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ABSTRACT

Homozygosity is a commonly used summary of allele-frequency distributions at polymorphic loci. Because
high-frequency alleles contribute disproportionately to the homozygosity of alocus, it often occurs that most
homozygotes are homozygous for the most frequent allele. To assess the relationship between homozygosity
and the highestallele frequencyatalocus, for a given homozygosity value, we determine the lower and upper
bounds on the frequency of the most frequent allele. These bounds suggest tight constraints on the
frequency of the most frequent allele as a function of homozygosity, differing by at most 1 and having
an average difference of % — m?/18 ~ 0.1184. The close connection between homozygosity and the
frequency of the most frequent allele—which we illustrate using allele frequencies from human
populations—has the consequence that when one of these two quantities is known, considerable information
is available about the other quantity. This relationship also explains the similar performance of statistical tests
of population-genetic models that rely on homozygosity and those that rely on the frequency of the most
frequent allele, and it provides a basis for understanding the utility of extended homozygosity statistics in

identifying haplotypes that have been elevated to high frequency as a result of positive selection.

HE concept of homozygosity appears ubiquitously
in population genetics, in the context of mathe-
matical theory as well as in statistical methods for data
analysis. Consider a locus with K = 2 alleles, for which
the frequency of allele i is p; > 0 and for which the
alleles are placed in decreasing order of frequency
so that p; = p; if i < j. For diploids, the fraction of
homozygotes expected under the assumption of Hardy—
Weinberg proportions can be defined as

K
H=> (1)
=1

where

o=l (2)

In this article, we show that if all that is known about a
locus is its expected homozygosity H, it is possible to
localize the frequency p; of its most frequent allele
within a quite narrow range. Conversely, given p, a
narrow range can be specified for the value of H. Thus,
we determine the upper and lower bounds on the
frequency p, of the most frequent allele as functions of
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homozygosity H. We also determine the bounds on H as
functions of py.

The connection between H and p, provides a close
relationship between two of the most basic quantities
associated with a polymorphic locus. We use this re-
lationship to explain a high correlation observed be-
tween Hand p; in human microsatellite data, as well as to
provide a conceptual basis for the success of extended
haplotype homozygosity methods in detecting positive
selection. Note that expected heterozygosity under
Hardy—Weinberg proportions is 1 — H; thus, by a simple
transformation, our results can also be used to describe
the relationship between heterozygosity and the fre-
quency of the most frequent allele.

RESULTS

We consider a polymorphic locus with at least two
alleles. We do not assume that the number of alleles with
nonzero frequency is known; it is convenient to view the
locus as having infinitely many alleles and to allow some
of these alleles to have frequency 0. We refer to the
frequency of the most frequent allele, p,, by M. Hence-
forth we use H and “homozygosity” to refer to expected
homozygosity assuming Hardy—Weinberg proportions.
Both M and H must lie in the interval (0, 1). The
quantity [x] denotes the smallest integer larger than or
equal to x. Our main results, which are proved in the
APPENDIX, are the bounds on M as functions of H
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TABLE 1

Bounds on homozygosity and the frequency of the most frequent allele

Lower bound
in terms of

Upper bound
in terms of

Maximal difference
between upper and

Average difference
between upper and

Quantity other quantity other quantity lower bounds lower bounds

M 1 (4 VIHTHA vVH %—% latH=1
[HT] /TH -1 .

H M 1— MM~ 1)@~ [M']M) 2o La M=}

(Theorem 1) and the bounds on H as functions of M
(Theorem 2).

THEOREM 1. Consider a sequence of the allele frequencies
at a locus, {p;},_,, with p; € [0, 1), > p=1,
H =% " p} M= py, and i < j implies p; = p;. Then

() M<VH,

a1
(i) M= T (1 +

with equality ifand only if p;= M for1 = i= K—1, pg=1—
(K—1)M, and p; =0 fori> K, where K= [H "] = [M"].

[H ' H -1
H -1 )

THEOREM 2. Consider a sequence of the allele frequencies at
alocus, {p;} iy, withp; € [0, 1), 577 pi =1, H =377, p7,
M= py, and i < jimplies p; = p;. Then (i) H> M and (i1)
H=1-M(M"] —1)(2—[M"IM), with equality if and
onlyifp,=Mforl =i=K—1,pg=1— (K—1)M, and
pi=0 fori> K, where K= [H"] = [M"].

The bounds obtained in Theorems 1 and 2 are
summarized in Table 1. Loosely speaking, Theorem 1
verifies that for a given homozygosity, the frequency of
the most frequent allele is smallest when as many alleles
as possible are tied as most frequent and greatest when
there is one extremely frequent allele and many rare
alleles. Theorem 2 shows that for a given frequency of
the most frequent allele, homozygosity is smallest when

1
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Ficure 1.—Upper and lower bounds on the frequency of
the most frequent allele, as functions of homozygosity.

many extremely rare alleles are present and greatest
when as many alleles as possible are tied as most
frequent. For each of the theorems, parti is straightfor-
ward to prove, and part ii follows from the fact that when
considering all possible sets of nonnegative real num-
bers bounded above by a specified constant M and
having a fixed sum C, the maximal sum of squares is
obtained by greedily choosing as many of the numbers
as possible to equal M and by assigning at most one
additional number to be positive (Lemma 3 in the
APPENDIX).

Theorems 1 and 2 can be visualized in Figures 1-5,
and various properties of the bounds that can be
observed in the figures are considered in the APPENDIX.
Figure 1 illustrates the upper and lower bounds on the
frequency of the most frequent allele, as functions of
homozygosity. The peculiar yet continuous and mono-
tonic nature of the lower bound can be observed, as
can the relatively confined range between the upper
and lower bounds—with an average difference of § —
w°/18 =~ 0.1184—in which the frequency of the most
frequent allele must lie. The stepped shape for the lower
bound results from transitions at reciprocals of integers
for the number of alleles contained in the collection of
allele frequencies that achieves the lower bound.

Figure 2 shows the pairwise differences among the
upper bound, the lower bound, and the homozygosity
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Ficure 2.—The difference between the upper and lower
bounds on the frequency of the most frequent allele, for a
given homozygosity, and the difference between the bounds
and homozygosity itself.
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Ficure 3.—The lower bound on the fraction of homozygos-
ity contributed by homozygotes for the most frequent allele.
The upper bound is 1.

itself. From this figure, it is possible to see that the lower
bound on the frequency of the most frequent allele is
greater than or equal to the homozygosity, with equality
when homozygosity is the reciprocal of an integer. It
can also be seen that the difference between the lower
bound and the homozygosity has numerous local max-
ima, the highest point being at (%, %), and that the
difference between the upper bound and the lower
bound has local maxima at reciprocals of integers and
local minima in the intervening intervals. The maximal
difference between the upper and lower bounds occurs
at (711 R %), and the highest of the local minima is nearby.

Figure 3 displays the minimal fraction of homozygos-
ity contained in homozygotes for the most frequent
allele. This function is monotonically increasing, so that
for homozygosities substantially >1, nearly all homozy-
gotes are homozygous for the most frequent allele,
regardless of the total number of alleles.
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Ficure 4.—Upper and lower bounds on homozygosity, as
functions of the frequency of the most frequent allele. These
upper and lower bounds are the inverse functions of the lower
and upper bounds on the frequency of the most frequent al-
lele, given homozygosity.
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F1GUrRE 5.—The difference between the upper and lower
bounds on homozygosity given the frequency of the most fre-
quent allele, and the difference between the frequency of the
most frequent allele and the bounds.

The upper and lower bounds on homozygosity in
terms of the frequency of the most frequent allele are
the inverse functions of the lower and upper bounds on
the frequency of the most frequent allele in terms of
homozygosity. Thus, there is a close relationship be-
tween the bounds on Hin terms of Mshown in Figure 4
and the bounds on M in terms of H shown in Figure 1.

As functions of the frequency of the most frequent
allele, Figure 5 depicts the pairwise differences among
the upper bound on homozygosity, the lower bound,
and the frequency of the most frequent allele itself. The
frequency of the most frequent allele is greater than or
equal to the upper bound, equaling the upper bound at
reciprocals of integers. The difference between this
frequency and the upper bound has a collection of local
maxima, the highest being at (3, ). The difference
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Ficure 6.—Homozygosity and frequency of the most fre-
quent allele for 783 microsatellite loci. Each bin is 0.01 X
0.01, and the upper and lower bounds on the frequency of
the most frequent allele are shown for comparison. The cor-
relation coefficient of homozygosity and the frequency of the
most frequent allele is 0.9439. Tables 2 and 3 give the frequen-
cies of all alleles at the marked microsatellite loci.
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TABLE 2

Five microsatellite loci with frequency of the most frequent allele close to the lower bound

Lower Upper

Total data bound bound
Locus pOintS H onM onM pl (M) [)2 [73 p4 pg, p(i p7 pg l)g [7]0 p“ pl?
AGATO017 1996 0.21 0.22 046 024 024 023 020 0.05 0.02 <0.01 <0.01 <0.01 <0.01
TATCO12 2046 0.26 0.28 0.51 0.31 0.30 0.27 0.09 0.02 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01
GATA146D07 1940 0.30 0.31 054 0.32 031 0.31 0.03 0.02 <0.01 <0.01 <0.01
GATA151C03P 2076  0.37 0.41 061 043 042 0.10 0.03 <0.01 <0.01 <0.01 <0.01
D6S2522 1950  0.50 0.55 0.71 0.56 0.43 <0.01 <0.01 <0.01

between the upper and lower bounds has local maxima
at reciprocals of integers and local minima in the
intervening intervals. The maximal difference between
the upper and lower bounds occurs at (3, 1), near the
highest of the local minima.

APPLICATION TO DATA

To demonstrate the bounds with actual allele fre-
quencies, we consider the homozygosity and frequency
of the most frequent allele for 783 multiallelic micro-
satellite loci studied in a sample of 1048 individuals
drawn from worldwide human populations (ROSENBERG
et al. 2005). Although our theoretical results are useful
for any collection of multiallelic loci, this data set
provides a particularly illustrative example, as levels of
variability of human microsatellites span quite a wide
range. For each locus, we assume that the allele fre-
quencies in the sample are parametric allele frequen-
cies, and we obtain values for H and M in the full
collection of 1048 individuals.

Figure 6 plots Hand M for the 783 loci, illustrating a
high degree of correlation between the two quantities.
Homozygosity ranges from 0.0837 to 0.6872, and the
frequency of the most frequent allele ranges from
0.1136 to 0.8146. Several loci have values of M quite
close to the lower bound for their homozygosity values
(Table 2). The lists of allele frequencies for these loci are
fairly close to the lists that achieve the lower bound. For
example, locus AGAT017 has homozygosity 0.2118,
between l) and }} , and its four most frequent alleles have

frequencies 0.2425, 0.2410, 0.2300, and 0.1979. At
homozygosity 0.2118, the lower bound for the fre-
quency of the most frequent allele is achieved when
four alleles have frequency 0.2243 and a fifth allele has
frequency 0.1027.

Two other loci whose most frequent alleles have
frequency close to the lower bound—TATCO012 and
GATA146D07—have homozygosities between § and 1.
For homozygosities in this interval, the lower bound
is achieved when the three highest allele frequencies
have the same value; indeed both loci have three high-
frequency alleles with frequency near the lower bound.
Similarly, locus GATA151CO03P, with homozygosity be-
tween § and i, has two high-frequency alleles with
frequency near the lower bound.

Table 3 displays the allele frequencies for three loci
with values of M close to the upper bound. The upper
bound is approximated when a locus has one allele with
a particularly high frequency and many alleles with low
frequencies. Consistent with their M values near the
upper bound, each of the three loci has a single high-
frequency allele and several low-frequency alleles.

Subdividing loci on the basis of their numbers of
alleles, Figure 7 illustrates a trend of decreasing H with
an increasing number of alleles. Considering the four
plots, the mean value of M — H s greatest in Figure 7B,
in which the mean homozygosity is near 0.25. This
observation is explained by the fact that the range
between the upper and lower bounds on M is greatest
for a homozygosity of ;. As the mean homozygosity
moves away from 4—1} in Figure 7, A, C, and D, the mean
value of M — H decreases.

TABLE 3

Three microsatellite loci with frequency of the most frequent allele close to the upper bound

Lower Upper
Total data bound bound
Locus points H onM onM p (M po b3 pa b5 be b7 s o pio
TAA005 2002 0.47  0.49 0.69 066 0.13 0.12 0.03 0.03 0.01 <0.01 <0.01 <0.01
AATA045 2090 048 0.49 0.70 0.67 0.13 0.11 0.06 001 <001 <0.01 <0.01 <0.01 <0.01
GATA150B10 2068 0.50  0.50 0.71 0.69 0.12 0.10 0.04 0.03 0.02 0.01 <0.01 <0.01 <0.01
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FiGUre 7.—Frequency of the most frequent allele minus
homozygosity for 783 microsatellite loci. Each bin is 0.01 X
0.01, and the upper and lower bounds on M — H are shown
for comparison. For each plot, the mean (H,M — H) is

DISCUSSION

For a biallelic locus, an exact relationship exists
between homozygosity (H) and the frequency of the
most frequent allele (M), as H=2M* — 2M + 1 and
M = (1++/2H — 1)/2. Although in general the value of
H or M is not uniquely specified from the value of the
other quantity, we have found that a close connection
between Hand M does in fact exist. Our analysis verifies
that measured values for homozygosity (and heterozy-
gosity) consist largely of the contribution of the most
common allele, and that the contribution made by rarer
alleles is relatively small. Especially if homozygosity is
very high or if the most frequent allele has a high
frequency, each of the two summaries H and M greatly
limits the possible values of the other quantity, so that
both quantities provide similar information about an
underlying allele-frequency distribution.

These results have implications for population-genetic
methods that rely on H or M in analyses of multiallelic
loci. Various neutrality tests have been developed that
identify deviations from null population-genetic models on
the basis of unusual values of homozygosity (WATTERSON
1977, 1978), heterozygosity (DEPAaULIS and VEUILLE 1998;
DeprauLIS et al. 2001; MARKOVTSOVA et al. 2001), or the
frequency of the most frequent allele (HUDSON et al. 1994).
The close connection between homozygosity and the
frequency of the most frequent allele suggests that tests
using H and those using M detect similar features of the
allele-frequency distribution. This observation potentially
explains a high level of agreement seen in Table 7 of INNAN
et al. (2005) for the haplotype diversity test (DEPAULIS and
VEUILLE 1998), based on haplotype heterozygosity, and
the HUDSON et al. (1994) haplotype test, based on the
frequency of the most frequent haplotype.

Our results are also informative in relation to recently
proposed methods that use “extended haplotype homo-
zygosity”—pairwise identity of long haplotypes in the
neighborhood of an index site—in detecting the signa-
ture of partial selective sweeps (SABETI et al. 2002;
TooMAJIAN et al. 2006; VOIGHT et al. 2006; TANG et al.
2007; ZENG et al. 2007). During such sweeps, a favored
mutant allele rises to high frequency, carrying with it
neighboring alleles that were near the selected site on the
haplotype on which the mutation originally occurred.
Thus, the detection of partial selective sweeps is a search
for long high-frequency haplotypes that have not had
sufficient time to be broken down by recombination.
Because of the close connection between homozygosity
and the frequency of the most frequent allele, genomic
regions that have long high-frequency haplotypes will

marked by an x. (A) Loci with 4-9 distinct alleles (233):
the mean is (0.2989, 0.1179). (B) Loci with 10-11 distinct al-
leles (222): the mean is (0.2570, 0.1208). (C) Loci with 12-14
distinct alleles (175): the mean is (0.2262, 0.1126). (D) Loci
with 15-35 distinct alleles (153): the mean is (0.1890, 0.1102).
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largely be coincidentwith regions that have long stretches
of high haplotype homozygosity. Consequently, extended
haplotype homozygosity methods provide an effective
basis for accessing the signal of partial selective sweeps
contained in extended high-frequency haplotypes.

Finally, the connection between homozygosity and
the frequency of the most frequent allele may be useful
for examining the properties of a variety of additional
functions of allele frequencies that are based on
homozygosity. Notably, the genetic differentiation mea-
sure Fgrand related quantities can be assembled from
the homozygosities of various subgroups of a popula-
tion—especially when viewed in the formulation of the
Gst measure of Ner (1987). From the connection
between H and M, it follows that constraints on Fgr as
functions of M undoubtedly exist; such constraints
potentially provide the conceptual basis for understand-
ing a frequency dependence observed for values of It
(LonG and KitTLES 2003; HEDRICK 2005).
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was provided by a University of Michigan Center for Genetics in Health
and Medicine postdoctoral fellowship, by National Institutes of Health
grant RO1 GM081441, by an Alfred P. Sloan Research Fellowship, and by
a Burroughs Wellcome Fund Career Award in the Biomedical Sciences.
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APPENDIX

In addition to verifying Theorems 1 and 2, this
APPENDIX formalizes many of the features visible in Figures
1-5. We begin with the proofs of the theorems. We then
obtain properties of the frequency of the most frequent
allele in terms of homozygosity and properties of homo-
zygosity in terms of the frequency of the most frequent
allele. For convenience, we label the bounds as follows:

F(H)=vVH (A1)

(A2)

GM)=1-M(IM"=1)@2~[M"IM)  (A3)

g(M) = M. (A4)

Forintegers K= 2, we also denote the half-open interval
[1/K 1/(K— 1)) by Ik

The key result is Lemma 3, which considers sets of
nonnegative numbers with a fixed positive sum C, in
which the numbers in the set are bounded above by a
positive constant M. The square of a positive number xis
greater than or equal to the sum of squares for each
collection of nonnegative numbers whose sum is x. As a
result, considering all sets of nonnegative numbers with
maximum M and with sum equal to C, we can show that
the maximal sum of squares is obtained when as many of
the numbers as possible are equal to M and when at
most one remaining number is smaller than M. Lemma
3 makes it possible to obtain the maximal homozygosity
as a function of Mand, ultimately, to find the minimal M
as a function of H.

LemMA 3. Suppose M > 0 and C> 0 and that | C/ M) is
denoted K. Considering all sequences {p;}_, with p; € [0, M],
S b= Cand i < jimplies pi = py H(p) = Sy 17 1
maximal if and only if p;= M for]l = i=K— 1, pxy= C—
(K= 1)M, and p; = 0 for i > K, and ils maximum is
K(K—1)M — 2C(K — )M + C2.

Proof. We use induction on K. Suppose K= 1, so that
C= M. Because Y ., p; = C,

H(p)=C*=2> "> pipy. (Ab)

=1 j=i+1
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Because a nonnegative term is subtracted in Equation
Ab, the maximum of H(p) occurs when this term is zero.
As aresult, at the maximum, p, = C= M, p,=0fori>1,
and H(p) = C* This establishes the base case.

Assume that the desired result is true for all Cand M
with [C/M] = K — 1. Now suppose [C/M| = K. The
proposed value of p that maximizes A has p;= Mfor 1 =
i=K—1,px=C— (K—1)M,and p;= 0 for ¢ > K. Label
this sequence by p*. Then

H(p*) = K(K —1)M* —2C(K —1)M + C*.  (A6)

By assumption, [ C/M| = Kand M= C/K. As Equation A6
describes a parabola in M with positive leading term,
regardless of the value of M, H(p*) is greater than or
equal to the value at the minimum of the parabola, or
CYK.

We now show that no other sequence p can achieve a
value of H as high as H(p*). Suppose p; < C/K. Because
pi= p fori>1,

H(p) =Y pi=p Y pi<CYK. (A7)
=1 =1

Because H(p*) = C%K, the sequence p that maximizes
H cannot have p; < C/K. This sequence must therefore
have p; = C/Kand [C/p;| = K. However, because p = M
and [C/M] = K by assumption, [C/p] = [C/M] = K.
Thus, [C/p] = Kand [(C— p1)/p1] = K— 1.

Note that H(p) = pi + > ., p?. We can therefore
apply the inductive hypothesis to {p;};_, with C — p; in
place of C and p; in place of M. By the inductive
hypothesis, the maximum of ), p? occurs if and only
if pi=prfor2<i=K—1, pg= (C— p1) — (K—2) pr, and
pi= 0 for i > K. As a result,

H(p)=K(K —1)p? —2C(K — 1)p + C% (A8)

This function is monotonically increasing in p; for p; =
C/K and therefore achieves its maximum when p; is as
large as possible—thatis, when p; = M. u

Proof of Theorem 2. (i) This result follows from the
definition of H and from the fact that po > 0; (ii) this
follows from Lemma 3, taking C=1so that K= [M'].®

Lemma 4. (3) F, f, G, g : (0,1)— (0, 1) are monotonically
increasing, continuous, and bijective; (i) [ and G are

differentiable on (1/K, 1/(K — 1)) for each integer K = 2.

Proof. The result is trivial for Fand g For integers K=
2, G(1/K) = 1/K, and G is monotonically increasing on
each interval I, where [M™'] has the fixed value K.
Thus, Gis monotonically increasing on (0, 1). From the
form of G it is clear that on (1/K, 1/(K — 1)), G is
continuous and differentiable. For each K, as M = 1/K
is approached from either direction, G(M) approaches
1/K. Thus, Gis continuous on (0, 1). Given H € (0, 1),

there is a unique M for which G(M) = H, so that G is
bijective. Similar reasoning holds for f. ]

As a consequence of this lemma, since G(I/K) = 1/K
for integers K= 2, if M € (0, 1) and [M'] = K, then
G(M) lies in the interval Ix. Similarly, if [H™'] = K for
H e (0, 1), then f(H) also lies in I.

LeMMA 5. FFand g are inverse functions on (0, 1), as are f
and G.

Proof. The result is trivial for FFand g As bijections,
both fand G are invertible. Noting that M € Ix implies
G(M) € I, [M™'] = [G(M)~"], from which we can solve
for M in terms of G(M) on each interval Ik to find that
on each interval the inverse of Gis f. u

Proof of Theorem 1.

i. This result follows from the definition of H and from
the fact that po > 0.

ii. By Theorem 2, for a given value of M and a given
sequence {p;};_, with H =57 p?, G(M) = H with
equality if and only if p; = Mforl = i= K- 1, px=
1—(K—1)M, and p;= 0 for i = K, where K= [M"].
Applying the monotonically increasing function fto
the inequality G(M) = H, (G(M)) = f(H) with the
same equality condition. Because / is the inverse of
G, M = f(H) with the same equality condition. u

Note that for a given value of H, we can find a set of
allele frequencies for which the value of M comes
arbitrarily close to its upper bound of V/H. This can be
accomplished by supposing that a locus has one
common allele with frequency M and N rare alleles
each with frequency e. If all other alleles have zero
frequency, such a locus must have M* + Ne* = H and
M+ Ne = 1. Solving this pair of equations for Min terms
of N (taking the larger root) and letting N — o, M —+/H.
Similar reasoning yields sets of allele frequencies that for a
given value of M have values of H arbitrarily close to the
lower bound of M*.

Frequency of the most frequent allele in terms of
homozygosity: We now derive the properties of the
upper and lower bounds on the frequency of the most
frequent allele, as functions of homozygosity. Most of
the results that follow are relatively straightforward to
prove, and they are included for completeness.

Proposition 6 determines the mean values of the
bounds, finding that the difference between them has a
rather small mean 0f§ —m?/18~0.1184. Lemma 7 then
shows that the lower bound on the frequency of the
most frequent allele is greater than or equal to the
homozygosity itself; the mean values of the differences
of the upper and lower bounds from the homozygosity
are then obtained in Proposition 8. Results 9-15 con-
cern additional properties of the differences among the
upper and lower bounds and the homozygosity and
properties of various maxima and minima associated
with the upper and lower bounds. The section concludes
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with Proposition 16, which determines a lower bound on
the fraction of homozygosity that is due to the most
frequent allele.

PROPOSITION 6. Averaging across values of H € (0, 1), (2)
the mean of F(H) is é, (#d) the mean of [(H) isw*/18; (iii) the
mean of F(H) — f(H) is% — m?/18.

Proof.

i. The mean ofF(H) is jo VHAH =

ii. Because (0, 1) = U%_,/x, and because [H '] = Kfor
H € Ik, the mean of f(H) can be written

Jlf(H)dH - i JW{_U% (1 +

5 J1/K

VKH — 1
N l)dH

(A9)

Because Y . ,[1/K — 1/(K — 1)] reduces to —1 and
because Y _, 1/K? = w?/6, Equation A9 simplifies
to m2/18.

iii. That the mean of I{H) — f(H) is é — 7w?/18 follows
directly from i and ii together with the fact that

F(H) > f(H) for He (0, 1). "

LEMMA 7. For He (0, 1), fAtH) = H, with equality if and
only if H= K" for some integer K.

Proof. This result follows from the fact that for H ¢ (0,
1), [H"]>1,and [H"] — 1 < H' = [H'], with the
equality occurring if and only if H= K ' for an integer
K u

PROPOSITION 8. Averaging across values of H < (0, 1), (2)
the mean of F(H) — H is %; (20) the mean of f(H) — H is
m /18 — %

Proof. By Theorem 1 and Lemma 7, (H) > f(H) = H
on the interval (0, 1). The mean of F(H) — H [or f{H) —
H] equals the mean of F(H) [or f(H)] minus the mean
of H, or 5 Consequently, usmg Proposition 6, (i) the
mean of F(H) HlS s — % = 6, and (#) the mean of

SH) — H1s'rr2/18—— [ |

ProproOSITION 9. On the interval [1/K, 1/(K — 1)), where
K = 2 is an inleger;, the maximal value of f(H) — H is 1/
[4K(K— 1)], and it is achieved at H= (4K — 3) /[4K(K —
].

Proof. For H € I, [H'] = K, and
1 v -1
f(H)_H:K<1+KIf_1. ) -

f(H) — His continuous on the interval and differentia-
ble except at the endpoints. Its only critical point on the
interval is a maximum that occurs at ((4K — 3) /[4K(K —
D], 1/[4K(K—1)]). ]

COROLLARY 10. On (0, 1), the maximal value of f(H) — H

%, and it is achieved at H = 2

Proof. Because (0, 1) = U _,Ix, f(H) — H has its
maximum in /g for some K—in particular, for the K for
which the maximal value of f(H) — H is greatest. By
Proposition 9, the maximum of f(H) — Hon Ixis 1/
[4K(K—1)]. As 1/[4K(K — 1)] decreases for K= 2, the
maximum of f{H) — Hon (0, 1) occurs in L. Applylng
Proposition 9, this maximum is at (3, &

is

ProrosiTIiON 11. On the interval [1/K,1/(K—1)], where
K= 2 is an integer,

i. For K = b, the maximal value of F(H) — f(H) is
1/VK—-1—-1/K—1), and it is achieved at H =1/
(K—=1). For K= 2, 3, 4, the maximal value of F(H) —
f(H) is1/v/K — 1/K, and it is achieved at H=1/K.

ww. The minimal value of F{H) — f(H) is

1 (VK*—K—1
Ky=—|—F—wmnr——— -1,
1[5
and it is achieved at H= (K — 1) /(K* — K—1).

Proof. Define x(H) = F(H) — f(H).For HE I, [H '] =
K, and

(A10)

—Il<(1+\/KI§I_11>.

To verify é, note that the only critical point of x(H) on
[1/K,1/(K— 1)] is a minimum that occurs at ((K— 1)/
(K* = K—1),B(K)).

To obtain 7, note that because there is no maximum in
the interior of [1/(K — 1), 1/K], the maximum of x ()
occurs at the endpoint of the interval that produces the
larger value of X (H). At H= 1/K, x(H) = 1/\/K — 1/K,
andat H=1/(K— 1), x(H)=1NK—-1—-1/K—-1).
Define y(H) = VH — H, and note that at points H=1/K
for integers K = 1, y(H) = x(H). At the endpoints of
[0, 1], v(H) = 0, and on [0, 1], v(H) has its maximum
and only critical point at (1, 1). Consequently, for H,
H e€[0,1],if H> H = 4,then v(H) < y(H'), whereas
if1 = H> H', then y(H) > y(H'). Thus, for K=2, 3, 4,
Y(1/K) = x(1/K) > x(1/(K—1)) =y(1/(K— 1)), whereas
forintegers K=5,y(1/(K—-1)) =x(1/(K—1)) > x(1/K)
=v(1/K). n

ProrosiTIiON 12. On (0, 1), the highest local minimum of
F(H) — f(H) is (V19 — 2)/10, and it occurs at H =

Proof. By Proposition 11, the minimal difference for
a given interval [1/K, 1/(K — 1)] is achieved at H =
(K- 1)/(K*— K—1) and is B(K). To find the integer
K = 2 where B(K) is greatest, we show that B(K) >
B(K + 1) for K = 6. It then follows that the largest
value of B(K) occurs at the integer K € [2, 6] that
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produces the highest value of B(K). This maximum
occurs at K= 5, so that H =75 and B(K) = (V19 — 2)/
10 ~ 0.2359.

The following chain of inequalities yields the result:

K=6=K(K+1)*[K*(K —6) + 5K +4]>0
=K> -5K>2(K—-1)\/K(K*+ K —1)
S(K+1)VK—K-1>VK—1+

\/K(Kf 1)(K?*+K—1)

=K(K+1)VK—-1[B(K) —B(K+1)]>0
=B(K)—-B(K+1)>0. ]

COROLLARY 13. The maximal value of F(H) — H is }1, and
it is achieved at H = i.

Proof. This result was shown in the proof of Proposi-
tion 11 when it was found that y(H) = vH — H has its
maximum on [0, 1] at H= }}. |

COROLLARY 14. The maximal value of F(H) — f(H) is%,
and it is achieved at H = i.

Proof. Because f(H) = H, I{H) — f(H) = I{H) — H. By
Corollary 13, the maximum of I{H) — Hoccurs at i and is
%. Evaluating at H = %, I(H) — f(H) achieves this same
upper bound. ]

PrOPOSITION 15. The difference F(H) — f(H) is (i) greater
than f(H) — Hif 0<H <4 — 23, (if) equal to f(H) —
H if H=4- 2V/3, and (iii) less than " — H if
4-2/3<H<I.

Proof. Consider H € [1/K, 1/(K— 1)], for K= 3. On
this interval, by Proposition 11, the minimum of F(H) —
f(H) is B(K), and by Proposition 9, the maximum of
J(H) — His p(K) = 1/[4K(K — 1)]. The following in-
equalities yield F(H) — f(H) > f(H) — H for H <3:

K=3=16K*(K —3)+24K+7>0
=(K—-1)(K* - K—1)> (4K — 3)?/16
K*~K—-1_ 4K-3
K—1 4(K —1)
=B(K) > p(K).

(A11)

For He [4,1), [F(H) — f(H)] - [f(H) — H = VH + H-
1+ \/QH—_I), which for He [é, 1) can be shown to fall
on the same side of zero as H*> — 8H + 4. The only root
of H* — 8H + 4=0for He [}, 1)is H=4—-2V3, at
which the sign of H*> — 8H + 4 switches from positive to
negative. [ ]

ProrosiTION 16.

i. The fraction of homozygosity due to homozygotes for the
most frequent allele is greater than or equal to

1 THTH-1)

S O R 0 e b

HIH TP o1 )
with equality if and only if K= [H '] = [M "], py = po =
oo=prka=M and pxy=1— (K—1)M.

w. The fraction of homozygosity due to homozygotes for the
most frequent allele is greater than or equal to H, equality
requiring H= K" for some integer K= 2, and p) = po =
o= pxk=H

. The lower bound on the fraction of homozygosity due to
homozygoles for the most frequent allele lies in [1/K, 1/
(K—=1)), where K= [H™].

w. The lower bound on the fraction of homozygosity due to
homozygotes for the most frequent allele is monotonically
increasing with H on the interval (0, 1).

Proof. The fraction of homozygosity due to homo-
zygotes for the most frequent allele is M*/H, so that i
follows directly from Theorem 1:i.

ii. That M*/H = f(H)?/H = H*/H follows directly from
Theorem liiand Lemma 7, with equality under the
same conditions as specified by these results.

iii. That M?*/H = K ' for H € I follows trivially from
ii. Note that f{H)*/H < 1/(K — 1) is equivalent to
[V(KH —1)(K-1) — 1]2 >0, which is true except
iftH=1/(K—1).

iv. Denote the lower bound in i by o (H). The function
o is continuous on (0, 1), and at H= K™ ' for integers
K=2,0(H) = K. To show that ¢ is monotonic on
(0, 1) all that must be shown is that it is monotonic
for H € Ix. On this interval, [H™'] = K, and the
derivative of o is

B 1 (2— KH)VK -1
- K*H*(K —1) KH — 1

o'(H) —(K—-2)|.

To show that the term inside the brackets is positive
for H € I, we can begin with the inequality (K —
1)H? — KH + 1 > 0, which holds for H € I, as the
leading term is positive and the roots are located at
1/(K — 1) and 1. Multiplying by K* and adding
identical terms to both sides, we have (K— 1) (K2H? —
4KH + 4) > (K* — 4K+ 4) (KH — 1). Noting that K=
2 and for H € I, 2 — KH> 0, the square root of both
sides can be taken to obtain (2 - KH)VK—1>
(K—-2)VKH — 1. |

Homozygosity in terms of the frequency of the most
frequent allele: Many of the results in this section follow
from those in the previous section, using the fact that
the lower and upper bounds gand G for homozygosity
are the respective inverse functions of the upper and
lower bounds F and f for the frequency of the most
frequent allele.

PrOPOSITION 17. Averaging across values of M € (0, 1),
(i) the mean of G(M) is1 — w*/18; (ii) the mean of g(M) is
%; (222) the mean of G(M) — g(M) is% — m?/18.
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Proof.

iii. Because Gand gare the inverse functions of fand F
by Lemma 5, and because on (0, 1), G> gand FF> |,
the area between Gand gequals the area between F
and /. By Proposition 6, this area 1s 2 — w/18.

ii. The mean of g(M) is jo M?dM =
i. That the mean of G(M) is 1 — 1T2/18 follows directly
from ii and iii. u
LemMA 18. For M € (0, 1), G(M) = M, with equality if
and only if M= K" for some integer K.

Proof. This result follows directly from Lemma 7 and
the inverse relationship of G and fin Lemma 5. ]

PROPOSITION 19. Averaging across values of M€ (0, 1), (4) the
mean of M — G(M) is*n'2/18—%; (#) the mean of M— g(M) is %.

Proof. From the inverse relationship between G and f
(Lemma 5), the area between M and G(M) equals the
area between f(H) and H, or w*/18 — 3 (Proposmon
812), and from the inverse relationship between gand K
the area between M and g(M) equals the area between
F(H) and H, or % (Proposition 8). u

ProrosiTtioN 20. On the interval [1/K, 1/(K — 1)),
where K= 2 is an integer;, the maximal value of M — G(M) is 1/
[4K(K—1)], anditis achievedat H= (2K— 1) /[2K(K—1)].

Proof. For M€ I, [M'] = K, and M — G(M) = M —
[K(K—1)M? —2(K— 1)M + 1]. M — G(M) is continuous
on the interval and differentiable except at the end-
points. Its only critical point on the interval is a maximum

that occurs at ((2K — 1) /[2K(K— 1)1, 1/[4K(K-1)]).®

COROLLARY 21. On (0, 1), the maximal value of M —
G(M) is %, and it is achieved at M = 2

Proof. Because (0, 1) = Ug_olx, M — G(M) has its
maximum in /g for some K—in particular, for the K for
which the maximal value of M — G(M) is greatest. By
Proposition 20, the maximum of M — G(M) on Igis 1/
[4K(K—1)].As 1/[4K(K — 1)] decreases for K= 2, the
maximum of M — G(M) on (0, 1) occurs in . Applymg
Proposition 20, this maximum is at (4 '3 Ly,

ProrosITION 22. On the interval [1/K,1/(K—1)], where
K= 2 is an integer,

i. For K= 3, the maximal value of G(M) — g(M) is (K —
2)/(K — 1)2, and it is achieved at M = 1/(K — 1). For
K =2, the maximal value of G(M) — g(M) s i, and it is
achieved at M = %

ii. Theminimalvalue of G(M) — g(M) isp(K) = (K—2) (K* —
K— 1), and it is achieved at M= (K— 1) (K* — K— 1).

Proof. Define &(M) = G(M) — g(M). For M € I
[M']=Kand§(M)=(K*—K—1)M*—2(K—1)M+ 1.
To verify i, note that the only critical point of £(M) on
[1/K, 1/(K—1)]isaminimum that occursat ((K— 1)/
(K — K—1), p(K)).

To obtain ¢, note that because there is no maximum in
the interior of [1/(K — 1), 1/K], the maximum of &(M)

occurs at the endpoint that produces the larger value
of E(M). AtM=1/K, (M) =1/K— 1/K*, andat M= 1/
(K—1),&M) =1/(K—1) —1/(K—1)2 Define (M) =
M — M?, and note that at points M = 1/K for integers
K=1,3(M) = &(M). At the endpoints of [0, 1], 8(M) =
0,and on [0, 1], 8(M) has its maximum and only critical
point at (%, i). Consequently, for M, M' € [0, 1], if M >
M = %, then 8(M) < d(M'), whereas if % =M>M,
then 8(M) > 8 (M'). Thus, for K=2,8(1/K) = &(1/K) >
E(1/(K—1))=8(1/(K—1)),whereas forintegers K= 3,
d(1/(K—1)) =&(1/K—1)) >&(1/K) =3(1/K). =

ProposITION 23. On (0, 1), the highest local minimum of
G(M) — g(M) ist, and it occurs at M =2

Proof. By Proposition 22, the minimal difference for a
given interval [1/K, 1/(K — 1)] is achieved at M = (K —
1) (K* — K— 1) and is p(K). To find the integer K = 2
where p(K) is greatest, note that

K*—3K+1
(K-~ K—-1)(K*+K—-1)
Asaresult, p(K) —p(K+ 1) > 0 for K= 3. It follows that
p(K) is largest at the integer K € [2, 3] that produces the

highest value of p(K). This maximum occurs at K= 3, so
that M= £ andp(K):%. [

g(M) is?,

p(K) —p(K+1) = (A12)

COROLLARY 24. The maximal value of M —
and it is achieved at M = %

Proof. This result was shown in the proof of Proposi-
tion 22 when it was found that 8 (M) = M — M? has its

maximumon [0, 1] at M= % . [

COROLLARY 25. The maximal value of G(M) — g(M) isi,
and it is achieved at M = %

Proof. Because M= G(M), G(M) — g(M) = M — g(M).
By Corollary 24, the maximum of M — g(M) occurs at%

and is i . Evaluating at M = % , G(M) — g(M) achieves this
same upper bound. L]

PrOPOSITION 26. The difference G(M) — g(M) is (7)
greater than M — G(M) if 0 < M < %, (22) equal to M —
G(M) isz%, and (1iz) less than M — G(M) zf% <M<I.

Proof. Consider M € [1/K, 1/(K - 1)], for K= 3. On
this interval, by Proposition 22, the minimum of G(M) —
g(M) is p(K), and by Proposition 20, the maximum of
M— G(M)is n(K) =1/[4K(K—1)]. The quantity p(K) —
(K) can be simplified to

4K*(K —18/4) + 9K + 1

4K(K - 1)(K* - K —1)’
which is clearly positive for K > 13 "and which is also
positive for K= 3. As aresult, G(M) — g(M) > M — G(M)
for intervals Ix with K= 3, that is, for 0 < M < %

For M€ [3, 1), [G(M) — g(M)] — [M— G(M)] = 3M?
—5M+ 2. The onlyrootof 3M? —5M + 2 =0for Me [é,
1) is M=%, at which the sign of 3M? — 5M + 2 switches
from positive to negative. u




