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A Biophysically Based Mathematical Model for the Kinetics of Mitochondrial
Na*-Ca®" Antiporter
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ABSTRACT Sodium-calcium antiporter is the primary efflux pathway for Ca* in respiring mitochondria, and hence plays an
important role in mitochondrial Ca®" homeostasis. Although experimental data on the kinetics of Na™-Ca?" antiporter are avail-
able, the structure and composition of its functional unit and kinetic mechanisms associated with the Na+t-Ca?* exchange
(including the stoichiometry) remains unclear. To gain a quantitative understanding of mitochondrial Ca®* homeostasis,
a biophysical model of Na™-Ca®" antiporter is introduced that is thermodynamically balanced and satisfactorily describes
a number of independent data sets under a variety of experimental conditions. The model is based on a multistate catalytic
binding mechanism for carrier-mediated facilitated transport and Eyring’s free energy barrier theory for interconversion and elec-
trodiffusion. The model predicts the activating effect of membrane potential on the antiporter function for a 3Na*:1Ca?" electro-
genic exchange as well as the inhibitory effects of both high and low pH seen experimentally. The model is useful for further
development of mechanistic integrated models of mitochondrial Ca®* handling and bioenergetics to understand the mechanisms

by which Ca®" plays a role in mitochondrial signaling pathways and energy metabolism.

INTRODUCTION

Calcium is a key regulatory ion, and alteration of mitochon-
drial Ca** homeostasis can lead to mitochondrial dysfunction
and cellular injury (1-5). Despite the recognized role of Ca**
in mitochondrial bioenergetics and cell physiology and path-
ophysiology, there are still significant gaps in our under-
standing of the structure, composition, and kinetic properties
of the mitochondrial Ca?* transport systems (e.g., Na™-Ca*"
antiporter).

The Na™-Ca®" antiporter mediates Ca®" efflux from mito-
chondria in exchange of Na* from cytosol, and hence plays
a key role in mitochondrial Ca”>" homeostasis (1,4). This
Na® influx (Ca®" efflux) is inhibited by both high and low
pH with peak activity near pH = 7.0-7.3 (6,7). Although
this Na-dependent Ca®" exchange has been characterized
in a number of experimental studies (6-15), the kinetic
mechanism associated with the exchange has not been well
characterized as a mechanistic model that can account for
thermodynamics of the exchange process and other physio-
chemical mechanisms such as allosteric, cooperative binding
of Na™ to the antiporter and competitive binding and inhibi-
tion by other cations (e.g., H"). Another important point is
that the stoichiometry of the exchange is not well known.
A number of reports indicate that the exchange is electroneu-
tral (7,9,15): 2Na™ for 1Ca**. Other reports indicate an elec-
trogenic (perhaps 3Na® for 1Ca*") exchange (8,13,16).
Therefore, the need for a mechanistic model of the antiporter
is apparent for quantitative understanding of mitochondrial
Ca”" handling and bioenergetics and determining the stoi-
chiometry of the exchange.
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Magnus and Keizer (17) developed a kinetic model of the
Na'-Ca" antiporter from the experimental data of Wing-
rove and Gunter (15) as a module of an integrated model
of mitochondrial energy metabolism and Ca®" handling in
pancreatic (B-cells. The model was based on a single-step
binding mechanism of nNa® and 1Ca”*" to the antiporter
and a phenomenological, irreversible Goldman-Hodgkin-
Katz constant-field approximation for electrodiffusion. The
model was adopted by Cortassa et al. (18) in their computa-
tional models of mitochondrial energy metabolism and Ca>"
dynamics in cardiomyocytes. However, the Magnus-Keizer
model is not thermodynamically balanced, as it collapses
for membrane potential AW < AW* =91 mV.

In part to address the limitations of the Magnus-Keizer
model, Nguyen et al. (19) developed another model of the
antiporter as a module of a computational model of mito-
chondrial bioenergetics and Ca>" dynamics in cardiomyo-
cytes. The model was based on a random-ordered, bi-bi
binding mechanism of 3Na™ for 1Ca®" to the antiporter
and a reversible Goldman-Hodgkin-Katz equation for elec-
trodiffusion, which makes the model thermodynamically
balanced. Recently, this model was adopted by Dash and
Beard (16) in their integrated model of mitochondrial bioen-
ergetics and Ca>" handling, in which they generalized the
model to both 2Na*:1Ca*" and 3Na*:1Ca*" stoichiometries
to evaluate the actual stoichiometry of the antiporter, based
on the dynamic data of Cox and Matlib (12) on matrix free
[Ca®"] with extramatrix [Na™] perturbations in isolated
respiring cardiac mitochondria. The two antiporter models
were parameterized based on the kinetic data of Paucek
and Jaburek (7) on Na™-Ca®" fluxes, obtained using proteo-
liposomes reconstituted with purified cardiac mitochondrial
Na™-Ca®" antiporters. However, as these data were obtained
with AW = 0, the AW-dependency of the antiporter function
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was not mechanistically incorporated into the model for a
3Na':1Ca*" exchange. In a recent study, Kim and Matsuoka
(14) developed another model of the antiporter, driven by
their data showing the AW-dependency of the exchange in
isolated permeabilized cardiomyocytes. The model was
based on a simplified mechanism of binding and transloca-
tion of Na™ and Ca”"via the antiporter, proposed by Cromp-
ton et al. (11). However, none of these models account for
the proton inhibition of the antiporter function, observed
experimentally (6,7).

In this article, we develop a mechanistic model of mito-
chondrial Na'-Ca®"antiporter which improves upon and
generalizes our previous model (16) and provides a biophys-
ical basis for the AW-dependency of the antiporter function
for a 3Na':1Ca>" exchange. The model is thermodynami-
cally balanced and adequately describes the independent
data of Paucek and Jaburek (7), Cox and Matlib (12), and
Kim and Matsuoka (14) on Na™-Ca’>" fluxes via the anti-
porter. In addition, the model predicts the inhibitory effects
of both high and low pH on the antiporter function, seen
experimentally (6,7), making the model applicable to patho-
logical conditions, in which the extra- and intramatrix pH
vary considerably. The model is based on Michaelis-Menten
kinetics for carrier-mediated facilitated transport (20) and
Eyring’s free energy barrier theory for absolute reaction rates
associated with the conformational change and electrodiffu-
sion of the ”Na™- and 1Ca**-bound carrier complex (20-22).

MATHEMATICAL FORMULATION

Experimental data for model development
and validation

Experimental data on the kinetics of mitochondrial Na™-
dependent Ca®" exchange are available from a number of
studies (6—15). These data include the initial or pseudo-steady
rate data on Na™-Ca®" fluxes via the antiporter as well as
the time-course data on matrix free [Ca’>"] with extramatrix
[Na™] perturbations in isolated respiring mitochondria and
permeabilized myocytes. However, the time-course data on
matrix free [Ca®"], which represent an integrated response
of cation transport system, are not ideally suited to developing
kinetic models of individual cation transporters (e.g., Na*t-
Ca”" antiporter). For development of a kinetic model of
a cation transporter, the initial or pseudo-steady rate data on
cation fluxes via the transporter are more useful. Therefore,
the initial rate data of Paucek and Jaburek (7), Cox and Matlib
(12), and Kim and Matsuoka (14) on Na™-Ca®" fluxes via
mitochondrial Na™-Ca®" antiporter are chosen for the devel-
opment of kinetic model of the antiporter.

Paucek and Jaburek report the initial rate of Na® efflux
(Ca®* influx) in response to variations in external [Ca®"]
and initial rate of Ca*" efflux (Na™ influx) in response to
variations in external [Na™] using proteoliposomes reconsti-
tuted with purified Na"-Ca®" antiporters from beef heart
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mitochondria. These data also reveal inhibition of Na'-
Ca”" fluxes by both high and low pH with optimal activity
near pH = 7.0-7.3. However, these data were obtained
without an electrostatic potential across the proteoliposomes.
In contrast, the data of Cox and Matlib describe the initial
rate of decrease of matrix free [Ca®'] in response to addition
of Na* to the suspensions of respiring mitochondria from
rabbit heart with Ca’* uniporter blocked. Furthermore, the
data of Kim and Matsuoka show the Na* dependency of
Ca®*t extrusion from the matrix, in which the Nat-Ca®"
fluxes and matrix free [Ca2+] dynamics were measured
with varying extramatrix [Na™] in permeabilized cardiomyo-
cytes during state-2 respiration. These data suggest a AW-
dependent electrogenic exchange of 3Na':1Ca’" via the
antiporter. Our proposed kinetic model is based on basic
physical-chemical principles and parameterized to accurately
reproduce the data of Paucek and Jaburek, Cox and Matlib,
and Kim and Matsuoka.

Mechanism of Na* -dependent Ca%" exchange
in mitochondria

Using the available data on Na-dependent Ca** efflux from
the matrix, a mathematical model for the kinetics of Na™-
Ca*"antiporter is developed using a multistate catalytic bind-
ing and interconversion mechanism and Eyring’s free energy
barrier theory for absolute reaction rates (20-22). Fig. 1 sche-
matizes the proposed kinetic mechanism for a 3Na™:1Ca*"
exchange via the antiporter. The 2Na™:1Ca”*" exchange can
be similarly developed (see Supporting Material).

The functional unit of the antiporter (E) is assumed to have
three binding sites for Na™ and one binding site for Ca** on
either side of the inner mitochondrial membrane (IMM).
The binding of Na™ and Ca®" to the antiporter is assumed
to be via a random-ordered mechanism (e.g., a random-
ordered, bi-bi mechanism when three Na™ ions are considered
to bind in a single step). If an ionized Na* from the external
side first binds to the unbound antiporter (E) to form the
complex ENa/ it then favors binding of another ionized
Na™ forming the complex E2Na_", which further favors the
binding of a third ionized Na™ to form the complex E3Na_".
Then an ionized Ca>" from the internal side binds to the
complex E3Na_ to form the complex CaZ"E3Na.". On the
other hand, if an ionized Ca>" from the internal side first binds
to the unbound antiporter (E) to form the complex Ca’™, it
then favors cooperative binding of three ionized Na™* from
the external side in three consecutive steps to form the same
complex Ca?"E3Na.. The complex CaZ"E3NaS then
undergoes a conformational change to form the complex
3Na/ECaZ". The complex 3Na/ECaZ" then dissociates
three ionized Na™ in the internal side and one ionized Ca®"
in the external side, along with the unbound antiporter (E),
by going through the reverse process. The complexes
Ca2"E2Na,", 2Na/ECaZ", CaZ"ENa,", and NaECaZ" are
assumed not to undergo any conformational flipping. The
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exchange of 3Na ™ for 1Ca*" is limited by the interconversion
rate constants k, and k;,, which are functions of AW.

Derivation of mitochondrial Na*-Ca®" antiporter
flux expression

Based on the proposed kinetic mechanism (Fig. 1) and the
assumption of quasisteady flux and rapid equilibrium
binding of external and internal Na™ and Ca”>" to the anti-
porter, the binding and translocation reactions for a general
nNat-1Ca®" antiporter can be summarized as

Na ECal” 2Na ECaX
L Al L. I

3Na ECa®

Pradhan et al.

FIGURE 1 (A, B) Proposed kinetic mechanism of Na™-
dependent Ca®" efflux from mitochondria via Na™-Ca*"
antiporter with a presumed 3Na':1Ca*" stoichiometry.
The antiporter E has three binding sites for Na* and one
binding site for Ca>" facing either side of the IMM. In
one process, three Na™ ions from cytoplasmic side first
cooperatively bind to the unbound antiporter E in three
consecutive steps to form the complex E3Nal. Then one
Ca®" jon from the matrix side binds to the complex
E3Nal to form the complex Ca?'E3Nal. In another
process, one Ca>" ion from the matrix side first binds to
the unbound antiporter E to form the complex Ca2'E.
Then three Na* ions from the cytoplasmic side coopera-
tively bind to the complex Ca2 " E in three consecutive steps
to form the complex Ca2'E3Nal. The complex
Ca2"E3Na! then undergoes conformational changes to
form the complex 3Na; ECa2". The complex 3Na, ECa2"
then undergoes the reverse processes, where it dissociates
in two distinct processes to form three Na® ions in the
matrix side and one Ca>" ion in the cytoplasmic side, in
addition to the unbound antiporter E. K'ne, p» K'nx, p»
K'ce, and K’ ¢, are the apparent dissociation constants asso-
ciated with the binding of external and internal Na® and
Ca®" to the antiporter. The 3Na™:1Ca>" exchange via the
interconversion mechanism Ca2"E3Nal < 3Na/ECa"
is limited by the forward and reverse rate constants &,
and ky,, which depend on AW.

the stoichiometry (e.g., n = 3 represents a 3Na:1Ca”" anti-
porter); and the dissociation constants are (K'ne1, K'nx.1s
KlNeyz, K/NX,Q, K/Ne’:;, K/NX,3, K/Ce’ and K/Cx)- The values
(k,, ky) are the forward and reverse rate constants in the
interconversion of the antiporter complexes Ca;'EnNa,
and nNayECaZ". Due to translocation of positive charges
across the IMM, the rate constants (k,, k) are functions of
AW. Depending on the physical locations of Na® and
Ca’" binding sites on the antiporter, the dissociation
constants (K'ne, p» K'nx, p» K'ces and K'cy) may also depend
on AW,

E(p—1)Na/ + Naf —=——== EpNa/; EnNaS + Ca]® —=—== Ca;"EnNa/;

KNep

Kex

E + Caj® —=——== Ca}"E; Ca;"E(p— 1)Na/ + Naf —=——== Ca/"EpNa];

K

Cx Ne,p
E + Cal® ==——=== ECa’"; ECa " (p—1)Na] + Na] ==——== pNa/ECal"; o
Kee Koo
E(p—1)Na] + Na] === pNa/E; nNa/E + Ca' ==——= nNa/ECal";
;\Ix.p K/Ce
ka
Ca*EnNal ==——== nNa/ECa’' (p = 1,...,n),

k

where (K'ne, p» K'nx, p» K'ce, and K'c,) are the apparent
dissociation constants associated with the binding of
external and internal Na™ and Ca®'to the antiporter; n is
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Applying rapid equilibrium binding approximations, we
have the following relationships between various states of
the antiporter,
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4P 2+
[EpNa/| = E\Ia L[E], [Cal'E] = [C;, ]
11K, .
+1P 2+
I:pNa;LE] _ [,I,\Ia }X[EL [Ecaz+] — I:Ca/ ]e
) Ke.
H Kin

where the concentrations of various antiporter states are
expressed with respect to matrix volume, and [Na™t].,
[Na*],, [Ca2+]e, and [Ca”]x denote the extramatrix and
matrix concentrations of Na™ and Ca®>". As the total anti-
porter concentration is constant, we have

Bl (B + Y [EpNa] + [Cai

n

+ Z[Caﬁ*Ep Na'] + Z[p Na/ E]
p=1

p=1

+ [ECaZ*] + > [pNa/ECal*]. 3)

p=1

By substituting Eq. 2 into Eq. 3 and rearranging, the concen-
tration of unbound antiporter ([E]) can be expressed in terms
of the concentration of total antiporter ([Elt,,) as

[E] = [Elr./D, @

where

Based on the proposed mechanism of Na-dependent Ca>"
exchange via the antiporter (Fig. 1), the rate of nNa':
1Ca”" exchange can be expressed as

Ince = ki[Cal EnNa, | — k,[n Na/ECa] ™|
(oL e e
= D 2 / n / — Kp R / .
KCX 1:[1 KNe,i KCe ‘1:[1 Kij

(6)

The generalized nNa'-1Ca”" antiporter flux expression (6)
contains 7 pairs of dissociation constants for Na™ binding
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2+ [Nat]?
s fert ] - g
KCx ljl KNe,i
2
Ca?*] [Nat]”
——El; [P Na:ECa§+] = %[Eh
KCe H KNX,,‘

i=1

and a pair of dissociation constants for Ca>" binding (K’ P
K'nx, p» K'ce, and K'cy; p = 1,...,n) as well as two rate
constants (k,, kp), resulting in a total of 2n+4 unknown
parameters. When n = 3, a total of 10 unknown parameters
appears in the flux expression. Further reduction in the
number of unknown parameters is obtained under the
following assumptions.

Model 1

In one version of the model, the dissociation constant associ-
ated with the p™ binding step (K'ne. » K'nx. i P < 1) is assumed
to be arbitrarily large with the constraints [ iKne. p = K
and H;:1KNX, » = KX, which are finite (maximal cooperati-
vity). This is valid when K'ne, , > 1 uM,...K'ne, » < 1 uM
and K'nx, p > 1 uM,...K'nx, » < 1 uM.

Model 2

In another version of the model, the dissociation constants
associated with the binding of external and internal Na™ are
assumed to be equal to each other: K'ne, 1 = K'Nne, 2...=
K'Ne, n = K'ne and K’y 1 = K'ng, 2. - = K'nx, n = K'nx (partial
cooperativity).

Model 3

In the final version of the model, the dissociation constants
associated with the binding of external and internal Na™*
are assumed to satisfy the constraints: K'ne, p=m—p+1
K'ne/p and K'ny, , = (n — p + 1) K'nu/ps p = 1,2,...1 (no
cooperativity).

With these three assumptions, the flux expression (6) is
reduced to

[E]T ( [C32+] [Na+}n [Ca2+] [Na+]n>
JNCE: o ka /X/ < — /e/ x )
D Ko, Ky, Ko Kyl
)
where
+1n 2+ 24 Ln
pop =1+ ML 6] [C) N
Ky, K¢, K Kl
N[, e [Nt !
K;\?x K/Ce K/CeKI,\?x )
(3a)
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n [ca?*t] [Nat r
L sler
p=1 KCeKNx
n N + 1P C 2+
U S N =}
p=1 KI,\Ilje (nfifl) KCX
i=1
n, [ca?t] [Na*]” n Na*]”
BN . AN ' S
T Kekg ey TR [T
i=1 i=1
[Ca®"], = [Ca®"] [Na*]]
+ K,Ce + —

Note that [],(n—i+1/i)=1. In each of the three
variant models, the reduced flux expression contains only
four binding constants (K'ne, K'nxs K'ce, and K'c,) and
two rate constants (k,, k), for a total of six unknown param-
eters. Therefore, the three different assumptions on the
kinetic mechanism considerably simplify the model. The
denominators D, D,, and D5 in the three reduced flux
expressions contain an equal number of unknown parame-
ters and unambiguously account for various kinetic states
of the antiporter. D, and D3 look more complex than D,
due to the nature of the assumption on the kinetic mecha-
nism. Therefore, the three variant models are the three
possible minimal models of the antiporter. Even if all three
models are able to fit to the same data, the estimates of
parameters from these models are expected to differ. More-
over, Model 1 reproduces our previous model (16) with
ky = exp(+0.5(n — 2)FAW/RT), k, = exp(—0.5(n —
Z)FAIIJ/RT), K/Ce = K/CX = ch, and K/Ne = K/Nx = K/N
(both independent of AW).

Kinetic constraint

Under equilibrium conditions, the net nNa™:1Ca>" exchange
flux is zero (Jycg = 0). Thus, the kinetic parameters
(K'Nes K'nxs K ce» kay and k) are further constrained by the
relationship

/ n 24+ 4n
ky KCx Kl\?x
eq
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where K¢ is the apparent equilibrium constant for the
exchange of nNa" for 1Ca*" via the antiporter, which is
a function of pH and AW. Given this constraint, the number
of unknown parameters is further reduced by one (from six
to five).

Effect of pH on mitochondrial Na™-Ca®" antiporter
function

Experimental studies suggest that Na™-Ca®" antiporter is
regulated by protons (H") on either side of the IMM (6,7).
Specifically, these studies reveal that the flux of Na® or
Ca”" via the antiporter is inhibited by both low and high pH
with the minimal effect at an approximate pH = 7.0-7.3.
Furthermore, the studies of Paucek and Jaburek (7) suggest
that the H" ions inhibit the antiporter function by exclusively
influencing the affinity of Ca®" binding K'c), without
influencing the affinity of Na® binding (K’y) or the rate
constants (k, k).

We propose a kinetic mechanism to describe the pH-
dependent regulation of Na® and Ca?" fluxes via the anti-
porter (Fig. 2). This is similar to the theory of dibasic acid
in enzyme kinetics (23), in which the enzyme is known to
become active when a proton is bound at an allosteric
site of the enzyme. Otherwise, the enzyme is inactive.
In the proposed scheme, H" ions are assumed to influence
the Ca®" binding steps associated with the unbound anti-
porter E and Na'-bound antiporter complexes (EnNa™,
and nNa"E) on either side of the IMM. Specifically,
each antiporter state C (C: E, EnNa',, and nNa*,E) is
assumed to have multiple (2m, m is unknown) proton
binding groups and that only one proton binding group
(CmH™) can bind to a Ca®" ion (active). Other proton
binding groups are assumed to have zero affinity for Ca®"
(inactive).

Based on this kinetic mechanism, the rate of nNa*:1Ca>*
exchange can be written as

_ [Elyy [Ca> ] [Na*]
JNCE - D kaDHX K&XKgle
(10)
[Ca?* ] [Na" ]!
SRR )
where
o NaJ![eat], | [cat] [Na]:
D =bi=bn (” Ko Ko | KoKk
[Na*]0 [Ca’t], [Ca’*] [Na']]
oo (” Ko TR T Kk )0

(11a)
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[Ca2+ Z [Ca®" ] [Na* ] |
p=1 KCeKng 7
n 2+ n 2+ N +1P
D_D3_DHX(1+Z bkl gl L)
RGITeE) e TR T )
i=1 i=1 1 (11C)
n C 2+ n C 2+ N 4P
wm(uz cf Ll g o Lp[a]x> )
P 1K[7 H (n zl+1) Ce pZIK/CeK;\[;x (’17i[+1)

u = (S 1 3o ) (M),

QW‘
Il
3
/N
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Here Ky, and Ky, are the two dissociation constants associ-
ated with the binding of protons to the antiporter state C
(Fig. 2); K¢ represents the true dissociation constant for
Ca”" binding to the active ionized antiporter state CrmH";
K'c denotes the apparent dissociation constant that lumps
the effect of pH, which is experimentally observable (7).
We assume that Ky, and Ky, values are the same for both
inside and outside of the IMM. Furthermore, as the binding
of Na™ to any antiporter state is not influenced by pH, K'n. =
Kne and K’y = Kny. Incorporation of pH effects on the anti-
porter function introduces two more parameters, Ky and
Ky, which are estimated separately. With this formulation,
Eq. 9 is reduced to

n 2+ + " + "
E Kce K{y _ [Ca ]e[Na });'[H ]fn =Ky, (12)
kb KCx Kli\lle [H +] eq

where K is the true equilibrium constant, which is a func-
tion of AW only. Note that when the external and internal
pH become equal, Eqs. 10-12 reduce to Eqgs. 7-9.

Membrane potential dependence of the kinetic
parameters

The electrostatic field of the charged membrane influences
the binding of Na™ and Ca®" to the antiporter and their trans-
location via the antiporter. To account for this dependency,
we assume that the kinetics parameters Keq, Kne» Knx
Kce, Kcx, ki, and ky, depend on the electrostatic potential
difference AW across the membrane. Our approach is similar
to that of Metelkin et al. (24) on the kinetic modeling of
mitochondrial adenine nucleotide translocase and Dash
et al. (25) on the kinetic modeling of mitochondrial Ca®"
uniporter.

A detailed description of the approach is provided in
Appendix A in the Supporting Material. We only provide
here the final equations that are used to express Keq, Kne,
Knx, Kce, Kcx, ka, and kg, in terms of AW,

—Zc,)AD], A = FAW/RT, (13)

q>

Keq = exp|(nZna

KNe = ngexp(—aNeZNaA(I)), KNx = Kgxexp(+(1NXZNaAqJ),
Kce = K2 exp(—oceZo,AD), Koy = K2 exp(+ acxZe,AD),
(14)

ke = kexpl(+ nBneZna — BexZea) AD),

(15)
kb = kgexp[(_ nBNxZNa + ﬁCeZCa)A(I)]v
where o, Or ace (0N OT Q) 1S the ratio of potential differ-
ence between Na' or Ca>" bound to the site of antiporter
facing the external (internal) side of the IMM and Na™ or
Ca’" in the bulk phase to the total membrane potential; Sne
or fce (Bnx OF Bex) 1s the displacement of external (internal)
Na® or Ca®" from the coordinate of maximum potential
barrier. For reducing the number of unknown biophysical
parameters, we assume ne = Qce = e, ONx = Ocx = Ox,
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FIGURE 2 Proposed kinetic mechanism of proton inhibition of nNa™'-
1Ca*" antiporter function. The protons are assumed to inhibit the antiporter
function by their influences on Ca®" binding steps, associated with the
unbound antiporter E and Na'-bound antiporter complexes (EnNa',,
nNa™ E) in Fig. 1, on either side of the IMM. Each antiporter state
(C:E,EnNa',, nNa' E) is assumed to have multiple (2m) ionizable groups,
but contains only one active ionizable group CmH™ that can bind to a Ca®"
ion. The other ionizable groups are assumed to have zero affinity for Ca>"
(inactive). Ky, and Ky, are the two dissociation constants associated
with the binding of protons to the antiporter state C; K¢ represents the
true dissociation constant for Ca®" binding to the active ionized antiporter
state CmH™.

Bne = Bce = Be, and Bnx = Bcx = Bx. Therefore, the four
dissociation constants (Kxe, Knx, Kce, Kcx) and two rate
constants (k,, k,) are fully characterized by 10 unknown

parameters (KONe’ KONX’ KOCS’ KOCX’ Koaa Kob» O, Oy, 66’

and By; note that «, oy, B, and B are estimated separately).

Kinetic and thermodynamic constraints

By substituting Eq. 13 for Ky, Eq. 14 for Kxe, Knx, Kce, and
Kcx, and Eq. 15 for k, and k, into Eq. 12, we obtain the
following relationships, which lead to further parameter
reduction by two:

ka Ke. (Kﬁx

Za = 1,q, . . .= L 16
K K, K) &+ ot fet (16

Statistical methods and parameter estimation

The 12 antiporter model parameters ¢ = (ng, Kl\?x, K&,
Ké)xa Ka(.)’ Kb07 KHI? KHZ? e, Oy, 667 a-nd 67{) were eStimated
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in a systematic manner in multiple steps by least-square
fitting of the model simulated outputs to the available data,

ata mode; 2
w a7
Ngaamax (Ji& ;) |

Nexp Nata
minE(p), E(p) = »

4 - -
U J

where Ny, is the number of experiments; Ngq, is the number

of data points in a particular experiment; Joad, ; are the data

on antiporter fluxes; Jﬁgﬁflj((p) are the corresponding model

outputs; and max(.lg%‘i‘ii) is the maximum value of Jads i
A MATLAB-based (The MathWorks, Natick, MA) function
optimizer FMINCON is used to minimize the mean residual
error E(¢) for optimal estimation of the model parameters ¢,

given the constraints of Eq. 16.
Special cases

As in the experiments of Paucek and Jaburek (7), Cox and
Matlib (12), and Kim and Matsuoka (14), the internal
[Ca2+] or [Na'] was negligible compared to the external
[Ca2+] or [Na™], we may not be able to estimate all the 12
model parameters uniquely and accurately, due to nonsensi-
tivity of certain model parameters to the data. Therefore, we
explore the parameter estimation process under two special
cases: Kﬁe: Kl\?xand ng: K& so that kg = k,g) (Case 1)
and K9. # K<Q.and K. # K&, so that k0 # k{ (Case 2).
With these simplifications and constraints of Eq. 16, the
number of parameters for estimation becomes six for Case
1 and eight for Case 2.

RESULTS

The parameterization and independent validation of the three
different kinetic models of 3Na"-1Ca*" antiporter is illus-
trated in this section. Specifically, the three variant kinetic
models (Model 1, fully cooperativity; Model 2, partial coop-
erativity; and Model 3, no cooperativity) under two different
model assumptions (Case 1, K9 = Koy, K& = K&, and
k2 = k; and Case 2, K. # Kyox, K& # K&, and k0 # k)
are used to simulate and fit the independent data sets of
Paucek and Jaburek (7), Cox and Matlib (12), and Kim and
Matsuoka (14) on the kinetics of Na*-Ca’* antiporter, which
are shown in Figs. 3-5. The estimated model parameter values
corresponding to these different model assumptions and data
sets are summarized in Table 1. The corresponding analyses
and parameter values for a 2Na™-1Ca”" antiporter are given
in the Supporting Material.

Figs. 3 and 4 show the model simulations and experi-
mental data of Paucek and Jaburek, Cox and Matlib, and
Kim and Matsuoka with fixed external (cytosolic) and
internal (matrix) pH. The dashed lines are the simulations
from Model 1; the solid lines are the simulations from
Model 2; and the dotted lines are the simulations from Model
3. The left panels of Figs. 3 and 4, A and C, show fits for Case
1, whereas the right panels of Figs. 3 and 4, B and D, show
fits for Case 2.
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In one of the experiments of Paucek and Jaburek (7), the
initial rates of Ca>" influx (Na™ efflux) after variations in
external [Ca>"] were measured in proteoliposomes reconsti-
tuted with purified Na™-Ca®" antiporters of bovine heart
mitochondria (Fig. 3, A and B). In another experiment, the
initial rates of Na*t influx (CazJr efflux) after variations in
external [Na*] were measured in the same system (Fig. 3, C
and D). The measurements were made in the absence of an
electrostatic potential across the proteoliposomes. Therefore,
for fitting the models to these data, the membrane potential
was fixed at AW = 0 mV. In this case, the biophysical

Case 1 (K, = Ky, K¢, = KO0 k) =)

parameters o, = oy = « and §. = x = ( can be arbitrarily
chosen to satisfy the thermodynamic constraint of Eq. 16, as
these parameters cannot be obtained from these AW-inde-
pendent data. Nevertheless, these data provide unique and
accurate estimates of the kinetic parameters K, K3,
KCOC, and Kgx, given Ky, and Ky, However, the rate
constants k, and k;, estimated from these data differ slightly
(Table 1), probably due to discrepancy in these data
(Fig. 3, plots A and B, versus plots C and D). As both the
external and internal mediums were maintained at a constant
pH of 7.3, these data cannot provide accurate estimates of the

Case2 (Ky, # K3 K¢ # KL k! # k)

FIGURE 4 Comparison of the 3Na™-1Ca*" antiporter

models (lines) to the experimental data (points) of Cox
and Matlib (12) and Kim and Matsuoka (14) on the kinetics
of Nat-Ca®* fluxes via the antiporter with fixed external
pH. Shown are the best fits of three different kinetic models
(Model 1, Model 2, and Model 3) under two different
model assumptions (Case 1, (A, C); Case 2, (B, D)) to
the kinetic data of Cox and Matlib in which the initial rates
of decrease of matrix free [Ca>"] with variations in external
[Na*] ([Nat]. 0 mM, free [Ca®'], 1.27 uM,

free [Ca’t]. = 0.15 uM, pH, = 7.2, and pH, = 7.3)
were measured in purified mitochondria from rabbit hearts
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during state-2 respiration (AW = 190 mV) using fluores-
cence probes Fura-2 (A, B), and to the kinetic data of
Kim and Matsuoka in which the initial rates of Ca®" efflux
(Na™ influx) with variations in external [Na™] ([Na*],
[Na™]./8.6 mM, [Ca®'], = 300 nM, [Ca®*], = 0, pH, =
7.2, and pH, = 7.3) were measured in permeabilized cardi-
omyocytes during state-2 respiration (AW = 180 mV)
using fluorescence probes Rhod-2 (C, D). The models
were fitted to the data using the appropriate values of

[Na'], (mM)

[Na'], (mM)

AW, consistent with the experimental protocols.
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FIGURE 5 Comparison of the 3Na"-1Ca®>" antiporter

A Ky =Ky, Ko = KQ k) =k3) B (K3, =Ko K& = K2 k) =K)) models (lines) to the experimental data (points) of Paucek
5 5 . and Jaburek (7) on the kinetics of Na'-Ca®" fluxes via the
o Tg:::"im " P L RN L’:‘al‘; 350 mM antiporter with varying external pH. Shown are the best
.‘g 4 [Na=50mMm .E 4_—[Ca”lg=2pM y 0 o fits of the best kinetic model (Model 2, Case 1) to the
i o ca],=5M = kinetic data of Paucek and Jaburek in which the initial rates
_g 3 _g 3f —--Ca], = 10, M & of Ca*" influx (Na* efflux) with (A) variations in external
g, g : fy [Ca®*] at four different levels of external pH ([Na'], =
E EL 50 mM, [Na*]. = 0 mM, [Ca**], = 0 uM, pH, = 7.3,
;;E 1 &-5 ! and pH. = 7.0, 7.3, 6.5, and 7.8), and (B) variations in
S il 8 ] - external pH and fixed external [Ca>"] ([Na™], = 50 mM,
4 N, [Nat]. = 0 mM, [Ca®*], = 0 uM, [Ca’T]. = 2 uM,

-10 85 -7 55 -4 25 -1 g.s 6 6.5 7 75 8 85

log10([Ca"],, M)

pH =-log10([H"],, M)

and pHy = 7.3) were measured in proteoliposomes
reconstituted with purified Na™-Ca>" antiporters of beef
heart mitochondria. Also shown in plot B are the model

simulations of the initial rates of Ca>" influx (Na™ efflux) with variations in external pH at four different levels of external [Ca®](1,2,5,and 10 uM) with other
experimental conditions remaining the same. The model was fitted to the data by setting A® = 0 mV, in consistent with the experimental protocol.

proton binding constants Ky, and K. However, these data
provide unique and accurate estimates of the apparent
binding constants K'C.and K'C, (Table 1).

In the experiment of Cox and Matlib (12), the initial rates
of decrease of matrix free [Ca2+] after variations in external
[Na'] were measured in purified mitochondria of rabbit

hearts during state-2 respiration (AW

190 mV) using

the fluorescence probes Fura-2 (Fig. 4, A and B). In the
experiment of Kim and Matsuoka (14), the initial rates of
Ca”" efflux (Na* influx) via the antiporter after variations
in external [Na™] were measured in permeabilized cardio-
myocytes during state-2 respiration (AW = 180 mV) using
the fluorescence probes Rhod-2 (Fig. 4, C and D). In contrast
to the data of Paucek and Jaburek (7), these data depend on

TABLE 1 Estimated parameter values in the models of mitochondrial 3Na*™-1Ca?" antiporter
Values for Model 1 Values for Model 2 Values for Model 3
Case 1 Case 2 Case 1 Case 2 Case 1 Case 2
(KN = K N (K% # K Nxs (KN = K% (K% # K'Nes (KN = K'Nes (K'Ne # KN
Parameter K'co = K% K. # K°C) Kco = K°C0) Kce # K°C) K. = K°Co) K # K°C) Reference
£ 49,55 478, 5.4 5.8,5.8 5.55,5.73 5.2,5.65 491,56 rl, 12
6.80, 13.7 6.20, 12.10 7.8,14.2 72,125 7.2,13.8 69,132 13, 14
ke 49,55 476, 5.37 5.8,5.8 5.66, 5.85 5.2,5.65 5.07,5.8 rl, 12
6.80, 13.7 5.70, 14.23 7.8,14.2 8.5,13.2 7.2,13.8 8.55, 13.04 13, 14
KRe 9.14 x 103 8.83 x 10 4.8 x 1073 518 x 1073 6.51 x 1073 5.87 x 107 rl, 12
22%x 1073 2.10 x 1073 14 x 1073 1.36 x 1072 1.90 x 1073 1.80 x 1072 3
1.03 x 1073 1.02 x 1073 0.66 x 1072 0.82 x 1073 0.90 x 1073 0.89 x 1072 4
K 9.14 x 1073 8.82 x 1073 48 x 1073 489 x 107° 6.51 x 1072 5.76 x 1072 rl, 2
22%x 1073 1.90 x 1073 14 x 1073 1.35 x 1072 1.90 x 1072 1.90 x 1072 13
1.03 x 1072 1.01 x 1073 0.66 x 1073 0.77 x 1073 0.90 x 1073 0.86 x 1073 4
K&, 228 x 1077 229 x 107° 226 x 1077 229 x 107° 223 x 1077 230 x 107° all
K& 228 x 1077 1.89 x 107° 226 x 107° 1.89 x 107° 223 x 107° 2.10 x 107° all
K (pH = 7.0) 1.36 x 1077 137 x 1077 138 x 1077 137 x 1077 135 x 1077 143 x 1077 rl, 12
KY (pH = 7.3) 1.63 x 107° 1.70 x 107° 1.61 x 107° 1.70 x 107° 159 x 107° 171 x 107° rl, 12
K, (pH = 6.5) 3.98 x 107° 3.92 x 107° 4.16 x 107° 3.92 x 107° 4.03 x 107° 427 x 107° rl, 12
KO (pH=178) 117 x 107 122 x 10°° 1.16 x 107~ 122 x 1077 1.14 x 1073 1.23x10°° rl, 12
K9 (pH =17.2) 4.88 x 1077 5.08 x 1077 4.84 x 1077 5.08 x 1077 4.78 x 1077 5.11 x 1077 13, 14
KO, (pH = 7.3) 1.63 x 10°° 1.40 x 107 1.61 x 10°° 1.40 x 107° 1.59 x 107 1.56 x 10°° all
K 6.45 x 1078 6.47 x 107* 639 x 107° 6.47 x 1078 641 x 107* 6.38 x 10°* all
Ko 1.39 x 1077 1.40 x 1077 1.39 x 1077 1.40 x 1077 1.39 x 1077 1.40 x 1077 all
=0y =a 0 0 0 0 0 0 all
Be=B =0 0.5 0.5 0.5 0.5 0.5 0.5 all
Standard physiochemical/thermodynamic parameters used in the model
RT Gas constant times temperature (298 K) in kJ mol ' 2.5775
F Faraday’s constant in kJ mol ™' mV~! 0.096484
Zcas Zna Valence of Ca>" and Na* (unitless) 2,1

The rate constants k. and k are defined as k0 = [Elro k2 and kY = [Elro k. The model parameters satisfy the constraints kYK EIK &K /K)? = 1 and
2(a + B) = 1. The rate constants are in the units of umol/mg/min for Paucek and Jaburek data (7), uM/min in Cox and Matlib data (12), and % Rhod-2 signal/min
for Kim and Matsuoka data (14), whereas all dissociation constants are in the units of molar (M). The references rl, r2, r3, and r4 correspond to Figs. 3 and 4, parts
A-D, respectively, for each figure.
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nonzero AW. Therefore, the biophysical parameters o, =
ay = o and 8. = Bx = @ are accurately identified from these
data, subject to the thermodynamic constraint of Eq. 16. In
fact, we obtained the estimates « = 0 and 8 = 0.5 (Table
1), consistent with the previous estimates of Dash and Beard
(16). The values of Ca*" binding constants K. and K&, or
K’COe and K& (except for pH correction) remained at values
estimated from the data of Paucek and Jaburek (7). The
values of Na® binding constants K9 and Ky, or
K. and K _differed from those obtained from the data of
Paucek and Jaburek. These differences may be reconciled
to the fact that the measured Na™-Ca®" fluxes are from dif-
ferent experimental systems; proteoliposomes reconstituted
with purified cardiac mitochondrial Na™-Ca®" antiporter of
Paucek and Jaburek versus isolated cardiac mitochondria
of Cox and Matlib versus isolated permeabilized cardiomyo-
cytes of Kim and Matsuoka. The estimated values of K9.and
KI\?X are found ~1 mM, consistent with the reported values in
Kim and Matsuoka (14) in isolated permeabilized cardio-
myocytes and the estimated values of Dash and Beard (16)
from the data of Cox and Matlib (12) in isolated cardiac
mitochondria. As the external medium was maintained at
a constant pH of 7.2 in both studies, these data do not provide
the estimates of the proton binding constants Ky, and K.
Note that as the Ca’" efflux (Na* influx) was expressed
in different units (uM/min in Cox and Matlib versus %
Rhod-2 signal/min in Kim and Matsuoka), the rate constants
were appropriately scaled from the previous estimates to fit
to these data (Table 1).

From the fits of the models to the data (Figs. 3 and 4), it is
apparent that all three kinetic models (Model 1, Model 2, and
Model 3) of the antiporter under either of the conditions
(Case 1 or Case 2) can adequately match the data. This indi-
cates that all the variant models were well identified from the
available data, with the parameters between the models
having equal sensitivities to the data, and that the available
data are not suitable to distinguish between the variant
models. As the variant models were all effectively derived
from the same kinetic mechanism under different assump-
tions, the estimated parameters expectedly varied between
the models, as shown in Table 1. Nevertheless, Model 2
(where the dissociation constants associated with the binding
of external and internal Na® to the antiporter states are
assumed to be equal for each of the binding steps: Kne1 =
Kne2 = Knes = Kne and K1 = Kz = Knxs = Ky
fits the data with least error. In addition, Case 1 and Case 2
are indistinguishable, as we obtain K& = K, K& = K&,
and kf = Iq? (Case 1) even with the assumptions Kﬁeq& KISX,
ng * K&, and kf * kbo (Case 2). We therefore consider
Model 2 to be the most accurate model, i.e., the one that
best describes the data compared to the other two models.

Fig. 5, A and B, shows the fits of Model 2 (Case 1) to the
data of Paucek and Jaburek (7) on the kinetics of Ca®" influx
(Na™ efflux) via the antiporter obtained under varying
external pH and [Ca2+]. In one of these experiments, the
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initial rates of Ca*" influx (Na™ efflux) after variations in
external [Ca®*] were measured in proteoliposomes reconsti-
tuted with purified Na™-Ca”" antiporters of beef heart mito-
chondria with different external pH (pH. = 7.0, 7.3, 6.5, 7.8)
(Fig. 5 A). In another experiment, the initial rates of Ca®"
influx (Na® efflux) after variations in external pH were
measured in the same system with fixed external [Ca2+] of
2 uM (Fig. 5 B). The apparent K for Ca’™" binding (K'¢)
was shifted from 0.55 *= 0.16 uM at pH 7.0, to 2.01 =+
0.16 uM at pH 7.3, to 42 = 14 uM at pH 6.5, and to
1.0 = 0.4 mM at pH 7.8.

To simulate the data in Fig. 5 A, the kinetic parameters
K'S., K'o, K'S., and K’ were fixed at values as estimated
from the data of Paucek and Jaburek (7), and the biophysical
parameters o, = oy = o and S, = Bx = B were fixed as esti-
mated from the data of Cox and Matlib (12) and Kim and
Matsuoka (14). The maximum number of protons (m) that
can bind to the antiporter states (C: E, EnNaZ, nNa;E)
was determined by trial-and-error until the model success-
fully reproduces the data. The models fitting to these data
also provided accurate estimates of the proton binding
constants Ky;; and Kypp, which are used along with the esti-
mates of the apparent binding constants K’ge and K’ ((;)X to
obtain the estimates of the true binding constants K&, and
K& from Eq. 11e. The effect of varying pH on Na"-Ca*"
antiporter function was found to be mediated by a shift in
apparent K of Ca>" (K'c) from 0.138 uM at pH 7.0, to
1.61 uM at pH 7.3, to 41.6 uM at pH 6.5, and to 1.16 mM
at pH 7.8, in consistency with the data. The values of Na™-
binding constants (K¥.and K,) and the Na™-Ca®>* exchange
rate (k) remained the same.

We further validated the antiporter model by comparing
the model to the data not used for parameterization. In
Fig. 5 B, the model (Model 2, Case 1) with estimated param-
eter values is used to simulate the Ca>" influx (Nat efflux)
data of Paucek and Jaburek (7) with fixed external [Ca®"]
and varying external pH. For model simulations, four
different levels of external [Ca®"] (1 uM, 2 uM, 5 uM,
and 10 uM) were used to test the sensitivity of the Ca®"
influx (Na™ efflux) to variations in external [Ca>"]. These
simulations show that the model with an external [Ca2+] =
2 uM does not match, accurately, the data for high and
low pH (i.e., for pH < 6.5 and pH > 7.5). This is due to
inconsistencies in the data sets in Fig. 5, A and B, in these
nonphysiological ranges of pH. However, the model
adequately predicts the bimodal behavior of Ca*" influx
(Na' efflux) via the antiporter with varying external pH,
observed experimentally.

DISCUSSION

This article provides a detailed, systematic analysis of the
kinetics of Na™-Ca*" antiporter, which is the primary
pathway for Na"-mediated Ca®" extrusion in respiring mito-
chondria, and hence plays an important role in regulating
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mitochondrial Ca". Specifically, it presents a biophysically
based, mathematical model of the antiporter, which is devel-
oped based on a multistate catalytic-binding mechanism
for carrier-mediated facilitated transport (20) and Eyring’s
free energy barrier theory for interconversion and electro-
diffusion (20-22), and validated based on comparison of
model outputs to several independent data sets on Na™-
Ca®" fluxes via the antiporter from the literature (7,12,14).
The model adequately describes the AW-independent data
on Na'-Ca®" fluxes of Paucek and Jaburek (7) in proteolipo-
somes reconstituted with purified Na™-Ca®" antiporters
from beef heart mitochondria as well as the AW-dependent
data on Na'-dependent Ca>" effluxes of Cox and Matlib
(12) in purified cardiac mitochondria and Kim and Matsuoka
(14) in permeabilized cardiomyocytes during state-2 respira-
tion. The model differs from the previous attempts (16—19)
in that it is thermodynamically balanced and incorporates
the observed pH-dependency of the antiporter function
(6,7). The generalization of the model to both 2Na':1Ca*"
and 3Na":1Ca®" stoichiometry is another important feature,
making the model accessible to study both electroneutral and
electrogenic Na™:1Ca?" exchange via the antiporter.

An important aspect of this study is modular model devel-
opment. Once the kinetic model of the antiporter is derived
and evaluated (with fixed matrix and extra-matrix pH), the
proton inhibition mechanism of the antiporter function is
incorporated into the model, requiring estimation of only
two additional kinetic parameters based on additional kinetic
data (AW-independent, pH-dependent) from the same
system (7). The pH-dependence is introduced here for the
first time, making the model applicable to study antiporter
function under pathological conditions (e.g., myocardial
ischemia) in which the extra- and intramatrix pH vary
considerably. Once the pH-dependence is established, the
AW-dependence of the antiporter function is incorporated
into the model by introducing the AW-dependence of the
kinetic parameters based on biophysical theory of ion
binding and translocation, making the model thermodynam-
ically balanced. The additional parameters introduced by this
theory are evaluated based on additional AW-dependent
kinetic data from the same system (12,14). As the resulting
model is developed and parameterized in a modular fashion,
representing many independent kinetic data sets on the anti-
porter function, the developed model is expected to best
describe the antiporter function under both physiological
and pathophysiological conditions.

There is no direct evidence regarding the structure and
composition of Na™-Ca?" antiporter functional unit as well
as the mechanism of Na'-dependent Ca®' efflux from
mitochondria. Our model assumes the antiporter to have a
general n number of Na' binding sites (n = 2 or 3) and
explores various Na™* binding mechanisms (fully cooperativ-
ity: Model 1, partial cooperativity: Model 2, and no cooper-
ativity: Model 3) to determine the most possible Na* binding
mechanism that explains the observed data on the kinetics of
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Na'-Ca?" exchange via the antiporter under a variety of
experimental conditions. Specifically, with our model anal-
yses of the available kinetic data (7,12,14), we are able to
distinguish between three versions of the model, and show
that Model 2 predicts the data more accurately compared
to Model 1 and Model 3, with both 2Na*:1Ca>" electroneu-
tral and 3Na™:1Ca®" electrogenic exchange.

The analyses of the available kinetic data (7,12,14) with
three different kinetic models of the antiporter shows that
for these models to fit the data, the dissociation constants
associated with the binding of external and internal Na™*
and Ca”" to the antiporter in the absence of electric field
(AW = 0) have to be of equal magnitudes (i.e., KQ. and
K&, have to be equal to K9 and K&)). In fact, we obtain
the estimates K. = Ky and K& = K& even with the
assumptions Kﬁe * Kl\?x and ng * Kgx (Table 1), making
the two cases (Case 1 and Case 2) indistinguishable. The
estimates of the biophysical parameters o, = oy = o =
0 and . = Bx = B = 0.5, which provide the best fit of the
models to the data (7,12,14), suggest that:

1. The charge distribution on the antiporter during
Nat(Ca?") binding to the antiporter and Na*"(Ca*")
translocation via the antiporter is linearly decreasing
(increasing) along the direction of Na'(Ca*") translo-
cation from the outside (inside) to inside (outside) of
the antiporter, and

2. The free energy barrier that impedes the Na*(Ca
translocation via the antiporter seems to be symmetric
(because . = By = 8 = 0.5).

2+)

By considering two Na' binding sites on the antiporter
(n = 2), we are also able to fit the resulting model to the
data of Paucek and Jaburek (7) (Appendix B in the Support-
ing Material), which suggests an electroneutral exchange of
2Na™ for Ca*" via the antiporter. This indicates that these
data are not suitable to identify the stoichiometry of the
nNa":1Ca>" exchange. The data (7,12,14) that are used
for model parameterization are mostly the initial Na™-
Ca”" fluxes via the antiporter. In these experiments, matrix
Na™ or Ca>" was typically negligible compared to extrama-
trix Na™ or Ca®" for various initial Na™ or Ca*" flux
measurements. As a result, these data were not adequate
to fully characterize the stoichiometry of the nNa™:1Ca*"
exchange. However, with the help of an integrated model
analysis of the dynamic data on matrix free [Ca®"] with
varying extramatrix [Na'] in isolated respiring cardiac
mitochondria (12), we are able show an electrogenic
exchange of 3Na® for Ca’" via the antiporter, consistent
with earlier experimental observations (8,13) and our recent
model conclusion (16) (Appendix C in the Supporting
Material).

The Na™-Ca?" antiporter model derived here is able to
explain the data of Cox and Matlib (12) and Kim and Mat-
suoka (14) on mitochondrial Na™-mediated Ca’" effluxes,
which are dependent on membrane potential AW (Fig. 4),
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without considering the nonphysical assumptions of pre-
vious models (17,18). In particular, these models have
considered an offset potential AW* (= 91 mV) and flux
expressions appropriate for potential measured relative to
this offset potential, and hence are not thermodynamically
balanced. These models were justified based on the explana-
tion that the electrical potential across the antiporter may not
fall to zero concomitantly with the bulk membrane potential,
possibly because of fixed charges producing electric field
gradients localized to the antiporter. However, such models
cannot be reconciled with measurements of bulk Na* and
Ca”*" movement between the matrix and extramatrix space.
Our biophysical model of the antiporter is able to account
for the observed kinetic data based on a mechanistic formu-
lation that is thermodynamically feasible. In doing this the
singularity that occurs at AW = AW* = 91 mV in previous
models (17,18) does not exist in our model. Furthermore,
Model 1 and Case 1 of our model are analogous to the anti-
porter model of Dash and Beard (16) and Nguyen et al. (19)
in their integrated model of mitochondrial bioenergetics and
Ca®" handling.

The proposed mechanism of proton inhibition on the anti-
porter function is one of the most striking features of this
work. Our nNa™ or 1Ca*" antiporter model (n = 2 or 3),
with proton inhibition mechanism incorporated, is able to
explain accurately the data of Paucek and Jaburek (7) on
proton inhibition of Na-mediated Ca*" exchange via the
antiporter (Fig. 5). The binding of m protons (m = 6) to the
antiporter state C (C: E, EnNa.", nNa E) (Fig. 2) is shown
to influence the affinity of Ca*" binding to the antiporter,
without affecting the affinity of Na* binding to the antiporter
and maximal nNa*:1Ca*" exchange rate (Fig. 5 A). The
bimodal response of the antiporter function (Ca2+ influx) to
external pH for a given external [Ca®"] observed from the
model simulation is consistent with the response seen exper-
imentally (6,7) (Fig. 5 B); the inhibition of the antiporter
activity is shown to be at both low and high pH with the
minimal effect (optimal activity) at ~pH = 7.0.

A bell-shaped pH-dependence of enzyme activity is usually
modeled based on the theory of dibasic acid (23), in which the
enzyme is known to become active when a proton is bound at
an allosteric site of the enzyme. Without any proton bound or
with two protons bound, the enzyme is usually inactive. In the
case of a Na™-Ca®" antiporter, this bell-shaped pH-depen-
dence phenomenon seems to be somewhat complex. We tried
to incorporate the proton inhibition mechanism of the anti-
porter function into the model by an induction process to fit
the model to the transport flux data in Fig. 5, A and B. In
this process, 2m (m = 1, 2, 3, ...) proton-bound states of the
fully unloaded or fully nNa™ loaded antiporter (C: E, EnNaZ",
nNa**E) are considered, with exactly m proton-bound states,
which are considered to be active for Ca®>" binding. Only
when m = 6, we were able to fit the model to the data.
A more appropriate mechanism of proton inhibition of the
antiporter function might be that protons must bind to the
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antiporter at allosteric sites to enable Na*-Ca”" exchange
(active antiporter state) but also that protons competitively
bind to the Ca®" binding sites of the antiporter. In this case,
high proton concentration will inhibit Ca®" binding and low
proton concentration will render the antiporter inactive. We
also mention here that, as per the proposed mechanism of
pH-dependence of the antiporter function, m protons are
cotransported in a cycle of Na™-Ca®" exchange.

This model of nNa™-1Ca*" antiporter is based on
a general, random-ordered, bi-bi binding and transformation
mechanism (Fig. 1). In this kinetic scheme, the probability of
both the Ca>" binding after, and that preceding, the binding
of all nNa™ is considered, due to lack of sufficient informa-
tion about their order of binding. Various assumptions on the
binding mechanism resulted in several (six) alternative
minimal models, all having an equal number of unknown
parameters. Alternative kinetic schemes can be formulated
in which either the inner loop (Ca®" binding precedes the
nNa™ binding) or the outer loop (Ca®" binding follows the
nNa' binding) in Fig. 1 can be considered. Accordingly,
the denominator D in the flux expression will be modified.
However, we note here that the number of unknown param-
eters in these two possible models would be the same as that
in the proposed model of the antiporter. These models may
also be able to fit the available kinetic data with appropriate
changes in the parameter values, compared to the parameter
values in our model. Therefore, selecting any specific mech-
anism or model will certainly require additional kinetic data
on the antiporter function and information regarding the
structure of the antiporter.

In addition to the general kinetic scheme shown in Fig. 1
and its two variant schemes described above, another
possible general kinetic scheme and its two possible variant
schemes for the antiporter function would be to consider the
unbound antiporter E to have two conformational states E.
and E,, depending on the orientation and the position of
Ca”*" and nNa™ binding sites on the external or the internal
side of the IMM. Each of these models would involve two
additional rate constants for this conformational change,
which are distinct from the rate constants &, and k;, for the
conformational change of the fully loaded antiporter states
Ca?"E.nNa.™ and nNa/E,Ca2". Specifically, they will not
depend on the transmembrane potential AW, as no net charge
is translocated via this conformational change. Therefore,
applying these models would involve estimating a larger
number of adjustable parameters than would be required
by our model.

Present understanding of cardiomyocytes Ca®" handling
suggests the existence of intracellular Ca?" subdomains
(junctional cleft or submembrane space, where higher Na™*
or Ca* " levels, compared to the average Na™ or Ca®" concen-
trations in the cytosol, may develop during cell excitation)
(26,27). These Ca>" subdomains are believed to be essential
in some critical aspects of cell signaling and cell cycling.
Consequently, the mitochondrial population situated near to
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these Ca®" subdomains is expected to have different behavior
(e.g., higher Ca*" uptake; also may be increased redox states
and increased respiration) compared to those mitochondrial
populations that are far away from these Ca®" subdomains.
Therefore, our biophysical model of mitochondrial Na*-
Ca”" antiporter will form the basis for constructing biophysi-
cally based, integrated models of mitochondrial bioenergetics
and Ca®" handling (by integrating the Na*-Ca”>" antiporter
model to our existing models of the tricarboxylic acid cycle,
oxidative phosphorylation, cation handling, and electrophys-
iology (28)), which may be helpful in understanding the
mechanisms by which Ca’" plays a role in mediating
signaling pathways and modulating energy metabolism,
both locally as well as over the whole cell.

SUPPORTING MATERIAL

Three appendices, six figures, and one table are available at http://www.
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