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Collisions between particles or between particles and other objects
are fundamental to many processes that we take for granted. They
drive the functioning of aquatic ecosystems, the onset of rain and
snow precipitation, and the manufacture of pharmaceuticals, pow-
ders and crystals. Here, I show that the traditional assumption that
viscosity dominates these situations leads to consistent and large-
scale underestimation of encounter rates between particles and of
deposition rates on surfaces. Numerical simulations reveal that the
encounter rate is Reynolds number dependent and that encounter
efficiencies are consistent with the sparse experimental data. This
extension of aerosol theory has great implications for understanding
of selection pressure on the physiology and ecology of organisms, for
example filter feeders able to gather food at rates up to 5 times higher
than expected. I provide evidence that filter feeders have been
strongly selected to take advantage of this flow regime and show
that both the predicted peak concentration and the steady-state
concentrations of plankton during blooms are �33% of that pre-
dicted by the current models of particle encounter. Many ecological
and industrial processes may be operating at substantially greater
rates than currently assumed.

biological fluid dynamics � coagulation � phytoplankton �
suspension feeding

Filter feeding animals are ubiquitous in aquatic habitats, with
dense benthic assemblages exerting major effects on marine

ecosystems through their impact on plankton populations (1). By
removing particulate food from the surrounding water, filter feed-
ers act as mediators of carbon flux between the water column and
the bottom (1–3). Characterized by the possession of an organ used
to capture suspended particles from the water, filter feeders use a
highly variable array of feeding structures that include appendages
bearing hairs, mucus or silk nets, gill rakers and baleen plates,
lophophores, tentacles, and ciliated and flagellated cells. However,
within a feeding structure, individual collecting elements (the first
point of contact for food particles) are surprisingly similar in
morphology because of the limited number of hydrodynamic mech-
anisms responsible for the delivery of particles (4–6). These en-
counter mechanisms are identical to those responsible for the
majority of solid-fluid interactions in areas such as filtration,
separation, chemical-, and bioreactors, and atmospheric particulate
dynamics.

Currently, understanding of particle encounter mechanisms is
limited to 2 simplified flow regimes: In low Reynolds number (Re)
flows the effects of inertia are ignored, whereas in high Reynolds
number flows effects of viscosity are neglected (Re � �Ul/�, where
U is velocity, l is a linear dimension and � and � are the density and
dynamic viscosity, respectively, of the fluid). At low Re streamlines
are symmetrical around a symmetrical object, whereas at high Re
they are more closely packed and asymmetrical (Fig. 1). Thus, at
some transitional Re, streamlines begin to compress around the
body, providing a potential mechanism for increased encounter of
particles following those streamlines (6). Although there continues
to be considerable focus on interactions at high and low Re
(variously ‘‘aerosol,’’ ‘‘coagulation,’’ or ‘‘flocculation’’ theory) we
know much less about the transitional regime, characterized by
Reynolds numbers in the range 0.1–50, where inertial and viscous

forces are approximately balanced (refs. 4, 7, and 8, but see ref. 9
for an experimental study). In stark contrast to this bias in study,
many particle processes involve Reynolds numbers in this range [for
example: filter feeding animals (4, 6, 10–16, 17) (Re � 1); marine
snow formation (18) (Re � 0.4–32); and for airborne pollen, spores
and dust (19) (Re � 1)].

Here, I use a computational fluid dynamic (CFD) model to
examine particle-fluid, particle-particle and particle-solid interac-
tions in the range 0.1 � Re � 50 (hereafter ‘‘intermediate Re’’)
where this transition occurs. Numerical approaches have proven
invaluable in understanding more complex situations such as tur-
bulent regimes, but are also useful for understanding the interme-
diate Re regime where analytical solutions become intractable. I
show that, because of the compression of streamlines, encounter
rates between particles, and between particles and structures, differ
substantially from those predicted by low Re theory. I use the
results to illustrate the importance of intermediate Re interactions
to filter feeding animals and to flocculation driven by gravitational
sedimentation (exemplified by coagulation of oceanic plankton).
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Fig. 1. Qualitative streamline patterns around a circular cylinder at low (A) and
‘‘intermediate’’ (B) Re values. Gray circle is cylinder in cross section. Note the
compressionofstreamlinesaroundthecylinder,andthattheblackcircle (particle)
following the same streamline in both cases will intercept the cylinder only in the
intermediate Re case.
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Results
I constructed a finite element model for the simple case of an
infinite cylindrical collector in an unbounded fluid (Fig. 2). This
geometry represents a good approximation to both the food-
collecting elements of animals such as polychaetes or cnidarians
with widely spaced tentacles and of isolated filter fibres. The
numerical simulations reveal that � (half the cross-streamline
distance of fluid whose particles are effectively encountered by
the cylinder) is a function of both the Reynolds number based on
the cylinder diameter (Rec) and the absolute particle radius (rp).
This differs from the majority of low Re formulations, which are
Re independent (5, 6). If restricted to rp � 0.5 and Rec � 10, �
estimated from the numerical simulations can be approximated
to within 6.1% (0.1% for Rec � 0.1) by

� � � al � Rec � bl Rec � 0.1
ai � Rec

bi � ci 0.1 � Rec � 10, [1]

where

al � 0.218 � rp
1.938

bl � 0.117 � rp
1,923

ai � 0.216 � rp
1.954

bi � 0.652 � 0.186 � rp

ci � 0.160 � rp
1.911

, [2]

Given �, the rate of encounter between particles in the flow and
the cylinder can be calculated as FR � 2CUlc�, where C is the
number concentration of particles in the fluid and lc the length
of the cylinder (Fig. 3). The dependency of encounter rate (FR)
on Rec was derived from Eq. 1 for the intermediate Re regime:

FR �
2ClcRe1�bi�ai

rc
� ci�� Rec

1.652 rp3 0
Rec

1.559 rp � 0.5. [3]

This indicates that, for an increasing Reynolds number, the
particle encounter rate will increase faster than linearly with Rec
for 0.1 � Rec � 10. However, it will increase only proportionally
to Rec at Rec � 0.1. At the smallest (0.005) and largest (0.5) rp
values considered, increasing Rec from 0.1 to 1 increases en-
counter rate by a factor of �16, while from Rec 1 to Rec 10
increases FR by a factor of 25.6 to 28.8 (Fig. 3). Compared with
Re � 0.1, at Re � 10 FR can be 470 times higher when the effects
of increased particle delivery (increased U) and streamline
compression (increased Re) are considered. The effect of
streamline compression alone is an increase in FR by a factor of

�1.7 for an increase in Re from 0.1 to 1, �2.8 for Re 1 to 10, and
�4.7 for Re 0.1 to 10.

Encounter rate FR was converted to encounter efficiency (	, see
Materials and Methods), to allow comparison with semianalytical
derivations (20) for Rec �� 0.1 and experimental data (9, see Fig.
4). The deviation from the low Re result of Fuchs (20) is more than
likely due to his use of approximations to Lamb’s flow (21). Despite
these differences, the results support a consistent link between the
high- and low-Re formulations of Fuchs (20), and the fit with the
experimental data of Palmer et al. (9) for cylindrical collectors is

A
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Fig. 2. Effectively swept region (�) for a 2D collector (A), and the shape of the
swept region for a cylinder (B) and a sphere (C).

Fig. 3. Encounter rate (FR) as a function of both collector Reynolds number (Rec)
and the particle radius (rp). FR calculations are based on unit particle concentra-
tion (C) and collector length (lc). Note the rapid increase in encounter rate with
Rec � 0.1.

Fig. 4. Encounter efficiency (	) as a function of collector Reynolds number (Rec)
for 3 values of rp. Black lines are numerical results from this study (solid: Rec � 0.1;
broken: 0.1 � Rec � 50). Blue lines are the semianalytical derivations of ref. 20
(solid: Rec � 0.1; dotted: extrapolated to 0.1 � Rec � 4). Note that the low-Re
formulation predicts exponentially increasing encounter rates above its defined
Reynolds number range (Re � 0.1). Points are means � SE. of data from ref. 9.
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good, whereas the low-Re formulation predicts exponentially in-
creasing efficiency for Re � 0.1. This latter prediction is an
extrapolation of Fuchs’s formula outside its range of validity and is
an artifact of the formulation.

A similar process to that of filter feeding is the collision of sinking
spheres, which is one mechanism within coagulation theory (22).
The aggregation of particles in the ocean, driven by collisions
between particles, is an important process for the transfer of
material from the upper layers of the ocean to the seabed, and is
thought to be a mechanism by which plankton blooms terminate
(23, 24). To examine the effects of intermediate Re on these
processes I generated numerical results for encounter rates between
2 spheres (Fig. 2C and Materials and Methods). The resulting
‘‘coagulation kernels’’ describe the volume of fluid swept by a
sphere, allowing the estimation of encounters between 2 spherical
particles (25). Because the aim was to highlight the differences
between low and intermediate Re effects for particle coagulation,
2 other kernels [Brownian and shear collision (22)] were not
included, leaving only the effects of differential sedimentation
(where particles collide because of differential sinking rates). The
formulation of the intermediate Re kernel indicates that the
relationship is proportional to the absolute cross-sectional area of
the smaller particle. This relationship is similar to that for the
commonly used curvilinear kernel, derived from the assumption of
Stokes flow, whereas the less accurate rectilinear kernel is mostly
dependent on the cross-sectional area of the larger particle.

Incorporation of the new kernel into a model of coagulation in
a plankton bloom in the ocean surface layers (23, 26) provides
evidence for the importance of including intermediate Re interac-
tions in such systems. As expected (23), in both cases, as cells divide,
the single-cell concentrations increase exponentially with time,
whereas the concentration of aggregates decreases slowly as they
settle out of the system (Fig. 5). As the concentration of single cells
increases, coagulation becomes more important, resulting in a rapid
increase in larger particles at around day 11 in the curvilinear case
(Fig. 5). The intermediate Re case, however, experiences a much

slower increase in single-cell concentrations, because collisions
occur at a greater rate using the intermediate Re kernel (Fig. 5 and
Fig. S1). Coagulation rates are higher in the intermediate Re case,
leading to more rapid sedimentation of aggregates due to their
increased sizes, resulting in a steady-state spectrum that is globally
smaller (lower particle concentrations in each size class) than that
predicted by the curvilinear kernel. Both the peak concentration of
particles and the steady-state concentration are lower when the
intermediate Re kernel is used. Peak particle numbers are highest
for the single cells, and in this size class use of the intermediate Re
kernel results in values 33.4% of that for the curvilinear case (3.2 �
107 vs. 9.5 � 107 cells per cubic centimeter), with the peak occurring
2 days earlier for the intermediate Re kernel (day 9 vs. day 11). The
resultant steady-state spectrum is lower for the intermediate Re
case (31.7% of curvilinear values: 2.7 � 107 vs. 8.5 � 107 cells per
cubic centimeter) and, for the individual plankton cells, this state
occurs a day earlier than for the curvilinear case (day 13 vs. day 14).

Discussion
The results presented here indicate the importance of consid-
ering a f low regime that falls between the main foci of most
researchers. The implications of intermediate Re f luid dynam-
ics for biology have been touched upon only rarely (6–9, 27,
28), and even less so for other disciplines. For instance,
dramatic shifts in function have been attributed to movement
of arrays of cylindrical structures at low to intermediate Re in
lobsters and copepods (8). However, the effects of this regime
on particle dynamics, and the mechanisms responsible have
never been examined. In general it seems that particle dynam-
ics in the intermediate Re regime offer filter feeding animals
substantial gains in terms of encounters with food, and provide
a mechanism to greatly enhance particle aggregation rates
through sedimentation.

The results for cylindrical collectors should be considered from
the perspective of the global importance of filter feeders in both
ecological (1, 4) and economic (2, 29) contexts. To do so, using
morphological measurements taken from the literature, I assessed
the prevalence of intermediate Re regimes among filter feeders.
Data were available for 113 filter feeding species ranging from
single-celled protists to baleen whales (see Table S1). Feeding
element diameter is bimodally distributed (Fig. 6A), indicating
strong selection for 2 substantially different size ranges. This
bimodality is potentially driven by the energetic benefits of oper-
ating in the intermediate Re regime, mediated by the inherent
size-Re correlation in biological systems (large animals operate at
higher Re). Thus, smaller filter feeders may be unable to reach
‘‘higher’’ Re, and indeed, those that use cilia and flagella may be
limited to low Re because these organs are specifically adapted to
produce movement in an environment where flows are reversible.
Thirty-five (31%) of the species have collecting elements whose
width is �90 �m wide (the modal size for the larger size peak),
requiring a free stream velocity of just 11 mm�s	1 to result in Rec
� 1. Such velocities (however generated) are well within the range
normally experienced by suspension-feeding organs (30–32). In
comparison, at the modal size for the smaller peak (0.2 �m), a free
stream velocity of 4.6 � 103 mm�s	1 is required for the same Rec:
Such high velocities are clearly unrealistic for small collectors.
Suspension feeders are found in most extant animal taxa and
several groups appear to span both size groups (Fig. 6B). Several of
the animals positively identified in the literature as operating at
intermediate Re have feeding elements substantially smaller than
the modal 90 �m. Clearly, a large proportion of filter feeders are
likely to be operating in the intermediate regime, thus reaping the
benefits of the associated increase in food encounter rate. None-
theless, most discussions of filter feeding dynamics implicitly as-
sume that the low-Re formulations are valid (ref. 6; but see ref. 10
for an explicit example), and the lack of information on the

Fig. 5. 3D surface plots of particle number spectra from a model of algal floc
formation by coagulation, using a curvilinear kernel (gray) and the intermediate
Re kernel (red). Particle image diameter quantifies aggregate size; note the log
scale on both x and z axes. Algal cell diameter � 10 �m, z � 20 m, 
 � 1 day	1, � �
0.25, initial algal cell concentration � 0.1 cm	3. Models do not include Brownian
or shear coagulation kernels.
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intermediate Re regime means that the low-Re formulations are
the only ones considered.

The model of coagulation within a plankton bloom shows that the
formation of aggregates that operate in the intermediate Re regime
leads to a cycle of increased encounter rates, increased aggregation
rates and ultimately much more rapid removal of particulate carbon
from the upper ocean than predicted by current models. Thus,
intermediate Re interactions are likely to play a substantial part in
oceanic particle dynamics, with follow-on implications for climate
modeling and understanding of the global carbon cycle (33, 34).

Although the results here are generated using simplifying as-
sumptions, a major concern in coagulation studies is the porosity of
the aggregates formed by particle collisions (22, 35). Many marine
aggregates have a fractal geometry and are therefore characterized
using a fractal dimension (D) (with D � 3 indicating that the
aggregate does not fill all of the available volume). Using a
representative fractal dimension of 2.2 for the particles (36) in the
plankton bloom model for both the intermediate Re and curvilinear
kernels increases the rate of sinking of larger aggregates (as water
is able to flow within the matrix of the aggregate), but has little
qualitative effect on the bloom pattern, except that the intermediate
Re case diverges further still from the pattern of the curvilinear
kernel case. Interestingly, the kernel generated by the intermediate
Re case (Fig. S1) falls between the rectilinear and curvilinear. This
pattern, found in experimental studies has been explained by the
fractal geometry of the aggregates (37), but given the Reynolds
number involved (estimated at up to Re � 1) at least some of this
effect may be due to intermediate Re dynamics.

The focus here on differential sedimentation is because of the
clear relevance to streamline compression, but for field coagulation
of phytoplankton, shear coagulation and differential sedimentation
are often approximately equal in magnitude. The implications of
intermediate Re for shear coagulation are not clear, but inclusion
of current shear coagulation kernels in the model presented here
would only qualitatively change the results as coagulation kernels
are considered additive (22).

The assumption of point particles that do not perturb the flow
field around the collector (see Materials and Methods) is the basis
for the majority of plankton coagulation models, but clearly neglects
a number of potentially important interactions. The most obvious
is the potential for interaction of wakes between similarly sized
particles. Incorporation of more accurate modeling of flow fields
and surface interactions is possible (22, 38) and requires further
study.

These results show that both predators and their planktonic or
particulate prey can operate at intermediate Re, and that this flow
regime has direct consequences for the ecology and evolution of
aquatic ecosystems. Given the importance of filter feeders, plank-
ton and suspended particles to both marine and fresh waters, the
implications for understanding of aquatic food webs and nutrient
cycling are great.

Although illustrated with biological systems, these results are
directly relevant to reaction engineering and wastewater treatment;
because identical methods are used to model reactions involving
crystallization, flocculation and aerosol coagulation (39–42). Cur-
rent research in these areas is based on low-Reynolds number
kernels, valid for Re �� 1 (based on the radius of the larger sphere).
The intermediate Re kernel resulting from the numerical results
differs substantially from those derived from low-Re number
theory (Fig. S1). Given the fit of the numerical results to the solitary
set of empirical data available (re.f 9 for the upper range of
intermediate Re), the application of intermediate Re interactions
to models of industrial processes could yield new improvements in
reaction yield and filtration systems could be tuned to further
optimise particle removal for industrial or medical uses.

In summary, these results expand current theory relating to the
dynamics of particle-fluid systems, indicating increases in particle
encounter rate at intermediate Re. To benefit from this flow regime
the filtering organs of many extant filter feeders have been selected
upon to operate in the intermediate Re regime. The importance of
intermediate Re dynamics to a wide range of problems has hitherto
been neglected, and these results suggest that the incorporation of
such interactions across a large class of biological and physical
problems should prove profitable in a diverse number of applica-
tions because many globally important fluxes (oceanic carbon
cycling, precipitation), and applied applications (air filtration, in-
dustrial separation techniques) are driven by identical particle
encounter processes.
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Fig. 6. Collecting element sizes in filter feeders. (A) Frequency histogram of
log(collecting element width) for n � 113 filter feeders and corresponding
density function (red line). Note the bimodal distribution of element sizes (for
comparison, the dashed blue line gives the density function for a lognormal
distribution with the same mean and variance as the data). Vertical red lines
indicate the (free-stream) water velocity required to give Rec � 1 at the bimodal
peaks (note the difference in units between the two). (B) Box-and-whisker plot of
element widths grouped within operational taxonomic units. Upper x axis gives
the number of species in each group. Red horizontal lines are as vertical lines in
main figure. Red dots are species reported to feed in the lab or field at Rec � 1
(range 1 to 30) ((10–17);n � 9). All estimates assume �/� � � � 1 � 10	6.
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Materials and Methods
Two finite element models were constructed and analyzed using the COMSOL
Multiphysics package (COMSOL AB). Pathlines of massless particles following
local velocity vectors were generated, and the results used to calculate the
point of closest approach to the cylinder or sphere surface for particles
released into the flow. The use of ‘‘massless point particles’’ that are essentially
infinitely small and do not interact with the flow is routine in fluid dynamic
studies, and as the flow field of the larger solid (i.e., the cylinder or the larger
of 2 particles) tends to dominate the effect of the smaller particle in can be
ignored (43, 44). The impact of the coagulation kernels on plankton floc
formation was analyzed using a modified version of Jackson’s (23) model of
plankton growth coupled to aggregate formation. The basic model is freely
available as Matlab code under the GNU public licence (26) at http://
oceanz.tamu.edu/
ecomodel/Software/coagmodel/coagintro.html.

Model Construction. The computational domain for the cylinder (Fig. S2) con-
sisted of a semicircle with a no-slip condition enforced on its circumference. The
inlet condition on the left boundary was for steady flow, whereas the outlet on
the right was for constant pressure. A symmetry boundary on the lower edge of
the geometry reduced computational demands while a neutral boundary con-
dition on the upper boundary simulated an infinite fluid domain (45). The
spherical geometry was constructed in COMSOL’s 2D axial symmetry mode, and
differedfromthecylindricalgeometryonly inthatthesymmetryboundaryonthe
lower edge became a 2D axial symmetry boundary, also resulting in a slightly
different mesh configuration (see below). The models were solved using a para-
metric solver to step up through Rec values from 1 � 10	6 to 50, using the solution
from previous step as the initial values for the next step. The parametric solver
utilised a direct (UMFPACK) solver system.

To capture the flow characteristics close to the solid surface, the meshing
interface in COMSOL was set to impose 2000 mesh elements on the solid bound-
ary, resulting in a mesh with 34199 triangular elements, 167425 d.f. and a
minimum element quality of 0.695 for the cylinder, and 35107 elements, 171511
d.f. and minimum element quality of 0.684 for the sphere. Mesh sensitivity was
checked by varying the density of the mesh until the changes in the drag
coefficient (CD)ofthecylindersectionwere�1%,whenthesolutionwasassumed
to be grid-independent. CD was calculated by integrating the total stress (viscous
� pressure) over the boundary of the cylinder to obtain the drag force (FD), which
could be inserted into:

CD � 2
FD

p � U2 � 2 � rc
, [4]

where U is the free-stream velocity of the fluid, and rc is the radius of the
cylinder. Calculated values for CD were compared with experimental and
numerical results (46, 47) for drag on an infinite cylinder in steady flow at Rec

� 6, exhibiting good fit (Fig. S3). Qualitative analysis of the model shows the
expected relaxation of streamline symmetry as Rec increases as the magnitude
of inertial effects approaches and then exceeds those of viscosity. During this
transition, streamlines diverge and at Rec � 10 separation of flow on the
leeward face of the cylinder leads to the formation of a recirculation region
anticipating the development of Von Karman vortices at still higher Rec.

Effective Swept Region. Pathlines of massless point particles (following local
velocityvectors)weregenerated inCOMSOL,andtheresultsusedtocalculatethe
point of closest approach to the cylinder surface for each of 60 particles distrib-
uted logarithmically along the left boundary from the point [0,0] on Fig. S2. The
distance normal to the tangent of the cylinder surface to the point of closest
approach for each particle gives the radius of the particle that will just intercept
the cylinder (rp), whereas the vertical distance from the point [0,0] to the particles
release point gives the upstream region swept by the cylinder for particles of
radius rp. Dimensional analysis indicated that the effectively swept region (�) was
a function of both Rec and the particle radius (rp). Linear interpolation was used
to provide a dataset to which functions of the form  � ƒ(Rec) were fitted.
Regression splines were applied to the particle radius (rp) and the coefficients of
the  functions to provide � as a function of both Rec and rp. Here, the area swept
by the cylinder is simply the effectively swept region from the 2D model, scaled
by the projected frontal area of the cylinder (Fig. 2 A and B).

Encounter Efficiency. Encounter efficiency (	) is defined as the rate of particle
encounter of the cylinder (FR), divided by the flux of particles approaching the
cylinder (the number of particles that would pass through area occupied by the
cylinder if it were not present). Thus, for the intermediate Re case we obtain

� �
2CUlc �

2CUrc lc
�

�

rc
, [5]

This can be compared with the semianalytical result of Fuchs (20) for Rec � 0.1

�Fuchs � � �1 � R� � ln�1 � R�
R � �2 � R�

R � �1 � R�
� �

�2.002 � lnRec), [6]

where R is the ratio of particle and cylinder radii (rp/rc), as seen in Fig. 4.

Spherical collectors. The effectively swept region (�) for the sphere (Fig. 2C) was
obtained in the same way as for the cylinder. As for the cylindrical case, when
restricted to rp � 0.5 and Res � 10, �sphere can be approximated to within 2.5%
(0.02%forRes � 0.1).However, in thecaseof thespheretheaccuracy is stillwithin
4% up to Res � 40 using:

� sphere � � al � Res � bl Res � 0.1
ai � Res

bi � ci 0.1 � Res � 40, [7]

where

al � e0.141 � rp
0.988

bl � e	2.370 � rp
0.968

ai � e	1.637 � p
1.041

bi � 0.632 � 0.116 � erp�1.424

ci � 0.160 � rp
1.911

These values were then used to calculate the ‘‘differential sedimentation
kernel’’ (�) used in coagulation models:

� int � ��2|Ui � Uj|, [8]

where Ui and Uj are the velocities of 2 spheres settling due to gravity, and
where Re used in the calculation of � is based on the greater of the two U
values. The differential sedimentation kernel describes the situation where
one particle sinks faster than another and so catches up with it, leading to an
interaction between the two. The use of the higher of the 2 particle velocities
in the � calculation follows from the assumption that the smaller, captured,
particle has no effect on the flow field.

The intermediate collision kernel can be compared with those commonly used
in coagulation theory, rectilinear (�rec) and curvilinear (�cur) kernels. The former
describes particle-particle interactions with no hydrodynamic effect of the falling
particles (effective swept area � projected frontal area):

� rec � ��r i � r j�
2|Ui � Uj|. [9]

whereas the curvilinear kernel incorporates the effect of flow at low Re around
the larger of the 2 particles (effective swept area �� projected frontal area):

�cur � 0.5�r j
2|Ui � Uj|, where r i �� r j. [10]

Algal Floc Model. A modified version of Jackson’s (23) model of plankton growth
coupled to aggregate formation was used to implement the intermediate Re
kernel (Eq. 8). The basic model is freely available as Matlab code under the GNU
public licence (26) (http://oceanz.tamu.edu/
ecomodel/Software/coagmodel/
coagintro.html). The model uses the sectional method (39, 40, 48) to transform
the underlying Smoluchowski-type integro-differential equation into a series of
coupled ordinary differential equations.

dn�m�

dt
�

�

2 �
0

m

� �mj,m � mj�n�m � mj�dmj

� �n�m� �
0



��m ,mj�n�mj�dmj [11]

where the particle size spectrum n(m) is given in terms of mass. The equation
gives the rate of change in a continuous particle size spectrum due to the
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addition or removal of particles from size classes (sections) due to collision (�)
and subsequent sticking (�) of particles. The initial conditions assume equal
particle mass in each section, which is then solved to find a steady-state
spectrum to use as the starting point for the discretised coagulation equa-
tions. Coagulation is thus initiated by the presence of aggregates in the initial
size spectrum.

The model considers an initial population of individual algal cells growing at
a rate 
 by division into 2 daughter cells identical to the parent. Cells sink at a rate
determined by their effective weight (based on density) and size, following
Stokesian dynamics, as do aggregates that are formed when cells collide. Colli-
sions are determined by the local cell concentration and by the interactions
described by the collision kernel �. Cells and aggregates sinking from the simu-
lation domain are removed from the population.

The code was further modified to correctly model sinking rates of particles or
aggregations large or fast enough not to meet the assumptions of Stokes’s law.
Sinking rate was estimated by using the empirically-derived formulation of
Brown and Lawler (49), which spans both the Stokes regime and Re up to �5000.

Model parameters were set to those used in Jackson (23), except in the
implementation of the coagulation kernels (Table 1). Because the aim was to
highlight the differences between low and intermediate Re effects for general
particle coagulation systems, both Brownian and shear collision kernels were
excluded from the model runs, leaving only the effects of differential sedimen-
tation. Because of the limits of the approximations used for � Eq. 8 the kernel �int

used a maximum Re of 40, above which the assumption Re � 40 was made for all
interactions.
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Table 1. Parameter values for the algal floc model

Parameter

Algal cell diameter, �m 10
Algal growth rate (
), d	1 1
Algal cell stickiness (�) 0.25
Algal cell excess density (��), g�cm	1 0.06428
Aggregate fractal dimension 3
Mixed-layer thickness (z), m 20
No. of sections* 25
Growth in aggregates until section 4
Average shear rate Not implemented

*Within particle size spectrum (see Materials and Methods)
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