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Elastohydrodynamic lubrication over soft substrates is of importance in a number of biomedical
problems: From lubrication of the eye surface by the tear film, to lubrication of joints by synovial
fluid, to lubrication between the pleural surfaces that protect the lungs and other organs. Such flows
are also important for the drug delivery functions of vehicles for anti-HIV topical microbicides.
These are intended to inhibit transmission into vulnerable mucosa, e.g., in the vagina. First
generation prototype microbicides have gel vehicles, which spread after insertion and coat luminal
surfaces. Effectiveness derives from potency of the active ingredients and completeness and
durability of coating. Delivery vehicle rheology, luminal biomechanical properties, and the force
due to gravity influence the coating mechanics. We develop a framework for understanding the
relative importance of boundary squeezing and body forces on the extent and speed of the coating
that results. A single dimensionless number, independent of viscosity, characterizes the relative
influences of squeezing and gravitational acceleration on the shape of spreading in the Newtonian
case. A second scale, involving viscosity, determines the spreading rate. In the case of a
shear-thinning fluid, the Carreau number also plays a role. Numerical solutions were developed for
a range of the dimensionless parameter and compared well with asymptotic theory in the limited
case where such results can be obtained. Results were interpreted with respect to trade-offs between
wall elasticity, longitudinal forces, bolus viscosity, and bolus volume. These provide initial insights
of practical value for formulators of gel delivery vehicles for anti-HIV microbicidal formulations.
© 2008 American Institute of Physics. �DOI: 10.1063/1.2973188�

I. INTRODUCTION

There are many contexts in which elastohydrodynamic
flows have biomedical importance.1 Among these are the
flow of blood cells in narrow vessels,2 the lubrication of
joints by synovial fluid,1 the tear film of the eye,3,4 the lubri-
cation between pleural surfaces in the chest,5 and numerous
flows associated with the digestive tract. These problems
typically involve significant deformations of tissue surround-
ing the flow, little alteration of lubricant physical properties
associated with pressure or temperature changes,6 and non-
Newtonian lubricant behavior. In these examples, flows are
forced by the boundary motion—i.e., relative sliding of solid
surfaces. Of interest in the present work is an elastohydrody-
namic flow driven by initial distention of elastic surfaces
�squeezing� and gravitational acceleration. The goal in this
paper is to develop a framework for understanding the trade-
offs in squeezing and gravitational acceleration with respect
to the coating flows they drive.

An especially compelling application is provided by the
problem of the flow of a bolus of anti-HIV microbicide ve-
hicle confined to the vagina. There is now great interest in
developing microbicides which, when applied to the lower

female reproductive tract, can inhibit infection by sexually
transmitted pathogens such as HIV.1,7–10 In order to be effec-
tive, microbicidal drug delivery vehicles must be sufficiently
distributed over vulnerable epithelial surfaces, e.g., the vagi-
nal epithelium, where HIV transmission likely occurs. This
distribution facilitates drug delivery to the epithelium and to
fluids within the lumen of the vaginal canal and may also
provide a physical barrier that retards the rate of transport of
pathogens to the epithelium.11 Initial measurements have
been made of the distribution of gel coating thickness over
the human vaginal epithelium.11–13 The microbicide vehicle
distribution, or coating, process is biomechanically
complex.14–18 As an understanding is developed of the deter-
minants of the coating, such information can be used in the
rational design of improved drug delivery vehicles. Unfortu-
nately, there has been little attention to date in developing the
science of microbicide vehicle biophysical functionality, i.e.,
coating, which is a critical input to such design. Clearly,
vehicles should be sought which have properties that opti-
mize the extent of coating under biologically relevant condi-
tions �e.g., applied vehicle volume and vaginal geometry�.

It is likely that a number of different forces act upon a
vehicle once it is inserted vaginally into the lower female
reproductive tract.14,19 These include gravity, transvaginal
pressure gradients due to contractility of the supporting vis-
cera, and transverse squeezing forces from the distended epi-
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thelium. There have been initial fluid mechanical studies of
intravaginal vehicle flows; these have focused on the indi-
vidual effects of gravity or epithelial squeezing.15–17 The ini-
tial studies are instructive in developing a physical under-
standing of the mechanisms of intravaginal vehicle
deployment flows. However, the true vehicle flow conditions
in vivo consist of combinations of multiple types of applied
forces. Individual fluid mechanical results for flows due to
longitudinally applied forces, e.g., gravity, and transverse
forces, e.g., epithelial squeezing, cannot simply be super-
posed.

The present work begins the exercise of combining the
multiple forces. We consider simultaneous effects of a longi-
tudinally directed force along the vaginal canal, e.g., gravity,
and transversely directed epithelial squeezing in a lubrication
flow analysis. Our goal is to develop an initial formalism for
understanding and contrasting the relative effects of tissue
elasticity, gravity, and formulation properties on intravaginal
coating flows. The simplification of two dimensional flow is
actually quite relevant anatomically; the cross section of the
undistended human vaginal canal is “H” shaped, with the
transverse dimension large compared to the vertical openings
on its two sides.20 A bolus of fluid of finite volume �here
volume per unit vaginal width, i.e., area in two dimensions�
is placed within the vaginal canal, immediately distending it.
This initial elastic deformation of the originally flat upper
and lower epithelial surfaces constitutes the initial condition
for our flow problem. Flow immediately ensues. The factors
that determine the extent of the coating driven by this flow
are the main focus of the present work. Our analysis begins
with consideration of a Newtonian fluid. This is followed by
an initial consideration of non-Newtonian fluid behavior in
the form of the Carreau constitutive model. The latter has
been used in the analysis of actual vaginal microbicidal
gels.17

The theory thus developed will find application in other
elastohydrodynamic lubrication problems of biomedical in-
terest, mentioned at the start of the introduction. The inclu-
sion of gravitational acceleration and/or non-Newtonian fluid
behavior will improve the physical descriptions of these
other phenomena.

II. PROBLEM FORMULATION

In this section, we derive an evolution equation for the
shape of a bolus of non-Newtonian fluid confined between
compliant opposed epithelial surfaces. We employ the lubri-
cation approximation and develop the equations in the sym-
metric domain −h2�x , t��y�h1�x , t� and include a body
force in the x direction. In Fig. 1 is shown a definition sketch.
In the following, for clarity of presentation, we shall indicate
dimensional variables with a tilde. For the constitutive model
we take the form �see, for example, Ref. 21�

�̇̃xy = �̃xyF̃��̃xy� , �1�

where one can choose F��̃�=1 / m̃0 for a Newtonian fluid or,
as we do below,

F��̃� =
1

m̃0

+
1

m̃
� ��̃�

m̃
��1−n�/n

�2�

for a Carreau-like fluid which features shear thinning and a
finite viscosity at zero-shear rate.

The primary assumption in the lubrication approxima-
tion is that the thickness of the bolus is small relative to its

longitudinal extent, i.e., �= H̃ / L̃�1, where H̃ and L̃ are
length scales for the transverse �thickness� and longitudinal
directions, respectively. The continuity equation is made di-

mensionless with velocity scales Ũ in the longitudinal di-

mension. The Reynolds number is Re= H̃Ũ / �̃, where �̃ is a
representative kinematic viscosity. In the usual way, we take
the limits � Re→0 and �→0 to obtain the lubrication ap-
proximation. Given the limitations on magnitude of the Rey-
nolds number and the thin layer assumption, pressure is
made dimensionless by use of a scale constructed from the

shear stress, P̃ /�= �m̃0Ũ / H̃� /�, where m̃0 is viscosity. After
taking the lubrication approximation, the balance of linear
momentum in the x direction is integrated with respect to ỹ
to obtain

�−
� p̃

� x̃
+ �̃g̃	ỹ +

1

F̃��̃xy�

� ũ

� ỹ
+ c1 = 0. �3�

By symmetry, �ũ /�ỹ=0 on ỹ=0; hence the constant of
integration c1=0. Next we solve this equation for �ũ /�ỹ,
integrate with respect to ỹ, and use the boundary condition

ũ�x̃ , ỹ= h̃1�x̃ , t̃� , t̃�=0. This yields

ũ = − 

ỹ

h̃1
F̃��̃xy�� � p̃

� x̃
− �̃g̃	ỹ�dỹ�. �4�

In order to account efficiently for the absolute value in
the constitutive equation �2�, we insert a sign parameter �
= 	1. From the balance of linear momentum, we have

��̃xy� � �ỹ� � p̃

� x̃
− �̃g̃	 , �5�

where we choose the sign of � so as to render the absolute
value positive.

Next we incorporate a relationship between the fluid
pressure and the height of the bolus, which must include the
material stiffness of the vaginal wall. As a simple but objec-
tive initial approach, we utilize the one dimensional con-
strained continuum model22 developed for study of elastohy-

FIG. 1. Definition sketch of the vaginal canal. The introitus is to the right.
See also anatomical figures in Ref. 42.
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drodynamic lubrication in a roll coating. The accuracy of this
approximation has been established.23 Other authors have re-
cently made use of the approximation in a study of lubrica-
tion flows between a cavity and a flexible wall.24,25 Notably,
this approximation was earlier employed2 in a first theory for
motion of red blood cells squeezing through capillaries. The
idea is to relate the fluid pressure near a compliant wall with
the local deformation of that compliant wall. In general, for a

deformation h̃1 the fluid pressure is given by p̃= �Ẽ / T̃�h̃1

�M̃h̃1. Here, Ẽ is the elastic �Young� modulus of the com-

pliant layer and T̃ is its thickness.
With the absolute value in the constitutive equation and

the compliant wall taken into account in this manner, the
integral in the solution for the velocity may be performed in
closed form. This yields

ũ =
1

2m̃0�1 + n��
��1 + n� h̃1

2���̃g̃ − M̃
� h̃1

� x̃
�

− 2m̃0nh̃1� h̃1

m̃
�1/n����̃g̃ − M̃

� h̃1

� x̃
�	1/n

− �1 + n�ỹ2���̃g̃ − M̃
� h̃1

� x̃
� + 2m̃0nỹ� ỹ

m̃
�1/n


����̃g̃ − M̃
� h̃1

� x̃
�	1/n . �6�

Now, this result is substituted into the mass conservation
equation, which is subsequently integrated with respect to ỹ

from 0 to h̃1�x̃ , t̃�. We refrain from writing the lengthy result
in dimensional form and turn now to nondimensionalization.

If the total film thickness is h�x , t��h1�x , t�+h2�x , t�,
then in the present problem we define p̃�x , t�=M̃h̃1�x , t�
=M̃h̃2�x , t�=M̃h̃ /2. Here M̃ is the compliance of a single
surface. In dimensionless terms, this becomes p

= ��M̃H̃ / P̃�h /2. Because P̃ is a derived quantity, the dimen-

sionless number M̃H̃ / P̃=M̃H̃2 / m̃0Ũ�E. The dimensionless
number E may be interpreted as the ratio of a representative
compliance pressure to a shear stress. With this definition, in
dimensionless terms, the compliance relationship now reads

p=�Eh /2. We define W= g̃H̃2 / �̃Ũ as the dimensionless ratio
of the pressure associated with the applied longitudinal stress
to a representative shear stress.

The dimensionless numbers, E and W, are both written

in terms of the velocity scale Ũ. It is not convenient to define
this velocity scale in terms of any imposed shear nor in terms
of lateral gravitational pressure gradient driven flow because
we would like to consider cases where both of these phe-

nomena are absent. Hence we choose for Ũ the centerline
velocity for flow due to a pressure gradient associated with

the compliance of the surfaces. This leads to Ũ

=M̃H̃3 /8m̃0L̃, where E=8 /� and W=E�̃g̃ /M̃. With this defi-
nition, in dimensionless terms, the compliance relationship
now reads p=4h. To aid in unraveling the dimensional vari-
ables in the presentation of results, we note that the time

scale is t̃s= L̃ / Ũ=8m̃0 /�2M̃H̃. Hence, the dimensionless

number W is, finally, a measure of the relative importance of
acceleration and compliance.

Finally, we must consider the constitutive equation ren-
dered in dimensionless variables. The Carreau model can be

written as �̃ / �̃0= �1+ ��̃�̇̃�2��n−1�/2. Here �̃ is the shear vis-

cosity, �̃0 is the zero-shear limit, �̃ is the relaxation time
scale of the fluid, and �̇̃ is the rate of strain. The power-law
exponent is n. We can choose a Carreau-like model in the
form

F��̃� =
1

m̃0

+
1

m̃
� �̃

m̃
��1−n�/n

. �7�

The Carreau and Carreau-like models may be made to
match at small and large strain rates by the choices m̃0= �̃0

and m̃= �̃0�̃−1+n. The two models are not precisely equiva-
lent, as we will discuss below. In any case, we must intro-
duce a new dimensionless number to account for the rela-
tionship between m̃0 and m̃. We scale Eq. �2� as follows:

F̃��̃� =
1

m̃0

+
1

m̃
� �̃

m̃
��1−n�/n

=
1

m̃0

�1 + Cr�1−n�/n��1−n�/n� ,

where the Carreau number is

Cr �
m̃0

1/�1−n�

m̃1/�1−n�
Ũ

H̃
= �̃

Ũ

H̃
.

In terms of these dimensionless variables, the governing
equation is as follows:

�h

�t
=

2−2−1/nh

3 Cr�1 + 2n���W − 4h,x�
�6�1 + 2n��W − 4h,x�


�− �h Cr�W − 4h,x��1/nh,x + 22+1/n Cr�1 + 2n�


��W − 4h,x�h2h,xx − 3h�21/n Cr�1 + 2n�


��W − 4h,x�2h,x + 8�− �h Cr�W − 4h,x��1/nh,xx�� .

�8�

Here we have used the notations h,x=�h /�x, etc. The
absolute value we earlier incorporated requires choosing the
sign of � so that −��W−4h,x�0 in a dimensionless frame-
work.

In the case of a Newtonian fluid, F��̃�=1 / m̃0 �or n=1 in
the Carreau-like model�. The governing equation �4� simpli-
fies to read

�h

�t
+

W

4
h2�h

�x
− �h2� �h

�x
�2

+
1

3
h3�2h

�x2 = 0. �9�

We note that the condition that determines � is not re-
quired in this case.

III. APPLICATION TO INTRAVAGINAL SQUEEZING

Application of this model requires input values for sev-
eral parameters including the tissue compliance, viscosity,
and longitudinally acting force. There have been qualitative
studies of mechanical properties of vaginal tissue
explants.26,27 However, there are, at present, no specific data
on the compliance or Young’s modulus for the walls of the
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human vaginal canal. These walls contain three layers, a
relatively thin surface mucosal layer �consisting of stratified
squamous epithelium ranging from �15 to 200 �m depend-
ing on the phase of the menstrual cycle�, a middle muscularis
layer, and an outer fibrous adventitia layer. The net
thickness28,29 of the vaginal walls can range from �0.5 to
2 cm. For the computations here, we therefore consider
upper and lower bounds on Young’s modulus based on val-
ues for other soft tissues in the body.30–32 These can range
from �1 to 100 kPa. Therefore, we consider low and high

values of our compliance parameter M̃ that are
1–100 kPa /0.5 cm. We also neglect possible effects of the
viscoelastic properties of the vaginal walls, arguing that re-
laxation times due to such properties would be very small
compared to the time scales of biological interest in vaginal
bolus flows. Vaginal drug delivery vehicles are commonly
polymeric hydrogels with non-Newtonian rheological behav-
ior. Because the initial analysis here is for flow of a bolus of
a Newtonian fluid, we consider upper and lower bounds for
values of current gels, based on low ��0.01 s−1� and rela-
tively higher ��10 s−1� shear rates. Based on our studies of
a number of such gels16,17,33 we use the values of 1 and
1000 Pa s for viscosity. Longitudinally acting forces on a
vehicle bolus within the vaginal canal can be due to gravity
and pressure gradients due to visceral contractility through-
out the lower reproductive tract.14 Recent measurements
have been made of the spatially varying vaginal pressure
profile to test the hypothesis that stress urinary incontinence
is associated with weak pelvic floor muscles.34 However,
these measurements represent the pressure that arises in re-
sponse to some �uncontrolled� deformation and not the effec-
tive compliance of the vaginal wall. For simplicity in this
paper, we assume that the vaginal pressure profile derives
from variable pressures associated with a uniform wall com-
pliance and gravitational acceleration. We will, again, con-
sider a biologically plausible range for the parameter g̃ in the
model, with values equal to one and ten times the gravita-
tional acceleration. In Table I we list these values and con-
sider six different cases involving the ranges of values for the

three parameters M̃, m̃0, and g̃. Given the convenient nondi-
mensionalization of results, we are left with four sets of simi-
lar cases, i.e., cases 1 and 3, cases 2 and 4, case 5, and case
6. From case to case there is only a change in the dimension-

less constant W. We also consider bolus volumes of 2 and 4
ml. These span the range of applied volumes being tested in
women in current microbicide research.

For the initial condition on the shape of the bolus, we

take h̃2= h̃ /2= h̃�+ b̃ exp�−x̃ / ã�. As a scale for the height H̃
we choose 1 cm; this scale is of the order of magnitude of the
maximum height of the bolus at time zero. The analytical
form of this expression was taken for convenience in solving
Eq. �7�. As we will note below, the long time behavior is
insensitive to the specific initial shape of the bolus. The vol-

ume contained in such a bolus �above h̃�� is Ṽ=2ãb̃c̃��,
where c̃ is the vaginal width. A physically realistic value29 is

c̃=2 cm; hence, in dimensionless terms when b� b̃ / H̃

=0.45, one obtains a� ã / H̃=4 /0.9 /�� for a bolus of 2 ml
and a=8 /0.9�� for a bolus of 4 ml. Here, we have chosen

h�� h̃� / H̃=0.05. This scale characterizes the initial spacing
between apposing vaginal walls prior to insertion of the bo-
lus. In other words, the fluid layer is supposed to be perfectly
wetting with fully flooded initial conditions. This is a sen-
sible start owing to the likely presence of vaginal fluid before
the microbicide is put in place. In reality, vaginal fluid will
dilute the microbicide vehicle, which can alter the rheologi-
cal behavior.18 As this is a paper on coating flows driven by
squeezing and gravitational acceleration, we defer consider-
ation of dilution effects to future work.

The equations were solved using MATHEMATICA.35 As a
check on the solution, the total volume of the bolus was
monitored as a function of time; insufficient temporal or spa-
tial resolution results in a violation of mass conservation. We
first consider the parametric study of the Newtonian case �9�
and then move on to examine non-Newtonian solutions of
Eq. �8�.

A. Newtonian results in dimensionless form

In Figs. 2�a�–2�c� we show the profiles of the spreading
bolus at dimensionless times t=0 and t=20. In each case W
is increased, i.e., the applied longitudinal stress increases
relative to the wall elasticity. Note from Figs. 2�a�–2�c� that
the shape of the bolus changes little with W unless this num-
ber exceeds unity. For W�1 there is a greater amount of
spreading and also an increased lateral movement of the bo-
lus. The height profile develops an increasingly steep leading

TABLE I. Plausible values of tissue compliance, dynamic viscosity, and lateral acceleration, together with
associated values of the Reynolds number and the dimensionless ratio of acceleration and compliance as drivers
of the flow. The six cases span the interesting range of parameters. In all cases we take �= 1

6 , which implies
E=48.

Case M̃
m̃0

�Pa s�
g̃

�ms−2�
Ũ

�ms−1� Re W

1 103 Pa /0.5 cm 1 9.8 0.208 1.04 1.18

2 103 Pa /0.5 cm 1 49 0.208 1.04 5.9

3 103 Pa /0.5 cm 1000 9.8 2.08
10−4 1.04
10−6 1.18

4 103 Pa /0.5 cm 1000 49 2.08
10−4 1.04
10−6 5.9

5 105 Pa /0.5 cm 1000 9.8 2.08
10−2 1.04
10−4 0.0118

6 105 Pa /0.5 cm 1000 98 2.08
10−2 1.04
10−4 0.118
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edge—a consequence of the hyperbolic nature of the govern-
ing partial differential equation �PDE�. Of course, the lubri-
cation approximation would lose validity in such a case.

This point is better illustrated in Fig. 3, where the mean
position of the bolus and its spread length are shown for 0
� t�40. The length of spreading of the bolus, which is pro-
portional to the effective surface area coated, is defined as
four standard deviations of the bolus height profile. For
smaller values of W, the bolus spreads primarily by squeez-
ing flow, and not much longitudinal mean motion occurs.
Larger values of W give rise to additional spreading: the
bolus becomes longer and its mean displacement along the
channel increases. This is illustrated further in Fig. 4, which
shows the relative extent to which the spread length in-
creases due to increasing W. At long dimensionless times,
there is roughly a 50% increase in spread length as W in-
creases from zero to 0.5.

B. Newtonian results in dimensional form

In order to interpret results in a more biologically rel-
evant manner, we next consider the lateral extent of spread-
ing at prescribed values of dimensional time—t=10 s, 1
min, and 5 min. We take 5 min as an upper bound in these
computations because, intravaginally, an inserted bolus of

gel may begin to become diluted with ambient vaginal fluid
by this time, thereby changing its rheological
properties.17,33,36 We consider twofold differences in the
lower and upper bounds for viscosity. Results are shown in
Tables II and III. Note that for the lower bound of viscosity
and a relatively soft wall, doubling viscosity results in a 20%
reduction in spreading at 5 min. For the higher viscosity and
both soft and stiffer walls, there is negligible difference in
spreading at 5 min when viscosity is doubled. These com-
parisons are true for both the small, 2 ml, and larger, 4 ml,
bolus volumes.

C. Comparison with asymptotic rate of spread
when W=0 „Newtonian…

As a partial check on the accuracy of our numerical re-
sults, we consider an analytical asymptotic analysis of a
closely related problem. For W=0, Eq. �9� is known as the
porous medium equation.37,38 In this case,

12
�h

�t
=

�2

�x2 �h4� . �10�

For initial conditions composed of a Dirac delta distri-
bution centered at x=0, the solution to the nonlinear equation
�9� is

�10 �5 0 5 10
�0.6
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�0.2
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�a�
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�0.4
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h�
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t�

�b�
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�0.6

�0.4

�0.2
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0.6

x

h�
x,

t�

�c�

FIG. 2. Profiles of the shape of the bolus at dimensionless times t=0 s and
t=20 s for �a� W=0.118 �e.g., case 6�, �b� W=1.18 �e.g., cases 1 and 3�, and
�c� W=5.9 �e.g., cases 2 and 4�. Volume is 2 ml.

0 10 20 30 40
0

2

4

6

8

10

t

x ,L

FIG. 3. Evolution of the dimensionless length of the bolus �four times the
standard deviation in x of the bolus height; upper curves� and mean dimen-
sionless longitudinal displacement �lower curves� as functions of dimension-
less time for W=0.118 �solid�, 1.18 �dashed�, and 5.9 �dotted�, i.e., cases 1,
2 and 4, and 6. Volume is 2 ml.
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FIG. 4. Evolution of the spread length of the bolus divided by the length due
to squeezing only �W=0� as a function of W. The relative length is shown at
dimensionless times t=0, 1000, 5000, and 10 000 s, reading up from
bottom. The volume of the bolus is 2 ml.
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h�x,t� =
1

�t/12�1/5� 3

40
�a2 −

x2

�t/12�2/5�
+
	1/3

, �11�

where �+�max�� ,0�. The spread length �four times the
standard deviation� is 1.561 29V11/10t1/5, where V is the bolus
volume per unit depth.

In the case where the initial bolus is not a Dirac delta
distribution, then a form similar to Eq. �11� �but time shifted�
constitutes an asymptotic approximation,37 with error that
decreases to zero as t→�. The detailed form of the initial
distribution does not matter as long as it is non-negative,
integrable, and compactly supported �i.e., of finite width�.

The present numerical solutions reveal a closely similar
scaling with t1/5, as shown in Fig. 5. This is true despite the
fact that the bolus does not strictly have a compact support
owing to the fact that h��0.

In the case where W�0, we note that it is possible to
rescale the independent variables �x , t�→ �� /W ,� /W2�; in
terms of these variables, W�0 drops out of Eq. �9�. This
leads to the result that the height of the bolus h�x , t ;W�
=h�Wx ,W2t ;W=1� for W�0, where the solution makes
sense—i.e., before shocks form. Hence, we can obtain
L�t ;W�=L�W2t ;W=1� /W. Of course these results are only
valid for initial conditions that are equivalent with respect to
the scaling.

D. Shear-thinning examples

Finally we turn to two examples to illustrate the use of
the model in calculations with realistic materials. Cone and
plate measurements of the rheological response of different
microbicide vehicles—both pure and diluted with vaginal
fluid or semen simulants—were made.17 The data were fitted

well with the Carreau model; the rheological constants are
shown in Table IV. The two cases we consider are “C20V”
�Carraguard diluted 20% with vaginal fluid simulant� and
“K20S” �K-Y Jelly diluted 20% with seminal fluid simulant�.
The shear rates spanned the range of 0.2–472.5 s−1.

For convenience, we consider here only the case W=0,
for then the conditional in the derivation of model �8�
changes at the symmetry plane x=0. Hence, we need only
solve Eq. �8� with �=−1 in the quarter domain �x0,y
0�. We chose a bolus with volume of 3.5 ml and a vaginal
wall compliance of 100 kPa/0.5 cm; all other parameters
were as before.

In Figs. 6 and 7 we show the shapes of the boluses at the
initial time and after 10 min of squeezing-induced spreading
have elapsed. In Figs. 8 and 9, we plot the effective shear
viscosity �i.e., shear stress divided by shear rate� at the epi-
thelial surface after 10 min of spreading. Note that the effec-
tive viscosity is much diminished near the leading edge of
the spreading boluses. Finally, in Fig. 10 we show the spread
length as a function of time for the two cases.

Briefly we consider the potential for scaling analysis to
shed light on the dynamics when W�0. In this case Eq. �8�
permits rescaling to eliminate W only when n= 1

2 . Then one
can show that the bolus height scales as h�x , t ;W ,Cr�
=h�Wx ,W2t ;W=1,Cr� and the spread length as L�t ;W ,Cr�
=L�W2t ;W=1,Cr� /W.

IV. DISCUSSION

We have developed a model for the mechanics of spread-
ing of a finite bolus of fluid between two compliant surfaces.
Effects of both surface compliance and applied longitudinal

TABLE II. The spread length �in cm� of a 2 ml bolus at times 0, 10 s, 1 min, and 5 min. Cases 1, 3, and 5 span
the interesting range of parameters. Also shown is the result of doubling the viscosity. In all cases we take g̃
=9.8 ms−2 and �= 1

6 , which implies E=48.

Case M̃
m̃0

�Pa s� L̃ �t=0� L̃ �10 s� L̃ �1 min� L̃ �5 min�

1 103 Pa /0.5 cm 1 3.54 615 3.86 306 5.34 246 8.79 664

103 Pa /0.5 cm 2 3.54 615 3.69 106 4.54 799 6.97 560

3 103 Pa /0.5 cm 1000 3.54 615 3.54 640 3.54 761 3.55 353

103 Pa /0.5 cm 2000 3.54 615 3.54 627 3.54 688 3.54 981

5 105 Pa /0.5 cm 1000 3.54 615 3.56 973 3.67 403 4.03 676

105 Pa /0.5 cm 2000 3.54 615 3.55 810 3.61 374 3.82 883

TABLE III. Same as Table II but for a 4 ml bolus.

Case M̃
m̃0

�Pa s� L̃ �t=0� L̃ �10 s� L̃ �1 min� L̃ �5 min�

1 103 Pa /0.5 cm 1 7.09 075 7.28 816 9.02 082 14.07 39

103 Pa /0.5 cm 2 7.09 075 7.17 257 7.94 745 11.40 07

3 103 Pa /0.5 cm 1000 7.09 075 7.09 087 7.09 148 7.09 446

103 Pa /0.5 cm 2000 7.09 075 7.09 081 7.09 110 7.09 259

5 105 Pa /0.5 cm 1000 7.09 075 7.10 278 7.16 063 7.40 294

105 Pa /0.5 cm 2000 7.09 075 7.09 678 7.12 635 7.25 725
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stresses are simultaneously taken into account. This analysis
builds upon our earlier studies of separate individual effects
of gravity or constant force epithelial squeezing on coating
flows.15–17 This new model thus provides a more mechani-
cally complete simulation of coating flow by an anti-HIV
microbicidal delivery vehicle between interepithelial sur-
faces in the vagina. Unlike candidate microbicide delivery
vehicles �which are primarily polymeric gels� we focused
first on a Newtonian constitutive equation. This simplified
solution of the problem and identification of salient dimen-
sionless numbers that characterize flow details. Our goal was
to establish a procedure for developing the governing equa-
tions and to understand the relative influence of squeezing
and longitudinally applied stresses, e.g., gravity or transvagi-
nal pressure gradients, on the spreading rate.

After careful nondimensionalization of the problem, it

emerged that a single dimensionless number, W=8�̃g̃ /�M̃,
controls the relative influence of squeezing and gravity; here

�̃ is the formulation density, g̃ is the longitudinal stress, M̃ is
the compliance of the vaginal wall, and � is a representative
width-to-length ratio of the bolus. However, a second �time�
scale is required to cast the solutions of the dimensionless

problem into dimensional terms, t̃s=8m̃0 /�2M̃H̃, which in-
volves the formulation viscosity m̃0 and a representative

thickness of the bolus H̃. Notably, the influence of viscosity
in this problem is upon the kinetics of flow but not the form
of the flow.

When W=0, applied longitudinal stresses are absent and
the governing nonlinear PDE simplifies to one for which
asymptotic solutions have been developed. We compared nu-
merical solutions of our problem to this asymptotic result
and found similar scaling of the bolus spread length with
time. We focused primarily upon solutions over a range of
values of W which span cases of biophysical interest for
microbicide functionality. For different values of the physical
parameters, we developed solutions for the extent of spread
at times of practical interest.

Heuristically, the results of the flow computations pre-
sented here make sense: As the relative effect of the longitu-
dinal applied body force increases, the bolus spreads over a
longer distance and its mean displacement increases. Dimen-
sional computations were performed for upper and lower
bounds on viscosity. For the lower bound of viscosity and a
relatively soft wall, doubling viscosity resulted in a 20% re-

duction in spreading at 5 min. This is a relatively small dif-
ference in coating, suggesting that larger differences in vis-
cosity �when its values are low� are required to effect more
significant differences in coating. For the higher viscosity
and both softer and stiffer walls, there was a negligible dif-
ference in spreading at 5 min when the viscosity was
doubled. A thousandfold increase in viscosity resulted in
only a twofold reduction in spread length. In general, com-
parisons were similar for both 2 and 4 ml bolus volumes.
Spread lengths for the 4 ml bolus volume were less than
twice those of the 2 ml volume, although nearly two times
that value. Of course, the greatest shear rate within the flow
occurs near the leading edge of the bolus as it spreads. This
is a consequence of the fact that the clearance is narrowest
there. The higher shear rates near the leading edge would
lead to pronounced non-Newtonian behavior when this is
included in the model.

The net normal force of the wall on the bolus is obtained
by integrating the fluid pressure at the wall with respect to x
from minus to plus infinity and by multiplying by the width
of the channel. Because pressure is proportional to the local
height h of the bolus, we find that the total squeezing force
on each wall is simply the wall compliance times the volume
of the bolus. For a 2 cm wide channel �and, therefore, bolus�
and a bolus volume of 4 ml, we calculate that the net force
per wall ranges from 0.8 to 80 N, as wall compliance ranges
from 103 to 105 Pa /0.5 cm �Table I�. There are historical
data on net human vaginal forces, albeit measured in vary-
ing, semirigorous ways.39 Net normal squeezing forces from
both walls were estimated to range from 4.45 to 445 N �see
also Ref. 17�. There is clearly not a direct correspondence
between our calculations of wall force on a finite bolus—we
would take twice our values to account for both walls—and
the historical data. We do note, however, that the orders of
magnitude of the two estimates are comparable.

The present work illustrates the need for data on biome-
chanical properties of the vaginal environment experienced

TABLE IV. Rheological constants obtained from experimental data.

Case
�̃0

�cP�
�̃

�s� n

C20V 233 38.9 1.93 058 0.50 471

K20S 639 70.9 3.63 645 0.33 5755
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FIG. 5. A comparison against the asymptotic spread rate �t1/5 �upper line�
and the simulation results scaled by the original bolus length �lower set of
points�. Volume is 4 ml.
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FIG. 6. Profiles of the shape of the right half of the C20V bolus at times
t=0 s and t̃=600 s.
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by a microbicide delivery vehicle. Such data should be ob-
tained for a variety of different postures because the hydro-
static pressure distribution due to the gravitational body
force may alter the pressure outside the vaginal barrel—and
hence the compliance relationship. Strictly speaking, this is
different than the direct influence of gravity on the bolus
itself. Nonetheless the present work, by focusing upon upper
and lower bounds for the salient physical parameters, e.g.,
vaginal wall compliance and longitudinally acting forces
such as gravity, provides biologically relevant insights about
the kinematics of flow of microbicide vehicles. Specifically,
the time scale for coating emerges �Tables II and III�. We see
that the extent of coating does not increase appreciably in 5
min of continuous squeezing and longitudinal forcing unless
the viscosity is relatively low. Given the relatively high vis-
cosities of candidate microbicide delivery gels, this suggests
that those gels may not flow appreciably along the vaginal
axes until they begin to become diluted with ambient vaginal
fluids �such that their viscosities decrease40 and/or their flow
boundary conditions at the gel-epithelial interface effectively
depart from strict no slip�. We also found that coating rates
are relatively insensitive to changes in viscosity as high as
twofold. These findings lend further emphasis to the need to
understand the microbicide vehicle dilution process in vivo,
so that time dependent viscosity changes, as well as non-
Newtonian effects, can be taken into account.

We then went on to examine two very specific cases of
microbicide vehicles diluted by vaginal fluid and semen
simulants. We proceeded from rheological measurements to
obtain rheological parameters in a Carreau model through
solution of the governing equations for the evolution of the
bolus shape with time. Marked shear thinning was apparent

in the simulations, especially near the leading edge of the
spreading bolus—even in the case where the spreading is
induced only by squeezing arising from the distended, com-
pliant vaginal surfaces. It is clear that non-Newtonian effects
will be of paramount importance when one comes to consid-
eration of flow of the microbicide vehicle during coitus.

In the search for effective microbicidal products against
HIV, design of the delivery system, as well as selection of
the active ingredient, is of paramount importance. Users of
microbicides can control details of the applied volume and,
in principle, the time interval from application to potential
exposure to HIV. Clearly, the properties and applied volume
of a microbicidal product are critical factors in the function-
ality of that product. However, development of microbicidal
products to date has involved little attention to the function-
ality of their delivery systems per se. Such functionality de-
rives from biophysical and biochemical interactions between
the products, the vaginal environment �e.g., anatomy, tissue
compliance, etc.�, a woman’s behavior after application �e.g.,
posture�, concentration and virulence of the inoculum of vi-
rus, etc.41 Thus, the model development which here focuses
on fluid or fluidlike vehicles provides a preliminary tool for
use by formulators in rational design and optimization of
microbicide delivery vehicles. Specific ranges of values of
rheological properties of prototype vehicles can be targeted
via manipulation of the molecular compositions and struc-
tures of the vehicles. These, together with data on inserted
volume, vaginal compliance, ranges of a woman’s posture
�which varies the effects of gravity on spreading�, and other
physiological, anatomical, and behavioral data, can be input
to models such as this initial one, and achievement of tar-
geted coating kinetics can be evaluated. Iterations in vehicle
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FIG. 7. Effective shear viscosity at the epithelial surface vs x̃ �cm� for the
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design—e.g., in molecular composition and structure—could
occur prior to preclinical human experimental studies �viz.,
imaging of vaginal coating distributions11,40�, providing sig-
nificant savings of time and expense. Indeed, parametric
analysis of salient factors that govern vaginal coating is prac-
tically unprecedented in microbicide research and
development.17 The present model provides insights about
how to utilize biomechanical analysis in microbicide vehicle
design. For example, we illustrated �Tables II and III� trade-
offs in the effects of doubling viscosity and/or inserted bolus
volume. The fact that increasing viscosity by three orders of
magnitude only reduced coating by a factor of about 2 is a
finding that might not be intuitive to microbicide formula-
tors, and it exemplifies the role of analyses of the type pre-
sented here. Our results are clearly a caveat to microbicide
developers of the importance of incorporating biomechanics
into the process of microbicide vehicle design.

The goal of this paper was to develop a framework for
consideration of the relative importance of boundary squeez-
ing and body forces in driving coating flows of a non-
Newtonian fluid. The application we considered had to do
with spread of a gel microbicide vehicle between vaginal
walls. The physical analysis pointed out along the way a
number of properties that must be measured in order to im-
prove the model for use in that application. However, the
approach developed here should find application in a number
of other biomedical contexts where elastohydrodynamic lu-
brication and body forces are present.
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