1duasnue Joyiny vd-HIN 1duasnue Joyiny vd-HIN

1duasnue Joyiny vd-HIN

"% NIH Public Access

O
H%

Author Manuscript

Published in final edited form as:
Biometrika. 2008 ; 95(2): 307-323. doi:10.1093/biomet/asn012.

Kernel stick-breaking processes

DAVID B. DUNSON and
Biostatistics Branch, National Institute of Environmental Health Sciences, P.O. Box 12233,
Research Triangle Park, North Carolina 27709, U.S.A. dunsonl@niehs.nih.gov

JU-HYUN PARK
Department of Biostatistics, University of North Carolina at Chapel Hill, Chapel Hill, North Carolina
27599, U.S.A. parkj3@niehs.nih.gov

SUMMARY

We propose a class of kernel stick-breaking processes for uncountable collections of dependent
random probability measures. The process is constructed by first introducing an infinite sequence of
random locations. Independent random probability measures and beta-distributed random weights
are assigned to each location. Predictor-dependent random probability measures are then constructed
by mixing over the locations, with stick-breaking probabilities expressed as a kernel multiplied by
the beta weights. Some theoretical properties of the process are described, including a covariate-
dependent prediction rule. A retrospective Markov chain Monte Carlo algorithm is developed for
posterior computation, and the methods are illustrated using a simulated example and an
epidemiological application.
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1. Introduction

This article focuses on the problem of choosing priors for an uncountable collection of random
probability measures, ¢, = (G :x € 2"}, where 2" is a Leshesgue measurable subset of RP and
Gy is a probability measure over a measurable Polish space (2, 8), with Q the sample space
and & the corresponding Borel o-algebra. A motivating application is the problem of estimating
the conditional density of a response variable using the mixture specification f(y | x) = | f(y |
X, )dGy (), with f(y | X, ¢) a known kernel and G an unknown probability measure indexed
by the predictor value, X = (X1, ..., Xp)".

The problem of defining priors for dependent random probability measures has received
increasing attention in recent years. Most approaches focus on generalizations of the Ferguson
(1973, (1974) Dirichlet process prior, with methods varying in how they incorporate
dependence. One approach is to include a regression in the base measure (Cifarelli & Regazzini,
1978), which has the disadvantage of capturing dependence only in aspects of the distribution
characterized by the base parametric model.

Much of the recent work has instead relied on generalizations of Sethuraman (1994)’s stick-
breaking representation of the Dirichlet process. If G is assigned a Dirichlet process prior with
precision a and base measure Gg, denoted by G ~ DP(aGg), then the stick-breaking
representation of G is
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h-1

G=>"pubs,. pr=Va| [(1=Vi). Vi ~ Be(La). 6 ~ Go,
h=1 I=1 (1)

where dy is a probability measure concentrated at 6 and all Vy,’s and 6},’s are independent.
MacEachern (1999, 2001) proposed the dependent Dirichlet process, which generalizes (1) to
allow a collection of unknown distributions indexed by x by allowing the weights p = (pp, h =
1, ..., ) and atoms 6 = (6, h =1, ..., «) to vary with x according to a stochastic process. If
we assume fixed p, the dependent Dirichlet process has been successfully applied to analysis
of variance (De lorio et al., 2004), spatial modelling (Gelfand et al., 2005), and time series
(Caron et al., 2006).

Noting limited flexibility due to the fixed p assumption, Griffin & Steel (2006) proposed an
order-based dependent Dirichlet process, which incorporates dependence by allowing the
ordering of the random variables {Vh, h=1, ..., «o} in the stick-breaking construction to depend
on predictors. An alternative is to incorporate dependence through weighted mixtures of
independent Dirichlet processes. Miller et al. (2004) used this idea to allow dependence across
experiments, while Dunson (2006) and Pennell & Dunson (2006) considered discrete dynamic
settings. Dunson, Pillai & Park (2007) defined a prior for 4 ¢ through a weighted mixture of
independent Dirichlet process random probability measures introduced at the sampled
predictor values. This prior is sample dependent and lacks reasonable marginalization and
updating properties.

In developing a prior for %, we would also like to generalize the Dirichlet process prediction
rule, commonly referred to as the Blackwell & MacQueen (1973) Polya urn scheme, to
incorporate predictors. Assuming g;j ~ G, with G ~ DP(aGg), one obtains the Dirichlet process
prediction rule upon marginalizing over the prior for G:

o'
-1

i-1
1
prig1 € 9=Go(), pr(@i € o, pi1D=(——— | Go)+ ). ((—m - 1)6%-(-).
J=1

a+i

This prediction rule forms the basis for commonly-used algorithms for efficient posterior
computation in Dirichlet process mixture models (MacEachern, 1994).

The Dirichlet process prediction rule induces clustering of the subjects according to a Chinese
restaurant process (Aldous, 1985; Pitman, 1996). This clustering behaviour is often exploited
as a dimension-reduction device and a tool for exploring latent structure (Dunson, Herring &
Engel, 2007; Kim et al., 2006; Medvedovic et al., 2004). The Dirichlet process and related
approaches, including product partition models (Barry & Hartigan, 1992; Quintana & Iglesias,
2003) and species sampling models (Pitman, 1996; Ishwaran & James, 2003), assume
exchangeability. In many applications, it is appealing to relax the exchangeability assumption
to allow predictor-dependent clustering.

Motivated by these issues, this article proposes a class of kernel stick-breaking processes to be
used as a sample-free prior for i %, which induces a covariate-dependent prediction rule upon
marginalization.

2. Predictor-dependent random probability measures

2.1. Proposed formulation

Let 9.~ 2, with 2 a probability measure on (¥, %), where W is the space of uncountable
collections of probability measures on the Polish space (Q2, 8) indexed by x € 2 and i ¢ is a
corresponding o-algebra. Our focus is on choosing .

Biometrika. Author manuscript; available in PMC 2008 September 17.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

DUNSON and PARK

Page 3
We first introduce a countable sequence of mutually independent random components,

[ThViGh=1,....c0),

where, for each h, independently, I'y, ~ H is a location, V}, ~ Be(a, by) is a probability weight,
and G, ~ 2 is a probability measure. Here, H is a probability measure on the Polish space (£
/), where o7 is a Borel g-algebra of subsets of £, and £ is a Lesbesgue measurable subset
of RP that may or may not correspond to %". In addition, 2 is a probability measure on the
space of probability measures on (Q, 8). For example, 8 may correspond to a Dirac measure
at a random location, a Dirichlet process, or a species sampling model (Pitman, 1996).

The kernel stick-breaking process is defined as follows:

GV\:]ZI U(X;Vh,rh)lﬂ/ {1 -UxVLID} Gy,
= <n
U Vi, I)=VyK(x,Iy), forallx e 27, 3

where K: RP x RP — [0, 1] is a bounded kernel function. Note that (3) formulates Gy as a
predictor-dependent mixture over an infinite sequence of basis probability measures, with G,
located at Ty, forh =1, ..., oo. Bases located close to x and having a smaller index, h, will tend
to receive higher probability weight.

Starting with the unit probability stick, Gy allocates probability V1K(x, I'7) to the first basis

measure, G7. This probability ranges from 0, for x far fromI'y, to V4, for x close toI'1, depending
on the choice of kernel K. A proportion V,K(x, I';) is then broken off from the remaining stick
of length 1 — V1K(x, I'1) and allocated to the second basis measure, G. This proportion ranges
from 0 to V5 depending on the distance from x to I'y. This predictor-dependent stick-breaking
process continues infinitely many times, using up the unit sticks at all locations x € %" in the
limit. Note that Gy and Gy will allocate similar probabilities to the elements of the basis set

{GZ}h:l if x is close to x'. In this manner, the kernel stick-breaking process accommodates
dependence.

Let zn(X; Vh, T'h) = U(X; Vi, TR 1<h {12 - U(x; V|, T}, forh =1, ..., oo, with V= (Vy, ...,
V) and I', = (I'y, ..., I'y)". By replicating the arguments in Lemma 1 in Ishwaran & James

(2001), one can show that G, is well-defined, with Z,,:l”h()f;Vh»rh):l almost surely for all x
(S.

In order for the kernel stick-breaking process to be useful in applications with limited data in
any particular small local region of 2, it is important to favour sparseness and borrowing of
information. Sparseness can be represented in the process by choosing (i) a sequence

{an,bp})., that favours values of {V},};>  close to one, (ii) a kernel K that decreases to 0 slowly
with increasing separation between predictors, and (iii) arandom measure 2 that tends to assign
high mass to few atoms. Property (i) leads to dominant basis locations that are assigned high
probability by all Gy in a local region, property (ii) allows borrowing of information broadly
across 2, and property (iii) ensures that few parameters are needed to characterize each basis
measure.

A number of interesting special cases arise when K(x, I') = 1 for all (x.[) € 2" ® .Z so that

G =G=)"" Vi| |..,0 = VDG;. ThenifG;, ~ DP(aGy), independently for each h, we obtain
a stick-breaking mixture of Dirichlet processes as a prior for G. Under the additional conditions
an = 1 and by, = 4, the prior for G is a Dirichlet process mixture of Dirichlet processes, which
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is a two parameter extension of the Dirichlet process. This mixture reduces to a Dirichlet
process in the limiting case as either 4 or a — 0. Finally, when G, =6y, .6, ~ Gy, independently

forh =1, ..., «o, without any constraints on {a;,b;},. ,, G is assigned a stick-breaking prior in
the class considered by Ishwaran & James (2001).

2.2. Conditional properties

Returning to the general case, we first derive moments of G, conditionally on the random
weights V and random locations 3, but marginalizing out the random basis measures,

{G),,h=1,... ,00}. Letting Go(B)=E 2{G,(B)}, for all B € %, we obtain

E{G_‘-(B)|V,F}=Zﬂh(x;V/,,F/,)EQ{GZ(B)}ZG()(B), forall B € 4.
h=1 (4)

As aresult of the lack of dependence on V and T, we also have E ,{G (B)}=G(B), S0 that the
prior is centred on the base measure Gg. In addition,

E{G(B?|V.I}=

,Zl””(’“ v/,,r,,)zEg{G,*xB)Z}l

+

/i%’“(’“ Yaalaiics V/»D)EQ{GZ(B)}E,@{G,*(B)}]

= (/;lnh(x; Vi) | E2(Gy(B)) - G()(B)zl) +Go(BY’
= 1 70 V.DIPV 55, +Go(BY, 5)

where V ,, =V 2{G},(B)} and var{G (B)|V I'}= || n(x;V,F)IleQ(B). By a similar route, the
correlation coefficient is

Zpe 71 (6 Vi L) (x5 Vi L)
o 12 (oo 172
{Z n (s Vi T} { S50 wn (s Vi Ta)?}

_ <n(x; V.Dax'; V.I)> _ ’.
= e VO oes v =P (6x 3 VI,

corr{G(B),G v (B)|V.,I'}=
(6)

where <, - > is the inner product. The correlation coefficient p(x, x’; V, T') < 1, with the limiting
value of 1 asx — x/, if we assume that lim,_, " K(x, ) = K(x', T'), forall " € .. This expression
is quite intuitive, being a simple normed cross product of the weight functions. An appealing
property is that the correlation coefficient is free from the set B, so that a single quantity can

be reported for each (x, x) pair. Interestingly, the correlation coefficient does not depend on

the choice of 2, the probability measure generating the bases at each of the locations.

2.3. Marginal properties

To obtain additional insight into the properties of the kernel stick-breaking process, it is
interesting to marginalize out the random weights, V, and random locations, 3. Let Ky(x) ~
F denote the random variable obtained in the transformation from I'y, ~ H to K(x, I'y)). Since
the random locations are independent and identically distributed, we have Ky(x) ~ Fy,
independently forh=1, ..., c. Inaddition, the random variables Kn(x) and Kn(x’) are dependent,
while Ky (x) and K;(x") are independent, for h # .

Let Up(X) = VRKK(X) and zh(X) = UnOT<p{1 — Uj(X)}, forh =1, ..., co. Dependence in the

random weights, z(x) = {zn(X), h =1, ..., o} and z(X") = {zx(X"), h =1, ..., oo}, arises through
dependence between the components Up(x) and Up(x'), forh =1, ..., o.
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Theorem 1—Let u(X) = E{UR(X)} and (X, X") = E{Un(X)Un(X"}. Then, if we assume that
~ Be(a, b), independently for each h, for any B € & we have

XY oy

Go(B).
T )~y o

E{G(B)Gx(B)}=

The derivation is in the Appendix. From this expression, it is straightforward to show that

KV o

V{G(B)}=—— 25
i 2u(x) — u@(x) @

where x @(x) = u(x, x). In addition, the correlation coefficient has the simple form

, 2000 — u@ N 200y — 1@ N2
corr{G (B),G o (B))= o) )[{ ) =) fut) ~ )

HOO)+p(x') = p(x,x") P> (x) ' ®)

Note that this expression is free of B and only depends on the expectations of Up(x) and
Un(X)Un(x).

If Vi, ~ Be(1, A), independently for each h, we obtain the modified expression

K(X,x,){(z'*'/l);:(‘\'» - 1] {(2 /l):((x\j”) - }1/2

oG B).Ge B =—— ) (k) —kex) ©

where x(x) = E{Kn(X)}, x2(x) = E{K(x)Z} and « (x, ) = E{Kn(X)K(x)}. This expression is
useful in considering the correlation structure induced for different choices of H and K, as well
as the impact of the hyperparameter A. For example, note that, when the first two moments of
Un(x) are free from x, expression (9) reduces to

corr{G,\-(B),Gx,(B)}:((2:/1)’< ) 1) ) ((2+A)K ) 1)’
2

k(x,x") (10)

with the dependence on x in x and «, dropped. For some special cases of H and K, the moments
of Up(x) and Up(x)Un(x") can be calculated in closed form, so that the above expressions are
also available in closed form.

2.4. Example 1
Suppose that Vi, ~ Be(1, 1), independently for all h, K(x, ') = 1 (XjThjl <wj, =1, ..., p) is
a rectangular kernel, with yj >0 for j=1, ..., p, and H corresponds to a uniform probability
measure on &.. Focusing on the unit hypercube, 2 '=[0,11” and letting f=®f:1[—t//j,1+d/j],
forany x € 27, we have

ElU(x)")= (H %) 11 (%)
EW U= (1) (20) 11 (Yo
L

(11)

where A;(x;,x)=max{0, min(x;+y ;,x’+¢ ;) — max(x; — ¢ ;,x; — ¥ )},
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From expression (11), it is apparent that the moments of Uy (x) are free from x, while the
expectation of Up(X)Up(x") depends only on the distance between x and x'. Calculating the
variance, we obtain the simple expression

VQ(B)
G(B)=—22.
var{G(B)} 144 (12)

In addition, the correlation coefficient takes the form

1+4
(2+/l)l—li):1{2wj/Aj(xj’x;)} -1 | (13)

p(x = x:44)=corr{G(B),Gy (B)}=

which is a function of the distance between x and x’. When (x — x) ¢ C«/,=®’j:1[—2¢j,2¢j], p(x

—X; A, ) =0. Inaddition, in the limitas x — x",A;(x;,x}) = 2¢;and p(x—X'; A, w) — 1. Hence,
the correlation coefficient is bounded between 0 and 1, depending on the distance between the
predictor values. The results for Example 1 are easily generalizable to arbitrary bounded
predictor spaces and to Gaussian kernels.

3. Clustering and prediction rules

As mentioned in §1, one of the most appealing and widely used properties of the Dirichlet
process is the simple prediction rule shown in expression (2). In this section, we obtain a
predictor-dependent prediction rule derived by marginalizing over the kernel stick-breaking
process prior for % %" shown in expression (3) with three additional assumptions: (i) G;,=de,,
with @y, ~ G, independently forh =1, ..., o; (ii) Gg is non-atomic; and (iii) Vi, ~ Be(1, A),
independently forh =1, ..., co. Assumption (i) implies that there is a single atom, ®y,, located
at 'y, so that all subjects allocated to a given location will belong to the same cluster.

Consider the following hierarchical model:
(@ilxi;) ~ Gy,, independently fori=1,...,n,
Gy ~ P, (14)

where ¥,-={G,:x € 27}, 2 is a kernel stick-breaking process characterized in terms of a
precision parameter, A, a kernel, K, and a base measure, Gg. Note that (14) can be equivalently
expressed as
(pilZi,xi,©) ~ 06, »
Zilxi,V.I) ~ 3 mp(xi; Vi, Ln)on, independently fori=1,... n,
h=1
Vi ~ Be(1,2), Ty ~ H, ®;, ~ Gy, independently for each £, (15)

where Z; indexes the unobserved location for subject i. It follows that pr(p; € | X;) = Go(:). As
a notation to aid the description of marginal properties, we let

ps=E {]_[U,,<x,~)} :

ey (16)

where # C {1,...,n} is a subset of the integers between 1 and n. In some important special

cases, including rectangular and Gaussian kernels, these moments can be calculated in closed
form, if we use a straightforward generalization of results shown for Example 1.
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Under the prior structure (15), the probability that subjects i and j belong to the same cluster
conditionally on the subjects’ predictor values, but marginalizing out 2, is

Pr(gi=¢jlxi,x ;)= A , foralli,je(l,...n},
Mitpj — Mij

with pj, yj, ij defined in (16).
Under the conditions of Example 1, the expression in Lemma 1 takes the form

H’? 1A (x;.x7)
Q+DIT, Qv ) — T, Aj(xj:x) (17

pr(pi=gjlxi,x;)=

which reduces to 0 if xi — x; & Cy=8®'_ b =20.295] as xi and x; are not in the same
neighbourhood in that case. In addition, as x; — Xj, pr(i = jl Xi, Xj) — 1/(1 + 1), which
corresponds to the clustering probability for the Dirichlet process prediction rule when Gy =
G ~ DP (\Gy).

Let .4 denote the set of possible r-dimensional subsets of {1, ..., s} that include i, let

A, denote the set of possible r-dimensional subsets of {1, ..., s} including i and j, and let

Hs
YD pen s

W=

where #.7 is the cardinality of set R and ., is the set of length t subsets of . Then, under
expression (15), the following prediction rule is obtained on marginalizing out Z:
Pr(@i € |15 sPiz15X15 - - - 5 Xim1)=

{1—i<—1)" D wi}Go(H l{i< 3 _%}@,(-).
Jj=1|r

r=2 (i) (1)
JeN, Ie.%“.

Under the conditions of Example 1, we obtain the following simple expression for y

ﬂy=E{_H Uh<x,~} =E(V}7) [ 1 Hl(lx,, Thj)l<wjdH(T})

i€ j=1
_ #r’i {nmxm
1_ll+1 1+2¢; [~ (18)

where X = (Xq, ..., Xp)' iS an n x p matrix and

A (X #)=max[ 0,2 j+min;e s {x;;} — max;e »{x;;}]. From this result, one can show that the
prediction rule from Theorem 2 reduces to the Dirichlet process prediction rule in the special
case inwhich x; =x, forj=1, ..., i.

4. Posterior computation

4.1. Background and overview

For Dirichlet process mixture models, two main strategies have been used in developing
algorithms for posterior computation; the marginal approach and the conditional approach. If
@i ~ G, with G ~ DP(aGp), the marginal approach avoids computation for the infinite-
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dimensional G by relying on the Pélya urn scheme, which is obtained if we marginalize over
the Dirichlet process prior. The most widely used marginal algorithm is the generalized Pélya
urn Gibbs sampler of MacEachern (1994) and West et al. (1994). Ishwaran & James (2001)
extend this approach to a general class of stick-breaking measures.

The conditional approach avoids marginalizing over the prior, resulting in greater flexibility
in computation and inference (Ishwaran & Zarepour, 2000). To avoid the need for a truncation
approximation, Papaspiliopoulos & Roberts (2007) recently proposed a retrospective Markov
chain Monte Carlo algorithm. We propose a conditional approach to posterior computation for
kernel stick-breaking process models, relying on a combined Markov chain Monte Carlo
algorithm that uses retrospective sampling and generalized Pélya urn sampling steps.

We focus on the kernel stick-breaking process model of expression (3), with V, ~Be(ay, by),
independently for each h, K and H having arbitrary forms, and 2 corresponding to a stick-
breaking prior. Although the algorithm can in principle deal with any model in this class, some
models are more tractable than others. In particular, as for stick-breaking priors and Dirichlet
process mixture models, simplifications result when the base Gy is conjugate to the likelihood.

Let &= (01, ..., O) denote the k <n unique values of ¢ = (¢1, ..., pn)", let #=p if p; = g, denote
that subject i is allocated to the hth unique value, with §=(.#,, ...,.#,), and let &, =; denote
that 6, is an atom from G, with C=(%,, . .., %,)- Let (), 0 1), SO, C ) and Z ) correspond to
the vectors ¢, 0, S, C and Z that would have been obtained without subject i’s contribution.

The number of subjects allocated to the jth location is anZ:;, 1(Zi=)), with ZH”F”. The
index set for locations, -#=1{1,2,...,c0} consists of two mutually exclusive subsets, namely
occupied locations, .#,.={j € .#:n;>0}, and vacant locations, .%,.={;j € .#:n;=0}, so that
Che I forh=1, ..k

If A,={i:Z=h,i=1,2, ...,00} denotes the subset of the positive integers indexing subjects
allocated to location h, {gj, j € .4;} is a species sampling sequence (Pitman, 1996). Hence, it
follows from Pitman (1996) and Ishwaran & James (2003) that

pr(; € 1Zi=h.S ©.C7 00 X)=lngGo( 3+ Y 6, ).
jeA? (19)

where eﬂj,(i)zsﬂﬂ N {1,....n}\{i} and {lin;} are the probability weights implied by the species
sampling prediction rule. For example, in the Dirichlet process special case, we have

l,~,,0:<x/(<y+#5471(")) and ly;=1 /(<x+#,,477”)). We obtain the following from (19) by marginalizing
out Z;, noting that pr(Zj = h | x;, V, I') = mn(Xj; Vh, Th) = @i forh =1, ..., o, and grouping
together the subjects with the same unique value:
kD
pr(gi € 18 .CP.00.X)=wioGo()+ ) wisSyn()+wixo 1 Gol),
A (20)

with k() the length of @ () and the weights defined by

Wip= Z Tinlinos Wij=T; 0 Z Lo j=1, ... KO w0 1= Z Tinlino-
J Je

hesY e s =j he gD (21)
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If the likelihood contribution for subject i is f(y; | Xj, ¢i), expression (21) can be updated to
obtain a conditional posterior distribution for ¢;. From this posterior, we obtain

pr(-Z=jly,8 0,69 X)=q;, (22)

where gjj = ¢j wij fo(yi | X)), for j = 0, k+1, and gij=ciwi;f (ilxi.0; D) forj=1, ..., k0, with
folyi | Xi) = [ f(yi | i, @) dGo(p) and c; a normalizing constant. We update , by sampllng based
on (22). Sampling .#,=0 corresponds to assigning subject i to a new atom at an occupied

location, with ¢ ~ Zhe.%ﬁj}n?héh, where ”Zz:”ih/zle_yl;o”"/. When .#,=k®+1, subject i is
assigned to an atom at a new location. Since there are infinitely many possibilities for this new
location, we use a retrospective sampling approach, which follows along similar lines to
Papaspiliopoulos & Roberts (2007).

After updating S and C, we update 6y, forh =1, ..., k, from

Oly,S CX) o { [ ] FOilxi.0nIGo(6n).
iSi=h (23)

Let M® correspond to the maximum element of .7, across the first t iterations of the sampler.
To update V}, forh = 1, ..., M® we use a data augmentation approach. Let A, ~ Ber(V},) and

Bin ~ Ber{K(xj, T'h)}, mdependently for each h, with Z; = €5 = min{h: Aj, = Bjy = 1}. Then,
alternate between sampling (Ajn, Bin) from their conditional distribution given Z; and updating
Vy, by sampling from the conditional posterior distribution

Be|a,+ Z Ain,bp+ Z (1I-Ap)
i:Zi>h i:Zi>h

Updating of I'y,, forh =1, ..., M®, can proceed by a Metropolis-Hastings step or a Gibbs step

T
if H('):Zl:laﬁr;('), with I*=(T'},....I') a grid of potential locations.

5. Simulation example

In this section, we illustrate the proposed method in a mixture of normal linear regression
models for conditional density estimation, assessing sensitivity to the kernel and
hyperparameters in the kernel stick-breaking process. Let

f(y,~|x,~,¢,~)=(2nr")_l/zexp{—r/z(yi — X;B)}, with gj = B ~ Gy;, and @, ~ 22, in which Z is a
kernel stick-breaking process chosen so that a, = 1, by, = 1, 2 is a DP(aGg) random measure,
and G follows a Gaussian law with mean $ and variance matrix 2. In addition we choose

-1

priors ai(s) = Ga(r; a, by), w(8) = N(Bifo. Vo), and 7D s V=7 O, 500 0, the
-1 -1

Wishart density with vy degrees of freedom and E(Zﬂ ):Zo -We let o =0, Vg, = (X'

-1
X)"1n, vo=p, Zo =Ipxp, and a, = b, = 0.1, and choose every point from 0 to 1 with increment
of 0.02 as I'*, with T = 51 and probability weight a; = 1/T.

Following Dunson, Pillai & Park (2007), we simulate data for n = 500 subjects from a mixture
of two normal linear regression models as follows:

Silx)=e 2 N(y;x,0.0)+(1 — e 2)N(y;3x7,0.04),
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where X; = (1, x;)’, with p = 2 and x; ~ Un(0, 1). This case was chosen as a challenging example
as the shape of the conditional density changes rapidly, with limited sample size in any
particular local region. The performance is at least as good in other examples we have
considered, and is excellent when the base parametric linear regression model provides an
adequate approximation.

In a reference analysis, we chose a = 1 and A = 1 to favour few occupied basis locations and
few clusters per location. In addition, we chose a Gaussian kernel K(x, x') = exp(—y/|jx — x/[|?),
letting the kernel precision y be unknown through use of a log normal prior on y with x,, =

2.5and oﬁ,=0.5. As the choice of y has a strong impact on borrowing of information across
the predictor space, we expect the results to be sensitive to y and recommend choosing a
hyperprior to allow the data to inform about the choice. In simulated and real data examples,
we find the data are highly informative about .

Results were obtained by running the Markov chain Monte Carlo algorithm described in 84

for 30000 iterations, with a burn-in of 8000 iterations discarded. Based on examination of trace
plots, apparent convergence occurred quickly and there was efficient mixing. Figure 1 plots

the true density, dotted line, and estimated predictive density, solid line, along with pointwise
99% credible intervals, dashed lines, at 5 selected percentiles (10, 25, 50, 75, 90) of the sampled
Xj. The true density is contained in pointwise 99% credible intervals. A plot of the data along
with the estimated and true mean curve is also provided, showing they are indistinguishable.

To assess sensitivity to the hyperparameter specification, we repeated the analysis with y fixed
at0.2, Lor5, K(x, x') = 1(JIx = X'|| < w) or K(x, x") = exp(—w||x — X'||), @ = 10 and A = 10. In each
of these cases, the other hyperparameters were chosen as in the reference analysis. For small
values of y we expect that local features of the conditional densities will be poorly estimated,
while for large o or 1 we expect the conditional densities to be strongly shrunk toward the
baseline normal linear regression model. Table 1 shows the Kullback-Leibler divergence
between the true and estimated conditional densities in each case, also reporting results for the
method proposed by Dunson, Pillai & Park (2007) using their recommended hyperparameter
values.

We find that the results are robust to the choice of kernel as long as a hyperprior is chosen for
the kernel precision, though the Gaussian kernel gave the best performance. In addition, as
expected the Kullback-Leibler divergence increased for small values of v and for large values
of a or 4. In these cases, there was a tendency to under estimate local peaks and over-smooth
the conditional densities. The estimates for the kernel stick-breaking process and Dunson, Pillai
& Park (2007) approaches were similar, although the former has clear conceptual advantages
over the latter because of the coherent updating property and lack of sample dependence. In
addition, by not including basis distributions at every data-point, computational speed is
increased considerably. We repeated the simulation example for n = 1000 for the reference
analysis and Dunson, Pillai & Park (2007) approach. The average Kullback-Leibler divergence
was reduced by 50% in this case.

6. Epidemiology application

6.1. Background and motivation

dde In epidemiology studies, acommon focus is on assessing changes in a response distribution
with a continuous exposure, adjusting for covariates. For example, Longnecker et al. (2001)
studied the relationship between the ddt metabolite dde and preterm delivery. The substance
ddt is effective against malaria-transmitting mosquitoes, and so is widely used in malaria-
endemic areas in spite of growing evidence of health risks. The Longnecker et al. (2001) study
measured dde in mother’s serum during the third trimester of pregnancy, while also recording
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the gestational age at delivery, gad, and demographic factors, such as age. Data on dde and gad
are shown in Fig. 2 for the 2313 children in the study, excluding the children for whom gad>
45 weeks, unrealistically high values attributable to measurement error.

Following standard practice in reproductive epidemiology, Longnecker et al. (2001)
dichotomized gad using a 37-week cut-off, so that deliveries occurring prior to 37 weeks of
completed gestation were classified as preterm. Categorizing dde into quintiles based on the
empirical distribution, they fitted a logistic regression model, reporting evidence of a highly
significant dose response trend. Premature deliveries occurring earlier in the period before 37
weeks have greater risk of mortality and morbidity. Hence, from a public health and clinical
perspective, it is of interest to assess how the entire left tail of the gad distribution changes with
dde dose, with effects earlier in gestation more important.

6.2. Analysis and results

We analyzed the Longnecker et al. data using the following semiparametric Bayes model:

JGilx)= [N, r)dG . (B)
Gy ~ P, (24)

where ¢,-= [G:x € R}, yj is the normalized gestational age at delivery, x; = (1, dde;, age;)’,
dde; is the normalized dde dose for woman i, age; is her normalized age, and 2 is a kernel stick-
breaking process, with a Gaussian kernel and 2 corresponding to a DP(aGg). Prior specification
and other details are as described in 85 for the reference analysis.

Convergence was rapid and mixing was good based on examination of trace plots, not shown.
Even though the sample size was 2313, the posterior mean number of occupied locations was
only 5.4, while the posterior mean number of clusters was 28.1.

Figure 3 shows the estimated conditional densities of gestational age at delivery for a range of
dde values. There is some suggestion of an increasing left tail with dose, representing increasing
risk of premature delivery at higher exposure values. At very high exposures, data are sparse
and the credible intervals are much wider. To assess more directly the impact of dde on the left
tail, Figure 4 shows dose-response curves for pr(Y < T) for different choices of cut-off T. For
early preterm birth before 33 weeks, the dose response curve is flat except at high doses where
the credible interval is wide. As the cut-off increases, the dose response becomes more
significant. Hence, the increased risk of preterm birth with increasing dde dose reported by
Longnecker et al. (2001) can be attributed to more deliveries late in the interval before 37
weeks.

7. Discussion

The article proposed a class of kernel stick-breaking processes, which should be widely useful
in settings in which there is uncertainty in an uncountable collection of probability measures.
We have focused on a density regression application in which one is interested in studying how
a response density changes with predictors. However, there are many other applications that
can be considered, including predictor-dependent clustering, dynamic modelling and spatial
data analysis.

The kernel stick-breaking process should provide a useful alternative to dependent Dirich-let
process methods, such as the order-based dependent Dirichlet process (Griffin & Steel,
2006). An advantage of the kernel stick-breaking process formulation is that many of the tools
developed for exchangeable stick-breaking processes, such as the Dirichlet process, can be
applied with minimal modification. This has allowed us to obtain some insight into theoretical
properties and to develop computational algorithms, which are straightforward to implement
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in cases in which stick-breaking basis measures are used having base distributions conjugate
to the likelihood. In future work, it will be interesting to consider algorithms for efficient
posterior computation in non-conjugate models and in cases with many predictors.

We also obtained a predictor-dependent urn scheme, which generalizes the Pélya urn scheme
(Blackwell & MacQueen, 1973). It will be interesting to apply this urn scheme for computation
and clustering without need to explicitly consider the random weights and locations in the stick-
breaking representation.
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APPENDIX

Proofs
Proof of Theorem 1
As shorthand notation, we let 0,=G,(B) and Qy=E{G,,(B)}. Then we have
E{G(B)Gy(B)}
=E {( 2 Un(x)

Ij {1- Uz(x)}] Q/,)( 3 Un(¥ )[ f{ {1- U,<x'>}] Qh)}
h
—E(z Un(UA(¥ )H (1 - UsH1 - Un(¥ )}Qh)
oo h—
+E(z % Un(®) n (1- U} {1 - U,‘<x')}] (Ui = U)U ()

h=11=1

X

h— o o
[1 {l—Us(x)}lQth)+E(Z 2 Ux')

s=l+1 h=1l=h+1

-1
X{Un(x) - Uh(X)Uh(X’)}I [T {1- Us(x,)}]Qth)

s=h+1

h-1
[T{1-Ux)}{1- Ur(x')}]

[oe]

=Y p(ex){1 = p(x) — p(x )+p(xx))  E(Q2)

h=1

(O {u() — p(x,x')} Z S {1 () — (e L = (o1 02

=1 /+1

) () = (. )}; z (1= 00 = O+ HL = p) 1 0F

HX)V g
:%'FQZ,
HO)+p(x)—p(x,x7)

with linearity of expectation and reordering justified as the series is absolutely convergent.
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Proof of Lemma 1
Under formulation (15), we have

pr(ei=g ;1. x )= [ pr(Z=Z,xi,x;,V.D)dr(V)dn(T)
—E(Z [Uh<x,)U/,<x,>r1 {1 - U1 - U,(x,o}])

h=1
=#ijZ H( —llj—/lj+#ij)
h=1I<h

h
=,Uij120(1 — Wi~ ﬂjﬂlij)
-

— Hij
T it~y
Proof of Theorem 2
Letting @ denote an arbitrary subset of {1, ..., i} that includesi € .#, we have

E{f 1 pr(zjzh)} ) E[ [ U(x)) n 1- U,up}J

h=1jes h= jes

=5 E( nl U/,<x,->] HE( I f1- Uz(x,->})

h=1 jes =1 jes
h—1
S E[ I {1- Uz<xj>]]
h=1 \je.s
Ky Ky

=Wy,
A T e Y A

where .7, denotes the set of all possible subsets of & of length t.

Let 7 denote a arbitrary subset of {1, ..., i} that includes i and j, and let 7= {(1,... i} \.%"
Then, if we let Z; = Z; for all / € # "\ {i} and Z; # Zj for all j ¢ 7, the probability of observing
A and 77 in a sample from the prior is:
E( % 11 prZi=h) T1 {1 - pr(Zk:h)}]

h=1he " ke X

Z [1 pr(Zi= h){Z( DD Hpr(ZFh)}l

=lket Lex gL

LeXx

3 o 4H
=§0(—1>"' Z E(Z I1 pr<zk=h))=§0<—1>f L wzur

h=1ke LUKX LeH s

where 7 is the set of subsets of Z7 of length s. The probability of Z; = Z; is then

Z > Z( 1 Y wzux= Z( DY ws.

1=2 e 4/11113 =0 /E/f/ Fe, 1(”)

Here r — 1 indexes the cardinality of the set {j : ¢j = ¢j}, and we obtain the expression in
Theorem 2 through normalization.
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Fig. 1.

Results for the kernel stick-breaking reference analysis in the simulation example. Estimated
conditional response densities are shown for different percentiles of the predictor, including
(a) 10th, (b) 25th, (c) 50th, (d) 75th, (e) 90th. The raw data and mean regression estimator are
shown in (f). The solid lines are the posterior means, the dashed lines are pointwise 99%
credible intervals, and the dotted lines are the true values.
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Fig. 2.

dde vs gestational age at delivery in days for 2313 women in the Longnecker et al. (2001)
study. The solid line is the conditional predictive mean, while the dotted lines are 99%
pointwise credible intervals. Vertical dashed lines are dde quintiles.
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Estimated densities of gestational age at delivery (in days) conditionally on dde, f(y|x), for the
kernel stick-breaking reference analysis. Estimates correspond to different percentiles of the
predictor distribution, including (a) 10th, (b) 60th, (c) 90th and (d) 99th. Solid lines represent
posterior means, and dashed lines represent 99% credible intervals.
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Estimated probability gestational age at delivery is less than T weeks versus dde dose, for (a)
T=33,(b) T=35,(c) T =37, (d) T =40. Solid lines are posterior means and dashed lines are

pointwise 99% credible intervals.
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