t

D2t

e
�msðI0ðhÞðkonIuðsÞ1 koffIbðsÞÞ

1
ffiffiffiffiffiffiffiffiffiffiffiffi
konkoff

p
I1ðhÞðIuðsÞ

ffiffiffi
j

p
1 IbðsÞ=

ffiffiffi
j

p
Þ ds: (8)

Notice that the integral terms have a time-dependent

integration domain [D2t D1t], which can be converted to [D2

D1] by a change of variable s ¼ st (see Supplementary

Material, Data S1 for details).
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Having derived a FRAP formula for the binding diffusion

model, we next plotted FRAP curves for four different

regimes of parameters and compared our results with those

of Sprague et al. (3). For computation and plotting, built-in

functions of MATLAB 7 were used (see Data S1). In

Sprague et al. (3), it was shown that the binding diffusion

model can be categorized into four submodels:

1. Pure diffusion dominant.

2. Effective diffusion.

3. Reaction dominant.

4. Full model only, assuming D2 ¼ 0.

When the free pool (u) is large (kon/koff � 1), the pure

diffusion dominant model is observed, while the reaction

dominant model is observed when the bound pool (b) is large

and the binding event occurs relatively slowly compared to

diffusion (konv2/D �1). On the other hand, the effective

diffusion model holds when the binding event occurs rapidly

relative to diffusion (konv2/D �1).

Because the uniform circle laser profile was assumed in

Sprague et al. (3), we used Eq. 7 and Eq. 8 for comparison.

Since D2 ¼ 0 was assumed in Sprague et al. (3), a very small

value of D2 was chosen (D2 ¼ 10�4 mm2/s) for our

calculation. Fig. 1 demonstrates that the FRAP formula we

derived can generate the four different subtypes of FRAP

curves by the binding diffusion model.

Moreover, our results indicate that for submodels with a

large binding pool (-x- in Fig. 1, B–D), diffusion of the

bound complexes (;0.1 mm2/s) can significantly contribute

to the FRAP. To show this, D2 ¼ 0.1 mm2/s was chosen and

a FRAP curve was replotted in Fig. 1 D (F (mobile) and Fb

(mobile)). Indeed, when diffusion of the bound complexes is

included, the resulting FRAP curve recovers much faster

than for an immobile complex.

In conclusion, we have derived a closed-form analytic

FRAP formula of the binding diffusion model allowing for

diffusion of bound complexes as well as free molecules. The

FRAP curve generated by our formula exactly matches the

existing FRAP formula (3). However, our formula has

several advantages over Sprague et al. (3), not only from the

mathematical point of view but also from a practical point of

view. First of all, our formula provides solutions for both the

uniform circle laser profile and the Gaussian laser profile.

Secondly, it allows for diffusion of bound complexes, which

may play an important role in FRAP in major cases of the

binding diffusion model.

SUPPLEMENTARY MATERIAL

To view all of the supplemental files associated with this

article, visit www.biophysj.org.
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FIGURE 1 FRAP curves generated by Eqs. 5 and 6 for four

different sets of parameters and comparison with the results of

Sprague et al. (3). D1 5 30 mm2/s, D2 5 10�4 mm2/s, and v 5 0.5 mm

were used. The values kon and koff are indicated in each figure. The

FRAP curves from Sprague et al. (3) are denoted. (A–C) All the

parameter values are from Sprague et al. (3). (D) the FRAP curve for

D2 5 10�1 mm2/s (F (mobile), Fb (mobile)) was also plotted to study

the role of diffusion of receptor-bound complexes.
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