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Given a pool of motorists, how do we estimate the total intensity
of those who had a prespecified number of traffic accidents in the
past year? We previously have proposed the u,v method as a
solution to estimation problems of this type. In this paper, we
prove that the u,v method provides asymptotically efficient esti-
mators in an important special case.

1. The u,v Method

G iven a pool of motorists, how do we estimate the total
intensity of those in the pool who had a prespecified number
of traffic accidents in a given time period? We may also consider
patients with a prespecified number of heart attacks, or salesmen
with a prespecified number of disgruntled customers, etc. In
general, let 0; be the intensity and X; the number of occurrences
of certain type of events of the ith individual in a pool of size n.
Suppose that for 1 =i = n conditionally on 6;, X; has the Poisson
distribution with E[X;|6,] = 6, We are interested in estimating
the sum

n

Sn = 2 M(Xi)ei’

i=1

[1.1]

where u(x) is a known “utility function” dictated by practical
considerations. In the examples above, S, is the sum of the
intensity 6; for those individuals with X; = a traffic accidents
(heart attacks, disgruntled customers, etc.) for a prespecified
integer a, if

1, x=a

w =uw =1y 18 [1.2]

Robbins (1) considered estimation of the sum in 1.1 and

certain other related quantities for general, but known, condi-

tional distributions F(x|y) of X; given 6; = y. The solution he
proposed, called the u,v method, estimates S,, by

n

Vn = E V(Xi), [1.3]
i=1
if there exists a function v(x) such that
j {v(x) = u(x)y} F(dxly) = 0, Vy. [1.4]
In the Poisson case, Eq. 1.4 has the unique solution
v(x) =xulx —1), [1.5]

provided that 27_ |u(x)[y*/x! < o for all y > 0.

In this paper, we consider the asymptotic efficiency of the u,v
method. We prove the asymptotic efficiency of 1.3 for the
estimation of 1.1 in the special case of Eq. 1.2 in the Poisson
setting in Section 2. In Section 3, we discuss related problems and
extensions to the estimation of the sums of u(X;, 6;) for general
utility functions u(x,y) and general conditional distributions

F(xly).
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2. The Poisson Case
Letf(x]y) = e y*/x!,x =0, 1,2, ..., be the Poisson probability
mass function with intensity y > 0 and G be a known family of
probability distributions with support (0, ). Suppose (X, 6),
(Xi, 6;), are independent identically distributed random vectors
such that

X6 ~ fx|6), 6~G, [2.1]
where G € G is an unknown distribution. We consider in this
section estimation of

n

Sn = E ua(Xi)gi»

i=1

[2.2]

with the u, in Eq. 1.2 for a given a. By the u,v method, 2.2 should
be estimated by

n

x=a+1
x#a+1

a+1,

Vn = E Va(Xi)a Va(x) = { O’

i=1

[2.3]

as in 1.3 and Eq. 1.5. For example, according to 2.3, the total
intensity of those motorists with no traffic accidents in the past
year is estimated by the total number of motorists with exactly
one accident in the past year.

The estimator 2.3 also can be derived from an empirical Bayes
point of view. If the distribution G in 2.1 is known, then the Bayes
estimator of 2.2 under the squared error loss is the conditional
expectation

n

EGlSuX1, - X1 = 2 ual(X)EG[0X,],

i=1
which can be written as

n

Sn,G = E ua(Xi)Ta(G)

i=1

[2.4]

with

+1
7(G) = Ecl0,|X; = a] = (a + 1)%,

[2.5]
where fc(x) = [ f(x]y)dG(y) is the marginal probability mass
function of X. An empirical Bayes estimator of 2.2 can be
obtained by substituting the conditional expectation 7,(G) with
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a suitable estimator, say 7, ,, in the Bayes estimator S, ¢ in 2.4;
i.e.

S,

Fan D Ua(X)). [2.6]
i=1

If G is completely unknown, we may estimate fg(x) by its
empirical version and consequently estimate 7,(G) by

(a+1 !
Fan = (a + 1)%, Fu@) =

i=1

M. [2.7]
n

This leads to the estimator 2.3 via

n n

A _ \Ez"lzluaJrl(Xi)/n
E ua(Xi)Ta,n - E uu(Xi)(a + 1} 221:1ua(Xi)/n

i=1 i=1

n

> V(X))

i=1

The relationship 2.6 can be reversed to derive estimates of
7,(G) from those of 2.2, say S, = §,(X1, ..., X,); i.e.

Sn
E?: (X))
This provides a vehicle for the investigation of the efficiency of

S, via the efficiency of 7,,. Let H, = H. ¢ be the tangent space
of the family {f¢:G € G} at G,

[2.8]

Tan =

H .. = the closure of the linear span of
{py:m € Cg} in Ly(f5),

where Cg is the collection of all “differentiable” paths 1:[0, 1]
— G satisfying

[2.9]

©

2
fim D < V@) /fo) =1 = tpn(X)/2> felx) =0,
t—0+ x=0

[2.10]
with the fi in Eq. 2.5, and
pax) = lim ¢~ Ylogfonx) —logfex)}, x=0,1,...
o [2.11]

is the score function for the path 7 in the parameter space G. See
Bickel et al. (2). Define

Ug + 1(x) _ ua(x)
fola+1)  fela)
with the u, in Eq. 1.2. It will be shown in the proof of THEOREM

2.1 that at each G € G the efficient influence function for the
estimation of 7,(-) is

P =x; G) = Ta(G){ } [2.12]

Y. = ¥, (x; G) = the projection of Y on to H,, [2.13]
where H. is the tangent space given in 2.9.
THEOREM 2.1 (i) A sequence {S, = S,(X1,..., Xn)} is

asymptotically efficient for the estimation of the {S,} in 2.2 if and
only if {7, .} in 2.8 is asymptotically efficient for the estimation of
the functional 7,(G) in 2.5. In this case,
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D
(S, = 8,0/ \n — N0, f5(a)a}(G) + d3(G)), [2.14]

where 03(G) = Egy3(X; G) with the . in 2.13, 05(G) =
Ecu.(X)Varg(0|X) with the u, in Eq. 1.2, and f¢ is the marginal
probability mass function of X. (ii) If G is completely unknown, i.e.,
G = {all distributions in (0, ©)}, then {V,} in 2.3 is asymptotically
efficient for the estimation of 2.2 and

f6(@)01(G) + 03(G) = Eglva(X) — u,(X)6}%.  [2.15]
Proof: The proof has three parts.
Step 1. Decomposition of (S, — S,)/Vn: By 2.8 and 2.4

{8, = S/ \n = Ju@)&1 + &2, [2.16]

where f,(a) is as in 2.7, &1 = V{7, — 7.(G)} and &,, =
{86 — S.}/Vn. Conditionally on {X;, i = 1}, S, — S, are
sums of independent (not identically distributed) random vari-

ables with mean zero, so that by the Lindeberg central limit
theorem and the law of large numbers

“ aXi BI_E OiXi
(Lo S 1)~ EglofX)

i=1 A

n D
N{ 0, >, u2(X;)Varg(6:|X,)/n |— N(0, 03(G))

i=1

]

[2.17]

almost surely for all {X;, i = 1}. The Lindeberg condition can
be verified by the law of large numbers, but we shall omit the
details. Because the limiting distribution in Eq. 2.17 does not
depend on {X;, i = 1} and f,(a) — fs(a), by Eq. 2.16

LS, = Sa)/\n; Po) = L(fa(@)éy s Po) * N0, 03(G)) — 0,
[2.18]

provided that either (S, — S,,)/Vn or &, = Vi{f., — 17.(G)}
are stochastically bounded, where L(Z; P) is the distribution of
Z under probability P and * stands for convolution. Thus, {5, }
is asymptotically efficient for the estimation of S, if and only if
{7an} is asymptotically efficient for the estimation of 7,(G).
Step 2. Efficient influence function for the estimation of 7,(G):
It follows from the information bound in standard semipara-
metric estimation theory that the limiting distribution of asymp-
totically efficient {7, ,} is
VlFan = 7(G)} = N(O, Eg§2(X; G)),  [2.19]
provided that s, is the efficient influence function for the
estimation of 7,(G). By 2.13, this is the case if for all n € Cg

lim ¢~ ! {Ta(n(t)) - Ta(G)} = EGdI(X’ G)pn(X)s

t—0+

[2.20]

where p,, is as in Eq. 2.11. See ref. 2. Thus, it suffices to verify
Eq. 2.20 for the proof of THEOREM 2.1 part i.

Because fi(x) > 0 for allx = 0, by (2.11) ¢~ H{fy)(x) — fo(x)}
— fG(x)py(x), so that by Eq. 2.5 and 2.12
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-1 _ _a+1[fn(¢>(a+1)_f(;(a+l)}
t~ Y1, (n() — 7.(G)} = P o)

— 7,(G)pya + 1) — p,(a)}
= Eg¥(X, G)p,(X).

Therefore, Eq. 2.20 holds.

Step 3. Asymptotic efficiency of the u,v method: Let ¢ be as
in 2.12 and 7, , be as in 2.7. By the central limit theorem and the
strong law of large numbers, Vn(%,,, — 7.(G)) converges in
distribution to N(0, Eg{*(X; G)). Because V,, is the estimator of
S, corresponding to 7, , by 2.8, it suffices to show { = ¢, in view
of THEOREM 2.1 part i and its proof.

For y > 0 define n(¢) = (1 — )G + t§,, where §, puts the
whole mass at y. Set pg)(x) = {f(xly) — fo(x)}/fc(x). Then,
E(;p%y)(X) < by the Poisson assumption, and the left-hand side
of Eq. 2.10 is

S [{fmn(X)/fa(x) — 1/t py)

2
fnw®) /falx) +1 2 ] fetx)

x=0

©

2 2
_ S PeW an(”(x)/fG(x) - 1] o
2 4 fotx) V@) /fo@) + 1 '

x=0

Thus, pyy = f(x[y)/fc(x) — 1 is in the tangent space H. for all
y > 0 by 2.9. If & is orthogonal to H., in Ly(fs), then

0=Ech(X)pyX) = >, h(@)fxly) — Egh(X)

x=0

for all y > 0, so that h(x) = Egh(X) for all x = 0 by the
completeness of the Poisson family. This implies H.. = L»(fg) N
{h:Ech(X) = 0}. Hence, ¢, = ¢ by 2.13 and the proof is
complete.

3. Discussion

3.1. Related Problems. Let Y; be random variables such that
E[Yi]6;, X;] = \6:. Suppose Y; are unobservable and A is known.
Consider the prediction of

n

2 u(X,Y;

i=1

[3.1]

based on observations X1, . . ., X,,. For example, we may want
to predict the total number of accidents in the coming year for
the group of motorists with no accidents in the past year, with
A = 1.02 due to 2% growth of drivers in the region of concern.
By the u,v method, 3.1 can be predicted by AV, if Eq. 1.4 holds,
with the 1/, in 1.3. The argument in Section 2 still applies here
in the Poisson case with u(x) = u,(x) in Eq. 1.2: {AV,}, with
the V, in 2.3, is asymptotically efficient for the prediction of 3.1
with

n”(m - u(X,-m)

i=1

D

— N(0, A*f%(a)0i(G) + Egu,(X)Varg(Y|X)), [3.2]

where o7(G) is as in THEOREM 2.1.
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In many applications, Y; are observable and the problem is to
estimate A. In this case, the u,v methodology provides the
estimator

[3.3]

The u,v method also produces estimates of variances. For
example, if Eq. 1.4 holds, the variance Eg(V, — S,)?> =
nEg{v(X) — u(X)6}? can be estimated by

E {V2(X) + va (X))},

i=1

[3.4]

with two applications of the u,v method, first to u; = u? and then
to uy = vy — 2uv, where v; satisfy [ (v;(x) — u;(x)y)F(dxly) =
0, Vy.

The u,v method can further be extended to obtain unbiased
estimation of

S, = E Oui(Xy, ...

i=1

, X,). [3.5]

If there exist functions v;(xy, . .., x,) satisfying

y f M,'(Xl, LRI 7xn)F(dxi|y) = J Vi(xb LI axn)F(dxib))

for ally, i = n and {x;, j # i}, then we may estimate 3.5 by

n

Vi= 2 vilX,, ...

i=1

s X). [3.6]

For example, in the exponential case f(x]y) =y~ le *»1{x > 0},
the 6; associated with the largest observation can be written
as 3.5,

6R = Sn = 2 Oiui(Xla e

n
i=1

> Xn)7

ui(xh e 7xn) = 1{xi =

max x; g,
1l=j=n
and its unbiased estimation 3.6 is V,, = Xz — Xg, , with

'7xi715t,xi+1""axn)dt’

Xi
v,-(xl,---,xn)=f u;(xy, ..

0

where R; are the antiranks of the observations defined by
Xg, < -++ < Xg,.

The related problems mentioned here and their applications
were considered in refs. 1 and 3-5.

3.2. Extensions. The applicability of our methodology is not

limited to the sum of u(X;)6; in 1.1. In general, 1.3 can be used
to estimate
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n

Su= 2 ulX;, 6) 3.7]
i=1
for any integrable functions u(x, y), as long as
f ) —ulx,y)} Fldxly) =0, Vy. [3.8]

In fact, for the estimation of variance in 3.4, Eq. 3.8 holds for the
pair ii(x, y) and v(x), with zi(x, y) = {v(x) — u(x)y}? and v(x) =
v2(x) + va(x).

The asymptotic theory for the estimation of 3.7 is more
complicated and will be studied elsewhere. Define
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n

Suc= 2 ucXy), u(X;) = Elu(X;, 6)|X;].

i=1

[3.9]

The asymptotic independence of (S, — S,.c)/Vn and (S,.¢ —
S,)/Vn can still be derived from the Lindeberg central limit
theorem and the strong law of large numbers as in Section 2, but
the rest of the argument there does not directly apply without the
one-to-one linear mappings between estimates of S, and 7,(G)
in 2.6 and 2.8.

This research was partially supported by the National Science Founda-
tion and National Security Agency.

3. Robbins, H. & Zhang, C.-H. (1988) Proc. Nat. Acad. Sci. USA 85,
3670-3672.

4. Robbins, H. & Zhang, C.-H. (1989) Proc. Nat. Acad. Sci. USA 86, 3003-3005.
5. Robbins, H. & Zhang, C.-H. (1991) Biometrika 78, 349-354.

PNAS | November 21,2000 | vol.97 | no.24 | 12979

STATISTICS



