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Abstract

The exact solution to an electrostatic problem of finding the electric potential of point charges inside
a dielectric prolate spheroid is discussed in this note by using the classical electrostatic theory, where
the prolate spheroid is embedded in a dissimilar dielectric medium. Such a problem may find its
application in hybrid solvent biomolecular simulations, in which biomolecules and a part of solvent
molecules within a dielectric cavity are explicitly modeled while a surrounding dielectric continuum
is used to model bulk effects of the solvent beyond the cavity. Numerical experiments have
demonstrated the convergence of the proposed series solutions.
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1. A general electrostatic problem

A finite number of point charges are set inside a dielectric cavity of electric permittivity &;,
which is embedded in a homogeneous, isotropic dielectric medium of electric permittivity &q.
The point charges will polarize the surrounding dielectric medium, which in turn makes a
contribution, called the reaction field, to the electric field throughout the cavity. The electric
field inside the cavity is thus expressed as¥%j, = %5 + ¥rr, where ¥ is the Coulomb potential
which can be simply calculated by the well-known Coulomb’s Law, and PR is the reaction
field which will dominate the computational cost for calculating the electric field inside the
cavity. Such a problem could be encountered in many applications such as hybrid explicit/
implicit solvent biomolecular dynamics simulations [1-3]. In particular, in this note we are
interested in the exact solution of the problem when the dielectric cavity is either a sphere or
a prolate spheroid, and the surrounding medium is either the pure water solvent or an ionic
solvent of low ionic strength.

By the principle of linear superposition, the electrostatic problem with a single source charge
q inside a dielectric cavity only needs to be considered. It is then well-known that the total
electric potential ¥j,(r) inside the cavity is given by the solution of the Poisson equation

V- (i V¥in(r)= — 4rmgd(Jr — ry)),
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where rg represents the location of the point charge, and J(r) the Dirac delta function. Outside
the cavity, on the other hand, by assuming that the mobile ion concentration follows the Debye—
Hiickel theory, the electric field P,¢(r) is then given by the solution of the linearized Poisson—
Boltzmann equation (LPBE)

Vzl{"out(r) - /izlPoul(r)=0, (1)

where X is the inverse Debye screening length which is proportional to the square root of the
ionic concentration ¢ measured in molar units [4] (A = 0 for the pure water solvent). On the
interface I” of the dielectric prolate spheroid and its surrounding dielectric medium, the
continuity of the tangential component of the electric field and the normal component of the
displacement field requires that

a\Poul _ 0¥
I .
n r

¥ =Y¥; d
outlr=%inlrand &, on ' @)

where n is the outward normal of the interface 7.

2. A point charge inside a dielectric sphere

In the case of a spherical dielectric cavity, the problem can be solved very easily. Without loss
of any generality, let us consider a dielectric sphere of radius a with a point charge q being
located on the x-axis at a distance rg < a from the center of the sphere, as shown in Fig. 1.

When A = 0, the analytical solution to this classical electrostatic problem by the famous
Kirkwood expansion [5] is well-documented in the literature. More precisely, with respect to
a spherical coordinate system (r, 6, ¢) with its origin at the center of the sphere (the pole is
denoted by the x-axis in this note), due to the azimuthal symmetry, the electrostatic potential
at an observation point r=(r, 9, ¢) is

[s6)
: _ q q gi(n+1)—&o(n+1)
lIJ”‘(r)_ &lr—rg| + gia 112‘0 ( gin+eo(n+1) )

n
X(I) P,(cos6), @

Tom(r)zii (

r
=0

&i(2n+1) ) (rS

n
——| (=] P sO),
gin+e,(n+1) r) {E080)

(4)
where Pp(x) is the Legendre polynomial, and rx = a2/r.

When A # 0, the problem can be solved analytically [6,7] by using the classical electrostatic
theory as well. The exact solution is in fact given as
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where u =2a, and kn(r) is the modified spherical Hankel function of order n (also called the
modified spherical Bessel function of the second or third kind) defined as [8]

/ e (! 1
ky(r)= n+1/2(") e k'(n By n>0, o

where K,,(x) is the modified Bessel function of the third kind.

Moreover, it has been shown in Ref. [7] that, when the ionic strength of the solvent, or
equivalently the inverse Debye screening length X, tends to zero, Egs. (5) and (6) can be
identified with Eqgs. (3) and (4), respectively.

3. A prolate spheroid immersed in the pure water solvent

To the best of the author’s knowledge, the exact solution to the electrostatic problem that a
point charge is set inside a dielectric prolate spheroid embedded in a dissimilar dielectric has
not been published. Since this is a basic electrostatic problem, and most importantly, since it
has potential applications in hybrid explicit/implicit solvation simulations [1-3] for bio-
macromolecules of irregular shapes, the exact solution should be made known. It should be
mentioned, however, that the exact solution to a similar electrostatic problem in which the
point charge is set outside a dielectric or conducting prolate spheroid can be found in [9-11].
In addition, the electric potential arising from uniform charge distributions bounded by
ellipsoids has been treated on many occasions [12], and potential and energy of much more
complicated spheroidal charge distributions have been investigated in Refs. [13-15].

Let us consider a dielectric prolate spheroid of permittivity &; centered at the origin and
embedded in a homogeneous dielectric medium of permittivity ¢,. The interfocal distance of
the spheroid is assumed to be a; see Fig. 2.

There are several definitions of prolate spheroidal coordinates, and in this note, the prolate
spheroidal coordinates (¢, 7, @) are defined through

x=4 (&2 - 1)(1 = p?)cos ¢,
y=2 (@ - 1)1 - Psing, z=%n,

where & € [1, o) is the radial variable, € [-1, 1] is the angular variable, and ¢ € [0, 2x] is
the azimuthal variable. Also, the surface of constant ¢ is a prolate spheroid with interfocal
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distance a (¢ = 1 corresponds to the line between the foci), the surfaces of constant # are the
two sheets of a hyperboloid of revolution with foci z = + a/2, and the surface of constant ¢ is
a plane through the z-axis at an angle ¢ to the x-z plane.

Without loss of generality, let the point charge g be located at the point rg = (&, 70, ¢o = 0) on
the x—z plane inside the dielectric spheroid defined by the equation & = & (so & > & > 1); see
Fig. 2. Outside the spheroid (&1 < &), the potential must be finite. By the usual procedure of the
separation of variables, it is not difficult to conclude that the electrostatic potential outside the
spheroid takes the form

0o n

Pou(®)= - 3" " (Apcosmp+Bsinme) Pr (O (€),
&ia n=0m=0 (8)

where PJ'(x) and Q) (x) are the associated Legendre functions of the first and the second kind,
respectively, and Ay, and By, are the unknown coefficients.

On the other hand, the potential inside the spheroid (1 < & <) due to the source point charge
q alone is g/ej|r — rg|. We must superimpose on this a finite reaction potential due to the
polarization of the dielectric. In fact, the total potential inside the spheroid takes the form

c© n
Tin(r):ﬁ"'&% Z() ZO(C,,,,,cosm<p+Dm,,sinmt,o)

n=um=

PPy (€), ©)

where Cp,, and Dy, are the unknown expansion coefficients.

Note that the general expansion of 1/|r — r| in prolate spheroidal coordinates is given by
[16-18]

© n
1 1
——== > > Hpy,cosmoP;'(no)P; (1)
Ir=r| an—()m—()

o { PrEo)Qr (&), &6,
PR(©Q (o), £<éo,

where

(n—m)! 2

Hpn=22n+1) (2 = 6,0)(=1) (n+m)!

Here dyy is the Kronecker delta. Therefore, the total potential inside the spheroid can also be
expressed as
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© n
Pin(0)=.L 3 3 (Comcosmg+D,,sinme) Py () Py (€)

&a

n=0m=0
© n
*+2 2, 2 Hmcosme P () (1)
x{ Py (60) 0,/ (&),  &>&o,
PI@0y (o), &<éo. (10)

The expansion coefficients Amp, Bmn, Crn @nd Dy, in Egs. (8) and (9) are to be determined by
the boundary condition of Eq. (2) which, under the prolate spheroidal coordinates, becomes

‘{’Oul(é:lsn! ‘p):LPill(fl’n’ ‘p)v (11)

& i{)\}loul g L((}Tin
\he o¢ f:fl_ \he 0¢ f:fl’

where h¢ is the radial scale factor. Then, by using the orthogonality of cos m¢ and sin m¢ as
well as that of PJ'(x), from Eq. (11) one can obtain

(12)

Z,(fl)Amn - P::l(fl)Cmn:HmnPZI(nO)PZI({:O)Qzl(fl)s (13)

QZI(EI)an - P;?(fl )Dnm:O- (14)
On the other hand, further by using the recursion formula

2 - 1) %:m —m+D)P™ (%) — (n+1)xP (),
(2 = D=2 =(n — m+1)Q™, | (x) — (n+1)x Q) (),

from Eqg. (12) one can get

800 (€1 A — & P(ED)Con=iHun PT(110) P (£0) O (£1), (15)

€o ’\ZI(EI )an - giFZ?(gl )Dmn:Os (16)
where

PIED=(n — me P (€)= (14 DEPED,
mED=(n - m+ DT, (€1) — (1+DE Q(E).
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From Egs. (14) and (16), it follows that

B,,=0, D,,,=0.
And solving Egs. (13) and (15) leads to

& | PrEngr &) - OrE)PIED]

Amn:Hmn (770) (EO)
EPIENQIE) — sQTENPIED)

and

Cmn—Hman(Tlo)P (50) ( SO)Q (EI) (El)

In summary, the total potential inside the spheroid is given by

o n

Fin()= o+ g gOmZO(al — &6)Hyun P (110) P (£0)

X Q&) Q&K cosmeP ()P (&),

while the potential outside the spheroid is

0o n

()ul(r)—ﬁ 2 2 &l Py (no) Py (€o)

n=0m=0_

x| PRE)QIED — QRENPIED| KmcosmpPr(m) QI (E),
where

Kn=€oPM (D) QM (1) — £ QM (ENDPI(E).

oPp(ENON(EN) — & (51)1”"(51)'

Page 6

17

(18)

In a special case, when the prolate spheroid approaches a sphere, Egs. (17) and (18) should
reduce to Egs. (3) and (4), respectively, which in fact can be demonstrated in a similar way as

used in Ref. [9].

4. A prolate spheroid immersed in an ionic solvent

The LPBE has been solved analytically for systems with a spheroidal geometry for simple

boundary conditions, like constant surface charge or potential, or for a mix of these [19-21].
To the best of the author’s knowledge, however, the exact solution to the electrostatic problem
that a point charge is set inside a dielectric prolate spheroid immersed in an ionic solvent has

never been discussed in the literature, perhaps for the reason that the solution is rather

cumbersome.
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Using the spheroidal coordinates, the LPBE of Eq. (1) can be written as

%[(52‘ )&I*w[( - )0'1]+ @ <1;<'i u)dw-
~ & ) =0,

where ¢ = (a/2)\ is the spheroidal parameter. By means of the separation of variables with

(&, 1, ©)=S unlic, MRmu(ic, &) ( cos me )

sin me

where m and n are zero or positive integers with n > m, we obtain the ordinary differential
equations

d 2\ S ma(ic, ) 2 ] :
— (1= n)———|t Amn(ic)+c - Smn(lc’ 77):0,
dn l( ) dn 1—1? (19)
dRmn(lC E)J I m? ]
Amn(i€)+C*E -+ ——— | Rypp (ic, €) =0,
df [ nn f nn 20)

where Spn(ic, 7) and Ry(ic, &) are the eigenfunctions associated with the eigenvalue Amp(ic).
As being discussed later, these two equations are those solved by prolate spheroidal wave
functions but with ¢ being replaced by ic. It should be pointed out that, although the equation
governing the angular function Spn(ic, #), Eq. (19), and that governing the radial function
Rmn(ic, &), Eq. (20), are similar to each other, Ry (ic, &) may not take a form similar to that of
Smn(ic, 7). This is because their domains are different: 1 <& < oo for the former, and -1 <7 <
1 for the latter.

4.1. The angular function Syn(ic, n)

In the standard theory, the prolate spheroidal angular wave function Sy(c, #) satisfies the
equation

2

m
Amn(C) = (32772 - ﬁ Smn(c» 7]):0
-n (21)

d dsS (e, m)
dnl(l_nz) nc;nc - I

We only consider the angular functions of the first kind 5 ()¢, ) since they are regular at 5 =

+ 1, but the angular functions of the second kind §2)(c, ) are not. Moreover, since when ¢
vanishes, Eq. (21) becomes the equation which is satisfied by the associated Legendre
functions, it follows that the angular functions of the first kind must reduce to the associated
Legendre functions of the first kind, as ¢ goes to zero. Therefore, the eigenvalues Aqnn(c) for
which Eq. (21) admits solutions that are finite at » = + 1 satisfy
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and the spheroidal angular functions of the first kind are usually expanded into the associated
Legendre functions of the first kind as follows

4

S (e, m)= Z (PR D)
ol (22)

Here and in the sequel, the prime over the summation sign indicates that the summation is over
only even values of r when n —m is even, and over only odd values of r when n — m is odd.

The eigenvalues Ayn(c) and the angular expansion coefficients & (c) satisfy the following
recursion formula for r > 0 [22]

AT ()+(B(C) = Amn(0))d™ (0)+C T (c)d™, (¢)=0, (23)
in which
AT ()= Qm+r+2)2m+r+1)c?
P Ome2r3)2m+2r+5)” (24)

B (c)=(m+r)(m+r+1)
2m+r)(m+r+1)=2m*—1 2

+ Cm+2r-1)2m+2r+3) ~ ° (25)
— D2
C"(c)= rr = e .
Qm+2r — 3)2m+2r — 1) (26)

The eigenvalues are determined by the condition that @7 (c) — 0as r — oo, and various methods
have been proposed to calculate the eigenvalues and the expansion coefficients; see Refs.
[22-30] and references therein.

It has been found that when c is small, the dominant coefficient for given m and n is @™ (c).

n—m

In particular, as ¢ — 0, the only nonzero angular coefficient is then @™ (¢), and hence the

n—-m
spheroidal angular function collapses to P.'(r;). Moreover, the expansion coefficients may be
normalized so that each spheroidal angular function reduces exactly to the corresponding
associated Legendre function when ¢ becomes zero, which can be ensured by requiring

’
SD (¢, 0)=P"(0) when n — m is even and 5 (¢, 0)=P" (0) when n — m is odd [22,23]. Then
it follows that the functions of s},},g(c, n) form an orthogonal set on the interval (—1,1), namely,
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mr 2
Lo () Z (r+2m)!(d,A”(C))
f;lsmn(c U)Smn, (L n)d’] 6 / [2 o1 (2r+2m+ l)r' ’

The angular solution Sy (ic, #) to Eq. (19) that is regular at = + 1 can be obtained from the
standard prolate spheroidal angular wave function s (1) (¢, n)with ¢ being replaced by ic, namely,
the corresponding angular expansion coefficients /" (ic) are obtained from those of the

standard angular expansion coefficients ¢/ (c) by replacing ¢ by ic in the recursion formula in
Egs. (23)-(26).

4.2. The radial function Rpyn(ic, §)

In the standard theory, the prolate spheroidal radial wave function Ry (c, &) satisfies the
equation

l dRmn(C £)
dé dg

2
J - l/l’””(C) - C'2§2+ - Rmn (C’ f) =0.

£-1

The standard spheroidal radial functions are usually expanded in a basis of spherical Bessel
functions. The expansions are quite simple, because the radial expansion coefficients are
proportional to the angular expansion coefficients. A given set of spherical basis radial
functions (Bessel, Neumann, or Hankel) has corresponding spheroidal radial functions. In
general, the radial functions are written in the form [22]

m

K (o1 [E-1)2
Rm" (C’é‘:)_pmn‘c)( -fz )
/

b (2m+l)
X % i ndmn( ) ) ‘,"H.' ((,f)

r=0,1

where the normalization factor pyn(c) is given by

’

Pmn(C)= Z dnm( ) ———

r=0,1

(2m+r)

and 7P () is the kth kind of spherical Bessel function of order n, i.e.,
200 = (3,578 = na(0), 257 () = by (), and 0 (x) = (), respectively.

Consequently, the radial solution Rpyp(ic, &) to Eq. (20) can be expanded in the modified
spherical Bessel functions [19]

’

1 (£2-1\2 &  @2m+D)!.
RI(I}I)I E) - ( ) d:{m (IC)—I,,, r (C{:) )
pmnlico)\ & ,;1 vl
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and

4

m

: 1 (£-1\ ¢ _ 2m+r)!
R(3) = : ,‘n” m+r ’
mn (i€, &) ,Um”(llc)( 52 ) ’.:EOJ d,"(ic) o km+r (c&)

(27)

where ky(r) is the modified spherical Bessel function of the third kind as defined in Eq. (7),
and in(r) the modified spherical Bessel function of the first kind defined as

i [x
in(r)= Zln+l/2(r)~

Here, 1(x) is the modified Bessel function of the first kind. The fact that the radial functions
can be expanded in the modified spherical Bessel functions can also be understood by noting
that, as a — 0, Eq. (20) reduces to the following modified spherical Bessel equation

‘R _ dR
r2((117+2rz—r - (/lzr2+n(n+l)) R=0,

indicating that the radial functions should reduce to the modified spherical Bessel functions.

Note that spheroidal wave functions are needed only for expressing the electric potential
outside the prolate spheroid where &> & >1, which should vanish at infinity. Since only

RD(ic, &) is finite at & = oo, we shall, therefore, use the radial function R (ic, £) to represent
the potential outside the prolate spheroid.

For convenience, we refrain from appending superscripts (1) and (3) to, as well as including
ic in, the symbols for the angular and the radial functions. Instead, we simply denote

S D ic, ) bY Smn(n), R (ic, £) by Rmn(&), and d™(ic) by @™ for the rest of this note.

mn

4.3. Series representation of the potential

Let us consider again a point charge ¢ located at the point rg = (&, 70, ¢o = 0) on the x—z plane
inside the dielectric spheroid defined by the equation & = ¢&; (so &1 > & > 1); see Fig. 2. Inside
the spheroid, the total potential still takes the forms in Egs. (9) and (10). On the other hand,
since the potential outside the spheroid (&1 < &) must be finite and vanishes at & = oo, it should
take on the form

0 n

Pou(D)=-L 3" " A0S+ B Snmg)S (i) Rn(©),
i S | (28)

where App and By, are the unknown expansion coefficients.

Once again, by using the orthogonality of cos m¢ and sin m¢ together with the boundary
conditions of Egs. (11) and (12), we get on the interface I”
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§ [Smn(n)Rmn(fl)Amn - P;;I(U)P;?(fl)cmnl

n=m

= 2 Hun P} (P} (m0) Py (£0) 0 (£1),
n=m (29)

Z [ S mn (U)Rmn (51 )an - PZI (77)1'):? (El )Dan =0.
n=m (30)

and

oo ’ ’
2 80317111(77)R;7111(§l)Amn - 8iPZ'(77)PZ' (fl)cmn]

n=m
/

= 2 &Hu P/ (P (10) Py (£0) 2y (£1),
n=m (31)

(e8]

2,

n=m

’ ’
sosnm(n)Rmn(,gl B — EiPZl(n)PZI (& )Dmn] =0.
(32)

First of all, from Egs. (30) and (32), it follows that
an:O’ Dmn:O-

It is observed, however, that the left- and right-hand sides of Egs. (29) and (31) cannot be
matched term by term due to different basis functions on both sides. Nevertheless, using Eq.

(22), we can rewrite Spn(#) in series of P'(n), and then it is possible to make use of the

orthogonality of the associated Legendre polynomials P!'(n) to arrive at equations for the
expansion coefficients.

Recall that the associated Legendre polynomials P} (n) have the following orthogonality [18]
1 1 )/
f—lP;: (U)P:/ (Tl)d’7=5’m/ Wmm
where

(n+m)!

WN - .-
" (e Ly(n — m)!

Also, note that
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l \ l = mii 0l Uy
[L S P, =", ( x dr IP,,;H(n)] P",()d7
n r=0, n
’
d" W ,, ifn—n even,
= n —m mn 7
0, ifn —n odd.

Then from Egs. (29) and (31), we have forn>m

’
z A Ry EDAmmary = P(E1)Comn
r=u,
:HmnPZ'(’]())PZI({:O)Q;:I({"I)»

’

(o] 3 , ,
&o Z():1 d;,n,(’,;l,ﬂ)Rm(mﬂA)(fl)Am(m+r) = EiPZI EDComn
r=0,

4
=&iHun Py (10)P (§0) 0y (£1),

Page 12

(33)

(34)

For a fixed value of m, Egs. (33) and (34) for all n =m, m + 1,... constitute a system of an
infinite set of equations, but the system can be completely decoupled into two independent
systems, one for Amm, Amm+2)...., Cmm, Cm(m+2),..., and the other for Apm+1), Amm=+3),....
Cm(m+1): Cm(m+3),.... To solve for the unknown expansion coefficients, it is more convenient

to cast the systems in matrix forms. Fori, r=0, 1, 2,..., let

m(m+r)
air:d Rm(m+r)(‘fl)7

i
— _m(m+r) ’/
a’."_di Rm(m+r)(‘-‘::l )s
bi=P}, (&),
’

bi=P" (&),
8i=Hmomso P (1) P, (E0) O 61),

’g\i: m(m+i)P::;H'(UO)P:ZH-(fO)QZ:H(fl)-
Then we can write Egs. (33) and (34) foralln=m, m +1,... as

M(TU(r:‘/(n o=0,1,

where

Qoo Ao,o+2 --- bs 0
Eolo o Eolo,o+2 e gib(r 0
My= ai+2.tr ai+2.(r+2 - 0 b,‘I"z
Eolo+20  Eoldo+20+2 "°° 0 81b¢+2
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and
Sgg A"LIH+0'
Ao gl (: Am.m+0’+2
(]‘rz C{r ’ Vr: 8'§+_2 ? A(rz Al”.m+(r+4 ’
iSo+
Cnmio
C/n.m+(r+2
C‘r = Cm.m+(7'+4
Let further
kij=€iai;b; — £qaibi,
fi=si(gibi —2bi)
Then eliminating C, in Eq. (35) leads to
KyAy=F,, 0=0,1, (36)
where
ko’.(r k(r.o’+2 k(r.(r+4 e f T
k(r+2.(r ko'+2.o-+2 k(r+2¢r+4 e fo'+2
Ko= korao  kovaorr Kosaora -0 |0 F;

frr+4

Once having solved Eq. (36) for the expansion coefficients A, the expansion coefficients C,
are then calculated by

BU—CO—:NO—AG— - Gg—, (TZO, 1, 37)
where B is a diagonal matrix given by

Ba':diag(bo-, b(r+2s b(r+4, e ),

and
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Ao.o Ago+2 Aoo+4 e 8o

o200 Qo+2,0+2 Ao2o0+4 " 8o+2

No= » Go= Bo+4

Ao+do  Ao+do+2  Qo+do+d

4.4. Numerical approximation

For each value of m and each value of ¢ = 0, 1, the system in Eq. (36) consists of an infinite

set of linear equations. However, the series expansion of the angular function Spn(#), Eqg. (22),
is presumed to be a convergent representation. Hence, one can perform the computation based
on a finite set of equations. The fact that the coefficients ¢ peak sharply about the value of
d™ means that the coupling between the finite set of equations and the infinite set of equations

n—-m

is very small.

Let us assume that, to calculate the electric potentials numerically, the series expansions of the
potentials are truncated as

N n
Fou(®) = —= 3" AncoSmeS (R (©).
&id n=0m=0 (38)

and

N n
q q n i
—— CmnCOS'n‘PH1 (I])P” (f),

Win(r) ~

where N is an imposed upper limit of n which must be large enough to make the truncation
error negligible for a certain physical application. Then for each fixed m, one needs to evaluate
Smm(), Smm+1(7),-.., SmN(n), and calculate the expansion coefficients Ay m, Am m+1
Amnaswellas Cym, Cum+1...., CmN-

.....

More specifically, for each fixed m (0 <m < N), the regular prolate spheroidal wave functions
Son(m), n=m, m+ 1,..., N are truncated as

4

Tmn

Suam) = Y dMPy, (D),
r=0,1 (40)

where rpn = (N—-m) —o. Heres =0 if N—niseven,and o = 1 if N — nis odd.

On the other hand, the expansion coefficients Ay m, Am m+1,..., Am N are obtained by solving
the following truncated form of the system in Eq. (36)

KoAo=Fq, 0—:09 19 (41)
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where
k(r,(r k(r.o'+2 (o)
12N
v kl7'+2.(7' kzr+2.<r+2 e 202N
(}((r: . . . h . o )
2N o 12N 742 12N 12N
and
Apnmio Jor
v Am.m+(r+2 — fU‘+2
An-: : 5 ET: .
mmta+2N) a2nyy)
Here N is defined as
0)_ (1)_N— m — ]
N, m =N, m _T
if N —mis odd, and as
N(O):N —m N(l):N -m-2
m 7 m P

if N —m is even. Note that when N —m is even, the size of the second system given in Eq. (41)

is one smaller than that of the first system. In particular, N=0 and N'"= - 1, which
corresponds to the case of m = N. In this case, only Ayy is to be calculated.

Accordingly, the expansion coefficients Cy m, Cmm+1...., Cmn Can be calculated using the
truncated form of Eq. (37)

BrCo=NsAsr — Go, U-:O, 1,
where

Bo=diag (bosboras b ).

o+2Np

oo Ag.o+2

o2
5 Ao2.0 Ao42,042 e ()
+2042N
No= . . . s
S
12N 42N o2 42N 742N
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and

Cm.nl+()' g(r

Cm.m+(7'+2 8o+2

Co= : , Go=

o ()
mm+o+ 2N 2N

As stated in Section 1, the more general problem in which the dielectric cavity contains a finite
number of point charges can be solved by means of linear superposition. More precisely, let a
total of L point charges g1, go,..., q_ be located at L arbitrary points ry = (&, n1, ¢, 1 =1, 2,...,
L inside the prolate spheroid, although in hybrid explicit/implicit solvent biomolecular
simulations [1-3], these point charges are in general uniformly distributed in the dielectric
cavity. Then at a point r = (¢, %, ¢) outside the spheroid the potential takes on the form

o n

L
Pou(r)=) [j—;ZZAf,’,Lcosm«a - w)smn(n)Rm,,(f)) ;
=1

™ n=0m=0 (42)
and correspondingly at a point inside the spheroid it takes on the form
: qi 4qi o
¥, = - = (D S _ pn pn
lll(r) ; [Sill' — 1‘1| s ”20”120 ,,,,,cosm(tp ‘101) n (77) n (f)] s .

where for each point charge g, the associated expansion coefficients A'” and ¢ are

determined by the system in Egs. (33) and (34). Note that the coefficient matrix of the system
in Egs. (33) and (34) depends on only the spheroidal surface but not the point charge location.

Therefore, the expansion coefficients A2 and c) for all charges gj can be obtained
simultaneously by solving the system in Egs. (33) and (34) with the same coefficient matrix

but different right-hand sides.

4.,5. Discussions

In a special case, when the dielectric spheroid approaches a sphere, namely, when the interfocal
distance of the spheroid a tends to zero, Eq. (28) shall reduce to Eq. (6) and Eq. (9) shall reduce
to Eq. (5), respectively. In order to avoid unnecessary complications, we shall consider the
case when the charge q is set on the positive z-axis. Since now the problem is axially
symmetrical, only terms with m = 0 remain in the expansions in Egs. (9) and (28). Moreover,
for a point with prolate spheroidal coordinates ((&, #, #) and spherical coordinates (r, 8, #), in
the limit a — 0 one has (a/2)¢ — r and # — cos 6 and consequently ¢c& — Ar. (Note that for
the points on the z-axis, outside the line between the foci of the spheroid, one has exactly (a/
2)¢ =r and 5 = cos 6, regardless of the value of a.) Also, whena — 0, &, & and & all tend to
infinity.

Note that S, (ic, ) — P™() as ¢ = (a/2)L — 0. By using P’(x)=P,(x), we have Sgn(ic, 7) —
Pn(cos 6). Furthermore, since @ (0)=0 when r #n —m, from Eq. (27) one can see that
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’

1 S n . "
e ;1 A" (icYk, (c&) — kn(Ar), asc — 0.

RG, Gic, €)=

(44)

Therefore, in this case the expansion in Eq. (28) reduces to a series in terms of the same basis
functions as used in Eq. (6)

\Pou[(r):ZA”](”(/’.V)P,,(COSQ).
n=0 (45)

On the other hand, as a — 0, (a/2)¢ — r so & — 2r/a — 0. Therefore,

@en)! . Cm)!
€= 1", asé — oo
2 (n!) a'(n!) (46)

Py(&) —

Accordingly, the expansion in Eq. (9) reduces to a series in terms of the same basis functions
as used in Eq. (5)

q

lIlin(r):
&lr —ry|

+ZC W Po(cosf).
n=0 (47)

Therefore, we can conclude that Eq. (28) will reduce to Eq. (6) and Eq. (9) to Eq. (5),
respectively, after the boundary conditions in Egs. (11) and (12) being applied. This can be
demonstrated in detail by further assuming, like in Ref. [9], that the point charge q is set on
the positive z-axis at z = (a/2)&, (note that then 5 = 1) and applying the facts that

0(x)=0,(x)and

(412
2"(n!) RS E 5 5,

0,6 — Cnrler B¢ (48)

Finally, as pointed out in Ref. [21], if c& is small (for example when A is very small), ky(c&)
approaches infinity and the expansion in Eq. (27) diverges. In this case another expression for

R (ic, £)is necessary. It is however not the aim of this note to discuss this expansion in detail,
which can be found rather in Refs. [20,21].

4.6. Numerical examples

To illustrate the simulated behavior of the electrostatic potential distribution of point charges
inside a prolate spheroid, we choose the dielectric prolate spheroid given by x2 + y2 + z2/4 =
1 of dielectric constant ¢; = 2, which is embedded in a dissimilar dielectric medium of high
dielectric constant ¢, = 8. We first consider the situation that this dissimilar dielectric medium
is a nonionic solvent, in which the electrostatic potential due to a point charge inside the
dielectric prolate spheroid is calculated using the direct series expansions in Egs. (17) and (18).
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Fig. 3(a)—(d) shows the contour graphs of the electrostatic potential distribution on the x—z
plane due to unit point charges inside this prolate spheroid at four different locations xg = (0,
0, 0), xg = (0.5, 0, 0), xo = (0, 0, 1) and xg = (0.5, 0, 1), respectively, and on the other hand,
Fig. 3(e)-(h) displays the contour graphs of the potential distribution on the y = 0.75 plane due
to the same point charges. The results are obtained by including in the approximate expansions
those terms given by n=0,1,..., Nand m =0, 1,..., n with N = 20. As been exhibited for all
cases, the electric potential is continuous but its normal derivative is discontinuous across the
spheroidal surface.

As can be seen clearly from Egs. (3)—(6), for the spherical case the series expansions of the
electric potentials in Egs. (3)—(6) all converge as N — oo, but the convergence rate depends not
only on the location of the source charge but also on that of the observation point. In particular,
inthe case that the source charge is close to the spherical boundary, when calculating the electric
potential at an observation point also close to the spherical boundary, the convergence rate by
the direct series expansions in Egs. (3)—(6) shall be slow, requiring a great number of terms to
achieve high accuracy in the potential field. For the prolate spheroidal case, the series
expansions in Egs. (17) and (18) have been shown numerically convergent, and similarly, the
convergence rate depends on the locations of both the source and the observation point. For
example, the L, norm of the relative error E of the computed electric potential ¥ (x;) at 1013
observation points x; uniformly located inside the rectangular box [-1.5,1.5]% x [-2.5, 2.5] for
various N values are shown in Fig. 4, where

1/2

E:[z}i’{’mm - F(x)P
=0 )P

Here ¥(x;) represents the potential at x; obtained by using the series expansions with N = 20.
As shown in Fig. 4, the series solution converges for all four cases, and the error decreases
monotonically as N increases. Moreover, it is very clear that the convergence rate is faster for
the xg =(0, 0, 0) (§p = 1) or xg = (0, 0, 1) (§; = 1) case than that for the xg = (0.5, 0, 0) (§ =
1.04083) or xg = (0.5, 0, 1) (§p = 1.05769) case.

We then consider the situation that the dissimilar dielectric medium outside the dielectric
prolate spheroid is an ionic solvent with the inverse Debye screening length & = 4/a (so the
spheroidal parameter ¢ = 2), in which the electrostatic potential due to a point charge inside
the prolate spheroid is approximated using the direct expansions in Egs. (38) and (39). Fig. 5
(a)—(d) shows the contour graphs of the electrostatic potential distribution on the x—z plane due
to unit point charges inside this prolate spheroid again at four different locations xg = (0, 0, 0),
Xo =(0.5,0,0), xp = (0, 0, 1) and xg = (0.5, 0, 1), respectively, and on the other hand, Fig. 5
(e)—(h) displays the contour graphs of the potential distribution on the y = 0.75 plane due to
the same point charges. The results are obtained by including in the approximate expansions
those terms givenbyn=0,1,..., Nand m=0, 1,..., n with N = 20.

Likewise, the series expansions in Egs. (38) and (39) have been shown numerically convergent,
and similarly, the convergence rate depends on the locations of both the source and the
observation point. For instance, the Ly norm of the relative error E of the computed electric
potential at 1013 observation points uniformly located inside the rectangular box [-1.5, 1.5]2
x [-2.5, 2.5] for various N values are shown in Fig. 6, where again the results obtained by using
the series expansion with N = 20 are treated as the exact solutions to calculate the errors of
various approximations. As shown in Fig. 6, the series solution converges for all four cases,
and the convergence rate is faster for the xq = (0, 0, 0) (§9 = 1) or xg = (0, 0, 1) (§=¢ = 1) case
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than that for the xg = (0.5, 0, 0) (§p = 1.04083) or xg = (0.5, 0, 1) (§p = 1.05769) case. Moreover,
the nonionic- and the ionic-solvent cases have comparable accuracy and convergence rate,
although the former appears to be a little more accurate.

5. Conclusions

In this paper, by using the classical electrostatic theory, the series expansions of the electric
potential of point charges inside a dielectric prolate spheroid are obtained in terms of the
associated Legendre functions or the spheroidal wave functions, depending on whether the
surrounding dissimilar dielectric medium of the spheroid is ionic or nonionic. Numerical
experiments have demonstrated that the series solutions are convergent, and the convergence
rate is faster when point charges are near the center than when the point charges are close to
the boundary of the prolate spheroid.

Acknowledgments

The author thanks the support of the National Institutes of Health (grant number: 1R01GM083600-01) for the work
reported in this note.

References

1.

10.

11.

12.
13.

Okur, A.; Simmerling, C. Hybrid explicit/implicit solvation methods. In: Spellmeyer, D., editor.
Annual Reports in Computational Chemistry. Vol. 2. 2006. p. 97-109.

. Lee MS, Salsbury FR Jr, Olson MA. An efficient hybrid explicit/implicit solvent method for

biomolecular simulations. J Comput Chem 2004;25:1967-1978. [PubMed: 15470756]

. Lee MS, Olson MA. Evaluation of Poisson solvation models using a hybrid explicit/implicit solvent

method. J Phys Chem B 2005;109:5223-5236. [PubMed: 16863188]

. Schlick, T. Molecular Modeling and Simulation: An Interdisciplinary Guide. Springer; New York,

NY: 2002.

. Kirkwood JG. Theory of solutions of molecules containing widely separated charges with special

applications to awitterions. J Chem Phys 1934;2:351-361.

. Barker JA. Reaction field, screening, and long-range interactions in simulations of ionic and dipolar

systems. Mol Phys 1994;83:1057-1064.

. Deng S, Cai W. Discrete image approximations of ionic solvent induced reaction field to charges.

Commun Comput Phys 2007;2:1007-1026.

. Abramowitz, M.; Stegun, IA. Handbook of Mathematical Functions with Formulas, Graphs, and

Mathematical Tables. Dover Publications; New York, NY: 1972.

. Redzic DV. An electrostatic problem: a point charge outside a prolate dielectric spheroid. Am J Phys

1994;62:1118-1121.

Lindell IV, Nikoskinen KI. Electrostatic image theory for the dielectric prolate spheroid. J Electro
Waves Appl 2001;15:1075-1096.

Lindell IV, Dassios G, Nikoskinen K. Electrostatic image theory for the conducting prolate spheroid.
J Phys D: Appl Phys 2001;34:2302-2307.

Portis, AM. Electromagnetic Fields. John Wiley and Sons; New York, NY: 1978.
Pomer F. Potential and energy of spheroidal charge distributions. J Electrostat 1989;22:23-36.

14. Pomer F, Navasquillo J. Potential and energy of some spheroidal charge distributions with azimuthal

15.

16.
17.
18.
19.

symmetry. J Electrostat 1989;22:107-117.

Pomer F, Navasquillo J. Potential and energy of oblate spheroidal charge distributions. J Electrostat
1989;22:309-318.

Morse, PM.; Feshbach, H. Methods of Theoretical Physics. McGraw-Hill; New York, NY: 1953.
Hobson, EW. The Theory of Spherical and Ellipsoidal Harmonics. Cambridge University Press; 1931.
Smythe, WR. Static and Dynamic Electricity. 3. Hemisphere; New York, NY: 1989.

Yoon BJ, Kim S. Electrophoresis of spheroidal particles. J Colloid Interface Sci 1989;128:275-288.

J Electrostat. Author manuscript; available in PMC 2009 September 30.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Deng

20.

21.

22.
23.

24.
25.

26.

27.

28.
29.

30.

Page 20

Hsu JP, Liu BT. Exact solution to the linearized Poisson—-Boltzmann equation for spheroidal surfaces.
J Colloid Interface Sci 1996;178:785-788.

Hsu JP, Liu BT. Solution to the linearized Poisson—-Boltzmann equation for a spheroidal surface under
a general surface condition. J Colloid Interface Sci 1996;183:214-222.

Flammer, C. Spheroidal Wave Functions. Stanford University Press; Stanford, CA: 1957.

Stratton, JA.; Morse, PM.; Chu, LJ., et al. Spheroidal Wave Functions: Including Tables of Separation
Constants and Coefficients. MIT Press; Cambridge, MA: 1956.

Kirby P. Calculation of spheroidal wave functions. Comput Phys Commun 2006;175:465-472.

Falloon PE, Abbott PC, Wang JB. Theory and computation of spheroidal wavefunctions. J Phys A:
Math Gen 2003;36:5477-5495.

Li, LW.; Kang, XK.; Leong, MS. Spheroidal Wave Functions in Electromagnetic Theory. Wiley;
New York: 2002.

Li LW, Leong MS, Yeo TS, et al. Computations of spheroidal harmonics with complex arguments:
A review with an algorithm. Phys Rev E 1998;58:6792—6806.

Thompson WJ. Spheroidal wave functions. Comput Sci Eng 1999;1(3):84-87.

Beu TA, Cmpeanu RI. Prolate radial spheroidal wave functions. Comput Phys Commun 1983;30:177—
185.

Hodge DB. Eigenvalues and eigenfunctions of the spheroidal wave equation. J Math Phys
1970;11:2308-2312.

J Electrostat. Author manuscript; available in PMC 2009 September 30.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duosnuely Joyiny vd-HIN

Deng

Az

Fig. 1.
A point charge and a dielectric sphere.
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Fig. 2.
A point charge and a dielectric prolate spheroid.
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Xo=(0.5, 0, 1)

Fig. 3.

The contour graphs of the electrostatic potential distribution on either the x—z or the y = 0.75
plane due to a unit point charge at X inside a prolate spheroid of dielectric constant ¢j = 2. The
spheroid is embedded in a nonionic solvent of high dielectric constant e, = 8. Panels (a)—(d):
on the x-z plane; panels (e)—(h): on the y = 0.75 plane.
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The relative error E of the computed electric potential for the nonionic-solvent case.
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-15 -1 -0.5 0 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 ;| 15
X X
Xo=(0, 0, 1) Xo=(0.5, 0, 1)

Fig. 5.

The contour graphs of the electrostatic potential distribution on either the x—z or the y = 0.75
plane due to a unit point charge at X inside a prolate spheroid of dielectric constant ¢j = 2. The
spheroid is embedded in an ionic solvent of high dielectric constant ¢, = 8 and the inverse
Debye screening length A = 4/a. Panels (a)—(d): on the x-z plane; panels (e)-(h): on they =
0.75 plane.
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Fig. 6.
The relative error E of the computed electric potential for the ionic-solvent case.
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