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ABSTRACT An exact treatment of adsorption from a
one-dimensional lattice gas is used to eliminate and correct a
well-known inconsistency in the Brunauer—-Emmett-Teller
(B.E.T.) equation—namely, Gibbs excess adsorption is not
taken into account and the Gibbs integral diverges at the
transition point. However, neither model should be considered
realistic for experimental adsorption systems.

The well-known Brunauer—-Emmett-Teller (B.E.T.) equation
(Eq. 36 below) is used primarily to determine the surface area
from the physical adsorption of a gas on a solid surface. The
adsorbate model on which the equation is based (1) is an
assembly of independent linear piles of adsorbed molecules
(with no vacancies). The piles are in equilibrium with a dilute
three-dimensional gas. Because the gas is dilute, no Gibbs
reference-system correction is made.

In the actual adsorption of a gas on a solid surface, when the
gas pressure is increased (at constant temperature) up to the
vapor pressure of the corresponding liquid, the gas begins to
condense to liquid and the adsorbate becomes bulk liquid on
the solid surface. The Gibbs integral (see Eq. 17 below), up to
the vapor pressure of the liquid, is finite and related to
appropriate surface tensions. In the B.E.T. model, the dilute
gas condenses to liquid at its vapor pressure but the indepen-
dent linear piles of adsorbate molecules, though they become
infinite in size, certainly do not become or resemble a liquid.
This fundamental inconsistency in the B.E.T. model is re-
flected in the well-known divergence of the Gibbs integral in
this case, which is unrealistic thermodynamically.

The objective of this paper is, in contrast to the B.E.T.
model, to treat one-dimensional adsorption in a self-consistent
way. This is accomplished by considering adsorption initiated
by an attracting site at the end of a one-dimensional lattice gas.
The adsorbate is then part of the lattice gas and in equilibrium
with it. The B.E.T. equation is recovered as a close approxi-
mation in a special case, but the approximation does not hold
at higher lattice gas densities: a finite Gibbs integral is always
found from the exact treatment.

Yagov and Lopatkin (2, 3) have previously treated this
model by a different method and have obtained, in a different
form, the equivalent of Eq. 14 below. However, they did not
discuss the main topics here: the B.E.T. equation as a limiting
case of the general treatment; the rescue of the Gibbs integral
from the B.E.T. divergence by use of the present self-
consistent model; a discussion of the thermodynamic functions
of the model; and consideration of a special case with inter-
esting symmetry.

Neither the B.E.T. model nor the present model should be
thought of as resembling, even slightly, experimental three-
dimensional adsorption systems.

The model here has interesting properties quite aside from
the B.E.T. connection. This is essentially the one-dimensional
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Fic. 1. (a) Reference system: M = 7 sites in a circle; three sites are
occupied by molecules. Nearest-neighbor occupied sites have an
interaction energy w. & is the grand partition function. (b) M = 7 sites
with an adsorbent molecule ® at each end. The interaction energy
between ® and an occupied adjacent site isw'. (¢) M = 7 sites with two
free ends (no adsorbent). (d) M = 7 sites with one free end and an
adsorbent at the other end.

Ising problem with end effects, but it is the end effects that
receive the focus of attention. We begin with the general
derivation but return to the B.E.T. equation and the other
topics mentioned in due course.

The Adsorption Model

We consider first, as a reference system, the one-dimensional
Ising model in Fig. 1a. This is the lattice gas without adsorption
and without ends. The number of sites is M (M = 7 in the
figure), and the number of sites occupied by a molecule is Ny
(No = 3 in the figure). We are interested here in large systems
with M — 0. Nearest-neighbor molecules have an interaction
energy w (Fig. 1a). A molecule on a site has partition function
q(T). The lattice gas is an open system (molecules go onto and
off of sites) with thermodynamic variables w (chemical poten-
tial), M, and T. We shall use the notation
x(p, T) = qh = q(De**T, 6y = No/M. [1]

The variable x is an “activity,” a convenient measure of the
chemical potential at constant temperature. The subscript in
Eq. 1 refers to the reference system.

The nearest-neighbor interaction parameter isy = e KT 1f
w = 0andy = 1, we have the simple and familiar relations

X
1+x’

0o = X = [2]

1—60°
For attractive interactions, w < 0 andy > 1. A first-order phase
transition does not occur (ref. 4, p. 333) in this one-
dimensional system, even for very large y (e.g., at very low
temperatures). However, by analogy with two- (simple square)

Abbreviation: B.E.T., Brunauer-Emmett-Teller.
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and three- (simple cubic) dimensional lattice gases, where
phase transitions occur at 6y = % when T < T,, we can take
6o = "2 as locating a pseudo-transition point. The one-
dimensional 6y(x, y) is given below in Eq. 15; 6y = 2 whenx =
1/y. Incidentally, there are somewhat more elaborate one-
dimensional lattice gas systems that do exhibit a first-order
phase transition (5, 6).

In Fig. 1b, the lattice gas has a permanent adsorbent mole-
cule ® at each end. As indicated in the figure, the interaction
energy between the adsorbent molecule and a first-row lattice
gas molecule is w'. Any perturbation of g for a first-row
molecule can be included in w'. Usually w' < 0 and z =
e /"> 1, 1f z > 1 and especially if z >> 1, extra lattice-gas
molecules will tend to accumulate on the sites near & (the
effect would be spatially propagated by y > 1, and especially
byy >> 1). This extra accumulation, or surface excess (Gibbs),
represents the amount of adsorption. It is possible for the
surface excess to be negative.

Let & be the grand partition function for the system in Fig.
1b, with variables u, M, T (M is very large), and let & be the
grand partition function for the reference system (Fig. 1a) with
the same p, M, T. Then (ref. 4, p. 329)

N—No=x(al“—§/§°) 3]
T

ox

is the extra accumulation of molecules at two ends and

. N-No [aln(¢/&)"?
Nex = 2 —x[ ax }T

[4]

is the desired Gibbs surface excess (amount of adsorption) at
one end. An alternative to the use of (¢/&)"? in Eq. 4 is to
substitute (see Fig. 1) &/&"? in place of £/2, where & = &1(z =
1). Both methods yield the same result, though the second has
less complicated algebra.

For the second method, we need to find & and &;. We use
a standard matrix procedure for both. For § (ref. 4, p. 325),

A(vy, v)A(v2, v3) * - A(vpy, v1)

Vi eons vmy=1
= TrAM = y/M + Y, [5]
where
A= (1 * ) 6
-1 [6]

and vy, and vy, are the two eigenvalues of A,

1+xy+[(1—xy)?+ 4x]1/?
Y1, Y2 = > ) [71

with y; > y,. Because M — =, & = y/M.
For & (ref. 4, p. 339),

2

&= E

Viyewos vm=1

r(v)A(vy, vo) < - A(va—1, vare(vyy)

2

I
\g

r(v)AM vy, vy)e(vy), [8]

Vi =1

where

r=(1,zx),c=(i). [9]
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After a similarity transformation (ref. 4, p. 339), we find (using
M — w)

Y1 +x = y) (1 =z +zy))

- 10
2 Y1~ VY2 [10]
& _ (+x—vy)d-z+zy) (1
éo 'Yl(’Yl - 'Yz)
é: 1+x— 17y [12]
o Yi— Y2

(§>1/2 _ ‘51<§0>1/2 A Hx =) -z +2y) i,

o Tee T am-we o I

Finally, from Eq. 4,

_ x[(Z—y)\[-i-u

N * z(y\/f-i-u) 7yV/F+u7u
ex 2\[ 2(1 +x — 72)

l—z+zy "1 N

u=xy?—y+2, v — =+ =[(1 —xy)>+ ]2 [14]

Also, for the reference system, because & = y¥,

NO (81n ’Y]) x(y\[Jru)
= x = =
ax T 2\//7’)/1 \/’(1 — Xy +

.[15]
V)

There are two Gibbs integrals of particular interest for this
model:

“Nex <§>1/2 <§>1/2 x=% 2
dx= din| — = In|— =In—» 16
, X & & x=0 y'? 1161
x=0
x=1/y y1/2 +z

(17]

" Nex £\
j . dx = ln<g)

The lower limit does not contribute. Both integrals are finite.
The second is significant because x = 1/y locates the pseudo-
transition point, as mentioned above.

- in [2y2(1 + y /32

Excess Thermodynamic Functions

Because we have been discussing a single one-dimensional
lattice gas chain of sites, the thermodynamics of small systems
(7) could be used here. However, since the appropriate
adsorption thermodynamic formulation is already available
(ref. 8, pp. 252-253), we use this alternative approach.

We consider a surface with B adsorbent molecules, from
each of which a lattice gas chain of M sites extends vertically.
M and B are both large. Molecules at chemical potential u go
on and off of the sites. The chains are independent of each
other. The total number of lattice sites is MB (a “volume™) and
the mean total number of occupied sites is N,. The basic
thermodynamic relations for this system are (ref. 8, pp. 252—
253)

dE, = TdS, — ®d(MB) — ¢dB + udN, [18]
E,=TS,— ®MB — ¢B + uN,. [19]

The adsorbent molecules merely present an external field; they
are not included in the thermodynamic functions.

The reference system consists of the same MB sites but with
no adsorbent molecules present. The lattice gas chemical
potential is again p and mean properties of the reference
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system extend right up to the surface (no end effects; compare
Fig. 1a). For the reference system, then,

dE, = TdS, — ®d(MB) + pdN, [20]
E, =TS, — ®MB + pN,. [21]

On subtracting Egs. 20 and 21 from Eqs. 18 and 19 (e.g., E =
E, — E,), we obtain relations among the Gibbs excess func-
tions:

dE = TdS — ¢dB + ud(NeB) [22]
E =TS — ¢B + uNB. [23]

The physical significance of ¢ is a “spreading pressure,”
tending to increase B.
From Eqgs. 22 and 23 we deduce

Nedp = —(S/B)AT + do. [24]
At constant T, du = kTdIn x. Then (see Eq. 16)
d¢ = kTN.dIn x (T constant) [25]

T [g(m]“z
o(x) =kT 0Nex(x )dIn x' = kTln ) . [26]

Thus Eq. 13 gives an explicit expression for ¢(x) and, of course,
Eq. 14 provides Nex(x).
To obtain /B and E/B, we use Eq. 24:

S e e 6x) (6(,0)

=) =) ) )

B <8T> <8x>T<aT T 271

s s x

Eq. 25 gives (d¢/dx)7 and (ax/0T),, follows easily from Eq. 1.
A fairly long calculation (taking w and w' as constants), using
Egs. 13 and 26, yields (d¢/aT),. The final result is

S/B = (E/BT) + (¢/T) = (uNex/T), [28]

where

by

— = N kT?

ding 1 [ywiy,— 1)
B

ar " 2|1 +x—y

L 20 fomn =) 2gwin =1 (=g
1—z+ ZVM Y1 \/T ’

[29]

The terms in w and w’ arise from nearest-neighbor or adsor-
bent interactions. The w' term has a simple interpretation
because the reference system has no w’ interactions. Thus, the
coefficient of w' gives 6y, the probability that the first-row site
in the adsorption system is occupied:

zZ(y1— 1)

Tzt [30]

1

The coefficient of w gives the mean number of excess w
interactions in the adsorption system.

The general 6; can be found as follows. Replace ¢ for the row
i site by ge. The matrix procedure can be generalized to give
&1(g). Then 6; = &dln &1(e)/de at € = 1. The factor & counts row
i occupancy. One finds (i = 2)

i—1

:x(yl =y D +ax(yf = v — (v = Y]

(vi = vy 21 +x = y)(1 —z + zyy)

0;
[31]
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Ifi >, 06— 0.Ify=1,0=x/(1 +x)fori =2 Eq.31is
also correct fori = 1.
The following sum is easy to perform:

Nex= E (6; — 60)
i=1

2
Y1x(z — 1 —zv,)

= . 32

(vi = 72?1 +x = ) (1 =z + zyy) [32]

This is a third equivalent expression for Nex.
Relation to the B.E.T. Equation

To simulate the B.E.T. model we need very large y (low
temperature) to eliminate almost all vacancies in the adsorp-
tion lattice gas pile of molecules. Also, the pseudo-transition
point isx = 1/y, or xy = 1. Thus, xy here corresponds to x in
the B.E.T. equation (where x = 1 is the transition point).
Further, here at very small x, Nex = [(z — 1)/y]xy. Because cx
is the corresponding B.E.T. expression, ¢ corresponds to (z —
1)/y here. Ordinarily ¢ is of order 10 or 100; hence z is even
larger than y. Thus, ¢ < z/y. In summary,

B.ET.x < xy,c < z/y, cx < zx. [33]

We now consider Eq. 14 for No, with y and z both very large.
Because xy = O(1), x << 1. Hence, we use the following
expansions:

\[=1—xy+1 Feee y =14 T

—Xxy 1 —xy

SR l—ztzy =1+—
—xy s z v = 1_xy

+..-'
[34]

72:)0’_1

If we write the four terms in [ ] in Eq. 14as A’ + B' — C' —
D’, we then find

xy? — 2 2z
YT o B’ [35]

A ' =D'= = .
1—xy+zx

1—xy 1-xy
Thus, only B’ contributes significantly. Then

o xB' _ zX
va: (1—xy)(1 —xy +2zx)°

[36]

ex =

The same result follows in similar fashion from ref. 2 or ref. 3.
In view of the correspondences in 33, this is the familiar B.E.T.
equation.

Table 1 refers to the casey = 103,z = 2 X 10°, BE.T.c =
z/y = 200. Fig. 2 shows, for this case, Nex from Egs. 14 and 36,
as functions of xy. Also included in the figure is 6y(xy), Eq. 15,
for y = 103. It is seen from the table and the figure that the
B.E.T. approximation to N is adequate in this case up to
about xy = 0.75. As mentioned at the outset, the B.E.T.

Table 1. The B.E.T. approximation with y = 103,z = 2 X 10°

Nex xB'/2V" Eq. 36
Xy (exact) (exact) (B.E.T.)
0.1 1.063 1.063 1.063
0.2 1.225 1.225 1.225
0.4 1.650 1.652 1.654
0.6 2.468 2477 2.492
0.8 4.733 4.824 4.994
0.9 8.025 8.641 9.994
1.0 8.153 16.309 o
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FIG. 2. The solid curve labeled N is the case y = 103,z = 2 X 105,
plotted against xy. The dashed curve labeled B.E.T. is an approxima-
tion. The solid curve labeled 6y (different scale) is 6o(xy) for the

reference system with y = 103,

equation does not include a Gibbs reference system correction.
The reference system here, for self-consistency, is the one-
dimensional Ising model (Fig. 1a). The B.E.T. omission of a
Gibbs correction is appropriate in the present model so long
as Op(xy) (Fig. 2) is negligible. Above xy = 0.75, 6y is not
negligible: Eqs. 14 and 36 differ significantly. Note that the
exact Nex — 0 as 6p — 1 (at xy > 1). This is to be expected
because the introduction of adsorbent can hardly add mole-
cules to an already virtually saturated reference system; hence,
Nex — 0. (However, if z is small, the adsorbent can still subtract
molecules when 6y — 1.)

The shape of the Nex(xy) curve in Fig. 2 resembles qualita-
tively experimental supercritical Gibbs excess adsorption iso-
therms (9). This is not surprising because any finite y > 1 in the
one-dimensional lattice gas model corresponds to T > T, (7.
= 0 K): all N curves are supercritical.

0.5
6, {y=100)

|
0.025

3.0 | |
’ 0.005 0.010 0.015 0.020

X

FIG. 3. The two upper curves are Nex(x) for z = 10,y = 100 and
z =1,y = 100. The lowest curve is 6o(x) (different scale) for y = 100.
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Ify is increased (beyond 10%) along with z in the same ratio (c =
z/y), the 6, curve in Fig. 2 becomes steeper at 6y = % (the slope
is y12/4) so that the B.E.T. approximation would be adequate
for larger xy, and the N¢x — 0 approach would occur at smaller

xy. ~
The Gibbs integrals using the exact Ney, Eqs. 16 and 17, are
finite. The B.E.T. Gibbs integral to xy = 1 diverges because of
the factor (1 — xy)~! in Eq. 36. For large y and z, the integral
in Eq. 17 is approximately In[z/(2y)"?].
_ In an experimental physical adsorption system at T < T,
Nex — © as p — po (vapor pressure), but the Gibbs integral
to po is finite.
The interaction (w, w") part of E/B in Eq. 29 becomes, in the

B.E.T. special case, using Eqgs. 34,
Eww’

B 1-—xy+az

zxw'’ ZXXYW

* (1 —=xy)(1 —xy +zx)~ 1371

The coefficient of w’ is the expected B.E.T. 6; and the
coefficient of w can be shown to be the B.E.T. mean number

of first-neighbor pairs in a pile.
Other Special Cases

The interested reader will find it easy to examine special cases
of Eq. 14 either analytically or by computer-generated curves.
I mention only a few examples below. Also, Yagov and
Lopatkin (2) show some curves in the form Nex(6p), using 6o(x)
to eliminate x.

From Eq. 16 we note that the complete Gibbs integral is zero
if z = y12. Also, Eq. 14 yields Nex = 0 if we put z = y? and x =
1/y. Fig. 3 includes N(x) for the particular case z = 10,y =
100. This curve, and others with z = y'/2, suggest the symmetry
property Nex(x) = —Nex(1/xy?) or Nex(xy) = —Nex(1/xy). 1t is
easy to deduce the zero Gibbs integral from the symmetry
property. Further, the symmetry property has been confirmed
using Eq. 32. Also, from Eq. 31, 6;(x) + 6;(1/xy?) = 1 for all

i; 6:(1/y) = Y.
If y = 1, the sites are independent of each other. Eq. 14

reduces in this case to

[38]

0, — 0.

Nex = T14x

The only contribution is from the first row.
When z = 1, the adsorbent is, in effect, removed. When z =

0, the first-row site is empty (0; = 0); the remainder of the
chain (rows 2, 3, ... ) behaves like a full z = 1 chain. Thus,

Nz =0)=0; — 0+ Ney(z = 1) = — 0y + Neyl(z = 1). [39]

This can be confirmed from Eq. 14. Fig. 3 includes N.,(x) for

z =1,y = 100.
Wheny = 0 (nearest-neighbor sites cannot be occupied), one
finds from Eqs. 14 and 15 that, asx — %, ) — Y2 and N —

Ya.
When y and z are both large (as in B.E.T.), Nex = y2/4 at

x=1/y.
Some expansions at small x:

Ne=(@—1Dx+ (4—3y —2z+2zy —22)x% + - - -
Bp=x+ 2y —3)x*+ -+
0 =zx+ (—z+zy — 2%+ -+~ [40]
Or=x+ (—2+y—z+zyx>+---.

I am indebted to Dr. Gregory Aranovich for reviving (50 years later)
my interest in adsorption problems and for bringing refs. 2, 3, and 9 to

my attention.
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