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The purpose of this study was to identify, using computational models, the vocal fold parameters
which are most influential in determining the vibratory characteristics of the vocal folds. The
sensitivities of vocal folds modal frequencies to variations model parameters were used to determine
the most influential parameters. A detailed finite element model of the human vocal fold was created.
The model was defined by eight geometric and six material parameters. The model included
transitional boundary regions to idealize the complex physiological structure of real human subjects.
Parameters were simultaneously varied over ranges representative of actual human vocal folds.
Three separate statistical analysis techniques were used to identify the most and least sensitive
model parameters with respect to modal frequency. The results from all three methods consistently
suggest that a set of five parameters are most influential in determining the vibratory characteristics
of the vocal folds. © 2009 Acoustical Society of America. �DOI: 10.1121/1.3183592�

PACS number�s�: 43.70.Bk �AL� Pages: 2002–2010
I. INTRODUCTION

Highly detailed numerical models of human voice pro-
duction are powerful tools for phonation research. Such
models have been used, for example, to predict mechanical
stresses and strains in vocal fold tissue �Gunter, 2003; Tao
et al., 2006; Tao and Jiang, 2007�. Computational models are
becoming more accurate and more realistic. It is anticipated
that detailed finite element models, in conjunction with labo-
ratory experiments, may yield a better understanding of the
formation of polyps and nodules, vocal fold damage, and
healing. Models may also be useful in evaluating potential
prosthetic devices and in improving articulatory models for
voice synthesis.

It is well known that vocal fold vibrations are highly
affected by the elastic constants used to characterize the me-
chanical deformation of the vocal folds in detailed models
�Alipour-Haghihi and Titze, 1985�. Numerical simulations of
phonation have demonstrated that variations in elastic con-
stants can lead to chaos �Berry et al., 1994� or biphonation
�Tao and Jiang, 2006�. The mechanical properties of vocal
fold tissue may vary by orders of magnitude between sub-
jects �Kakita et al., 1981, Chan and Titze, 1999, Zhang et al.,
2006�. Vocal fold geometry is similarly variable. Uncertainty
in tissue and geometric parameters does contribute to overall
model errors. A recent literature review of studies involving
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computational vocal fold models revealed that ad hoc esti-
mates have been used for the majority of tissue parameter
inputs in computational vocal fold models �Cook, 2009�.
Many tissue parameter estimates are used repeatedly
throughout the literature with no rigorous verification. For
example, one ad hoc estimate of the longitudinal shear
modulus of the vocal ligament �40 kPa� has been used in
most, if not all, previous studies. Considering the previously
mentioned variability in vocal fold tissue parameter values, it
is unlikely that this particular parameter has a unique value.

In general, the effects of tissue parameter uncertainty
have not been investigated over the full range of plausible
values in vocal fold models. While parametric methods have
been used occasionally �Berry and Titze, 1996; Cook and
Mongeau, 2007�, this approach has not been widely adopted.
Perhaps one reason is because systematic parametric studies
are often prohibitively expensive, especially when fluid-
structure interactions are modeled.

The purpose of the present study was to investigate the
vibration response of a vocal fold model across a broad range
of model parameters. The approach was based on principles
of stochastic modeling: Parameter ranges were used rather
than discrete values in order to obtain a broader understand-
ing of the influence of structural parameters on vocal folds
resonance frequencies. The objective was to identify the
most and least sensitive model parameters. The underlying
general hypothesis is that vocal fold models are insensitive to
certain model parameters, moderately sensitive to others, and

highly sensitive to a select group of parameters. Identifica-
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tion and ranking of these parameters may provide valuable
information for future model creation and may guide re-
search in other areas where model complexity must be re-
duced. By focusing on the most sensitive parameters �and
neglecting the least sensitive parameters�, models may be
created that are accurate and efficient while minimizing un-
certainty. Furthermore, a priori confidence in such models
may be enhanced when accounting for uncertainty over the
broad parameter ranges found in vocal fold tissues.

II. VOCAL FOLD MODEL

A. Geometry

A three-dimensional body-cover model of the vocal
folds was created after the two-layer models proposed by
Hirano et al. �1981� and Story and Titze �1995�. The vocal
ligament was not assigned a distinct region but was assumed
to be included as part of the cover. The model geometry was
based on the two-dimensional M5 profile defined by Scherer
et al. �2001�. The cover was assumed to have a constant
thickness over the medial, inferior, and superior surfaces.
The two-dimensional coronal geometry �see Fig. 1�a�� was
extruded in the anterior/posterior direction to obtain a three-
dimensional geometry, as shown in Fig. 1�b�. The depth �D�
of the vocal fold decreased linearly from the anterior to the
posterior ends to approximate the anterior/posterior asymme-
try of the human vocal folds.

Vocal fold tissue has been reported to increase in stiff-
ness toward the cartilage attachment points �Hirano et al.,
1987; Sataloff, 2005�. Nearly all finite element vocal fold
models �93%� have utilized the rigid rectangular boundary
conditions of Titze and Strong �1975�, with vocal fold tissue
properties held constant throughout the structure. Hunter
et al. �2004� questioned the accuracy of the rigid rectangular
boundary conditions and used more realistic boundary con-
ditions to investigate posturing of the vocal folds. Based on
similar ideas, transitional boundary regions were added to
both posterior and anterior of the vocal fold boundaries. The
widths of these regions are labeled as W1, W2, and W3 in
Fig. 1.

The paraglottic region �connective tissue lateral to the
thyroarytenoid muscle and medial to the laryngeal cartilage
�Hirano and Sato, 1993� was included in the model through
the addition of an isotropic region at the base of the body
region �indicated as “base” in Fig. 1�a��. Rigid boundary
conditions were applied on the anterior, posterior, and lateral
faces, representative of the interface between the cartilages

of the larynx and soft tissues of the vocal folds.
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B. Material parameters

All tissues were modeled as incompressible. This ap-
proximation is commonly applied in vocal fold models and
has been shown to introduce only minor errors in modal
analysis �Cook et al., 2008�. The incompressibility assump-
tion reduces the number of independent material parameters
required to define the elastic properties of each tissue region.
All tissues were assumed to be linearly elastic for the same
reasons set forth in the previous reference.

The behavior of isotropic tissues is entirely defined by
Young’s modulus, E. Incompressible transversely isotropic
tissues are defined by three material parameters: the trans-
verse Young’s modulus �E�, the longitudinal Young’s modu-
lus �E��, and the longitudinal shear modulus �G��. The same
density was assumed for all tissue types.

The vocal fold model was divided into seven regions,
each with distinct material parameters. The vocal fold body
and cover included anterior, mid-membranous, and posterior
regions for a total of six regions. The seventh region was the
paraglottic region. The cover regions and the paraglottic re-
gion were modeled as isotropic, with the body regions mod-
eled as transversely isotropic.

All parameter values were assumed to be constant
within the mid-membranous regions. Tissue parameters were
assumed to vary continuously between the mid-membranous
region and anterior or posterior faces. Although the cartilage
was not explicitly modeled, the tissue property values at an-
terior and posterior faces of the model were representative of
cartilage tissue. The spatial variation in all independent tis-
sue parameters was determined as

Sx/ant = Sx/mid + �Scart − Sx/mid�� x − L − w2

w1
�P

, �1�

Sx/pos = Sx/mid + �Scart − Sx/mid��w2 − x

w2
�P

. �2�

In these equations, Sx/ant and Sx/pos represent the varied
parameter Sx in the anterior and posterior boundary regions,
respectively. The corresponding cartilage value is Scart, and
the parameter value at the mid-membranous region is Sx/mid.
The equation for the variation of the cover stiffness in the
anterior region was

Ec/ant = Ec + �Ecart − Ec�� x − L − w2

w1
�P

. �3�

A similar relation was used for other material parameters: Ec,

FIG. 1. Vocal fold model geometry: �a� coronal cross-
section at the center of the mid-membranous region, �b�
isometric view, and �c� superior view. Geometric sym-
bol descriptions are listed in Table I.
Eb, E�, and G�.
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For all isotropic regions, Poisson’s ratio was held con-
stant, v= 1

2 , and the shear modulus varied as a function of
local stiffness. For example, in the case of cover shear modu-
lus,

Gc/ant =
Ec/ant

2�1 + ��
, �4�

Gc/pos =
Ec/pos

2�1 + ��
. �5�

For transversely isotropic regions, the shear modulus
varied as a function of �local� longitudinal and transverse
Young’s modulus values,

� =
EbE�

4E� − Eb
. �6�

The Poisson’s ratios also varied spatially according to
the following equations:

�� = 1
2 , �7�

�+ =
E

2E�
, �8�

� = 1 −
E

2E�
. �9�

The above methods allowed the tissue stiffness, Pois-
son’s ratios, and shear moduli to vary continuously between
the mid-membranous region and the cartilage values at the
anterior and posterior surfaces. The independent parameters
governing these transitions were the mid-membranous mate-
rial parameters �Ec ,Eb ,E� ,G��, the cartilage tissue parameter
�Ecart�, and the exponent P which controlled the rate of tran-
sition between regions.

1. Parameter ranges

The vocal fold model described above is defined by

TABLE I. Parameter descriptions, symbols, ranges, a
geometry; the last seven refer to material properties.

Parameters Symbol

Length L 6.8
Depth D 7
Thickness T 5.9
Cover thickness t 0.84
Angle �

Length of W 1 W1 3.6
Length of W 2 W2 1.0
Depth of W 3 W3 1.6
Cover stiffness Ec 4
Transverse Young’s modulus Eb 1
Longitudinal Young’s modulus E� E
Stiffness of W3 Ebase 50–
Longitudinal shear modulus G� 5–
Degree of transition function P
Cartilage Young’s modulus Ecart 10 M
eight geometric and seven material �tissue� parameters. To
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obtain a robust description of the vocal fold structure, param-
eter ranges were established for all independent parameters
based upon available measured data or ad hoc estimates. The
guiding principle in the range selection was to encompass
approximately 75% of human vocal fold values.

For example, the medial/lateral thickness of the vocal
folds was reported by Titze �2006� as having a mean value of
9.34 mm with a standard deviation of 1.63 mm. Assuming a
normal distribution, 75% of vocal fold thicknesses should lie
between 5.87 and 8.81 mm. When mean and standard devia-
tion values were not available, ad hoc estimates based on
experimental data from measurements of similar tissues or
previous vocal fold models were used.

Vocal fold tissues are known to exhibit nonlinear stress-
strain relationships �Chan and Titze, 1999; Zhang et al.,
2006�. Nonlinear relations are available for only a few of the
parameters identified in Sec. II B. The use of nonlinear con-
stitutive models requires additional model parameters, most
of which are extremely difficult or impossible to estimate.
This problem was addressed by choosing linear material pa-
rameters over ranges that were sufficiently broad to encom-
pass both zero strain and moderate �i.e., 10%–15%� strain
parameter values. All geometric and material parameters,
with their associated ranges, are listed in Table I.

C. Numerical implementation

This study employed more than 2000 unique vocal fold
models. The commercial finite element software COMSOL,
along with MATLAB Version 3.4 was used. A custom subrou-
tine created each finite element model based on unique sets
of 14 parameters �Table I�. For each set of parameters, a
vocal fold geometry was defined, tissue properties were as-
signed, a finite element mesh was created, boundary condi-
tions were imposed, and modal analysis was performed. The
output consisted of eight unique eigenvectors and eight as-
sociated eigenvalues or resonance frequencies. Eigenvectors
contained the x-, y-, and z-displacement values for each

erences. The first eight parameters refer to the model

e Reference

mm Friederich et al., 1993; Titze, 2006
m Estimated

mm Titze, 2006
mm Titze, 2006; Stiblar-Martincic, 1997

° Estimated
mm Friederich et al., 1993
mm Friederich et al., 1993
mm Inferred from Hirano and Sato, 1993
Pa Zhang et al., 2006
Pa de Vries et al., 1999; Gunter, 2003

cart Eb and Ecart

kPa Estimated
kPa Rosa et al., 2003; Berry and Titze, 1996

Estimated
fixed� Rains et al., 1992; Roberts et al., 1998
nd ref

Rang

–10.2
–10 m
–8.8
–1.26
0°–28
–5.4
–1.6
–2.4
–50 k
–30 k

b−E
1000
100
1–66
Pa �
node.
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For each vocal fold model, the mesh consisted of ap-
proximately 1500 quadratic finite elements with over 28 000
degrees of freedom. A mesh refinement study was performed
to verify spatial convergence. The model was validated
through comparisons with measured data for a synthetic
physical model of the vocal folds �Chen et al., 2008�. The
synthetic model geometry was similar to that of the model
described above, with a single isotropic layer and no transi-
tional boundary regions. Due to high damping in the syn-
thetic model, experimental modal analysis results were ob-
tained for only the first mode of vibration. Computational
modal analysis was also performed using the commercial
software package ABAQUS. The experimental studies and
ABAQUS simulations were performed independently. Table II
provides comparisons between these methods. Very good
agreement was found between the COMSOL and ABAQUS

models, both of which adequately predicted the experiment.

III. DATA ANALYSIS TECHNIQUES

Three different techniques were applied in the analysis
of the output data. The first was a screening method, as set
forth by Cotter �1979�. The second examined the correlation
between parameter values and modal frequencies. The final
method was based on descriptive statistics of 100 local sen-
sitivity simulations. These methods are described in Secs.
III A–III C.

A. Cotter’s method

So-called screening methods are one class of methods
used to perform sensitivity analysis �Saltelli et al., 2000�.
Screening methods provide a ranking of model parameters
based on the importance or influence of each parameter on
the overall model response. Screening methods utilize a lim-
ited number of simulations to reduce computational cost but
occasionally fail to identify key parameters and cannot pre-
cisely quantify the contribution of each parameter. These
methods yield essentially first-order estimates of each param-
eter’s importance.

The method proposed by Cotter �1979� involves 2n+2
total simulations, where n is the number of model param-
eters. A two-level factorial design was used with all param-
eter values set to their highest or lowest value. The first
simulation �case zero� is performed with all parameters set to

TABLE II. Modal analysis comparisons for three diff
percent difference between COMSOL predictions and t

Mode Mode shapea

Mo

Experimental

1 z-10 75
2 z-20 ¯

3 y-10 ¯

4 x-10 ¯

5 x-11 ¯

6 x-20 ¯

aMode shape convention: Berry et al. �1994�.
low values. The final simulation is performed with all param-
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eters set to high values. Cases 1 through n are based on the
zero case with all parameters at their lowest values and with
one parameter at a time set to its highest value. Cases �n
+1� through 2n are variations of the final case with one
parameter at a time set to its lowest value.

Cotter provided a method for estimating the importance
of each factor based on the 2n+2 simulation outputs desig-
nated as yi. The relative importance of the jth parameter,
M�j�, is given by

M�j� = �y2n+1 − yn−j + yj − y0� + �y2n+1 − yn+j − yj − y0� .

�10�

The leftmost absolute value term quantifies the effect of
varying only one parameter at a time. The second �right�
absolute value term accounts for interaction effects.

B. Correlation between modal frequencies and model
parameters

The ranges given in Table I were used to define uniform
probability density functions �PDFs� for each parameter. Vo-
cal fold models were created by randomly selecting each
parameter from its corresponding distribution. A total of 100
vocal fold models were created in this fashion �n=100�.
Pearson correlations were used to determine possible rela-
tionships between simulation outputs �modal frequencies�
and each of the input parameters. The correlation coefficient,
rij, was calculated for each of the first eight modal frequen-
cies �subscript i� and for each of the 14 input parameters
�subscript j�. This yielded 112 total correlation values. The
coefficient of determination �r2� was also calculated. Finally,
p-values were obtained via a hypothesis test. The null hy-
pothesis �H0� was that no relationship existed between modal
frequencies and parameter values �H0 :r=0�. The alternative
hypothesis is that modal frequencies and model parameters
were correlated with an r-value greater than or equal to each
respective rij-value �HA :r�rij�. The test statistic was t= �n
−2�r2 / �1−r2�1/2, which follows a standard t-distribution.
Since the alternative hypothesis was that r�rij, a one-sided

methods. Rightmost column indicates the maximum
maining two methods.

equency
z�

Maximum differenceBAQUS COMSOL

74.17 74.52 �6.9%
06.55 107.08 0.50%
25.57 125.67 0.08%
33.99 134.63 0.48%
50.38 150.91 0.35%
51.32 152.08 0.50%
erent
he re

dal fr
�H

A

1
1
1
1
1

t-distribution was used for determination of p-values.
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C. Local sensitivity analysis

The final analysis method involved computing local sen-
sitivity values for each mode and parameter. The local sen-
sitivity of each modal frequency, Mi, to each parameter, Xj,
was defined as the partial derivative,

Sij =
�Mi

�Xj
. �11�

The sensitivity, Sij, was evaluated using a finite difference
approximation. First, a nominal case, Mnom, was randomly
selected, and its modal frequencies were calculated. Next,
each parameter Xj was increased slightly, with all other pa-
rameters held at their nominal values. Finally, the sensitivity
to each modal frequency was computed as

Sij =
�Mi

�Xj
�

Mi� − Mi
nom

Xj� − Xj
nom , �12�

where the nom superscript refers to nominal values and the
primed quantities are associated with incremented Xj values.

The units of the sensitivity depend upon the parameter
of interest. To allow comparison between sensitivities of dif-
ferent parameters, each parameter was non-dimensionalized
as follows:

Xj
� =

Xj

Rj
, �13�

where Rj refers to the range of parameter j. Using Pj
�, the

sensitivity was expressed as

Sij =
�Mi

�Xj
� �

Mi� − Mi
nom

�Xj� − Xj
nom�/Rj

. �14�

This sensitivity can be interpreted as the change in
modal frequency due to a unit percent change in parameter j.
This approach was used to obtain 112 total sensitivities for
each nominal case. The sample of 100 vocal fold models
used for correlation analysis was used as the nominal set,
with sensitivities calculated for each unique model. This pro-
cess required the creation of 1500 individual vocal fold mod-
els �100 nominal cases, with 1400 additional cases required
for sensitivity calculations�. The computational time was ap-
proximately 16 h using two �dual� 2.2 GHz XEON proces-
sors with 1 Gbyte random access memory.

IV. RESULTS

A. Cotter’s method

Cotter’s method yields a single importance value for
each parameter-mode pair for a total of 112 importance val-
ues. Importance values were observed to depend primarily
on each parameter, with no apparent dependence on modal
frequency. Importance value statistics are presented in Table
III for each parameter, with distributions of importance val-
ues indicated by their standard deviation as well as their
maximum and minimum values.

Cotter’s method identified the cover stiffness, Ec, as the
most important parameter, followed by P, G�, Eb, and L. The
five least important parameters were identified as W1, t, �,

W2, and W3. The importance values for individual modes
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were remarkably consistent among the five most important
parameters. In fact, 85% of individual importance values
from the lead group were greater than the highest importance
value found in the remaining nine parameters. A similar con-
sistency was found among the five least important param-
eters.

B. Correlation results

For a sample size of 100 models, Pearson correlation
coefficients, rij, coefficients of determination, �rij�2, and
p-values were calculated. A total of 112 values were obtained
for each of these three statistical coefficients. The results
were again primarily dependent on parameter values, with
little dependence on mode number. Means, standard devia-
tion, maximum, and minimum values are reported for the
data corresponding to each parameter in Table IV. The Pear-
son correlation coefficients ranged from r3,14=−0.45 to
r8,12=0.60. The absolute values of correlation coefficients
ranged from r4,7=0.0047 to r8,12=0.60. The mean and stan-
dard deviations of r-values for all modes are given in Table
IV. Positive r-values indicate that the parameters are posi-
tively correlated with modal frequency, while negative val-
ues indicate negative correlations. Although r-values were
much lower than typically encountered in engineering ex-
periments, statistical significance was due to a large number
of degrees of freedom �df=99�.

The five most correlated with model frequency were Ec,
Eb, P, G�, and L. The five parameters least correlated with
modal frequency were �, E�, t, W2, and W1. As expected,
tissue stiffness parameters typically showed a positive corre-
lation with modal frequency, while geometric parameters
tended to have a negative correlation. Some exceptions to
these generalizations included E�, which had a weak nega-
tive correlation, as well as T and t, which exhibited weakly
positive correlations.

The r2-values can be interpreted as the percentage of

TABLE III. Importance values obtained from Cotter’s method. Each row
based upon eight parameter-modal frequency pairs �n=8�.

Parameter

Importance value statistics

RankMean �st. dev� Max/min

L 21.03 �5.40� 31.5/16.1 5
D 19.23 �1.63� 21.9/17.6 6
T 8.85 �2.53� 13.0/3.8 9
t 5.99 �2.54� 9.9/2.7 11
� 5.15 �2.05� 9.4/2.9 12
W1 7.47 �2.58� 12.0/4.2 10
W2 2.93 �0.70� 4.0/2.2 13
W3 1.79 �0.41� 2.7/1.4 14

Ec 54.14 �14.9� 74.9/33.1 1
Eb 31.07 �8.17� 40.2/15.8 4
E� 13.62 �6.30� 23.6/3.4 7
Ebase 9.09 �2.48� 12.6/5.8 8
G� 33.20 �6.21� 42.5/24.6 3
P 35.56 �5.84� 44.7/30.2 2
variation in modal frequency associated with each parameter.
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This suggests that approximately 30% of the modal fre-
quency variation is due to Ec, with Eb, P, G�, and L contrib-
uting 20%, 15%, 9%, and 8%, respectively.

p-values were also calculated to test the null hypothesis
that no relationship existed between parameters and modal
frequencies. Seven parameters possessed p-values lower than
0.025, with the majority of p-values in this group lower than
0.001. For these parameters, the null hypothesis was rejected
in favor of the alternative hypothesis. Several parameters had
p-values greater than 0.025, indicating a non-negligible pos-
sibility that the null hypothesis may be true. These param-
eters included T, t, �, W1, W2, E�, and Ebase.

C. Local sensitivity results

As described in Sec. III C, a total of 11 200 total local
sensitivities were calculated. These sensitivities were then
grouped into 800 sensitivities for each parameter. The abso-
lute value of the 10% trimmed mean was chosen to rank
parameter influence since this value is more moderate than
either the mean or median. The most sensitive parameters
were P, Ec, G�, Eb, and L. The least sensitive parameters
were T, Ebase, W2, �, and W3.

The model parameters are grouped into geometric �L, D,
T, t, �, W1, W2, and W3� and tissue parameters �Ec, Eb, E�,
Ebase, and G��. The signs of the 10% trimmed mean values
reveal some expected characteristics of the model. For tissue
parameters, all mean sensitivity values were positive, and
99.8% of all sensitivities associated with these parameters
were also positive. This is in agreement with expectations
that an increase in stiffness increases modal frequency. Geo-
metric parameters typically exhibited negative local sensi-
tivities, as expected, with 80% of geometric sensitivities be-
low zero. Although increased mass typically reduces modal
frequencies, geometric parameters also influence the model
stiffness through boundary conditions. Tradeoffs between
added mass and added boundary area vary, thus causing
some geometric parameters such as thickness and extrusion

TABLE IV. Statistics of r, r2, and p-values. Means and standard deviations w
highlights the r, rr, and p-values of significantly correlated parameters.

Parameters

r-values

Mean �st. dev� Max/min Mean �st.

L �0.27 �0.03� �0.24/�0.31 0.08
D �0.20 �0.02� �0.17/�0.22 0.04
T 0.09 �0.05� 0.15/0.02 0.01
t 0.04 �0.03� 0.07/�0.01 0.00
� �0.09 �0.03� �0.05/�0.13 0.01
W1 0.00 �0.01� 0.02/�0.01 0.00
W2 0.02 �0.01� 0.03/0.00 0.00
W3 �0.23 �0.02� �0.20/�0.26 0.05
Ec 0.55 �0.04� 0.60/0.50 0.30
Eb 0.44 �0.05� 0.54/0.38 0.20
E� �0.07 �0.02� �0.05/�0.09 0.01
Ebase 0.11 �0.02� 0.13/0.08 0.01
G� 0.31 �0.03� 0.35/0.27 0.09
P �0.38 �0.04� �0.35/�0.45 0.15
angle to have positive trimmed means. The same effect is

J. Acoust. Soc. Am., Vol. 126, No. 4, October 2009
responsible for the slight positive �but insignificant� correla-
tions observed for certain geometric parameters �see Table
IV�.

A high sensitivity to the rate of transition in the transi-
tional boundary regions �P� was observed. Low values of P
caused the boundary effects to extend further inward from
each fixed boundary. For high values, the boundary regions
act as extensions of the mid-membranous region, thus effec-
tively lengthening the vibrating length of the vocal folds.

D. Comparison between methods

The three methods utilized are not directly comparable.
Each relies upon different assumptions, incorporates differ-
ent amounts of data, and produces different rankings. How-
ever, the methods can be compared in a relative sense. To
this end, the results of each method were normalized by the
sum of all primary results. This approach preserves relative
importance within each method while allowing the various
rankings to be compared with each other. For example, the
trimmed mean values of Table V were summed, after which
each individual value was divided by the sum. Similar ap-
proaches were used for the mean values of Table III and the
r-values of Table IV. The results are shown graphically in
Fig. 2 below. The parameters were ordered along the ordi-
nate axis according to the average of each parameter’s three
normalized values.

As seen in Fig. 2, the three methods are in general agree-
ment, but they do not always agree. The most obvious dif-
ferences are observed for P and W3. The P parameter was
consistently ranked among the top 5 but exhibited an unusu-
ally high value from the local sensitivity method. This seems
due to the fact that the model was observed to be extremely
sensitive to low values of P �i.e., 1–5�, and less sensitive to
values above 5. The third transitional boundary region �W3�
was identified as the sixth most influential parameter by the
correlation method, whereas both Cotter’s method and the
local sensitivity approach ranked this parameter among the

ased on the eight modal frequency values for each parameter. Values in bold

alues p-values

RankMax/min Mean �st. dev� Max/min

� 0.10/0.06 0.004 �0.00� 0.007/0.001 5
� 0.05 /0.03 0.027 �0.01� 0.044/0.013 7
� 0.02 /0.00 0.211 �0.13� 0.412/0.070 10
� 0.01 /0.00 0.354 �0.09� 0.477/0.234 12
� 0.02 /0.00 0.198 �0.08� 0.296/0.094 9
� 0.00 /0.00 0.458 �0.03� 0.498/0.430 14
� 0.00 /0.00 0.429 �0.04� 0.482/0.375 13
� 0.07 /0.04 0.012 �0.00� 0.020/0.005 6
� 0.36 /0.25 0.000 �0.00� 0.000/0.000 1
� 0.29 /0.14 0.000 �0.00� 0.000/0.000 2
� 0.01 /0.00 0.245 �0.06� 0.324/0.181 11
� 0.02 /0.01 0.141 �0.04� 0.202/0.095 8
� 0.13 /0.07 0.001 �0.00� 0.003/0.000 4
� 0.20 /0.12 0.000 �0.00� 0.000/0.000 3
ere b

r2-v

dev�

�0.02
�0.01
�0.01
�0.00
�0.01
�0.00
�0.00
�0.01
�0.04
�0.05
�0.00
�0.00
�0.02
�0.03
least sensitive parameters. These discrepancies may be due
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to sample size, the choice of parameter ranges, or unidenti-
fied interaction effects with other parameters. The general
agreement between methods, especially concerning the most
sensitive parameters, was judged to be more compelling than
the discrepancies.

V. DISCUSSION

A. Difficulty in mode shape identification

The mode shapes of the human vocal folds are often
described using the x-10, x-11 nomenclature of Titze and
Strong �1975�. These mode shapes take on different modal
frequencies depending upon model parameters, and modal
frequencies have been shown to cross as model parameters
are varied �see Berry and Titze �1996�, Fig. 3�. Because ei-
genvalue solvers generally order results according to increas-
ing modal frequency, eigenvectors �mode shapes� are not im-
mediately differentiable based on modal frequencies alone.
For example, the x-11 mode might appear as the third eigen-

TABLE V. Statistics for local sensitivity values. Each row is based upon
local sensitivity values �n=800�.

Parameters

Local sensitivity statistics

RankMean �st. dev�
Trimmed

mean Median

L �48.63 �20.3� �50.7 �51.6 5
D �13.10 �9.64� �14.1 �14.9 6
T 7.17 �10.9� 7.0 6.8 10
t �6.30 �11.0� �7.1 �7.9 9
� 1.55 �57.3� 2.4 4.6 13
W1 �11.70 �6.97� �12.0 �12.3 7
W2 �3.51 �4.15� �3.6 �3.8 12
W3 �0.92 �3.91� �1.1 �1.4 14

Ec 75.66 �58.7� 81.3 85.3 2
Eb 47.38 �97.9� 55.4 61.9 4
E� 4.18 �159.� 8.4 29.0 8
Ebase 2.88 �48.9� 5.0 8.1 11
G� 49.33 �82.0� 60.4 65.2 3
P �310.9 �387� �362.7 �395.6 1
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vector for one set of model parameters but as the fourth
eigenvector for a different set of model parameters.

With hundreds of distinct models created over the course
of this study, mode shape identification was a major chal-
lenge. Simultaneous variation in all model parameters over
broad ranges exacerbated this problem, leading to high vari-
ance in modal frequencies. It was observed that the PDF of
modal frequencies for any given mode shape exhibited sub-
stantial overlap with the PDFs of other mode shapes. An
analogous situation was also observed in the eigenvector
space. Although all finite element models had the same mesh
�to allow eigenvector comparisons�, eigenvectors exhibited a
high level of variance, making mode shape identification dif-
ficult. Several comparative schemes were attempted but pro-
duced unacceptable rates of false-positive and/or false-
negative identifications.

Because of this difficulty, the modal frequencies were
analyzed as obtained from the eigenvalue solver �i.e., or-
dered by modal frequency�. It was anticipated that this ap-
proach would have a moderating effect on analysis outcomes
since highly sensitive mode shapes would occasionally be
combined with less sensitive ones, and vice versa. For the
purposes of identifying the most and least sensitive param-
eters at first-order accuracy, this shortcoming was deemed
acceptable. The general agreement between the three analy-
sis methods suggests that this approach was justified.

B. Variation in model parameters in relation to
previous models

Cook �2009� reported that the average number of param-
eters for vocal fold models was 20 with an average of three
parameters varied in each study. Of the tissue parameters
used in this study �Ec, Eb, E�, and G��, an average of five
unique parameter values have been reported in the literature
�Cook, 2009�. While this figure is certainly an underestimate
�many values were found to be unreported�, the present study
utilized over 100 unique values for each of 14 parameters.
All parameters were varied simultaneously, thus allowing for
a broader sampling of the entire parameter space than can be
obtained by varying one parameter at a time as is typically

FIG. 2. Normalized ranking values for comparison be-
tween methods.
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done. As such, the models described in this study account for
more variation in vocal fold structure than all previous com-
putational vocal fold studies combined.

C. Discussion of results

The reliability of the results presented above is partially
dependent on the number of data points utilized by each
method. Cotter’s method relied upon 240 total modal fre-
quency values, while the correlation and local sensitivity ap-
proaches utilized 800 and 11 200 modal frequencies, respec-
tively. From this perspective, the latter two approaches are
more reliable since they provide more comprehensive de-
scriptions of how the model behaves across the entire spec-
trum of possible parameter combinations.

The most striking feature observed in the application of
these three methods was the consistency with which the lead
group of parameters, consisting of Ec, P, Eb, G�, and L, were
identified as influential on modal frequencies. Four of these
parameters are related to tissue properties, and only one pa-
rameter �L� is a geometric parameter. There are two reasons
for identifying these five parameters as the most sensitive.
First, each of these parameters was ranked within the top five
by each of the three methods of analysis. Second, certain
parameters known from prior research to strongly influence
vocal fold vibration should be expected to appear among the
group of most sensitive parameters. Such parameters in-
cluded the stiffness of the vocal fold cover �Ec� and vocal
fold length �L�. The mechanical properties of the cover are
known to be a dominant factor in healthy phonation �Chan
and Titze, 1999�. Vocal fold length has been attributed to the
difference between male and female fundamental frequencies
of phonation �Friederich et al., 1993; Perkins and Kent,
1986�. Finally, the presence of Ec and L among the most
sensitive parameters indicates the importance of the remain-
ing parameters, all of which were observed to be more influ-
ential than the vocal fold length.

The least sensitive parameter ratings were less consistent
than the most sensitive parameters. The parameters W1, W2,
and t appeared among the five least sensitive parameters for
each method. The vocal fold thickness �T� was ranked 9th,
10th, and 10th by the three respective methods. The longitu-
dinal body stiffness �E�� was ranked as 11th by both regres-
sion and correlation methods but was ranked 7th by Cotter’s
method. Both T and E� were included with the least sensitive
parameters based on their consistently low ranking by both
correlation and local sensitivity approaches. Thus, the five
least sensitive parameters were found to be T, E�, t, W1, and
W2.

It is difficult to make any definitive statement about the
remaining parameters �D, W3, Ebase, and ��. Some of these
parameters �such as D� may have a substantial influence on
the dynamic response of the vocal folds, while others �such
as Ebase� may have little influence. More advanced analysis,
involving fluid loading of the vocal fold structure and/or
sorting of modal frequency data, will be required to provide

a more accurate ranking of these parameters.
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D. Application of results

The above results have several interrelated applications.
First, these results can be used to guide the experimental
measurement of vocal fold tissues. The measurement of
highly sensitive parameters should be prioritized over the
measurement of less sensitive parameters. Furthermore, sen-
sitive parameters require both more accurate and more com-
prehensive measurements than less sensitive parameters. In
other words, the ranges, distributions, and gender- and age-
dependent relationships of highly sensitive parameters
should be characterized with greater detail.

Second, the identification of the most and least sensitive
model parameters has great importance for computational
models of phonation. Models should be created with all pa-
rameter sensitivities in mind. This is a double-edged issue.
On one hand, the identification of non-influential parameters
allows those parameter values to be chosen with relative im-
punity since these choices will have little effect of model
response. On the other hand, a great deal of care and atten-
tion must be paid to highly sensitive model parameters,
many of which have not yet been characterized in sufficient
detail. In fact, previous models of phonation have typically
utilized ad hoc estimates for several of the most sensitive
material parameters �Cook et al., 2009� in review, supple-
mental document�. Highly sensitive parameters should either
be based on experimental data or varied parametrically to
account for uncertainty until more such data are available.

Third, the ranking of model parameters may be useful in
the creation of patient-specific models of phonation and �in-
directly� in the evaluation of individuals suffering from voice
disorders. Based on the ranking presented above, the least
sensitive parameters would be based on general population
trends, and even some moderately sensitive parameters could
be estimated. However, a sufficiently accurate patient-
specific model would require patient-specific data for the
most sensitive vocal fold parameters. The achievement of
patient-specific models will undoubtedly require a great deal
of research focused on methods for obtaining in vivo mea-
surement of the most sensitive parameter values. The ranking
of model parameters provides some guidance on this front,
suggesting which parameters should be targeted initially.
This issue is related to the characterization of parameter dis-
tributions. For example, detailed experimental characteriza-
tion of vocal fold parameters may reveal that certain param-
eters �such as P�, although highly influential, exhibit
relatively narrow distributions and thus may be estimated
without introducing a great deal of error in the analysis.

Finally, the identification of several highly influential
parameters may suggest new approaches for treating certain
voice disorders, especially thyroplasty implants and injec-
tions. For example, vocal fold medialization implant designs
could be improved to mimic the most influential human vo-
cal fold characteristics as reported above. New medialization
injection materials could also be developed to exhibit sensi-
tivities similar to those of the actual human vocal folds. Both
approaches would utilize a more complete understanding of
the human vocal fold structure to create treatments that re-

store functionality of the human voice.
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VI. CONCLUSIONS

The application of three separate methods was used to
identify the most and least sensitive parameters of a vocal
fold model. All three methods identified the following pa-
rameters as most sensitive: the stiffness of the cover �Ec�, the
stiffness of the body �Eb�, the rate of transition between mid-
membranous and cartilage stiffness �P�, the longitudinal
shear stiffness of the body �G��, and the vocal fold length
�L�. The least sensitive model parameters included the fol-
lowing �in descending order�: E�, T, t, W1, and W2. Moder-
ately sensitive parameters were identified as D, W3, Ebase,
and �. Such ranking of vocal fold parameters is useful to
guide �a� experimental measurements and characterization of
vocal fold parameters, �b� the creation of accurate computa-
tional models of phonation in general, �c� the development of
techniques for obtaining patient-specific models of phona-
tion, and �d� further improvements in the treatment of voice
disorders.
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