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Abstract
Displacement encoding with stimulated echoes (DENSE) is a quantitative imaging technique that
encodes tissue displacement in the phase of the acquired signal. Various DENSE sequences have
encoded displacement using methods analogous to the simple multi-point methods of phase
contrast (PC) MRI. We developed general n-dimension balanced multi-point encoding for
DENSE. Using these methods, phase noise variance decreased experimentally by 73.7%, 65.6%,
and 61.9% compared to simple methods, which closely matched the theoretical decreases of 75%,
66.7%, and 62.5% for 1D, 2D, and 3D encoding, respectively. Phase noise covariances decreased
by 99.2% and 99.3% for balanced 2D and 3D encoding, consistent with the zero-covariance
prediction. The direction bias inherent to the simple methods was decreased to almost zero using
balanced methods. Reduced phase noise and improved displacement and strain maps using
balanced methods were visually observed in phantom and volunteer images. Balanced multi-point
encoding can also be applied to PC MRI.
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Introduction
Displacement-encoded imaging with stimulated echoes (DENSE) is a quantitative tissue
motion imaging technique which encodes tissue displacement in the phase of the stimulated
echo (1-5). In addition to encoded displacement, the phase of the stimulated echo is
influenced by off-resonance effects such as B0 inhomogeneity. If phase shifts from sources
other than the encoded displacement are not accounted for, they lead to errors in the
measured tissue motion (6). Therefore, instead of the absolute phase, multiple measurements
are required to obtain the desired phase shifts that precisely represent tissue motion (1-5).

To date, various multi-dimensional DENSE sequences have encoded displacement in two or
three orthogonal directions, and have acquired an additional phase reference image without
displacement encoding for background correction (1-5). This encoding strategy is precisely
analogous to the simple multi-point method for velocity-encoded phase contrast (PC) (7).
However, this strategy does not provide optimal noise properties or symmetry. A balanced
four-point encoding strategy with improved noise variance and symmetry has been
previously described for 3D velocity-encoded PC, but not for the general n-dimensional case
(7).
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We developed a general balanced multi-point strategy for n-dimensional displacement
encoding and processing of DENSE MR data (8). The balanced multi-point methods were
compared to simple multi-point methods in one, two, and three dimensions both
theoretically and experimentally. The theoretical comparison employed an extension of
previous methods for analyzing noise variance (7,9). The experimental results were obtained
by implementing both the simple and balanced methods and imaging a stationary water
phantom and a human volunteer.

Theory
Encoding and Decoding

As described previously (5,10,11), the transverse magnetization that forms a DENSE image,
M xy(r ⃗,t), can be written as Eq. [1]:

[1]

where M is the longitudinal magnetization prior to application of the excitation pulse, α is
the flip angle of the excitation pulse, k⃗ is the spatial frequency vector imparted to the
transverse magnetization by the displacement encoding gradients, Δr ⃗ is the tissue
displacement that occurs during the mixing time t, and Δθb is the background phase due to
off-resonance effects. Assuming N scans are performed to extract the displacements in the
orthogonal directions (x-, y-, and/or z), and the same displacement encoding frequency ke is
used to encode all orthogonal directions, the displacement encoding of these scans can be
described in matrix form as Eq. [2]:

[2]

In Eq. [2], φi is the phase of the stimulated echo image of the ith scan. Wi,dir is the weighting
value of the encoded displacement in the dir direction, which composes the encoding matrix.
The column on the right side of the encoding matrix contains all 1's, since the weighting of
the background phase cannot be manipulated. Δx through Δz correspond to the
displacements in the x through z directions, respectively.

In order to solve the measured displacements and background phase, Eq. [2] can be denoted
as Eq. [3] for simplicity:

[3]

Then the displacements and background phase can be solved by Eq. [4]:

[4]
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where the superscript T denotes the matrix transpose operation, and the superscript -1
denotes the matrix inverse operation. This process, which extracts the displacements and the
background phase from the phase of the encoded stimulated echo images, is called decoding.

Simple Multi-Point vs. Balanced Multi-Point Encoding
The most straightforward way to spatially encode the n-dimensional displacement
measurement is the simple encoding method. In this method, one scan is performed to
provide a phase reference image, and other scans encode for displacement in the orthogonal
x-, y-, and/or z directions. The simple two-, three- and four-point encoding methods for 1D,
2D and 3D displacement encoding are illustrated by Fig. 1a, 1c and 1e, respectively, and can
be expressed by Eqs. [5], [7] and [9] in Table 1, respectively. The corresponding decoding
matrices are given by Eqs. [6], [8] and [10] in Table 1.

For the balanced encoding methods, the directions of the encoding vectors are designed to
be evenly distributed in space, and the encoding matrices are obtained by calculating the
vertex coordinates of the encoding vectors. For 1D DENSE imaging, balanced two-point
encoding is similar to the two-point method in 1D velocity-encoded PC imaging: two scans
are acquired with displacement encoding of opposite polarities along one direction, as
shown in Fig. 1b and described by Eq. [11] in Table 1. In the 2D case, the encoding
directions of the balanced three-point method must be along the three circumradii of an
equilateral triangle with center located at the origin, as shown in Fig. 1d. One instance of the
balanced three-point method is expressed by Eq. [13] in Table 1, where the weighting
coefficients of the first scan are calculated by putting one circumradius on the x axis, and the
weighting coefficients of the other scans are obtained by calculating the remaining vertex
coordinates of this equilateral triangle. In order to achieve an equivalent displacement
weighting, the composite displacement-encoding vector is set to be a unit vector, as for the
simple three-point method. The same concept can be extended to the 3D case. The encoding
directions of the balanced four-point method can be determined by the four circumradii of a
regular tetrahedron as shown in Fig. 1f. Eq. [15] gives an example encoding matrix for the
balanced four-point method with the weighting values in the three spatial directions scaled
to make a unit composite vector. The corresponding balanced two-, three- and four-point
decoding matrices are given by Eqs. [12], [14] and [16] in Table 1.

Noise Variance
Assuming the noise is equal and uncorrelated in each scan, the noise variance in each phase
image is given by Eq. [17]:

[17]

where σ2 is the noise variance in the complex image, and |S| is the magnitude of the signal in
the voxel of interest (9). As for velocity-encoded PC (7), and as shown in the appendix, the
noise variances of the displacement-encoded phase images for each method are calculated
and listed in the theoretical values column in Table 2. The phase noise variance values of the
balanced methods are expected to be only 25%, 33.3% and 37.5% of those of the simple
methods for 1D, 2D and 3D DENSE, respectively. Using the derivation in the appendix, the
covariance between any two directions for each method can be calculated. The
corresponding values are listed in the theoretical values column in Table 3. Unlike the
simple methods, which have non-zero phase noise covariance between any two directions,
the balanced methods have independent phase noise (zero noise covariance between any two
directions) since all scans contribute to all displacement measurements equally.
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Non-integer Scaling of Phase Angle
Some practical issues occur when implementing the balanced multi-point encoding methods
for online DENSE data reconstruction. To increase the sensitivity of DENSE, the
displacement encoding frequency is generally set to a value such that some phase wrapping
occurs for the largest tissue displacement. Phase unwrapping is then performed during
displacement analysis of the phase-reconstructed images. Because the values in the decoding
matrix in Eq. [12] are not integers, unless phase unwrapping is performed prior to decoding,
the non-integer scaling of phase angles will introduce phase errors. However, phase
unwrapping is usually performed offline after decoding because the phase unwrapping
algorithm is non-deterministic and can fail. Thus, this step is usually implemented in post
processing, so that manual intervention may be used to correct algorithm failures. To avoid
subsequent errors in phase unwrapping while still performing online DENSE reconstruction
of phase images, only integer scaling can be performed during decoding, and the residual
scaling factor is applied later, after phase unwrapping, when calculating displacement. This
approach is provided by Eq. [18] for the 1D case such that:

[18]

Similarly, Eqs. [19] and [20] are for the 2D and 3D cases, respectively:

[19]

[20]

Interestingly, the displacement-weighting values in the x- and y-encoded phase images
(3keΔx and ) of the online reconstructed results for the balanced three-point encoding
method are not the same (Eq. [19]). Therefore, the x-encoded phase images have larger
phase values than the y-encoded phase images after online decoding. This difference is
accounted for later offline by application of the residual scaling factor.

In addition, notice the differences of the left side of the online decoding equations between
the balanced and simple methods (Eq. [18] versus [6], [19] versus [8], and [20] versus [10]).
The online reconstructed phase images of the balanced methods are expected to have more
phase wrapping than those of the simple methods because of the residual scaling factors.

Materials and Methods
Phantom Experiments

The noise variances of the balanced and simple encoding methods were measured on a
stationary water phantom for DENSE imaging with 1D, 2D and 3D displacement encoding.
All studies were performed on a 1.5T MRI system (Avanto, Siemens Medical Solutions,
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Germany). An ECG-gated spiral cine DENSE pulse sequence (12) was modified to perform
either simple or balanced displacement encoding, as well as phase cycling (5,13,14) for
artifact suppression. The imaging parameters included pixel size = 2.5 × 2.5 mm2, slice
thickness = 2.5 mm, flip angle = 20°, TR = 18 ms, TE = 1.8 ms, number of interleaves = 6,
temporal resolution = 36 ms, and frames = 16. Both encoding methods used displacement
encoding frequency ke = 0.1 cycles/mm (15). Through-plane dephasing with the frequency
of kd = 0.08 cycles/mm was used for improved artifact suppression for the cases of 1D and
2D displacement encoding (11).

Phase noise was obtained by measuring the phase values in a region of interest (ROI)
encompassing a large area of the phantom in phase-reconstructed images after decoding and
applying the residual scaling factor if necessary (no phase unwrapping is needed for the
stationary phantom data). The phase noise variance of the balanced encoding methods and
the simple encoding methods were calculated for the x, y and z directions, respectively, and
the average phase noise variance values were then computed. The absolute value of the
phase noise covariance between every two directions was computed for the three- and four-
point cases for both the simple and balanced methods. The ratios of the balanced to the
simple methods were also calculated.

Displacement was directly extracted from the phase images for each direction, and then
combined into an overall displacement vector. The direction bias of the displacement error
vectors associated with the 2D and 3D methods was quantified using principal component
analysis on the displacement error vectors. Briefly, a dyadic tensor, F, was formed from the
displacement error vectors v⃗i as in Eq. [21]:

[21]

where M is the total number of the displacement error vectors. The principal eigenvectors
and eigenvalues of the dyadic tensor represent the direction and magnitude of the highest
variance of the displacement error vectors. We quantified the overall bias E of each
encoding strategy as Eq. [22]:

[22]

where λi are the eigenvalues and λ ̄ is the trace of the dyadic tensor. This metric is similar to
fractional anisotropy commonly used in diffusion tensor imaging. It has a value of 0 for the
perfectly isotropic case (no direction bias) and a value of 1 when a single direction bias
exists.

Volunteer Imaging
After informed consent was obtained, one healthy volunteer was scanned using the same
1.5T scanner. The human study was performed in accordance with protocols approved by
our institutional review board. The same cine DENSE sequence used for the phantom
experiments was used to image the left ventricle (LV) of the volunteer. The imaging
parameters included pixel size = 2.4 × 2.4 mm2, slice thickness = 5 mm, flip angle = 20°, TR
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= 15 ms, TE = 1.2 ms, number of interleaves = 6, temporal resolution = 30 ms, and frames =
24. Both encoding methods used displacement encoding frequency ke = 0.06 cycles/mm to
provide a good balance between sensitivity to displacement, intravoxel dephasing, and phase
wrapping (15). Complementary spatial modulation of magnetization (CSPAMM) with
through-plane dephasing frequency kd = 0.08 cycles/mm was used for artifact suppression
during breath-holding for the cases of 1D and 2D displacement encoding (11). With the
other parameters unchanged, both the simple and balanced encoding methods were used.

Phase-reconstructed DENSE images were calculated online, and subsequent displacement
and strain analysis of these data were performed offline using MATLAB (The Mathworks
Inc., Natick, MA, United States) as described previously (15).

Results
Phase-reconstructed DENSE images of the stationary phantom visually demonstrate the
reduced phase noise of the balanced three-point method (Fig. 2b) compared to the simple
three-point method (Fig. 2a). The reduced phase noise is readily apparent in zoomed 2D
displacement maps from the marked region of interest in the phantom, which show smaller
displacement magnitudes using the balanced three-point method (Fig. 2d) compared to the
simple three-point method (Fig. 2c).

The phase noise variance values measured from the phantom data are listed in Table 2.
Compared to the simple methods, the balanced methods decreased the measured phase noise
variance by 73.7%, 65.6%, and 61.9% for 1D, 2D, and 3D displacement encoding,
respectively, which closely match the predicted theoretical values of 75%, 66.7%, and
62.5%. The absolute value of the phase noise covariance between every two directions was
calculated for the three- and four-point cases for both the simple and balanced methods. The
ratios of the balanced to the simple methods were then calculated, and listed in Table 3. As
observed, the balanced methods eliminate the phase noise covariance between any two
directions by 99.2% and 99.3% for the 2D and 3D cases, respectively, compared to the
simple methods. These results are consistent with the theoretical zero-covariance prediction.

Histograms and scatter plots of the displacement error vectors of both the balanced and
simple methods from the stationary phantom data are shown in Fig. 3. Using the balanced
encoding methods, smaller displacement errors were achieved. Moreover, direction bias was
predicted and observed for the simple three- and four-point methods, while the balanced
multi-point encoding methods display greatly reduced direction bias. For three-point
encoding, the overall biases of the simple and balanced methods are 0.525973 and 0.085938,
respectively. For four-point encoding, the overall biases of the simple and balanced methods
were 0.708840 and 0.068900, respectively.

Reduced phase noise is also observed in the unwrapped phase images of the volunteer data
for the balanced three-point method (Fig. 4b) compared to the simple three-point method
(Fig. 4a). This leads to reduced noise in the circumferential strain map for the balanced
three-point method (Fig. 4d) compared to the simple three-point method (Fig. 4c).

Discussion
The advantages of balanced multi-point encoding include three main aspects. First, balanced
methods provide equivalent phase noise in all directions. Second, for a fixed encoding
frequency ke, balanced methods provide increased phase signal-to-noise ratio (SNR). In
velocity-encoded PC, the velocity encoding strength can be increased essentially without
penalty and can therefore be readily adjusted to provide similar phase SNR and wrapping for
the simple and balanced methods. However, this is not the case in DENSE. For DENSE
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there is an SNR penalty associated with increasing values of ke due to intravoxel dephasing
(15). Thus, for DENSE the balanced and simple methods should be compared at equivalent
ke values. For this reason, the balanced method may be particularly advantageous for
DENSE. Last, the concept of balanced multi-point encoding can be extended for signal
averaging. More scans, not necessarily multiples of the minimum number of scans, can be
used with the balanced encoding method to further increase the phase SNR. For example,
for 2D displacement encoding, rather than the minimum of 3 scans, 4 balanced scans could
be used. The encoding matrix could be obtained by calculating the vertex coordinates of a
square. Therefore, if there is more imaging time available, but not enough for one more
complete average, the balanced method could fully utilize the extra time. Even if multiples
of the minimum number of scans are used, the balanced encoding methods are still preferred
because of better performance than averaging. For example, to measure 2D displacement,
the phase noise variance of the balanced six-point encoding method is only one-third of the
phase noise variance of the simple three-point encoding method with two signal averages.

Perhaps the only limitation of the balanced multi-point encoding strategy is more phase
wrapping in the online reconstructed images compared to the simple multi-point method
when online reconstruction and integer scaling are used. However, if all the DENSE data are
reconstructed offline, then phase unwrapping can be performed before the linear
combination of the phase values of the scans, and there would be no more phase wrapping
for the balanced method because non-integer scaling can be directly applied.

In this study, the encoding matrices of the balanced methods were generated using typical
geometrical shapes. Theoretically any rotation and/or scaling of these geometrical shapes
provide a variant of the encoding matrices.

The balanced four-point encoding method in the previous velocity-encoded PC imaging
study (7) used a Hadamard matrix to generate the encoding matrix. This method is a special
case of the general algorithm described here and has the composite displacement-encoding
vector scaled by a factor of  compared to a unit vector. Some other multi-point
displacement encoding strategies assign the directions of the encoding vectors only on the
Cartesian axes (16,17). For 2D imaging, the noise variance values of the decoded phase in
the x and y directions, provided by the three-point encoding method ((Y,Z), (-Y,Z) and
(X,Z)) in (16), are 75% and 25% of the noise variance values of the simple three-point
encoding method, respectively. For 3D imaging, the noise variance values of the decoded
phase in the x, y and z directions, provided by the four-point encoding method ((Y,Z), (-
Y,Z), (X,Z) and (X,-Z)) in (17), are 75%, 25% and 25% of the noise variance values of the
simple four-point encoding method, respectively. Although the phase noise variance values
in some directions are lower than those of the balanced methods, the phase noise variances
in the x direction are much higher than those of the balanced methods. Moreover, the
encoding methods in (16,17) have unequal phase noise variance values in different
directions and non-zero noise covariance values between any two directions.

In summary, the balanced multi-point encoding method provides reduced phase noise
variance for a given displacement encoding frequency, and eliminates the direction bias in
phase noise. The only disadvantage of the balanced method is when online DENSE
reconstruction is required, the intermediate online reconstructed phase may have increased
phase wrapping. The algorithms for the balanced methods in this study can be applied
generally to encode in n-dimensions for DENSE acquisitions, and can also be applied to
velocity-encoded PC imaging. In DENSE, because signal loss due to intravoxel dephasing
increases with increasing ke, there is an inherent advantage in decreasing the noise variance
for a given value of ke.
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Appendix

Theoretical Calculation of Phase Noise Variance for Each Direction for
DENSE Data

The variance of a linear sum of multiple variables is given by Eq. [23]:

[23]

where Xi is a random variable, var(Xi) is its variance, and cov(Xi, Xj) is the covariance
between Xi and Xj.

As an example, the phase noise variance of both balanced and simple three-point methods
are calculated in this section. For the simple three-point method, the displacement-encoded
phase values in the x and y directions can be rewritten as Eq. [24]:

[24]

Given equal and uncorrelated noise variance in the phase image of each scan by Eq. [17],
the phase noise variance of the displacement-encoded phase values in the x and y directions
can be calculated as Eq. [25] (note cov(φ1,φ2) = 0):

[25]

For the balanced three-point method, the displacement-encoded phase values in the x and y
directions can be rewritten as Eq. [26]:

[26]

The phase noise variance in the x and y directions can be calculated in Eq. [27]:

[27]

Zhong et al. Page 8

Magn Reson Med. Author manuscript; available in PMC 2010 April 1.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



Theoretical Calculation of Phase Noise Covariance between Two Directions
for DENSE Data

For the case of two random variables, Eq. [23] can be simplified as Eq. [28]:

[28]

Therefore, the covariance between keΔx and keΔy can be calculated by Eq. [29]:

[29]

For the simple three-point method, the covariance between the x and y directions can be
calculated as Eq. [30]:

[30]

For the balanced three-point method, the covariance between the x and y directions can be
calculated as Eq. [31]:

[31]
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Fig. 1.
Geometric shapes used to generate the weighting and directions of the encoding vectors for
both simple (a, c, e) and balanced (b, d, f) multi-point displacement-encoding strategies. The
top row (a, b): two-point encoding in 1D space. The middle row (c, d): three-point encoding
in 2D space. The bottom row (e, f): four-point encoding in 3D space. The bars with the dots
at the end indicate the encoding vectors. For the simple encoding strategies, an additional
phase reference image without displacement encoding is also acquired, as indicated by the
dot at the origin.
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Fig. 2.
Example DENSE phase images and displacement maps of the stationary phantom for both
simple (a, c) and balanced (b, d) three-point displacement-encoding strategies. The top row
(a, b): phase images representing displacement in the y direction. The bottom row (c, d): the
pixel-by-pixel 2D displacement maps of the area marked by the square boxes shown in (a)
and (b).
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Fig. 3.
Measured displacement error plots for simple (a, c, e) and balanced (b, d, f) multi-point
displacement encoding from a stationary water phantom. Displacement error histograms for
the simple (a) and balanced (b) two-point encoding methods. Two-dimensional displacement
error scatter plots for the simple (c) and balanced (d) three-point encoding methods. Three-
dimensional displacement error scatter plots for the simple (e) and balanced (f) four-point
encoding methods. The gray level of the points in (c-f) represents the magnitude of the
displacement error vector. The unit is in mm. The straight lines in (c-f) indicate the principal
eigenvectors of the dyadic tensors, whose lengths correspond to the eigenvalues scaled by a
factor of 1/350 for improved visualization. The eigenvectors quantify the direction bias of
the encoding strategies.
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Fig. 4.
Example short-axis DENSE phase images and circumferential strain (Ecc) maps of the LV
of a healthy volunteer for both simple (a, c) and balanced (b, d) three-point displacement-
encoding. The top row (a, b): end-systolic phase images representing displacement in the x
direction. The bottom row (c, d): 2D end-systolic Ecc maps.
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