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Semilocal density functional theory predictions for the barrier heights of representative hydrogen
transfer, heavy-atom transfer, and nucleophilic substitution reactions are significantly improved in
non-self-consistent calculations using Hartree–Fock orbitals. Orbitals from hybrid calculations yield
related improvements. These results provide insight into compensating for one-electron
self-interaction error in semilocal density functional theory. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2940738�

I. INTRODUCTION

Kohn–Sham density functional theory �DFT� using
semilocal exchange-correlation �XC� functionals is an indis-
pensable tool for computational chemistry and solid state
physics.1 Semilocal XC functionals include the local spin-
density approximation �LSDA� constructed from the electron
density, generalized gradient approximations �GGAs� con-
structed from the density and density gradient, and meta-
GGAs incorporating the kinetic energy density and/or den-
sity Laplacian.2 DFT has been extensively applied to
predicting reaction energies and reaction barrier heights.3–5

An early investigation6 of the F+H2→HF+H hydrogen
transfer found that non-self-consistent calculations using
Hartree–Fock �HF� orbitals and the BLYP �Refs. 7 and 8�
GGA predicted an accurate reaction energy and a slightly
overestimated barrier height. However, subsequent investiga-
tions indicated that self-consistent calculations with semilo-
cal XC functionals significantly underestimate the barriers of
reactions such as hydrogen transfers, heavy-atom transfers,
and nucleophilic substitutions.4,5,9

This reaction barrier underestimation is connected to the
one-electron self-interaction error �1e-SIE� intrinsic to
semilocal density functionals. 1e-SIE is defined as an erro-
neous nonzero electron-electron interaction energy in one-
electron systems due to incomplete cancellation between the
Coulomb and XC interactions of an electron with itself.10

Semilocal DFT reaction barriers can be significantly im-
proved by explicit Perdew–Zunger self-interaction
correction9–12 �PZ-SIC� or by admixture of a large fraction
��50% � of 1e-SIE-free HF exchange.13–16 Because 1e-SIE
mimics nondynamical electron correlation in covalent
bonds,17–19 molecular thermochemistry tends to be optimized
by a scaled down PZ-SIC �Ref. 12� or a smaller fraction
��10% –25% � of HF exchange.20–22 Functionals incorporat-
ing 100% long-range HF exchange23,24 or a fraction of
middle-range HF exchange25 appear to balance the desirable
versus undesirable effects of 1e-SIE, providing accurate
treatments of both molecular thermochemistry and reaction

barrier heights.26 The role of many-electron self-interaction
error in such systems has recently been highlighted.27–29

Unfortunately, both PZ-SIC and admixture of HF ex-
change have a significant computational cost relative to
semilocal DFT, especially in solids.30 This has led to exten-
sive research on semilocal functionals that incorporate the
desirable nondynamical correlation effects of 1e-SIE while
avoiding its undesirable effects on reaction barriers. How-
ever, the most accurate extant GGA �Refs. 31–34� and meta-
GGA �Refs. 35–37� functionals are highly parameterized and
sometimes fail to reproduce exact conditions.2 Further inves-
tigation of how 1e-SIE affects reaction barriers may provide
insight into developing more accurate and less empirical
semilocal XC functionals.

This article represents one such investigation. We show
that non-self-consistent calculations combining semilocal
XC functionals with 1e-SIE-free HF orbitals significantly
improve many reaction barriers. Orbitals from hybrid func-
tionals incorporating a fraction of HF exchange yield similar
improvements. The improvements appear to result from can-
cellation between the 1e-SIE of transition states versus reac-
tants, arising from the relatively localized transition state
electronic structures obtained from HF
calculations.

II. COMPUTATIONAL DETAILS

We investigate forward and reverse reaction barrier
heights from the HTBH38/04 set of 19 hydrogen transfer
reactions and the NHTBH38/04 set of 6 heavy-atom transfer
reactions, 8 nucleophilic substitution reactions, and 5 unimo-
lecular and association reactions.38,39 Geometries and experi-
mental values for these sets are taken from Ref. 39. We also
test the small, representative AE6 set of atomization energies
and BH6 set of hydrogen transfer reaction barrier heights.40

Geometries and experimental values for these data sets are
taken from Refs. 40 and 41.

We present results for the following density functionals:
LSDA �Vosko–Wilk–Nusair correlation functional V �Ref.
42��, the nonempirical Perdew–Burke–Ernzerhof43 �PBE�
and RPBE �Ref. 44� GGAs, the PBEh �Refs. 45 and 46� and
PBE half-and-half �“HandH”� global hybrids, and the accu-a�Electronic mail: bjanesko@rice.edu.
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rate one-parameter long-range-corrected hybrid LC-�PBE.26

“PBE-75” denotes a PBE global hybrid with 75% HF ex-
change. RPBE, PBEh, PBE-HandH, PBE-75, and LC-�PBE
use the PBE correlation functional. We also present results
from the HCTH407 GGA,33 which is taken as representative
of the latest empirical GGAs. Calculations use a develop-
ment version of the GAUSSIAN electronic structure program47

and �unless noted otherwise� the 6-311+ +G�3df ,3pd� basis
set. Open-shell systems are treated spin unrestricted. Errors
are calculated as theory-experiment.

III. RESULTS

Table I compares self-consistent and post-HF errors in
reaction barrier heights. The table shows mean and mean
absolute errors in forward and reverse barrier heights of the
HTBH38/04 and NHTBH38/04 test sets. Post-HF calcula-
tions dramatically improve LSDA and the nonempirical PBE
and RPBE GGAs. The largest improvements occur for hy-

drogen transfer, nucleophilic substitution, and heavy-atom
transfer reaction barriers. To our knowledge, this effect has
never been systematically reported or investigated. Hydrogen
transfer and nucleophilic substitution barriers were previ-
ously shown to be improved by explicit PZ-SIC.9

Table II demonstrates that post-HF and self-consistent
semilocal DFT calculations yield similar results for thermo-
chemistry and reaction energies. The table presents post-HF
and self-consistent errors in HTBH38/04 and NHTBH38/04
reaction energies and AE6 atomization energies. These prop-
erties are largely orbital independent, with LSDA and PBE
somewhat improved post-HF. This is consistent with Refs. 9
and 11, which show that 1e-SIE has a minimal effect on
reaction energies. Post-HF calculations tend to overcorrect
atomization energies of the RPBE and HCTH407 GGAs.

The results in Table II are unsurprising at first glance.
Semilocal DFT energies of covalently bound molecules are
known to be rather insensitive to orbital choice.1 However,
the point is of central importance. Post-HF calculations with

TABLE I. Mean and mean absolute errors in self-consistent �SCF� and post-HF 6-311+ +G�3df ,3pd� reaction barrier heights of the HTBH38/04 and
NHTBH38/04 test sets.

Functional

HTBH38 hydrogen
transfer

Non-hydrogen-transfer reactions of the NHTBH38 set

Nucleophilic
substitution �16�

Heavy-atom
transfer �12�

Unimolecular and
association �10�

Full
NHTBH38

SCF Post-HF SCF Post-HF SCF Post-HF SCF Post-HF SCF Post-HF

Mean absolute errors �kcal/mol�
LSDA 17.9 10.2 8.4 1.3 23.8 12.9 6.1 3.5 12.7 5.5
PBE 9.7 3.5 6.8 1.6 15.3 8.6 3.5 2.5 8.6 4.0
RPBE 6.8 2.0 5.5 2.6 12.5 7.6 2.8 2.7 7.0 4.2
HCTH407 5.8 1.9 2.5 5.0 9.3 7.4 2.3 4.3 4.6 5.6
PBEh 4.6 1.7 1.9 3.1 7.0 5.6 2.3 2.5 3.6 3.7
PBE-HandH 1.5 2.0 2.4 4.5 2.2 5.4 2.7 2.9 2.4 4.4
LC-�PBE 1.3 2.6 2.8 5.8 1.9 7.2 2.3 3.3 2.4 5.6

Mean errors �kcal/mol�
PBE −9.7 −3.1 −6.8 1.6 −15.3 −0.7 −3.1 1.8 −8.5 0.9
HCTH407 −5.8 0.6 −2.5 5.0 −9.3 6.1 −0.9 4.3 −4.2 5.2
LC-�PBE −0.5 2.4 2.8 5.8 −0.6 7.2 1.4 3.3 1.4 5.6

TABLE II. Errors in HTBH38/04 and NHTBH38/04 reaction energies and AE6 atomization energies; details as
in Table I.

Functional

HTBH38 NHTBH38 AE6

SCF Post-HF SCF Post-HF SCF Post-HF

Mean absolute error �kcal/mol�
LSDA 6.7 6.4 6.7 4.6 77.0 68.5
PBE 3.2 3.0 3.7 2.0 15.1 10.2
RPBE 1.8 1.7 2.8 1.6 9.7 14.6
HCTH407 1.8 1.8 2.6 1.6 5.6 9.7
PBEh 1.6 1.5 2.2 1.7 6.1 5.3
PBE-HandH 1.5 1.5 3.2 3.2 10.7 12.6
LC-�PBE 1.8 1.8 2.0 1.6 4.9 6.5

Mean error �kcal/mol�
PBE 0.1 0.1 1.6 1.1 11.9 4.4
HCTH407 −0.5 −0.5 0.9 0.3 −2.6 −9.7
LC-�PBE 0.1 0.2 −1.0 −1.3 −2.2 −6.5

244112-2 B. G. Janesko and G. E. Scuseria J. Chem. Phys. 128, 244112 �2008�



semilocal DFT functionals appear to reduce the undesirable
effects of 1e-SIE on reaction barriers while largely maintain-
ing its desirable simulation of the nondynamical correlation
effects essential to thermochemistry.

The effects in Table I are not restricted to post-HF cal-
culations but occur to some extent for hybrid DFT orbitals
and densities. Table III presents mean absolute errors in the
small, representative BH6 set of hydrogen transfer reaction
barrier heights.40 For each method X=PBE, PBE-HandH,
LC-�PBE, PBE-75, and HF; the table presents results of
self-consistent calculations and of non-self-consistent
“post-X” PBE using orbitals and densities from method X.
All of the functionals yield orbitals and densities that im-
prove PBE hydrogen transfer barriers. This is a notable con-
trast to the self-consistent calculations, where removing too
much 1e-SIE �and its associated simulation of nondynamical
correlation17–19� degrades the results.

The accurate post-HF reaction barriers appear to result
from an improved cancellation of 1e-SIE between reactants
and transition states. To illustrate, Fig. 1 presents an energy
level diagram of the H2+H→H+H2 reaction. The figure
compares self-consistent and post-HF PBE to high-level
ab initio calculations.48 For self-consistent PBE �red�, the
reactant energies are significantly above the high-level re-
sults �black�, while the transition state energy is below the
high-level result and far too low relative to the reactants.
This error is due in part to the spurious Coulomb self-
repulsion present in PBE, a repulsion that is smaller in the
relatively delocalized transition state. Non-self-consistent
PBE calculations with HF orbitals �blue� apparently have a

more localized transition state with significantly increased
Coulomb self-repulsion.49 This extra self-repulsion improves
the cancellation of 1e-SIE between transition state and reac-
tants. The resulting post-HF reaction barrier is significantly
closer to the high-level calculation, even though the post-HF
total energies are still rather inaccurate.

An important caveat to these results is that HF electronic
structures tend to be too localized, yielding overestimated
reaction barrier heights.4,5 The accurate post-HF results
shown here thus enjoy a degree of error compensation. This
may explain the relatively poor post-HF barriers obtained for
PBE-HandH and LC-�PBE, which already include substan-
tial HF exchange. It may also explain the overcorrected
HCTH407 reaction barriers. HCTH407 is parametrized to a
data set including accurate 1e-SIE-free XC potentials of at-
oms and small molecules and thus presumably incorporates
some sort of effective 1e-SIC.32,33 In this context, we note
that Baerends and co-workers found that semilocal DFT cal-
culations using accurate ab initio electronic structures sig-
nificantly underestimate hydrogen transfer50 and nucleophilic
substitution51 reaction barriers, with results comparable to
self-consistent semilocal DFT. Despite this, the post-X re-
sults of Table III indicate that a more general principle is at
work.

The results in Table I should provide a caution to the
common practice of benchmarking density functionals using
non-self-consistent calculations. Reaction barrier heights can
apparently be strongly orbital dependent, such that non-self-
consistent calculations may give an incorrect picture of a
functional’s performance.

IV. DISCUSSION

In this work, we suggest that localizing semilocal DFT
electronic structures can compensate for some undesirable
effects of self-interaction error. We show that non-self-
consistent semilocal DFT calculations using HF orbitals dra-
matically improve many reaction barriers without degrading
thermochemistry. These improvements are in many respects
a consequence of error compensation. Semilocal DFT calcu-
lations of reaction barrier heights always rely on a cancella-
tion between the 1e-SIE of reactants versus transition states.
HF orbitals and densities appear to increase the self-
Coulomb repulsion in semilocal DFT transition states, im-
proving this cancellation of 1e-SIE. �It is interesting to note
in this context that the exact energy can in principle be ob-
tained directly from the HF density matrix.52�

Of course, we do not advocate post-HF methods for pro-
duction calculations. Rather, we suggest that these results
provide insight into “working around” the 1e-SIE intrinsic to
semilocal density functionals. Explicit constraints counter-
acting self-Coulomb-induced delocalization may provide im-
proved 1e-SIE cancellation without the need to evaluate HF
exchange. While such error compensations must be treated
with care, they are essential in applications where high-level,
1e-SIE-free methods are computationally intractable.

TABLE III. BH6 hydrogen transfer reaction barrier height mean absolute
errors �kcal/mol�. “SCF” denotes self-consistent calculations. “Post-X PBE”
denotes non-self-consistent PBE calculations using orbitals from a self-
consistent calculation with method X.

SCF Post-X PBE

PBE 9.6 9.6
PBEh 4.9 9.2
LC-�PBE 1.5 8.7
PBE-HandH 1.3 8.2
PBE-75a 2.7 6.7
HF 12.1 3.4

aPBE global hybrid, 75% HF exchange.

FIG. 1. �Color online� Energy level diagram for the H2+H→H+H2 reac-
tion. PBE �red�, post-HF PBE, and high-level �HL� ab initio calculations.
Classical reaction barriers �kcal/mol� are given in the labels; other details are
in the text.
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