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Chronic wounds represent a major public health problem affect-
ing 6.5 million people in the United States. Ischemia, primarily
caused by peripheral artery diseases, represents a major compli-
cating factor in cutaneous wound healing. In this work, we sought
to develop a mathematical model of ischemic dermal wounds. The
model consists of a coupled system of partial differential equa-
tions in the partially healed region, with the wound boundary as
a free boundary. The extracellular matrix (ECM) is assumed to be
viscoelastic, and the free boundary moves with the velocity of the
ECM at the boundary. The model equations involve the concen-
tration of oxygen, PDGF and VEGF, the densities of macrophages,
fibroblasts, capillary tips and sprouts, and the density and velocity
of the ECM. Simulations of the model demonstrate how ischemic
conditions may limit macrophage recruitment to the wound-site
and impair wound closure. The results are in general agreement
with experimental findings.
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T he public health impact of chronic wounds is staggering. An
estimated 1.3–3 million U.S. individuals are believed to have

pressure ulcers and as many as 10 –15% of the 20 million individ-
uals with diabetes are at risk of developing chronic ulcers. Many
more have venous ulcers or wounds that result from arterial dis-
ease. Treating these wounds costs an estimated $5–$10 billion
each year (1). The ability to repair the injured skin tissue is an
evolutionarily conserved physiological defense response aimed at
reestablishing the barrier function of the skin. Wound healing
represents the outcome of a large number of interrelated bio-
logical events that are orchestrated over a temporal sequence in
response to injury and its microenvironment. The process involves
interactions among different soluble chemical mediators, differ-
ent types of cells and the extracellular matrix (ECM). Wound
healing, under normal conditions, is typically represented by four
overlapping stages: haemostasis, inflammation, proliferation, and
remodeling (2, 3). During haemostasis, which occurs immedi-
ately after injury, clotting factors are delivered by platelets to
the injured site to stop bleeding. At the wound site, platelets
also release chemokines such as PDGF, which also recruits blood-
borne cells to the wound. During the inflammatory phase, mast
cells release granules that contain enzymes promoting vascular
leakiness. This release enables neutrophils to migrate from the
blood vessels into the wound site. Macrophages, differentiated
from monocytes, also migrate into the wound and, together with
neutrophils, degrade and remove necrotic tissue and kill infectious
pathogens. Macrophages also enhance the production of growth
factors secreted by platelets to attract fibroblasts and endothelial
cells. The proliferative phase is characterized by the production
of ECM by fibroblasts, and by the directed growth and move-
ment of new blood vessels (angiogenesis) into the wound. The
newly deposited ECM on the one hand serves as the bed for tis-
sue repair and on the other hand contributes to scar formation.
During the remodeling phase, which may last several years, fibrob-
lasts and other cells interact to increase the tensile strength of
the ECM.

Among the various factors that affect the healing of a wound,
the wound-tissue oxygen status is recognized to be a key deter-
minant (4, 5). Hypoxia is generally recognized as a physiological
cue to induce angiogenesis (6–9). However, severe hypoxia, as is

often noted in infected open wounds, cannot sustain the growth of
functional blood vessels (10–14). Although different groups have
reported mathematical models for wounds, the ischemic wound
which represents the most clinically challenging type of wounds
remains to be modeled. In this work, we sought to compare the
healing of an ischemic wound with the healing of a nonischemic
wound to specifically address the significance of ischemia in wound
healing.

There are several mathematical models of wound healing which
incorporate the effect of angiogenesis (15–18). Mathematical
models of angiogenic networks, such as through the induction
of vascular networks by VEGFs (19, 20), were developed by
McDougall and coworkers (21, 22), based in part on the work
of Anderson and Chaplain (23) in connection with chemothera-
peutic strategies. The role of oxygen was explicitly addressed by
refs. (17) and (18). In particular, Schugart et al. (18) recognized
the therapeutic significance of tissue oxygenation in wound care.

Vascular complications commonly associated with problematic
wounds are primarily responsible for wound ischemia. Ischemia
limits the supply of blood-borne products, including nutrients,
oxygen, and circulating cells, to the wound site, thereby severely
impairing the healing response. Development of mechanism-
based understanding of the ischemic wounds in humans is limited
by a number of complicating factors (24). Thus, although the
study of ischemic wounds in a clinical setting is highly valuable,
the need for a preclinical model of ischemic wound is com-
pelling. Given the unique advantages of the porcine model to
study wound healing as a preclinical approach, recently Roy et al.
(24) has developed the first preclinical model for ischemic cuta-
neous wounds. In those experiments, a full-thickness bipedicle
dermal flap was developed first, such that blood supply was iso-
lated from underneath the flap and from the two long edges, as
shown in Fig. 1. One circular wound was then developed in the cen-
ter of the flap (ischemic wound) and another on the normal skin
(nonischemic wound) of the same animal as a pair-matched con-
trol. In the present work, we develop a mathematical model, which
builds on previous work (18) and addresses the influence of tissue
oxygenation on cutaneous wound healing. The model proposed
herein consists of a system of partial differential equations, but in
contrast to previously published models (16, 18) it describes the
ECM as a viscoelastic material. Furthermore, the wound bound-
ary in our model is considered as a moving boundary, so that the
healing process can be quantified in terms of wound closure.

The geometry of wounds developed in the experimental study
(24) is illustrated in Fig. 1 in a spatially three-dimensional orienta-
tion. For computational purposes, however, the model we develop
is one dimensional (1D). Nevertheless, we demonstrate that our
numerical results are in agreement with the experimental results
reported (24). Hence the proposed 1D model could serve as a sur-
rogate to develop new hypotheses aimed at elucidating the biology
of ischemic wounds.
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Fig. 1. Schematic view of the wound environment developed by Roy et al.
(24). The blue objects represent circulation barriers created by using a bipedi-
cle flap approach, and the red arrows illustrate the blood circulation near the
wounds.

Results
The wound region is assumed to be a cylinder with an axis nor-
mal to the skin and, for simplicity, we consider only the two-
dimensional circular cross-section (e.g., the base of the cylinder).
Fig. 2 depicts the circular wound, surrounded by a partially healed
annulus, embedded in a healthy tissue at r = L, and r = R(t) as
the boundary of the open wound.

The proposed model will focus on the first stages of wound heal-
ing after haemostasis, that is, inflammation and wound closure, but
not on the remodeling of the scar, which may extend from months
to years after wound closure. The proposed model is based on the
following variables: w, concentration of oxygen; e, concentration
of VEGF; p, concentration of PDGF; m, density of macrophages;
f , density of fibroblasts; n, density of capillary tips; b, density of
capillary sprouts; ρ, density of ECM; and v, velocity of ECM.

ECM. The ECM is a viscoelastic material with complex mechanical
properties. A multiphase model has been developed to describe
the response of collagen matrix to cell traction (25), which was
reduced to a single-phase model of upper convected Maxwell
fluid with no pressure terms. In this work, we model the matrix
as a growing viscoelastic material; more specifically, we model
it as a single-phase upper convected Maxwell fluid with pressure
depending on its density, which behaves like an elastic material on
a short time scale and as a viscous material on a long time scale.
We describe the matrix by its density ρ and velocity v.

The continuity equation for the matrix density ρ is

∂ρ

∂t
+ ∇ · (ρv) = Gρ(f , w, p), [1]

where Gρ(f , w, ρ) is the growth and decay term due to collagen
secretion by fibroblasts and degradation by matrix metallopro-
teinases (MMPs). In this model, we incorporate the consideration
that collagen production by fibroblasts and its maturation require
the availability of oxygen (4, 5, 26, 27) and model the growth
term by

Gρ = kρw
w + Kwρ

f
(

1 − ρ

ρm

)
− λρρ, [2]

where ρm is the maximum matrix volume fraction permitted in the
partially healed region.

The momentum equation is

∂(ρv)
∂t

+ ∇ · (ρv ⊗ v) = ∇ · σ,

where σ is the total stress tensor that can be decomposed into the
isotropic pressure P and the deviatoric stress τ, i.e.,

σ ≡ −PI + τ.

Because the motion is very slow in the wound healing process,
we assume quasisteady state and neglect inertia. Therefore, the
momentum equation becomes

∇ · σ = −∇P + ∇ · τ = 0. [3]

For a compressible material, the pressure is given by the equa-
tion of state, P = P(ρ). To model the growing matrix, we assume
that

P =
{

β
(

ρ

ρ0
− 1

)
, ρ ≥ ρ0,

0, ρ < ρ0.
[4]

For an upper convected Maxwell fluid, the stress–strain rela-
tionship is given by (28),

λ

(
Dτ

Dt
− (∇ · v)τ − τ(∇ · v)T

)
+ τ = η(∇v + ∇vT ), [5]

where η is the shear viscosity, G is the shear modulus and λ = η

G is
the relaxation time of the Maxwell element. As shown in Section
A of the SI Appendix, in the wound-healing space and time scales
(see Eq. 5) can be well approximated by

τ = η(∇v + ∇vT ). [6]

In summary, the equations for the ECM are Eqs. 1 and 3,
together with the relations in Eqs. 2, 4, and 6. Assuming radial
symmetry, these equations can be reduced to (see Section B of
the SI Appendix)

∂ρ

∂t
+ 1

r
∂

∂r

(
rρv

) = kρw
w + Kwρ

f
(

1 − ρ

ρm

)
− λρρ, [7]

1
r

∂

∂r

(
r
∂v
∂r

)
− v

r2 = 1
2η

∂P
∂r

, [8]

in R(t) ≤ r ≤ L, with the boundary conditions

v = 0 at r = L, [9]
∂v
∂r

= P
2η

at r = R(t). [10]

Fig. 2. The open wound is the circular region {0 ≤ r ≤ R(t)} (white), the par-
tially healed region is the annulus {R(t) ≤ r ≤ R(0)} (yellow), and the normal
healthy tissue is {R(0) ≤ r ≤ L} (red).

Xue et al. PNAS September 29, 2009 vol. 106 no. 39 16783

http://www.pnas.org/cgi/data/0909115106/DCSupplemental/Appendix_PDF
http://www.pnas.org/cgi/data/0909115106/DCSupplemental/Appendix_PDF


Free Boundary. The equation for the free boundary is given by

Ṙ(t) = v(R(t), t), R(0) = R0. [11]

Chemicals and Cells. The chemicals and cells move inside the
ECM. We write their constitutive equations in the form

∂ u
∂t

= −∇ · (Ju) + Gu,

where u can be replaced by any cell density or chemical concen-
tration, and Gu is a combination of generation and degradation
term. The flux Ju is comprised of two parts,

Ju = Jc
u + Ja

u,

where Jc
u = vu is due to convection of the matrix, and Ja

u consists
all the other fluxes for that agent. For chemicals, Ja

u is the diffu-
sive flux, and for cells Ja

u is the summation of diffusive flux and
taxis flux. Under the radial symmetry assumption, the constitutive
equation is represented by (see Section B of the SI Appendix)

∂ u
∂t

+ 1
r

∂

∂r
(ruv) = −1

r
∂

∂r
Ja

u + Gu.

At the free boundary, r = R(t), there is no loss or gain of cells
or chemicals, so no-flux (or Neumann) boundary conditions are
imposed. Under the radial symmetry assumption, this condition
becomes (see Section B of the SI Appendix)

Ja
u = 0. [12]

In the following, we use homogenization techniques to formally
derive the boundary condition at the fixed boundary r = L. The
nonischemic case is considered to be one in which the densi-
ties/concentrations of all cells and chemicals at the fixed boundary
r = L are the same as in normal healthy tissue, so that u = us at
r = L, where us is the density/concentration in the healthy tis-
sue. In total ischemia, the entire boundary r = L is cut off from
the healthy tissue, so that we have no-flux boundary conditions
Ja

u = Ja
u · ν = 0 at r = L, where ν is the outward normal vector at

the boundary. Ischemia is considered to be partial, whereby con-
tact with the healthy tissue is disrupted only at a finite number
of arcs of length δ, and the distance between each two adjacent
cutoffs is a fixed number ε. Denote the union of the cutoff δ – arcs
by Dδ and the union of the ε – arcs by Eε. Consider the system⎧⎪⎨

⎪⎩
∂uε

∂t
− DuΔuε = fε in R1 < r < L,

uε = gε on Eε,
∂uε

∂ν
= hε on Dδ ,

where fε → f , gε → g, hε → h in some “weak” sense. If δ, ε → 0
in such a way that ε ∼ exp(−c/δ) for some constant c > 0, then,
by homogenization, one has uε → u where⎧⎪⎨

⎪⎩
∂u
∂t

− DuΔu = f in R1 < r < L,

(1 − α)(u − g) + α

(
∂u
∂ν

− h
)

= 0 on r = L.

Indeed, when the parabolic operator is replaced by its correspond-
ing elliptic operator −DuΔu, the result follows rigorously (29),
with α, which is determined by c. The extension to the parabolic
case follows by general semigroup arguments that are used in
homogenization analysis (30). Assume that, as δ and ε → 0 as
above, all the functions w, p, e, m, f , b, and n converge to a limit in
some “weak” sense. Then we can derive the homogenized bound-
ary conditions in the following order: first for w, p, and e, next
(because p and e will then be continuously differentiable) for m,

f , and n, and finally for b. Therefore, all the boundary conditions
at the fixed boundary will have the form

(1 − α)(u − us) − α

Du
Ja

u = 0. [13]

The parameter α is a measure of the level of ischemia; as α
increases from 0 to 1, the ischemic level increases from nonis-
chemic to total ischemic (no-flux) conditions. It should be noted
that there is no direct relation between α (or c) and the geometry
in the experiment described in Fig. 1; α needs to be adjusted for
each geometric setup. In that sense, the boundary condition in Eq.
13 serves as a (surrogate) model of the ischemic condition.

We proceed to formulate the equations and boundary condi-
tions for the chemicals and cells of our model. All the differential
equations hold in the annulus R(t) < r < L.

Oxygen. Besides diffusion, tissue oxygen is transported from
blood and consumed by cells, including fibroblasts and macro-
phages, with the consumption rate enhanced by growth fac-
tors such as PDGF (5). Therefore, the equation for the tissue
oxygen is

∂w
∂t

+ 1
r

∂

∂r

(
rwv

) = 1
r

∂

∂r

[
r
(

Dw
∂w
∂r

)]
+ kwb((1 − α)wb − w)

−
[

(λwf f + λwmm)
(

1 + λwwp
Kp + p

)
+ λwmm0

]
w. [14]

Here, wb is the oxygen concentration in the blood, which
is assumed to be a constant, and m0 is the local/inactivated
macrophage density. The boundary conditions are

(1 − α)(w − w0) + αL
∂w
∂r

= 0 at r = L, [15]

∂w
∂r

= 0 at r = R(t). [16]

PDGF. In the proposed model, PDGF assumes the combined role
of all attractants for fibroblasts and macrophages, e.g., PDGF,
TGF-β, and other related factors. Besides diffusion, PDGF is
secreted by activated macrophages with a rate depending on
the oxygen concentration (modeled by Gp(w/w0)), and degraded
by fibroblast and other nonspecific factors. The degradation by
fibroblast can be modeled by the Michalis–Menten form for the
reactions f + p � fp → f + degraded chemical. At the wound
boundary, PDGF is also secreted by platelets and hyperprolif-
erative epithelial cells, and we model this by a boundary flux
kpbR(t)/R0 > 0 at the free boundary. Therefore, the equation
and boundary conditions for PDGF are

∂p
∂t

+ 1
r

∂

∂r

(
rpv

) = 1
r

∂

∂r

[
r
(

Dp
∂p
∂r

)]
+ kpmGp

( w
w0

)

− λpf fp
Kp + p

− λpp, [17]

(1 − α)p + αL
∂p
∂r

= 0 at r = L, [18]

− Dp
∂p
∂r

= kpb
R(t)
R0

at r = R(t), [19]

with

Gp(u) =

⎧⎪⎪⎨
⎪⎪⎩

3u, 0 ≤ u < 0.5
2 − u, 0.5 ≤ u < 1
u/3 + 2/3, 1 ≤ u < 4
2, u ≥ 4.
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VEGF. VEGF represents the primary mediator of angiogenesis,
and is mainly secreted by activated macrophages when the tis-
sue is under hypoxia or hyperoxia, and we model the secretion
rate by kemGe(w/w0) where Ge(1) = 0. VEGF is also absorbed
by endothelial cells and is functionally degraded by nonspecific
factors. Therefore, the equation for VEGF is

∂e
∂t

+ 1
r

∂

∂r

(
rev

) = 1
r

∂

∂r

[
r
(

De
∂e
∂r

)]
+ kemGe

( w
w0

)
− (λenn + λebb + λe)e, [20]

with boundary conditions

(1 − α)e + αL
∂e
∂r

= 0 at r = L, [21]

∂e
∂r

= 0 at r = R(t), [22]

and

Ge(u) =

⎧⎪⎨
⎪⎩

2u, 0 ≤ u < 0.5
2 − 2u, 0.5 ≤ u < 1
u/3 − 1/3, 1 ≤ u < 4
1, u ≥ 4.

Macrophages. Macrophages assist in wound healing in two major
ways. First, they penetrate the injury site and clean out the debris,
and second they release various growth factors, including PDGF
and VEGF that attract fibroblasts and promote growth of new
blood vessels. In the equation below, we incorporate macrophage
chemotaxis, differentiation from monocytes under the availabil-
ity of PDGF, normal apoptosis, and enhanced cell death under
hypoxia and hyperoxia situations. The equation is

∂m
∂t

+ 1
r

∂

∂r

(
rmv

) = 1
r

∂

∂r

[
r
(

Dm
∂m
∂r

− χm
ρ

ρ0
mH(mm − m)

∂p
∂r

)]

+ kmbp
Kp + p

− λmm(1 + λdD(w)), [23]

where H is the Heaviside function and D(w) = 1 − H(5w −
w0)H(w0 − w/3). The boundary conditions are

(1 − α)m + αL
(

∂m
∂r

− χmρ

Dmρ0
mH(mm − m)

∂p
∂r

)
= 0 at r = L,

[24]

− Dm
∂m
∂r

+ χm
ρ

ρ0
mH(mm − m)

∂p
∂r

= 0 at r = R(t). [25]

Fibroblasts. The major role of fibroblasts is ECM synthesis and
remodeling, and the population of fibroblast in the wound site
is maintained by transport from nearby tissue, local growth, and
apoptosis. In the equation below, we model fibroblast growth and
death with oxygen dependent rates:

∂f
∂t

+ 1
r

∂

∂r

(
rfv

) = 1
r

∂

∂r

[
r
(

Df
∂f
∂r

− χf
ρ

ρ0
fH(fm − f )

∂p
∂r

)]

+ kf Gf (w)f
(

1 − f
fm

)
− λf f (1 + λdD(w)),

[26]

where Gf (w) = w(Kwf + w0)/(w0(Kwf + w)). The boundary
conditions are

(1 − α)(f − f0) + αL
(

∂f
∂r

− χf ρ

Df ρ0
fH(fm − f )

∂p
∂r

)
= 0 at r = L,

[27]

− Df
∂f
∂r

+ χf
ρ

ρ0
fH(fm − f )

∂p
∂r

= 0 at r = R(t). [28]

Capillary Tips and Sprouts. We follow (16, 18) and model endothe-
lial cells by two subpopulations, i.e., tips and sprouts. The capillary
tips are chemotactic to VEGF and are produced by both tips and
sprouts. The capillary sprouts are dragged along the flux of the tips
and are produced by a logistic growth depending on oxygen by a
factor Gb(w) = w(Kwρ + w0)/(w(Kwρ + w)). In addition, tip cells
transform to sprout cells by tip–tip and sprout–tip anastomoses.

∂n
∂t

+ 1
r

∂

∂r

(
rnv

) = 1
r

∂

∂r

[
r
(

Dn
∂n
∂r

− χn
ρ

ρ0
nH(nm − n)

∂e
∂r

)]

+ (knbb + knn)
e

Ke + e
− (λnbb + λnnn)n,

[29]

∂b
∂t

+ 1
r

∂

∂r

(
rbv

)=
1
r

∂

∂r

[
r
(

Db
∂b
∂r

+ Ab
b0

Dn
∂n
∂r

− Ab
b0

χn
ρ

ρ0
nH(nm − n)

∂e
∂r

)]

+ kbGb(w)b
(

1 − b
b0

)
+ (λnbb + λnnn)n. [30]

The boundary conditions at the fixed boundary r = L are

(1 − α)n + αL
(

∂n
∂r

− χnρ

Dnρ0
nH(nm − n)

∂e
∂r

)
= 0, [31]

(1 − α)(b − b0) + αL
(

∂b
∂r

+ AbDn

b0Db

∂n
∂r

− Abχnρ

b0Dbρ0
nH(nm − n)

∂e
∂r

)
= 0, [32]

The second condition can be simplified by subtracting
AbDn/(b0Db) times Eq. 31:

(1 − α)(b − b0) + αL
∂b
∂r

− (1 − α)
ADnbn
Dbb0

= 0. [33]

The boundary conditions at the free boundary are

− Dn
∂n
∂r

+ χn
ρ

ρ0
nH(nm − n)

∂e
∂r

= 0,

− Db
∂b
∂r

− ADn

b0
b
∂n
∂r

+ Aχnb
ρ

ρ0

n
b0

H(nm − n)
∂e
∂r

= 0,

and by using Eq. 21, these can be simplified to

∂n
∂r

= ∂b
∂r

= 0 at r = R(t). [34]

We note that although the derivation of the above homogenized
boundary conditions is formal, the limit system is well defined.

Initial Conditions. When a wound is developed in experiments, it
causes certain damage to the vasculature around the wound edge.
We assume that the damage is within a band of width ε0L and
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choose the following initial values to approximate the conditions
immediately after wound development:

R(0) = R0, v = 0,
ρ

ρ0
= f

f0
= w

w0
= 1,

b
b0

= g
(

r − R0

ε0

)
,

e = m = n = 0, p = max
{

0,
kpb

Dp
(R0 + ε0 − r)

}

for R0 ≤ r ≤ L, where g(z) = 0 if z ≤ 0, 8
3 z2 if 0 < z ≤ 1

4 , 4
3 z − 1

6
if 1

4 ≤ z < 3
4 , 1 − 8

3 (1 − z)2 if 3
4 ≤ z ≤ 1 and 1 if z > 1. The initial

conditions are consistent with the boundary conditions.

Normal and Ischemic Wound Healing. We present two sets of simu-
lation results with different parameter α. In the first simulation,
we take α = 0, which corresponds to wound healing under normal
conditions. Fig. 3 illustrates the time evolution of the chemokine
concentrations and the cell densities, where the horizontal coor-
dinate is time t, postwounding, in days, and the vertical coordinate
is the distance r from the wound center in millimeters. The color
encodes the nondimensionalized values of the plotted quantities
with blue for low and red for high. The chemokine concentrations
and the cell densities are also plotted at a few time slices of Fig. 3
in Section E of the SI Appendix. These figures show that (i) the
normal wound with an initial 4-mm radius closes in about 13 days;
(ii) the wound has higher concentrations of PDGF and VEGF and
higher densities of macrophages and fibroblasts close to the edge;
(iii) the wound edge is under hypoxia during the inflammatory and
early proliferative phase; (iv) the number of macrophages at the
wound edge first increases with a peak at day 3 and then decreases
as the wound heals.

The second simulation is of wound healing under ischemic con-
ditions with α = 0.92. All the other parameters used are the same
as in the first simulation. Fig. 4 shows that, in contrast to the case
of normal healing (i) the ischemic wound heals much slower, and
after 20 days the wound is only healed about 25%; (ii) during the
period of 20 days, the wound is under extreme hypoxia; (iii) the

Fig. 3. Normal wound healing (α = 0): time evolution of cell densities
and chemokine concentrations. Horizontal axis, time post wounding in days;
vertical axis, distance from the wound center in mm. Color encodes the nondi-
mensional values of the plotted quantities. Parameters used are described in
Table S1 (see Section D of the SI Appendix).

Fig. 4. Ischemic wound healing (α = 0.92). Time evolution of cell densities
and chemokine concentrations. Time postwounding is shown on the x axis;
distance the wound center (in mm) is shown on the y axis. Color encodes
the nondimensional values of the plotted quantities. Parameters used are as
described in Table S1 (see Section D of the SI Appendix).

number of macrophages at the wound edge first increases and then
decreases, but the peak time is delayed and persists longer than in
the nonischemic case representing prolonged inflammatory phase.

Discussion
This work reports development of a mathematical model to study
the significance of ischemia in cutaneous wound healing. The
model was built upon earlier work (16, 18), and it consists of
a system of partial differential equations for the densities of
macrophages, fibroblasts, capillary tips and sprouts, concentra-
tions of PDGF and VEGF, and density and velocity of ECM. In
contrast to (16, 18), we incorporated mechanical properties of the
ECM and modeled it as a viscoelastic material with growth. There
have been viscoelastic models of ECM in the literature (25, 31–
33). In this study, we employed an upper convected Maxwell fluid
model, as proposed previously (25). However we added pressure
of ECM as a function of its density due to growth. Our modeling
approach could be applied to model wounds under mechanical
pressure, which is of clinical significance for pressure ulcers (34).
In addition, an important feature of the model is the incorpora-
tion of the boundary of the wound as a moving boundary that
closely resembles open wounds, and this modeling approach pro-
vides experimentally quantifiable outputs, such as the radius of a
wound as a function of time. We note that because healthy tissue is
normally under mechanical tension, when a wound is developed in
experiments, the wound dilates marginally in the first 2–3 days, as
shown in Fig. 5A. Our model did not simulate this initial response;
therefore, the model predictions and experimental results on the
radius should be compared only after the first 2–3 days. A compar-
ison of the simulation to the experimental results in Fig. 5 shows
tight agreement.

Roy et al. (24) recently introduced a preclinical model for
ischemic wounds, whereby ischemic cutaneous wounds were
developed on ischemic skin flaps as shown in Fig. 1. Of note,
the geometry of the wound and the ischemic environment is
three dimensional. Although our model can be solved with such
a geometry, the computation of the model would be extremely
complicated and time consuming. We have therefore introduced a
simpler geometry, whereby the wound occupies a circular domain
{r < R(t)} and the healing region is a surrounding annulus with its
outer boundary {r = L} in the normal healthy tissue, as shown in
Fig. 2. In order to create radially symmetric ischemic conditions,
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Fig. 5. Comparison of experimental data (A,C) and simulation (B,D). Radii
of normal and ischemic wounds over time are derived from ref. (24) (A) and
from the model (B); macrophage abundance at the wound edge is derived
from ref. (24) (C) and from the model (D). (A and B) (�) ischemic wound; (•)
nonischemic wound. [Frames A and C reprinted with permission from ref. (24)
(Copyright 2009, American Physical Society).]

we have isolated small arcs of length δ all around {r = L} and
denote by ε the distance between two adjacent arcs. Then, as
ε ∼ e−c/δ , δ → 0 where c is a positive constant, the boundary
conditions

∂u
∂ν

= h on the δ − arcs,

u = g on the remaining arcs,

become (by a procedure of homogenization)

(1 − α)(u − g) + α(
∂u
∂ν

− h) = 0, 0 ≤ α ≤ 1;

here u is any diffusing variable (i.e., a solution of the diffusion
equation ∂u

∂t = DuΔu + f in {R(t) < r < L}). The parame-
ter α (which depends on c) represents the level of ischemia:
Extreme ischemia corresponds to α close to 1, and normal
wound environment corresponds to α = 0. This homogeniza-
tion approach allows us to take all the cell densities and chem-
ical concentrations as radially symmetric functions with respect
to the center of the wound and thus to reduce the geometry
to one space dimension, which is more amenable for numerical
simulations.

As mentioned above, our model simulations (shown in Fig. 5
for the radius R(t) and macrophage density) are in very good
agreement with experimental results (24). The proposed model
may therefore serve as a starting point to study wound healing
under ischemic and nonischemic conditions for more complex
situations. These situations include, for example, the effect of
inflammation in chronic wounds arising from bacterial invasion,
where additional cytokines such as TNF-α play important roles,
and chronic wounds under pressure, when blood circulation is
restricted.

Methods
The model equations were first nondimensionalized and transformed to a
fixed domain (see Section C of the SI Appendix). The parameters of the model
were derived in both dimensional and nondimensional form (see Section D
of the SI Appendix). Then the transformed equations were first discretized in
space, and the resulting ODE system was solved by backward differentiation
formulas designed for stiff problems. For the spatial discretization, a central
difference scheme was used for the diffusion terms and an up-wind scheme
was used for the convection terms. The boundary grid points were similarly
treated by introducing auxiliary variables according to the boundary condi-
tions. The resulting ODE system was solved using the Livermore solver. The
numerical solutions were mapped back to the domain with a free boundary
and are presented in Figs. 3 and 4.
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