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Abstract
We have modeled tumor-induced angiogenesis; our model includes the phenomena of the migratory
response of endothelial cells (ECs) to tumor angiogenic factors, and the interaction of ECs with the
extracellular matrix (ECM). ECs switch between growth, differentiation, motility, or apoptotic
behavior in response to the local topology and composition of the ECM. Assuming the ECM medium
as a statistically inhomogeneous medium (some area support sprout growth, some not), we show that
the ECM can be a natural barrier to angiogenesis. We study vascular network formation for several
ECM distributions and topologies, and we find an analogy with percolation. A threshold exists, under
which sprouts cannot reach the tumor. During the growth of the vascular network, a competition
exists between the attraction exerted by tumor and the preferred path created by the ECM. We also
examined the influence of branching on the tumor vascularization. Branching is a natural
phenomenon which helps the tumor become vascularized. By increasing the number of sprouts, the
vascular network increases the probability of reaching the tumor, as it can explore more pathways.
Our simulations show after two branching events, the vascular network is very likely to reach the
tumor.
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1-INTRODUCTION
The migration of vascular endothelial cells (ECs) plays an important role in tumor-induced
angiogenesis (Folkman, 1976). ECs are precursors for new capillariy formation (Bischoff,
1997; Carmeliet and Jain, 2000) and form the lining of all blood vessels. The migration of ECs
allows movement and growth at the sprouting tip of new capillaries (Sholley et al., 1984; Stokes
et al., 1991) and in this process, interactions between cell and extracellular matrix (ECM), and
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particularly cell adhesion, are essential. The major hypothesis in my paper is: locally ECM
gives not the same response for capillary growth.

ECM is a highly heterogeneous network composed of polysaccharide chains, fibrous proteins
(collagen and elastin), fibronectin, and laminin. Inside and around the tumor, the collagen
shows many degrees of organization, which affects the distribution of different matrix
molecules (Berk et al., 1997; Pluen et al., 2001), (Nehls and Herrmann, 1996). This
heterogeneity can affect many biological events. One can be cell migration, controlled via
integrin distribution. Palecek has demonstrated that there is a direct relationship between
maximum cell migration speed, receptor and ligand concentrations, and the affinity of the
receptor for its ligand (Palecek et al., 1997). If the ECM ligands are at high concentrations,
there must also be either low integrin expression level or low integrin-ligand affinities to
achieve maximum speed, and vice versa. So, migration occurs at an intermediate level of cell
adhesiveness which depends of the integrin distribution, i.e. the ECM organization.

Another issue to consider is the effect of the ECM topology on cell shape (Berthiaume et al.,
1996; Chen et al., 1997). The productive contact between the substrate and the cell is directly
correlated to the ECM composition. If the cell protusion makes a productive contact with the
substrate, the cell can move forward. If attachment does not occur, the protusions are retracted
away for the leading edge. At the cellular level, orientation of the fiber will also influence the
shape and the direction of the cell migration. Moreover, the literature gives us many clues
regarding the influence of the ECM topology on the cell behavior (Pizzo et al., 2005) and local
disruption of the ECM can lead to cell apoptosis (Sympson et al., 1994). Ingber’s studies clearly
shown that, regardless the type of matrix protein or integrin used to mediate adhesion, local
geometry (distribution of the ECM proteins) will govern cell growth (Chen et al., 1997). The
ECM mesh gives support to cells, and allows them to proliferate and self-organize into a
vascular network (Kanda et al., 2004; Reinhart-King et al., 2005). Local disruption of ECM
induces cell apoptosis in adjacent cells and regulates vascular morphogenesis (Nehls and
Herrmann, 1996).

Chemotactic and haptotactic forces and their effects on the EC are generally used to model
tumor-induced angiogenesis. Previous mathematical models based on random walk theory
simulated tumor-induced angiogenesis, to study the shape and growth rate of such vascular
networks (Anderson and Chaplain, 1998; Chaplain, 2000; Levine et al., 2001; Shim et al.,
2005; Sun et al., 2005; Tong and Yuan, 2001). In this cases, cell migration is regulated by two
major forces: chemotactic forces (Terranova et al., 1985) that lead the cell to the tumor
depending on the concentration gradient of several growth factors, and haptotactic forces
(Carter, 1967; Herbst et al., 1988) due to local adhesion between the cell and the extracellular
matrix (ECM) via integrins (Luscinskas and Lawler, 1994). The migration of ECs in response
to a gradient of growth factors (e.g., FGF, EGF, and VEGF), or more generally cell migration
under a chemotactic gradient, has been extensively studied and equations defining cell
locomotion have been produced (Chaplain and Stuart, 1993; Stokes et al., 1991). The
haptotactic force refers to the directed migration of ECs from a less adherent surface to a more
adherent one and may play a role in dictating EC migration during angiogenesis (Huttenlocher
et al., 1996). Local ECM mechanical signaling is essential for capillary formation. Depending
on the types and distribution of matrix proteins in the ECM, the ECM can also control the EC
apoptotic response (Chen et al., 1997; Deroanne et al., 2001; Ingber, 2002).

This paper presents a stochastic model for tumor vascularization which takes into account the
heterogeneous nature of the ECM. We model ECM as a two-phase random medium, where
ECs respond differently at each phase: one phase allow capillary formation, the other not. The
excluded region need not promote apoptosis; they could just be regions that are not conductive
to migration. We have studied the perfusion and the vascularization of a tumor as a function

Amyot et al. Page 2

Microvasc Res. Author manuscript; available in PMC 2010 March 1.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



of the distribution and the number of these regions. Our stochastic simulation is a random walk
model where the probability of a sprout moving in a given direction is associated with the ECs
chemotactic and apoptotic response in that direction. Our model also simulates branching and
anastomoses, so that we recreate a vascular network. The probability of having vascular tumor
in one of our simulations was measured and correlated with the ECM surface fraction.

Our results show different probability of tumor perfusion or vascularization, depending on the
ECM heterogeneity, i.e. distribution and density, and more specifically on whether ECM can
sustain percolation between the capillary and the tumor. We present a new look at the geometry
of the ECM and how this geometry may regulate angiogenesis

MATHEMATICAL MODEL
In this model, we concentrate on capillary network development and the ECM influence on
the vascular network. We define three variables in the model. Capillary presence is represented
by an indication function, n (with a value 0 or 1 depending of the presence or not of the
capillary). The TAF concentration profile between the tumor and the capillary is denoted by c
(x,y). The heterogeneity of ECM is represented by a two phase medium and an indication
function, di,j (with a value 0 or 1 depending on the possibility for the ECM to sustain sprout
formation). With these three variables, we model the network formation surrounding a tumor.

Model geometry
A classic Folkman tumor model was used: a capillary segment of length d and a tumor area
located at a distance d from the capillary. The total domain is a square of area d2, the tumor is
at the rightcenter of the domain (half-circle of radius d/20) and the capillary on the left (Figure
1a). All of the boundaries have no flux conditions for cells and TAF (symmetric conditions).

Transport of angiogenic factors
Angiogenesis begins with the release of a tumor angiogenic factors (TAF) by tumor cells.
Transport of TAF in the ECM involves diffusion, endothelial cell uptake, and chemical
inactivation. Finally, a TAF concentration gradient is established between the tumor and the
capillary. A partial differential equation of TAF transport in the ECM was previously developed
by Anderson and Chaplain (Anderson and Chaplain, 1998):

where C, Dc, and θ are the concentration of TAF, the diffusion coefficient of the TAF, and the
decay rate, respectively. With estimates of these parameters and the cell diffusion
(Dcell~10−10cm2/s, (Stokes et al., 1991)), it is estimated that the TAF diffuses much faster than
the cells and we can reasonably assure the TAF distribution to be in a steady state during the
simulation. In the simulation, we approximate the concentration profile by:

where r0 represents the size of the tumor and ν a free parameter (ν=0.158). The distribution of
TAF in the ECM is shown in the figure 1b.
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Sprout formation and growth
Sprout formation may occur from pre-existing capillaries. The release of TAF by the tumor
cells degrade the vessel basement membranes via matrix metalloproteinases (Murphy et al.,
1993). Following the disruption of the parent vessel basement membrane, budding sprouts
appear. The direction and the growth rate of the new sprout is dictated by the migration and
proliferation of the EC localized at the tip of the sprout. The direction of the ECls in the sprout
tip is determined by the chemotactic response of the EC and the local interaction between the
EC and the ECM.

Growth—Sprout extension depends on the TAF concentration around the tip of the sprout; it
must be above a certain threshold to increase cell proliferation (Dellian et al., 1996). Tong et
al (Tong and Yuan, 2001) suggest the following function to describe the growth,

where Ct is the concentration threshold (Ct = 0.001) and α the slope of this function (α = 10).
In the stochastic model, at each step, f(C) is the probability to have an elongation of length ℓ.

Migration—Even if the direction of the sprout depends on the chemotactic response of the
EC in a certain direction, it is the apoptotic response which allows the sprout to grow. The
apoptotic response of the EC depends highly on the local physical and chemical properties of
the ECM (rigidity, composition, and orientation of the ECM fibers). Since, the ECM in our
model is a statistically heterogeneous, only some parts of the ECM are able to support ECs and
allow sprout growth. In our simulation ECM is modeled as a square lattice where each site is
a box of area ℓ2 and is characterized by a uniform random probability p. If p is higher than a
value p0, then the ECM is able to locally support the growth of a sprout. If p is lower than p0,
then this area does not allow capillary formation and the sprout cannot go in that direction.
Figure 2 shows a typical map of the ECM distribution. We define ECM surface fraction, φ as
the ratio area in the square lattice that can support capillary growth and the total area.

The sprout direction is determined by the movement of the ECs at the tip. The movement of
the sprout is dictated by a combination of random motility and chemotaxis. A discrete model
of cell movement is used and the motion of the sprout depends on five coefficients (staying at
the same place or moving through the next neighbor). Each coefficient gives the probability
for the sprout to go in one of the four possible directions (P1–P4) or to stay at the same position
(P0).

Pi is the sum of a random value (random walk) and a chemotactic response in the direction i
multiplied by a factor k (k=50). di,j is the apoptotic response of the EC to the ECM.

During the formation of the vascular network, the sprout must be able to form anastomoses
with other sprouts and also to create branches. It is the succession of these events that will
create a real microvascular network:

-Two sprouts are assumed to form anastomoses when the tip of one sprout meets another
sprout. In this case, the growth of the tip stops and the tip merges with the other sprout.
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-A new branch appears from existing new tips and the division is due to the presence of
TAF. In our stochastic model, the probability to have a branching is proportional to the
concentration of TAF (Pbranching=B*C(x,y), B =0.2)

RESULTS
Using this stochastic model, we performed several simulations to study the growth of capillaries
toward a tumor. We focus on how the distribution of the ECM (for different surface fraction
and tomography) affects the tumor induced angiogenesis. We examine two different cases: a
perfused tumor without branching and anastomoses, and a vascularized tumor with branching
or anastomoses.

In this section we examine how the ECM surface fraction, φ, affects the ability of the sprout
to reach the tumor. In this part, the sprouts do not have the capacity to form the anastomoses
and branches which would be necessary for a real vascular network. We assume that sprout
formation is a stochastic process.

The simulations start with a fixed number of budding sprouts located randomly on the primary
vessel. Each sprout grows independently of the others until it reaches the tumor or cannot move
because no favorable site is available in its vicinity. A sprout successfully perfuses the tumor
when the head of the sprout reaches the tumor. Figures 3a and 3b show a tumor perfused by
five capillaries, generated from five budding sprouts. We define the perfusion percentage as
the number of events which gives a perfused tumor, divided by the total number of simulations
for the same surface fraction. To collect statistical values, two thousand simulations were
completed for each surface fraction, and for each simulation a new random ECM is generated.

For a surface fraction of one (i.e., a homogeneous ECM), the sprout trajectories are uniquely
determined by the gradient of TAF and a random walk; all the sprouts can perfuse the tumor
(figure 4). A homogeneous ECM does not present any obstacles for the sprout during growth.
However a decrease of the ECM surface fraction creates areas that can block the growth of the
sprout in one direction. Figure 4 represents the percentage of the sprouts that perfuse the tumor
versus the ECM surface fraction.

For two initial sprouts, a surface fraction threshold around 0.75 is observed under which the
tumor is not able to attract the sprouts and be perfused. The value is independent of the size of
the box (ℓ) that defines the ECM heterogeneity. Below this threshold, the tumor is not perfused.
So, this heterogeneous distribution of the ECM creates a barrier for the angiogenesis. Moreover,
the probability to perfuse the tumor at a given surface fraction, as shown in figure 5a is highly
dependant on the initial budding sprout number. Fitting these curves with the following

function, , we can calculate two parameters: the slope (λ) and the shift
(φo).

Both of these parameters could easily be expressed with a power law, λ = α0.Nβ0, where N is
the number of sprouts. We calculate α0=12 and β0=0.26 (the functions are shown in frame of
the figure 5b). Because the differences between the curves depend only of the initial number
of sprouts, we use a special dimensionless surface fraction in order to obtain only one curve
(figure 5b):
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In the second simulation, we allow the vascular network to include anastomoses and branching.
The simulation of a vascular network begins with N budding sprouts. These sprouts grow and
form several branches and anastomoses. At the end of the simulation, the tumor is vascularized
by several sprouts, exceeding the initial number of budding sprouts (figure 6).

As previously, a tumor is vascularized when, at least, one sprout reaches the tumor. The
vascularization percentage is defined as the ration of the number of simulations that results in
vascularized tumor and the total number of simulations performed with a fixed surface fraction.
There, two thousand simulations were performed and for each simulation a new random ECM
was generated.

Figure7 shows that below a threshold surface fraction, the vascular network cannot be
developed. The value of the threshold appears to be independent of the box size that defined
the medium heterogeneity of the ECM. Moreover the vascularization threshold depends of the
initial sprout bud number. The Figure 8 shows different curves of vascularization percentage
for different initial sprout number. Fitting this curve with the same error function, we can
characterize these curves with two coefficients: λ(slope) and φ0 (shift). In table 1, we present
the values of these parameters for different initial sprout number.

The differences between the curves in the figure 8 depend only on the initial number of sprout.
We apply the same dimensionless surface fraction method as previously in order to obtain only
one “master” curve: φ* = λγ1.φ or φ* = a1.φ.Nb1 (α1=13 and β1=0.164 and we adjusted the
parameter γ in order to unite the curves (γ1=0.140)). Figure 9 shows the previous curves with
this special dimensionless surface fraction method. Now, the value for the shift is:

.

Nevertheless, for the same surface fraction value, very different vascular solutions can be
found. Figures 10a, 10b, 10c, 10d show four simulations for the same surface fraction (φ=0.8)
but with four different ECM distributions. The differences between these vascular networks
suggest that not only the surface fraction is important for setting-up angiogenesis, but also the
topology of the ECM. It is clear that during the growth of the vascular network, a competition
exists between the attraction exerted by tumor and the preferred path created by the ECM.
Around the threshold of vascularization, the number of favorable paths for the sprout to reach
the tumor is limited. Depending on the ECM organization, the sprout either stops or continues
it growth.

The branching phenomenon during the tumor induced angiogenesis process is also a natural
process. As the number of sprouts increase, the vascularization percentage increases. In figure
11, we have sorted the simulations in two categories: sprout growths that reach the tumor and
those that doe not reach the tumor. For each category, we have measured the number of final
sprout (the initial number was one). As shown in figure 11, the tumor is not vascularized when
the number of sprouts is lower than two and the tumor is vascularized when the number of
sprout is higher than 9. After few branching events, the tumor is vascularized regardless of the
local ECM distribution. Therefore, it is the early stages of the vascular budding that determines
if the tumor will be vascularized. Once the sprout is mature enough to branch, the inhibiting
effect of the ECM is overcome and the tumor will be vascularized.

Another way to describe this phenomenon is to measure the local fraction surface at the tip of
the sprout. For each simulation, this value is imposed for the entire domain, but locally, this
value will fluctuate around this value. A study of this fluctuation gives for a surface fraction
of 0.86 of the domain, a local mean value of 0.86±0.07 while we have a value of 0.84±0.06
for the local surface fraction located around the tip of the sprout that does not reach the tumor.
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DISCUSSION
The quantitative analysis of vascular networks sprouting from a vessel segment is useful for
understanding the underlying mechanisms of vascular morphology. The events involved in the
progression from a single cell to a capillary involve essential cell/cell interactions. These
interactions are initiated and maintained by a sequence of signals that ultimately result in the
formation of a mature capillary. But the morphology of the full vascular network surrounding
a tumor is unknown. Different parameters have been used to characterize such networks (fractal
dimension, vascular density) and analogies have been made with several model disordered
systems. According to Baish et al (Baish et al., 1996; Gazit et al., 1997), a vascular network
based on a percolation model explains why these heterogeneous networks have higher
resistance than homogeneous network. In a percolation network, the fractal dimension is higher
than tissue normal vascular networks and is closer to tumor vessel network observed in vivo
(Baish et al., 1996). Diffusion limited aggregation describes more successfully the in vivo
growth of vascular networks rather than vascular networks induced by tumor (Landini and
Misson, 1993). Also an in vitro study have shown that a fractal dimensions of cellular network
fit a diffusion limited cluster aggregation model and depend on the cell concentration (Amyot
et al., 2005), i.e cell proliferation will increase the network fractal dimension.

All of these models display properties similar to vascular networks; however they are all based
on the assumption that the ECM is a homogeneous medium. Indeed, the ECM is formed form
different fibers including collagen and elastin. In the presence of integrin, ECs adhere to these
fibers and the ECM mesh. In vivo, it has been demonstrated that in vivo: a preexisting basement
membrane in the ECM is the favored path for the perfusion of the tumor by a new capillary
(Baluk et al., 2003).

The purpose outcome of tumor-induced angiogenesis is for vessels to perfuse the tumor. In our
simulation, we take the number of sprouts that reach a tumor as a measure of tumor perfusion.
This growth was through a disordered system, i.e. the distribution of macromolecules in the
ECM. This is similar to a typical percolation problem that consists of a threshold concentration
(pc) that allows percolation from one edge to the other. Generally, the percolation theory studies
the size (fractal dimension) of the percolated domain and, from the scaling theory; we know
that the correlation length (ξ) is the only characteristic length in percolation. All the laws and
relationships in percolation used this parameter. In our model, we don’t have an exact
percolation system. When the sprout grow and invade a site, just the site is occupied, not all
the cluster related to this site. Here, our problem have analogies with directed percolation
problem: the capillary will try to find his way to reach the tumor through the ECM, but in the
same time, the growth of the capillary have to follow the chemotactic gradient and this exclude
some pathway. Due to the particular way of capillary growth, only the tip advance and invade
the next site. Sometimes, the tip can invade two sites, but only because of the branching
phenomena. The structure of the created cluster is strongly anisotropic and two characteristic
correlation lengths ξ⊥ and ξ▪ exist, perpendicular and parallel to the main direction. In each
case, the critical behavior of both correlation lengths is described by ξ⊥~|pc-p|−ν ⊥ and ξ▪~|
pc-p|−ν ▪ with ν⊥≠ν▪ and both are different from the exponent ν. Numerical estimates for pc
and ν were obtained for various two dimensional lattices and worth respectively 1.7334±0.001
and 1.0972±0.0006 (Bunde and Havlin, 1991; Domany, 1981; Essam et al., 1986). This lead
to a percolation threshold of 0.8228 which very close to our values (Domany, 1981). Thus, the
percolation threshold is higher than the regular percolation theory could predict. For example,
with a lattice composed by triangle randomly distributed this value is pc=0.6527 (Bunde and
Havlin, 1991), 0.67637 for a “Swiss cheese” model (Quintanilla and Torquato, 1996) and
0.5927 for a square lattice (Bunde and Havlin, 1991). Depending of the percolation definition,
these values can be very different. In fact, percolation recovers many fields: epidemics, forest
fires, kinetics gelation, invasion percolation, directed percolation, percolation and in each case
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the characteristic correlation length change. In our case, we have a directed percolation where
only the last invaded spot can invade the next one. Also, one spot is invaded by step, except if
the capillary splits and creates a new branch.

In this paper, we have shown how the ECM topology can block the vascularization of the
tumor. Different ECM compositions, as defined by ECM surface fraction, will give different
probabilities of vascularization regardless of the initial number of sprouts. We have also
examined the importance of branching in this process. By looking where and when the ECM
inhibits tumor vascularization, we have shown that the ECM composition around the capillary
is essential for the establishment of angiogenesis. If the ECM around the capillaries stops the
migration of EC, the tumor will not be vascularized. But if the ECM around the tumor can
support angiogenesis, the tumor will be vascularized. Because of the branching, a vascular
network will surround the tumor, increasing the probability for a sprout to find a favorable path
through the tumor. At the end, the tumor will be vascularized.
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Figure 1.
(a) Geometry and boundary condition of the TAF medium study. (b) TAF concentration profile
approximates a gradient produced by a circular tumor source.
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Figure 2.
spatial distribution of the ECM material in the study domain. The surface fraction is 0.5.
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Figure 3.
Two-dimensional simulation of tumor perfusion by five initial sprouts. φ=1 (a) and φ=0.9 (b).
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Figure 4.
Perfusion percentage for different ECM surface fraction density value. The simulations were
made for different box edge (ℓ). The number of initial sprout is 2.
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Figure 5.
Perfusion percentage with different number of initial sprouts for different surface fraction (a)
and dimensionless surface fraction (b). The size of the lattice ℓ=d/100.
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Figure 6.
simulations of a vascular network in ECM for two different surface fractions (φ=1 (a) and
φ=0.9 (b)). The branching probability coefficient worth 0.2.
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Figure 7.
Vascularization percentage for different ECM surface fraction density value. The simulations
start with one initial sprout and the probability of branching equal 0.2. The simulations were
made for different box edge (ℓ).
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Figure 8.
Vascularization percentage of the tumor for different surface fraction and different initial
number of sprouts.
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Figure 9.
Vascularization percentage for a tumor. The branching probability is 0.2.
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Figure 10.
Simulated vascular network for the same ECM surface fraction (φ=0.8) but with four different
ECM distributions. The number of initial bud sprouts is 5.
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Figure 11.
Total final number of sprouts for a vascularized and an unvascularized tumor. All the
simulations have started with one budding sprout.
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