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Anastral Spindle Assembly: A Mathematical Model

Mark A. Hallen and Sharyn A. Endow*
Department of Cell Biology, Duke University Medical Center, Durham, North Carolina

ABSTRACT Assembly of an anastral spindle was modeled as a two-stage process: first, the aggregation of microtubule foci or
asters around the chromosomes, and second, the elongation of cross-linked microtubules and onset of bipolarity. Several possi-
bilities involving diffusion and transport were investigated for the first stage, and the most feasible was found to be binding of the
asters to cytoskeletal filaments and directed transport toward the chromosomes. For the second stage, a differential-equation
model was formulated and solved numerically; it involves cross-linking of microtubules with those aligned with the spindle
axis and between microtubules bound to different chromosomes, and sliding of microtubules along the spindle axis to elongate
the spindle. Ncd was postulated to perform both functions. The model shows that spindle formation begins with rapid cross-link-
ing of microtubules, followed by elongation, which continues until the population of microtubules aligned with the spindle axis is
depleted and microtubules cross-linking different chromosomes dominate. It also shows that when sliding is inhibited, short
bipolar spindles still form, and if clustering is enhanced, normal-length spindles can form, although requiring longer assembly

time. These findings are consistent with spindle assembly in live wild-type and ncd mutant Drosophila oocytes.

INTRODUCTION

Anastral spindles lack centrosomes at the poles and assemble
by an unusual mechanism that differs from classical mitotic
spindles, involving chromatin-mediated microtubule nucle-
ation (1-4). This pathway of spindle assembly has been
observed in oocytes of Drosophila, Xenopus, and the mouse,
indicating that it may be widespread in evolution. The
overall architecture of anastral spindles can also differ
dramatically from classical mitotic spindles—studies of
in vitro-assembled Xenopus extract spindles show that the
spindles consist of randomly interspersed long and short
microtubules with minus ends distributed throughout the
spindle (5,6). Recent work has further demonstrated that
microtubules grow both from the chromosomes toward the
poles and from the poles toward the chromosomes in anastral
spindles of live Drosophila oocytes (7). Remarkably, this
implies that microtubules in the oocyte spindles are of mixed
polarity, rather than oriented predominantly with minus ends
at the poles, as in classical mitotic spindles. Microtubule
dynamics was found to be similar at the spindle poles and
equator, differing from mitotic spindles of syncytial blasto-
derm embryos, but consistent with the implied mixed
polarity of the meiotic spindle microtubules (7).

Assembly of a bipolar anastral spindle is thought to
involve microtubule cross-linking and sliding, mediated by
motors and other microtubule-associated proteins. Available
models take into account the ability of motors to form micro-
tubule asters or organize microtubules into arrays resembling
spindles (8,9), as well as nucleation near chromatin and
microtubule sliding. For example, the slide-and-cluster
model proposes that microtubules, nucleated near chromo-
somes, slide toward the poles with their minus ends leading,
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mediated by a plus-end-directed motor, and are clustered by
a minus-end motor, and that microtubule loss is stochastic
(10). Spindle length in this model is affected by microtubule
sliding velocity, which decreases with distance from the
chromosomes, with poles forming at the positions where
the average sliding velocity is zero. The slide-and-cluster
model addresses several properties of oocyte spindles, but
it is based on microtubule and spindle dynamics in Xenopus
extract spindles—these spindles undergo assembly in vitro
and their dynamics could differ substantially from live
oocytes. The model does not address initial steps in the
formation of the spindle, nor does it account for the recently
reported mixed polarity of microtubules in the spindle based
on live analysis of Drosophila oocytes, caused by microtu-
bule growth from the poles as well as the chromosomes
(7), which may also be true of meiotic spindles of other
species.

Here we derive a mathematical model for anastral spindle
assembly and maintenance that takes into account observa-
tions in live oocytes during assembly and steady-state
spindle maintenance. Our model incorporates the motor-
driven microtubule sliding of the slide-and-cluster model,
but differs from this model in several important respects.
These include that only one motor is required to mediate
both microtubule sliding and clustering, and that microtu-
bules in the spindle are oriented with mixed polarity. The
spindle in our model is formed by cross-linking microtu-
bules associated with individual chromosomes, as observed
for the Drosophila oocyte meiosis I spindle (3). We also
address a key event of the initial microtubule nucleation
during anastral spindle assembly—association of motor-
bound foci or asters with the chromosomes—and show
that the asters require directed transport to move toward
the chromosomes.

doi: 10.1016/j.bp;j.2009.08.008
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RESULTS AND DISCUSSION
Aggregation of microtubules at the chromosomes

Anastral spindle assembly and maintenance was modeled in
two stages using the Drosophila oocyte meiosis I spindle as
a model. The first stage is the aggregation of asters of micro-
tubules with the condensed meiotic chromosomes or karyo-
some. The asters, bound to the Necd kinesin-14 motor fused
to GFP, have been observed as spots of bright fluorescence
that originate at random locations in the germinal vesicle
away from the karyosome. There are two candidate mecha-
nisms for movement of the asters to the karyosome: diffusion
and directed transport.

Diffusion and aster aggregation
with the karyosome

Diffusion is likely to play a role, given the Brownian motion
of the oocyte cytoplasm, but diffusion alone is unlikely to be
the mechanism because of the high probability of the asters
escaping to places elsewhere in the cell. The germinal vesicle
is spherical and ~32 + 2 um in diameter just before break-
down (n = 5); the karyosome, which is much smaller, ~4.4 +
0.3 um in diameter (n = 5), lies close to one edge, within
~1 pum of the germinal vesicle membrane (11). The nuclear
envelope is breaking down at the time of aster formation, so
an aster could easily diffuse out of the germinal vesicle. Given
a particle in Brownian motion at a distance R from the center
of a sphere of radius r (with R > r), the probability P(R) of the
particle contacting the sphere is /R (12). It is now possible to
calculate the fraction of asters in the germinal vesicle that will
be captured by the karyosome in the absence of directed trans-
port. We can approximate the karyosome by a sphere of radius
1, and the germinal vesicle by a sphere of radius 7, (see Table
S1 in the Supporting Material for symbols). Consider a spher-
ical coordinate system with the origin at the center of the
karyosome and the center of the germinal vesicle at p = S,
0 = 0. By the law of cosines, this gives p = ry for the karyo-
some membrane or boundary and

rév = 5% + p*> —2Spcos O €

for the germinal vesicle boundary (Fig. 1). The fraction of
asters captured is expected to be the average of the aster
capture probability over the germinal vesicle, which is the
integral of capture probabilities over the germinal vesicle
(excluding the karyosome), divided by the volume of the
germinal vesicle (excluding the karyosome),
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FIGURE 1 Geometry of the germinal vesicle and karyosome, showing the
relationship between p and 6 (in the spherical coordinate system) for a given
point on the membrane or boundary of the germinal vesicle. In live oocytes,
1 and rg, are ~2.2 um and 16 um, respectively; placing the karyosome 1 um
from the edge of the germinal vesicle yields § = rgy—r—1 pm = 12.8 um.

since P(p) is ri/p in the absence of directed transport, regard-
less of the diffusion coefficient. This fraction is 16% for
1y =2.2 um, rg, = 16 um, and S = 12.8 um, using the values
for r and r,, that we measured from live images of the
germinal vesicle and karyosome during early oocyte spindle
assembly (3) and the observation that the karyosome is
~1 um from the edge of the germinal vesicle (11). The calcu-
lated fraction of asters captured ranges from 15 to 20% over
the possible values of S, and even doubling the karyosome
size while holding the germinal vesicle size constant yields
only 33% capture. Thus, most of the asters will never reach
the karyosome by diffusion alone, in contrast to our observa-
tions based on analysis of time-lapse sequences, where an
average of 90 * 3% of asters migrating in the plane of focus
were captured (n = 64, total = 71 asters in nine oocytes).
This means that the asters are unlikely to reach the karyo-
some by diffusion alone and are probably being transported
to the karyosome.

Transport of asters to the karyosome

Two types of transport can be considered. The first is that
the asters diffuse in a drifting medium and the second is
that they bind cytoskeletal structures, e.g., microtubules or
actin filaments, that direct them toward the karyosome.
We consider the first possibility unlikely because it requires
drift from a large area and concentration at the relatively
small karyosome. Thus, the microtubule asters must bind
to fibers or tracks along which they are transported toward
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the karyosome. The finding of a kinesin-14 microtubule
motor, Ncd, associated with the asters (3) does not neces-
sarily provide information regarding the postulated cyto-
skeletal tracks—the tracks along which transport is
proposed to occur have not been visualized in oocytes
labeled either with rhodamine-tubulin or Ncd-GFP. More-
over, we and others have observed that the Ncd motor
does not bind to cytoplasmic microtubules; instead, the
motor binds specifically to the microtubule asters that
migrate toward the karyosome and the spindle microtubules
(2,3). The Ncd motor could cross-link and bundle microtu-
bules to form the asters, but transport of the asters along
cytoskeletal tracks to the karyosome most likely involves
a different motor.

Capture of asters by the karyosome

The high fraction of asters that is captured implies that nearly
all of them eventually bind to cytoskeletal filaments that
direct them toward the karyosome, although not all may be
bound at a given time. We derived a model to show that
not all of the asters are necessarily bound at a given time.
Consider a karyosome with a given number of tracks or
fibers emerging from it; the spatial density of fibers is
proportional to 1/p?, thus the pseudo-first order association
rate constant for asters binding the fibers, k*,,, is propor-
tional to 1/p2. If we let the dissociation rate constant, kygr,
be constant and assume that binding is at equilibrium with
a fraction C¢q of asters bound, then

kX 1/ 1
ki + ke 1/ + Ky 1+ Ky p?

Ceq = (3)

where the first equality comes from setting the time deriva-
tive of aster density equal to zero and

koff

Kb =
ki P?

“

is a constant that measures the strength of binding (stable,
complete binding is K, = 0 and no binding is K, = ).
Now the asters obey a Fokker-Planck equation,

a > af
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where f is a function of space and time representing the
number of asters per unit volume, D = the diffusion coeffi-
cient, v = the transport velocity, and Fq = 1-Cq is the frac-
tion of asters not bound at a given point in space. P(R) in the
case of directed transport can be derived from Eq. 5 using
the same method used by Berg (12) for the no-transport
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case. First, we derived a steady-state solution for f. Setting
the time derivative equal to zero in Eq. 5 and solving for
fyields

F(p) = CiePkor + C, ©)

where the constants C; and C, can be derived from the
boundary conditions. The constant Q can be defined as

v

0 =5 )
It quantifies the importance of transport relative to
diffusion. We derived a steady-state solution to Eq. 5 that
is continuous but not smooth at p = R (we can arbitrarily
normalize by setting flR) = 1), but that satisfies f(ry) =
0 because of capture of asters that arrive at the karyosome
and f(©) = 0:
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We can calculate the fraction captured, P(R), from the flux
of asters toward the karyosome (J/;,) and the flux outward
(Joup) at p = R. The flux of asters along the radial dimension
is

U

Jp = _DFeq%
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To calculate /., we calculate J, at p = R using the equation
for fon p > R; to calculate J;,, we calculate —J, at p = R
using the equation for fon p < R. This yields
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Note that in the limit of no transport (Q — 0), this reduces
to P(R) = /R as in the pure-diffusion case given above—
this is revealed by expanding the exponentials in the
last equation in Eq. 10 as a Taylor series up to first order.
Likewise, in the limit of highly prevalent transport (large
0), P(R) = 1: all asters are captured—when Q/R > 10,
1-P(R) < 0.00005.

We can integrate P(R) and divide by volume, as in Eq. 2,
to derive the total captured fraction of asters in the germinal
vesicle when transport is involved. To derive an analytical
solution, it is necessary to switch the order of the integrals
in p and 6, but Eq. 1 is still used to define the germinal
vesicle boundary. The fraction captured is given by
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The fraction of asters initially bound, C;,;;, may be expressed
in terms of K,; we simply average C¢q (given by Eq. 3) over
the germinal vesicle excluding the karyosome:
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Expanded forms of Eqs. 11 and 12 are given in the Support-
ing Material.

Aster capture by the karyosome in live oocytes

We measured the asters in time-lapse sequences to estimate
a diffusion coefficient; they averaged 1.81 = 0.08 um
(measured along the longest dimension; mean =+ SE,
n = 42 asters in eight oocytes). This yields D = 0.008-
0.01 umz/s, modeling the aster as 2-3 microtubules of the
same length as the aster, and assuming that Ncd-GFP is
bound, on average, to one in four tubulin subunits; we also
assumed M, = 27 kDa and D = 15.0 ,umz/s for GFP (13),
D o« M~ and a ~50-fold effect of nucleoplasm viscosity
on D compared to aqueous solution (14). We estimated the
velocity of the asters from time-lapse sequences of spindle
assembly in live oocytes (3), based on the germinal vesicle
radius and aggregation time, by dividing the diameter of
the germinal vesicle by the time from nuclear envelope
breakdown to the completion of aggregation. Assuming
that the karyosome lies to one side of the germinal vesicle
and that the asters originate randomly in the germinal vesicle,
some of the asters will be near the far side of the germinal
vesicle from the karyosome. These asters will traverse the
diameter of the germinal vesicle over the time from nuclear
envelope breakdown to completion of aggregation. Asters
that begin nearer to the karyosome will tend to be captured
earlier. This strategy gave a velocity estimate of 3.3 =+
0.5 um/min, or 0.055 um/s (n = 5). This is 4-5 times slower
than the velocity of Ncd in vitro (15), which is roughly
consistent with the slowing of kinesin-transported microtu-
bules in viscous media observed by Hunt et al.; this indicates
that the transport rate is reasonable for Ncd or a motor of
similar speed (16). Using the MATLAB function fzero, an
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estimate of D = 0.01 um?/s and the same geometric param-
eters as in the diffusion section above, we found a value for
Ky = 0.14 um ™ that matched the observed 90% capture rate
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(this corresponds to Cj,j = 4.4%, with binding reaching 90%
within a micron or so of the karyosome).

Thus, the roughly estimated parameters of r,, = 16 um,
e = 22 pm, § = 128/.LmD—OOl,um/s v =
0.055 um/s, and K, = 0.14 um ™2 give a predicted 90% aster
capture rate, consistent with our observations in live oocytes.
Small deviations in these parameters produce similar capture
rates. For example, D = 0.008 um?/s yields 94% capture, and
capture ranges from 89% to 96% if the karyosome is moved
from the edge of the germinal vesicle (S = 13.8 um) to the
middle (S = 0). As noted above, deviations in v, D, or Ky,
only have an effect if O changes, so, for example, an increase
in v can be offset by a proportionate increase in D or K.

The mechanism of aster capture in Drosophila oocytes is
not certain based on current data; however, addition of cyto-
chalasin D and monastrol in mouse oocytes did not appear to
disrupt the process (4), indicating that actin and kinesin-5,
respectively, are not involved. Thus, one or more microtu-
bule-based motors other than kinesin-5 are likely to be
responsible.

Spindle elongation and the onset of bipolarity

Migration of the microtubule asters to the karyosome is fol-
lowed by rapid growth of new microtubules outward in
random directions from the chromosomes, resulting in a large
number of poorly organized microtubules associated with the
chromosomes at the beginning of spindle assembly that
rapidly become organized around individual chromosomes
(3). The second phase of our model describes spindle elonga-
tion and the onset of bipolarity (Fig. 2). It assumes that
initially a few microtubules attached to the chromosomes
are aligned with the presumptive spindle axis and that motor
activity on these aligned microtubules results in net
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elongation rather than contraction. The model also assumes
that motor activity leads to cross-linking and alignment of
microtubules relative to the spindle axis and cross-linking
of microtubules attached to different chromosomes. Ncd
has recently been shown to cross-link microtubules aligned
in parallel with one another and to slide antiparallel microtu-
bules along one another in vitro (17), and is proposed here to
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FIGURE 2 (A) Model for meiosis I

spindle assembly. (a) Asters (bright

green) in the germinal vesicle at nuclear

envelope breakdown are () transported
f toward the karyosome (blue), which

they bind, (c¢) creating a mass of
randomly aligned microtubules (bright
green) around the chromosomes, with
a few aligned with the chromosomes
or nascent spindle axis (dark green).
The aligned microtubules are nucleated
by asters bound to the chromosomes
and grow parallel to their surface. (d)
Some microtubules (yellow) are cross-
linked between different chromosomes,
and others (dark green) are cross-linked
in alignment with the spindle axis, (e)
allowing elongation of the spindle.
The spindle elongates, but this process
spreads out the microtubules aligned
with the spindle axis, dispersing them,
and elongation ceases, yielding (f)
a bipolar spindle with randomly oriented
microtubules. Figure not to scale. (B) A
detailed view of (a) sliding, (b) cross-
linking, (c¢) sliding of cross-linked
microtubules, and (d) cross-linked micro-
tubules parallel to the spindle axis.
Microtubule colors the same as in panel
A; arrowheads denote the plus end. Ncd
motors, black; blue arrows, microtubule
sliding direction. (C) Live Drosophila
oocyte meiosis I spindles labeled with
(a) GFP-a-tubulin, (b) Ncd-GFP, and
(c) EB1-GFP, a microtubule plus-end-
binding protein. Bar, 5 um.

perform both of these functions in the oocyte meiosis I
spindle. The model further assumes that microtubule poly-
merization and depolymerization are at equilibrium, so that
there is no net change in the total amount of microtubules.
We define a spindle axis, associated with a coordinate x,
the distance along the axis from a given point to the chromo-
somes. We let the density of unaligned microtubules be p;
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and the density of spindle axis-aligned microtubules be p..
At the beginning of spindle elongation, an independent set
of microtubules is likely to be aggregated around each chro-
mosome; however, over time Ncd can create a population of
microtubules cross-linking different chromosomes. We let
the density of these cross-linking microtubules be p;. All
three densities, p;, po, and p;, depend on x and time. At
time 0, randomly aligned microtubules predominate, having
a region of constant density at low x (near the chromosomes)
and decaying exponentially with x outside of that region. We
also assume a much smaller initial population (<10%) of
aligned and thus elongation-capable microtubules that is
concentrated around the chromosomes and falls off exponen-
tially with x. The interchromosomal cross-linked microtu-
bule population is initially zero.

All three populations are subject to two kinds of net
changes: conversion from one population to another, and
poleward movement. Conversion takes place by cross-link-
ing of randomly aligned microtubules or dissociation of
cross-linked or aligned microtubules; rates of conversion
may be approximated based on existing microtubule popula-
tions. First, randomly aligned microtubules can be cross-
linked to microtubules aligned parallel to the spindle axis;
we take this rate to be k,p1p,, assuming first-order kinetics
in each microtubule pool. However, for entropic reasons,
aligned microtubules will tend to lose alignment over time;
we let its rate be kgp,, assuming this is also a first-order
process. Likewise, randomly aligned microtubules attached
to different chromosomes can be cross-linked together, and
the rate of this may be taken as k.p,?, assuming first-order
kinetics in the microtubule pools on each side of the potential
cross-link. However, interchromosomal and intrachromoso-
mal cross-links compete, so these linkages may be broken,
with a rate taken as kq.01p3.

Net poleward microtubule movement is assumed only to
occur due to transport or elongation of the microtubules
aligned parallel to the spindle axis (i.e., due to changes in
p2). Other mechanisms, such as poleward flux, are not
considered here, for simplicity and because they have not
been demonstrated to play a role in the Drosophila oocyte
spindle, which is the basis of this model. At steady state,
other microtubules may stochastically move toward the poles
if there is greater depolymerization there, but the population
as a whole will not show net movement. A given microtubule
slides at a velocity proportional to the amount of aligned
microtubules between itself and the equator. Since Ncd can
bind two different microtubules, one by its head and one
by its tail, its motion need only be minus-end-directed on
the head-bound microtubule. The other microtubule can be
oriented in either direction and movement by Ncd thus can
still cause elongation, as with any motor. The assumption
is based on this, along with the limitation of microtubule
motion by Stokes drag, causing the force propelling a micro-
tubule (which is proportional to the amount of motor—and
thus roughly to the amount of aligned microtubules—
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between the given microtubule and the equator) to be propor-
tional to its velocity. We let this velocity at a distance x from
the equator be

X
ke/pz(x')dx' (13)
0
where k. is a constant dependent on motor concentrations.

This gives a continuity equation for p,, which provides its
time evolution:

X

9 )
= kup1p2 — kapy — ox pake / pa(x )dx/ (14)
0

%
ot

It also gives the time evolution of the total spindle
length L:
L

dL
- _ / / 1
7 ke/pz(x)dx (15)

0

Unaligned microtubules of either population are likely to be
pulled by this sliding, but at a slower speed,

ke / 0, (xX)dx’' (16)

0

where £, is dependent on k. and on the extent of cross-linking
between spindle axis-aligned and nonaligned microtubules,
k. < ke. This also yields a continuity equation, providing
the time evolution of p; and ps:

dp
6—tl = kapy + kacpips — kup1py — kep?
e Ly
dx a7
0
9ps

a
= k“p% — kdcﬂ1,03 — a p:;kr/pz(_x/)dxl
0

dat

The mechanism for this sliding most likely involves motors
walking along the spindle-aligned and heavily cross-linked
microtubules, whose minus ends are oriented toward the
poles; microtubules that are bound to the tail of the
moving motor would thus be propelled toward the poles,
creating the sliding motion. Because the microtubules are
attached to fixed structures in the middle of the spindle—
the chromosomes—that receive equal force from both direc-
tions (and thus no net force), this system allows a single
motor to bring about spindle expansion to a steady state,
differing from the case of two asters that either fuse or
dissociate completely when subjected to force from a single
motor (8).
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The model reaches equilibrium as p, goes to zero, since
this allows all time derivatives to go to zero. Qualitatively,
the basis of steady state in this model is that the population
of aligned microtubules driving the elongation is depleted by
being spread out and cross-linked in other directions,
including to microtubules associated with other chromo-
somes. At steady state, there would be no more microtubules
aligned with the spindle axis than with any other direction,
so that elongation is not feasible. The equilibrium length
will, however, be dependent on initial amounts of microtu-
bules as well as sliding and cross-linking rates. At equilib-
rium,

ke
Pz = k—dcpl (13)

everywhere. Note that since motor concentrations and micro-
tubule assembly/disassembly rates may vary over time,
spindle elongation and contractions may occur stochasti-
cally, even at steady state, e.g., Zou et al. (18).

It is important to note that this equilibrium is unlikely to
last throughout meiosis; instead, changes in cross-linking
are necessary after spindle assembly to segregate the chro-
mosomes. This is supported by observations in mouse oocyte
spindles of bipolar spindle formation preceding biorientation
of chromosomes and oscillation of chromosomes on the
metaphase plate, indicating that the microtubule organization
at the completion of spindle assembly does not support chro-
mosome segregation or other directional motion of the chro-
mosomes (4). This reorganization would correspond to
changes in motor activity, analogous to the changes in
mitotic spindles that cause the chromosomes to be first
aligned on the metaphase plate and then segregated. The
microtubules involved in oocyte meiotic chromosome segre-
gation, however, differ from the spindle axis-aligned micro-
tubules described above that are depleted at the end of
spindle assembly (the p, population), as these would
disperse the chromosomes throughout the pole regions
instead of segregating them into groups. In other words,
the new microtubules must retain the cross-linking at the
poles (characteristic of the p; population, which is dominant
at the end of spindle assembly).

Diffusional effects on spindle elongation

An additional factor that may contribute to spindle elonga-
tion is longitudinal diffusion; microtubules have been
observed to exhibit this random motion during inhibition
of motor ATPase activity or with truncated motors (19,20),
and a localized distribution of particles subjected to diffusion
will spread out over time, so a population of microtubules
aligned to the spindle axis is expected to spread out over
time with an effect similar to motor-induced sliding, but
much weaker and slower. This effect is thus unlikely to be
significant unless the motor ATPase is inhibited or truncated
motors are present.
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Overall features of the model

This model resembles the slide-and-cluster model proposed
previously for anastral spindle assembly (10), insofar as it
incorporates both sliding and clustering, and takes the rates
of these processes to be responsible for the shape of the
meiotic spindle. However, it differs from this model in
that it starts with a population of poorly aligned microtu-
bules growing out in all directions from asters associated
with the chromosomes, as observed in live Drosophila and
mouse oocytes at the initial stages of spindle assembly
(3,4), rather than only on nucleation at the chromosomes.
It is also novel in postulating a single motor, Ncd, to perform
both sliding and clustering, although recognizing a potential
minor role for diffusion, or possibly other motors working
alongside or opposing Ncd. In this, and in its deterministic
nature, it also differs from the model proposed by Schaffner
and José (9); stochastic simulations could be performed in
this model, but deterministic solutions are likely to be
simpler and more informative, and thus have been used in
this study.

Predictions of the model

The model agrees with the key confirmed predictions in
Burbank et al. (10):

1. Spindles reach a steady state based on intrinsic factors—
in this case, the kinetic coefficients, which are dependent
primarily on motor concentrations, and initial conditions
consisting of a disorganized microtubule population asso-
ciated with the chromosomes.

2. Some minus ends will be found throughout the spindle,
due to the random alignment of the microtubules.

3. Microtubules slide toward the poles with the leading end
being primarily the end that is clustered (i.e., cross-
linked) the most at the poles. Assuming that this
cross-linking is due to Ncd, a minus-end motor, the
minus ends would be leading. This would be similar to
Fig. 2 B, a and c, but with the two microtubules attached
to the Ncd motor parallel to one another instead of anti-
parallel.

4. Microtubules will slide against each other more slowly
near the poles because of the smaller population of
spindle axis-aligned microtubules at the poles.

5. The pole position is dependent on global microtubule
sliding rates, as expressed by k. and k,, rather than on
the position of a nucleating and organizing center. Posi-
tional variation of sliding velocities, which is determined
by the initial conditions and some position-independent
constants, can also affect pole position.

6. The microtubule velocity gradient is produced by initial
conditions and cross-linking; perturbations in either of
these could inhibit elongation and pole formation. In
particular, inhibition of cross-linking between different
populations of microtubules will likely lead to multipolar
or multiple spindles.
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Our model also produces predictions not made by
previous models:

1. Spindle assembly, including both sliding and clustering,
should be capable of proceeding with only Ncd as the
motor. The disruptive effects of ncd null and loss-of-func-
tion mutants on meiotic spindle assembly provides
evidence of the central role that Ncd plays (2,3). It is
possible that other motors are involved and may affect
spindle length, shape, or assembly time, but spindles
should assemble without them. A test of this prediction
would be to analyze mutants of other candidate motors.

2. Many microtubules are not oriented parallel to the spindle
axis; instead, they are diagonal or even perpendicular to
the axis, in the case of shorter microtubules. This is espe-
cially true at steady state. This could be tested by EB1
particle tracking.

3. Cross-linking between microtubules associated with indi-
vidual chromosomes begins early, but at first is mainly
localized near the equator. This matches the observation
that during early spindle assembly, chromosomes do
not drift apart even though focused poles have not yet
formed.

4. Because of the cross-linking between chromosomes by
Ncd, minus ends are likely to be concentrated to a large
degree at the poles and in a band that runs between the
poles down the center of the spindle, rather than in the
peripheral parts of the spindle. Due to the presence of
the chromosomes, it may be somewhat difficult to distin-
guish this configuration from polar localization. This
conclusion is consistent with studies reporting enhanced
minus-end populations at the poles, but a significant
number of minus ends elsewhere.

5. Since Ncd is responsible for both sliding and clustering,
inhibition or loss of Necd function will cause loss of bipo-
larity and loss of adherence between chromosomes. This
has been observed in spindles of ncd null and loss-of-
function oocytes (2,3). If only sliding activity is inhibited,
k. and k; will decrease markedly, although they will prob-
ably not reach zero because of longitudinal diffusion. As
described in Perturbations below, this will slow down
spindle assembly, and higher cross-linking rates will
become necessary to attain the same equilibrium spindle
length.

Example “normal” simulation

Simulations were performed in arbitrary units. Time points
from a “normal” simulation are shown in Fig. 3. In each
graph, the density of unaligned microtubules, p;, is in
bright green; the density of spindle axis-aligned microtu-
bules, p,, in dark green; and the density of microtubules
cross-linking different chromosomes, p;, in yellow. For
the initial conditions, p; = 1 for 10 units of space around
the equator and then falls off exponentially with relative
rate = 0.03, while p, = 0.1 at the equator and immediately
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falls off exponentially at the same rate (Fig. 3 A). Concen-
trations (p) versus distance from equator (x) are shown in
the graphs.

A set of parameters that appeared fairly realistic was
ka=1,kq=0.1, kc =4, kg = 2, k. = 0.3, and k. = 0.6.
The simulation begins with rapid cross-linking (Fig. 3 B),
and then elongation is observed (Fig. 3 C). As p, is depleted,
the spindle reaches steady state (Fig. 3 D).

This steady state is consistent with the results reported by
Liang et al. for microtubule dynamics in live oocyte spindles
(7). The spindle comprises microtubules with minus-ends
oriented in either direction, toward the chromosomes at the
equator or toward the poles, and polymerization and depoly-
merization occur in both directions because of dynamic
instability. Liang et al. observed depletion of fluorescence
from either the poles or the equator of a fluorescently-labeled
spindle when the equator or a pole, respectively, was
bleached repeatedly in fluorescence loss in photobleaching
(FLIP) assays. The rate of depletion depended primarily on
the amount of fluorescent protein that was bleached, not
where the protein was located. Bleaching the equator, which
is thicker and consists of more microtubules, and thus has
more fluorescently-labeled protein to bleach, resulted in
a slightly higher rate constant for fluorescence loss or kgpp
at the poles, than bleaching a pole had on kg jp at the equator.
Similarly, bleaching half the equator markedly lowered kgy 1p
at the poles. These dynamics are likely to be similar
throughout the spindle, consistent with the fluorescence-
recovery-in-photobleaching (FRAP) data reported by Liang
et al. (7), and the conclusion from this study that microtubule
dynamics are similar at the poles and equator of the oocyte
meiosis I spindle.

Perturbations

Some perturbations were also tried; as in the model of Bur-
bank et al. (10), spindle assembly was capable of completing
under a variety of different conditions. For example, k, = 1,
ka = 0.1, k. = 04, kgc = 0.2, k, = 0.03, and k. = 0.06
produced a spindle in a similar timescale, albeit ~20%
shorter and with a much larger p, reached during assembly
and then disappearing as steady-state ensued. The spindle
produced by the normal parameter set above, except with
sliding slowed by 10-fold, also formed successfully,
although the spindle was reduced in length by nearly half
and the assembly time was approximately doubled relative
to the first parameter set (Fig. 4 A).

The N60OK mutation in Ncd severely inhibits any Ncd-
dependent motility, including sliding; however, it increases
tightness of motor binding to microtubules and thus of
cross-linking (21). As shown above, inhibition of sliding in
our model increases spindle assembly time and decreases
equilibrium spindle length; however, spindle length can be
normal or even aberrantly long if cross-linking is strength-
ened. A simulation was performed (Fig. 4 B) in which sliding
was reduced 15-fold relative to the normal spindle above
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FIGURE 3 A simulation representing normal behavior.
ka=1,kg=0.1, ke = 4, kg = 2, k; = 0.3, and k. = 0.6.
p1 (randomly aligned microtubules (MTs), bright green),
p> (spindle axis-aligned MTs, dark green), and ps (inter-
chromosomal cross-linking, yellow with black outlines).
The simulation was performed in arbitrary units. (A) Initial
conditions. (B) The simulation begins with rapid cross-
linking (+ = 5 time units from start); then (C) elongation
is observed (+ = 50). (D) As the spindle reaches steady
state, p, is depleted (1 = 500). A depiction of the spindle
is shown at each time point.

still reach normal length, as shown in Fig. 4 C with
50-fold inhibited sliding relative to the original.

If k. = k. = O (i.e., there is no sliding), then growth does
not occur. However, as noted above, even in the absence of

FIGURE 4 Perturbed spindles, shown at the end of the
assembly time. (A) Inhibited sliding: k, = 1, kg = 0.1, k.
=4, kg = 2, k, = 0.03, k. = 0.06, and r = 700. (B)
Inhibited sliding and enhanced cross-linking: k, = 2,
kg = 0.025, k. = 8, kg. = 0.5, k, = 0.02, k. = 0.04, and
t =1200. (C) More strongly inhibited sliding and enhanced
cross-linking: k, = 4, kg = 0.0125, k. = 16, kg. = 0.25,
k. = 0.006, k. = 0.012, and ¢t = 4000. (D) Inhibition of
both sliding and cross-linking: k, = 0.025, k4 = 0.1,
ke=0.1, kge =2, k, = 0.01, ke = 0.02, and 1 = 500. (Bottom
inset) A Drosophila oocyte spindle mutant for ned?,
thought to be defective in ATPase activity and thus to
exhibit inhibition of both sliding and cross-linking. Colors
and units as in Fig. 3.
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motor there is likely to be some diffusional sliding. If cross-
linking and sliding are both strongly inhibited, the spindle
does not elongate and the chromosomes do not become
cross-linked together (Fig. 4 D). The spindle essentially
arrests at early stages of assembly, consistent with behavior
observed for ncdz, a severe loss-of-function mutant thought
to be defective in ATPase activity (3).

A bidirectional Ncd has been shown to produce mostly
normal meiosis I spindles (3)—this is consistent with the
model since the mutant motor is expected to have both
sliding and cross-linking capabilities, with any inhibition
likely to be related to sliding due to a tendency to slide in
both directions.

Estimation of constants

To estimate the values of the kinetic constants during the
process of spindle elongation, the spindle lengths and
assembly times from the normal simulation were compared
to values observed in live oocytes. The length of the mature
meiosis I spindle is ~15 um (18), corresponding to 600 arbi-
trary distance units, and it assembles in ~40 min (3), corre-
sponding to 500 arbitrary time units. This yields an estimated
value of 0.025 um for the distance unit of the simulation and
0.08 min for the time unit. The steady-state tubulin concen-
tration in the oocyte meiosis I spindle was roughly estimated
at ~30 uM, assuming a cytoplasmic concentration of 1-2 uM
Ncd-GFP in oocytes, as in embryos (22), and that Ncd-GFP
is bound on average to one in four tubulin subunits in the
spindle. This corresponds to ~0.2 arbitrary density units in
the simulation and gives 150 uM for its density unit. Conse-
quently, the ‘‘normal’” parameter values may be estimated to
be k, = 0.08 min~' uM ', kg = 1 min" ", k. = 0.05 min "
uM ™ k. = 0.03 min"' uM ™', k. = 0.3 min~' uM ', and
kge = 02 min ' ML,

SUMMARY

In our model, anastral spindle assembly is initiated by the
aggregation of microtubule asters around the chromosomes;
this process is mediated by binding to cytoskeletal filaments
and directed transport, together with diffusion—diffusion
alone would result in a smaller fraction of asters reaching
the chromosomes than observed. Elongation and establish-
ment of the bipolar spindle then occurs by sliding and
cross-linking of microtubules, which we assign to three pop-
ulations: those with random alignment; those aligned with
the spindle axis; and those cross-linking different chromo-
somes. This model results in the assembly of normal spin-
dles (Fig. 3), whereas perturbations cause abnormal spindles
to form (Fig. 4). The kinesin-14 Ncd is posited to perform
both sliding and cross-linking; other motors may be
involved but are not predicted to be essential. The effects
of perturbations on spindle assembly are consistent with
observations from Ncd mutant studies. The model produces
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several testable predictions, including the role of other
motors, as well as the presence of many microtubules
perpendicular to or diagonal to the spindle axis, especially
at steady state.

SUPPORTING MATERIAL

One table and two equations are available at http://www.biophysj.org/
biophysj/supplemental/S0006-3495(09)01362-9.

This study was supported by grants to S.A.E. from the National Institutes of
Health (GMO046225) and March of Dimes (1-FY07-443). M.A.H. is a 2008
Goldwater scholar.
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