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Individuals exchange contracts for the delivery of commodities in
competitive markets and, simultaneously, act strategically; actions
affect utilities across individuals directly or through the payoffs
of contracts. This encompasses economies with asymmetric infor-
mation. Nash–Walras equilibria exist for large economies, even
if utility functions are not quasi-concave and choice sets are not
convex, which is the case in standard settings; the separation of
the purchase from the sale of contracts and the pooling of the de-
liveries on contracts guarantee that the markets for commodities
clear.

asymmetric information | general equilibrium

1. Introduction

T he extension, by Hicks (1) and then by Arrow (2) and De-
breu (3), of the notion of a commodity to encompass time,

uncertainty, and location allowed for a clear understanding of
the scope of the main propositions of the theory of general com-
petitive equilibrium, and it shifted the focus of research away
from specific models and toward the essential logical structure
of the theory.

With commodities differentiated according to time, uncer-
tainty, and location, according to Radner (4), many trades are
not be feasible because of differences in information. The re-
stricting of trades to commodities whose characteristics are com-
mon knowledge leads, following ref. 5, to a an incomplete mar-
ket: the objects of trade are not the commodities themselves,
but contracts or assets for the delivery of commodities.

Even if trades in contracts are verifiable, the delivery of com-
modities need not be, which leaves room, according to refs. 6
and 7, for strategic manipulation.

The approach in ref. 7, which emphasizes the design of opti-
mal contracts that reduce the possibility of strategic manipula-
tion, has been the most influential; great effort has since been
devoted to the study of game theoretic models of contracts be-
tween individuals with asymmetric information.

The purpose here is to reconsider and develop the approach
in ref. 6: in a large market, what matters for an individual is not
a precise knowledge of the choices of every other individual,
but only the effect of these choices on the average deliveries of
commodities.

Individuals exchange contracts in competitive markets. Simul-
taneously, they act strategically. Actions affect utilities across
individuals directly or through the payoffs of contracts.

The specification encompasses economies with asymmetric in-
formation.

At a Nash–Walras equilibrium, individuals optimize given the
prices of contracts and the actions of other individuals; and the
markets for commodities, as well as for contracts, clear.

A Nash–Walras equilibrium is, simultaneously, a walrasian
equilibrium for a market economy, as in ref. 8, and an equilib-
rium for a noncooperative game, as in ref. 9. In ref. 10, Nash–
Walras equilibria were introduced and existence was proved un-
der strong assumptions. The failure of these assumptions, which
occurs naturally in economic settings, is the focus of the argu-
ment here.

Equilibria may fail to exist for two reasons: (i) market clear-
ing in contracts need not imply market clearing in commodities;
this is due to the individual specific deliveries on contracts that
vary with the actions of individuals; �ii� the utility functions of

individuals need not be quasi-concave in their choice variables,
their trades in contracts and their actions, even if the under-
lying utilities over bundles of commodities are quasi-concave,
and their choice sets need not be convex; this is the case in
economies with asymmetric information.

Nash–Walras equilibria exist in large economies as long as the
actions of individuals do not affect the payoffs of contracts they
purchase; they may affect the deliveries on contracts they sell.

2. The Economy and Equilibrium
Actions are a � !; a nonempty, compact metric space. Distri-
butions of actions are ν � 1�!�:*

Commodities are l = 1; : : : ; L: Trades in commodities are
z = �: : : ; zl; : : :� � : = �z x z < z; z � 0�:

Contracts for the delivery of commodities are m =
1; : : : ;M: Sales of contracts, portfolios of short positions,
are φ = �: : : ; φm; : : :� � 8 = �φ x 0 < φ < φ�; while
purchases of contracts, portfolios of long positions, are
θ = �: : : ; θm; : : :� � 2 = �θ x 0 < θ�:

An individual is described by a continuous utility function,
u; with domain : 3 ! 3 1�!�; and by a continuous map D;
with domain ! 3 1�!� and range 2; a compact, convex subset
of positive† matrices of dimension L 3 M: The utility of the
individual varies with �z; a; ν�: the net trade in commodities,
the action of the individual, and the distribution of actions. The
matrix of deliveries on contracts sold by the individual is

D�a; ν� = �dl;m�l=1;:::;L
m=1;:::;M � 2y

it varies with the action of the individual and the distribution of
actions.

The matrix of payoffs of contracts purchased by an individual,
which does not vary with the action of the individual, is

R = {rl;m}l=1;:::;L
m=1;:::;M � 2:

The net trade in commodities by an individual is

z = Rθ−D�a; ν�φ:
Prices of contracts are q = �: : : ; qm; : : :�; with domain 1M:
The budget set of an individual varies with �q;R; ν�; the

prices of contracts, the matrix of payoffs of contracts and the
distribution of actions; the budget set of an individual with
characteristics �u;D� is

β�u;D; q;R; ν� = ��a; θ;φ; z� � q�θ−φ� < 0;

z = Rθ−D�a; ν�φ� � #;

where # = ! 3 2 3 8 3 : is the set of choices of individuals.
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An individual chooses �a; θ;φ; z�; an action, a sale of con-
tracts a purchase of contracts and a net trade in commodities so
as to

max u�z; a; ν�; s.t. �a; θ;φ; z� � β�u;D; q;R; ν�:

The set of solutions to the optimization problem of an indi-
vidual is ψ�u;D; q; R; ν�:

The set of bounded, continuous utility functions of individu-
als is 5; and $ is the set of continuous functions of deliveries
on contracts, both with the supremum norm topology. The set
5 3 $, which is a metric space, is the set of characteristics of
individuals.

An economy is µ � 1�)�; where ) � 5 3 $ is a compact
subset of characteristics of individuals.

The utility functions of individuals are strictly monotonically
increasing in the consumption of commodities: if �u;D� lies
in the support of the distribution µ; z′ , z ⇒ u�z′; a; ν� ,
u�z; a; ν�:

A joint distribution of characteristics and choices of individu-
als is τ � 1�) 3 #�:

For �τ; q;R�; a joint distribution of characteristics and choices
of individuals, prices of contracts and payoffs of contracts pur-
chased, the best response set is‡

B�τ;q;R� = {�u;D;a;θ;φ;z� � �a;θ;φ;z��ψ�u;D;q;R;τ!�
}

� )3#:

Definition 1. A Nash–Walras equilibrium for an economy, µ;
is a joint distribution on the set of characteristics and the set of
choices of individuals, τ∗; such that

1. the marginal distribution of characteristics of individuals coin-
cides with the distribution in the economy:

τ∗) = µy

2. there exist prices of contracts, q∗; and a matrix of payoffs of
contracts purchased, R∗; such that individuals optimize:

τ∗�B�τ∗; q∗; R∗�� = 1y

3. the matrix of payoffs of contracts pools the deliveries on con-
tracts:∫

)3#

φmdτ
∗ , 0 ⇒ r∗l;m =

∫
)3# dl;m�a; τ∗!�φmdτ∗∫

)3#φmdτ
∗ y

4. the markets for commodities clear:∫
)3#

zdτ∗ = 0:

This is an extension of the notions of a competitive equilib-
rium for an economy and of a Nash equilibrium for a game to
a large set of individuals.

Proposition 1. Nash–Walras equilibria exist.
Proof: For 0 + ε + 1/M; 1Mε = �q x

∑M
m=1 qm = 1; qm >

ε;m = 1; : : :M�:

‡If σ is a distribution on a product set, . . . 3 " 3. . . , then σ" denotes the marginal
distribution on ".

The correspondence β x ) 3 1Mε 3 2 3 1�!� → # is
nonempty, compact valued and continuous.

If a sequence ��un;Dn; qn;Rn; νn� x n = 1; : : :� converges to
�u;D; q;R; ν�; �a; θ;φ; z� � β�u;D; q;R; ν�; q�θ − φ� = 0;
and z = Rθ −D�a; ν�φ; there exists η , 0; such that§ a′ = a;
θ′ = 0; φ′ = η1M; z

′ = Rθ′ − D�a′; ν�φ′ = −ηD�a; ν�1M sat-
isfies q�θ′ − φ′� = −η + 0; and z + z′: A sequence converg-
ing to �a; θ;φ; z� is constructed by taking convex combinations.
Since the action, a; remains fixed along the sequence, the pos-
sible nonconvexity of the budget set does not interfere with the
argument.

The correspondence B x 1Mε 3 2 3 1�!� → ) 3 # is
nonempty compact valued, and upper hemicontinuous.

If a sequence, ��qn;Rn; τn� x n = 1; : : :�; converges to
�q;R; τ�; and �an; θn; φn; zn� � ψ�un;Dn; qn;Rn; τ!;n�; for
n = 1; : : : ; there exists �u;D; a; θ;φ; z� such that the se-
quence ��un;Dn; an; θn;φn; zn� x n = 1; : : :� converges to
�u;D; a; θ;φ; z�: If �a; θ;φ; z� 6� ψ�u;D; q;R; τ!�; there ex-
ists a sequence �a′n; θ′n;φ′n; z′n� � β�un;Dn; qn;Rn; τ!;n� that
converges to a point �a′; θ′; φ′; z′�; with u�a′; τ!� , u�a; τ!�:
Since un�an; τ!;n� > un�a′n; τ!;n�; this contradicts the conver-
gence of the sequence �un x 1; : : :� to u in the supremum norm
topology.

The set #ε = β�); 1Mε ;2; 1�!�� is compact. The set 4ε �
1�) 3 #ε�; such that, if τ � 4ε; then τ) = µ; is compact and
convex.

The correspondence 81;ε x 1Mε 3 2 3 4ε → 4ε defined by
81;ε�q;R; τ� = �τ′ � 4ε x τ′�B�q;R; τ�� = 1� is nonempty, con-
vex, compact valued and upper hemicontinuous.

If a sequence, ��qn;Rn; τn� x n = 1; : : :�; converges to
�q;R; τ�; and a sequence, �τ′n x n = 1; : : :�; such that
τ′n � 81;ε�qn;Rn; τn�; converges to τ′; then τ′ � 81;ε�q;R; τ�:
If not, τ′�B�q;R; τ�� + 1 and, for an open set, U; τ′�U� + 1;
and B�q;M; τ� � U: Since the correspondence B is upper hemi-
continuous, there exists n; such that B�qn;Rn; τn� � U; , for
n = n; : : : : Since τ′n�B�qn;Rn; τn�� = 1; while the sequence
�τ′n x n = 1; : : :� converges weakly, τ′�B�qn;Rn; τn�� = 1: But
then τ′�U� = 1; a contradiction.

The function 82;ε x 4ε → 2 is defined by

φ2;ε;l;m�τ�=
εrl;m +

∫
)3# dl;m�a; τ!�φmdτ
ε+ ∫)3#φmdτ

;

where R � 2 is a fixed matrix of payoffs of contracts,
and the correspondence 83;ε x 4ε → 1Mε by 83;ε�τ� =
arg max1Mε q

∫
)3#�θ−φ�dτ:

The correspondence 8ε = 81;ε 3 82;ε 3 83;ε x 1Mε 3 2 3
4ε → 1Mε 3 2 3 4ε is nonempty, convex, compact valued
and upper hemicontinuous; therefore, it has a fixed point,
�qε;Rε; τε�:

For ε = 1/n; the sequence of fixed points is ��qn;Rn; τn� x
n =M + 1; : : : ; �:

Since 1M and 2 are compact, without loss of generality the
sequence of prices of contracts and matrices of payoffs of con-
tracts, ��qn;Rn� x n =M + 1; : : :�: converges to �q∗; R∗�:

Since q
∫

)3#�θ − φ�dτε < 0; for all q � 1Mε ; and, in particu-
lar for q = 1M�1/M�;

∑M
m=1

∫
)3# θm dτε <

∑M
m=1

∫
)3#φmdτε <∑M

m=1φm: Thus there exists a compact set + � #; such that
ψ�u;D; qn; Rn; τA;n� � +; for n = M + 1; : : : and µ—almost
all �u;D� � ): The sequence of joint distributions of charac-
teristics and choices of individuals, �τn x n = M + 1; : : :� is thus
concentrated on the compact set ) 3 +; and, without loss of
generality, it converges to τ∗ � 1�) 3 +�:

§“1K ” denotes the column vector of 1’s of dimension K.
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Taking limits, q∗
∫

)3#�θ−φ�dτ∗ = 0; and q
∫

)3#�θ−φ�dτ∗ <
0; for all q � ∪ε1Mε = 1M++: This implies that

∫
)3#�θ−φ�dτ∗ <

0: If, for some m;
∫

)3#�θm − φm�dτ∗ + 0; a modification of
the demand of a nonnegligible set of individuals to θ̂ = θ∗ −∫

)3#�θm −φm�dτ∗ ensures market clearing for contracts.
From the budget constraints of individuals, and the definition

of 82;ε;∫
)3#

zdτε = Rε
∫

)3#

�θ−φ�dτε + ε
M∑
m=1

�rm − dm;ε�;

so that, at the limit,
∫

)3# zdτ
∗ = 0:

It remains to show that τ∗�B�τ∗; q∗; R∗�� = 1.
Take �a∗; θ∗; φ∗; z∗� � ψ�u;D; q∗; R∗; τ∗!�. If u�z� , u�z∗�;

for some �a; θ; φ; z� � β�u;D; q∗; R∗; τ∗A�; then there ex-
ists η , 0 and �a′; θ′; φ′; z′� with a′ = a; θ′ = 0; φ′ = η1M;
z′ = R∗θ′ −D�a′; τ∗A�φ′ = −ηD�a; τ∗A�1M , z: By construction,
�a′; θ′; φ′; z′� � β�u;D; q∗; R∗; τ∗A�; and q∗�θ′ −φ′� = −η + 0:
By taking convex combinations, and using the continuity of the
utility function, u; there exists n; such that this contradicts
optimization at qn; for n = n; : : : :

3. Remarks
The model is versatile and encompasses diverse situations; in
particular, large markets under asymmetric information.

�i� The existence of Nash–Walras equilibria is based on the
separation of the purchase from the sale of contracts
and the pooling of the deliveries on contracts. This idea
was introduced and developed in refs. 11 and 12 for the
existence of general competitive equilibria when indi-
viduals can default on their promises; this encompasses
economies with asymmetric information. Moral hazard
and nonconvexities in the optimization problems of in-
dividuals lead to an analytically equivalent problem for
the existence of competitive equilibria, to which separa-
tion and pooling provide a solution; this was pointed out
and developed in ref. 13. Earlier references to the idea
of pooling can be found in refs. 14–16.

�ii� Economies with adverse selection are characterized by
the inability of individuals or other agents in the econ-
omy to distinguish between commodities: in ref. 6, buy-
ers cannot distinguish good from bad cars, while insur-
ance firms in ref. 17 cannot distinguish low from high
risk individuals. Commodities are l = 1; : : : ; L. Associ-
ated with every individual there is a partition 0 ; of the
set of commodities: when he trades, the individual can-
not distinguish between commodities in the same cell of
the partition. The meet of the partitions of individuals is
-; with cells m = 1; : : : ;M: To each cell of the meet
there corresponds a composite commodity, or contract;
only contracts are priced in the market. Each individual
can exploit his ability to distinguish between commodi-
ties as a seller, but not as a buyer: dm = �: : : ; dl;m; : : :�
is the 0 -measurable vector of quantities delivered by the
individual when selling contract m, while all individuals
purchase pooled commodities described by the columns
of a matrix, R; whose elements, rl;m; give the proportions
of commodities, l, in one unit of the composite commodi-
ties, m: Special features of the model allow for a simpler
proof of the existence of equilibria: bounds on trades fol-
low from the initial endowments of individuals, while the
strategic choice of individuals are limited to the choice
of the quantities to deliver of the commodities on which
they have private information, so that no problem of non-
convexity arise.

�iii� Economies with moral hazard are characterized by the
ability of individuals to affect, through their actions the
distribution of observable outcomes which, in turn, affect
the payoffs of assets, as in ref. 18. States of the world
are l = 1; : : : ; L; with probability π = �π1; : : : ; πL�.
There is one good per state. States of individuals are
s = 1; : : : ; S: An action of an individual is a function
a x �1; : : : ; l; : : : ; L� → �1; : : : ; s; : : : ; S� that asso-
ciates with each state of the world, l; an individual state
s = a�l�. The probability distribution over states of the
world and the action of an individual determine the dis-
tribution over the states of the individual. The state of
an individual is observable and can be contracted upon,
though not his action. The payoffs of a contract sold by
the individual, ds;m; are conditional on the state of the
individual. The matrix of deliveries of a contract sold by
the individual, D�a�; thus varies varies with his action:
D�a�l;m = da�l�;m. Separation of the purchase and sale of
assets and pooling of the payoffs of assets purchased by
individuals restore the existence of equilibria.

�iv� Ref. 19 proves the existence of competitive equilibria in
a model that encompasses the well known instances of
economies with adverse selection, moral hazard, signal-
ing, monitoring, default and incomplete contracts. An in-
dividual directly chooses the matrix of deliveries on con-
tracts: ! = 2 and D�a; ν� = ay discretion over deliveries
on contracts does not vary across individuals and, more
importantly, deliveries on contracts do not vary with the
distribution of actions.

Team production, as in ref. 20, and relative perfor-
mance evaluation, as in ref. 21, are instances where deliv-
eries on contracts by an individual vary with the actions
of other individuals. Actions of individuals are levels of
effort, a � !: Team output, Y �ν�; varies with the distri-
bution of effort levels; individual output, y�a�; varies with
the effort of an individual. Output, of individuals as well
as of the team, are observable and verifiable; the chosen
level of effort by the individual is neither. Optimal com-
pensation design may, then, call for the compensation,
w�y; Y �; of an individual to vary both with his output
as well as the output of the team. If individuals can sell
claims, m; to their compensation, delivery on the contract
is dm�a; ν� = w�y�a�; Y �ν��:

�v� The description of a large game or a large economy in
terms of the distribution of individuals’ characteristics
and actions as opposed to measurable functions on a
measure space of “names”is an abstraction and a gen-
eralization; it does away with any reference to individu-
als. For walrasian equilibria, refs. 22 and 23 developed
the argument in terms of distributions and contrasted it
with the argument in terms of measurable functions in
ref. 24; the analogous argument for Nash equilibria was
developed in ref. 25 in contrast with ref. 26. An equilib-
rium joint distribution of characteristics and choices of
individuals, τ∗ is symmetric if there is a measurable func-
tion from the set of characteristics to the set of choices
of individuals, h∗ x ) → #; such that τ∗�graph� h∗�� = 1:
For a game, ref. 25 proves that a symmetric equilibrium
distribution exists if the set of actions, !; is finite and
the measure that describes the game, µ; is atomless, as
in ref. 26. If the utility functions of individuals and the
payoffs of assets depend only on a finite number of mo-
ments of the distribution of actions, the set of actions
is a compact subset of Euclidean space, and the mea-
sure that describes the economy is atomless, symmetric
Nash–Walras equilibria exist. The difficulty in extending
the argument to utility functions and payoffs that depend
on the distribution of actions as opposed to finitely many
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moments comes from the fact that the lyapunov convexity
theorem for the range of vector valued measures applies
to measures with a range of finite dimension.

�vi� In refs. 27 and 28, individuals choose their trades in a
set Z; such that, if all others choose action a that corre-
sponds to truth telling, it is optimal for an individual to
choose a; as well. The formulation thus restricts arbitrar-
ily the possible joint deviations in trades and actions.

�vii� At a Nash–Walras equilibrium, the structure of contracts
at equilibrium is, in part, endogenous, since it is deter-

mined by the actions of individuals, and it may result in
inefficient outcomes. The second best problem of interest
in this setting is the design of contracts so as to maximize
welfare at equilibrium, taking into account that individ-
uals will then trade competitively, and, simultaneously,
they will choose, strategically, actions that affect the pay-
offs of contracts.

We wish to thank G. Giraud, J.-F. Mertens, and W. Zame for very helpful
comments.
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