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Positive feedback regulation results in spatial clustering and fast
spreading of active signaling molecules on a cell membrane
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Positive feedback regulation is ubiquitous in cell signaling networks, often leading to binary
outcomes in response to graded stimuli. However, the role of such feedbacks in clustering, and in
spatial spreading of activated molecules, has come to be appreciated only recently. We focus on the
latter, using a simple model developed in the context of Ras activation with competing negative and
positive feedback mechanisms. We find that positive feedback, in the presence of slow diffusion,
results in clustering of activated molecules on the plasma membrane, and rapid spatial spreading as
the front of the cluster propagates with a constant velocity (dependent on the feedback strength).
The advancing fronts of the clusters of the activated species are rough, with scaling consistent with
the Kardar—Parisi-Zhang equation in one dimension. Our minimal model is general enough to
describe signal transduction in a wide variety of biological networks where activity in the
membrane-proximal region is subject to feedback regulation. © 2009 American Institute of Physics.

[DOL: 10.1063/1.3149861]

I. INTRODUCTION

Cell signaling networks often generate binary (on or off)
responses in presence of a diverse set of stimuli in the local
environment. A common element present in many of these
networks is a positive feedback loop, % which can give rise
to discrete decisions.'** A positive feedback loop can arise
when an activated signaling molecule creates a mediatory
molecule that in turn enhances the activation of the signaling
molecule. When the timescales of the biochemical reactions
involved are slower, or of the same order, as that of the
diffusion of the molecules participating in the reactions, non-
linearities associated with positive feedback could couple
with diffusion to result in spatial clustering, and in spreading
of activated molecules at a rate much faster than diffusion.
Various models describing growth of advantageous alleles in
the area of population biology,5 kinetics of reaction fronts in
autocatalytic syst<3ms,6’7 spreading of bacterial colonies,® and
pattern formation during embryonic development,9 have in-
corporated the coupling of nonlinearities with diffusion in
their dynamics. It was also found that autocatalytic reactions
in the presence microscopic discreteness could give rise to
spatial clustering of active spemes ® These models are natu-
rally constructed to explore the behavior of systems at the
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length and time scales relevant to the population, organism,
or cellular level. The role of positive feedback in spatial
dynamics of subcellular processes, relevant for signal trans-
duction in cell signaling networks, has begun to be appreci-
ated only very recently.10 " In this paper, we study the
spatial-temporal evolution of cell signaling dynamics subject
to feedback regulation when diffusive processes occur on
time scales similar to the signaling reactions. The diffusion
of molecules is usually much slower (about ~100 times'?) in
the plasma membrane compared to the cytosol, thus the ef-
fects we described are most relevant for the molecules in the
plasma membrane participating in membrane-proximal cell
signaling.

Il. MODEL

As a prototype of signaling events on a two-dimensional
cell membrane that involves positive feedback regulation, we
consider the activation of the membrane associated Ras fam-
ily of proteins. Ras can be activated by a Guanine exchange
factor protein, son of sevenless (SOS). Specifically SOS
catalytically converts guanosine diphosphate (GDP) bound
Ras to its guanosine triphosphate (GTP) bound activated
form.

It was discovered recently13 ' that catalysis of Ras-GDP
to Ras-GTP aided by SOS becomes even faster (~75-fold)
when a membrane associated SOS molecule is bound to
Ras-GTP at an allosteric site. This mechanism introduces
positive feedback regulation of Ras activation.” Activated
Ras has been observed to form clusters, and the diffusion
coefficient in these clusters can be small.

© 2009 American Institute of Physics


http://dx.doi.org/10.1063/1.3149861
http://dx.doi.org/10.1063/1.3149861
http://dx.doi.org/10.1063/1.3149861

245102-2 Das, Kardar, and Chakraborty

P D ii+1 i+l ky
() —-oO0—0— —— —0—0— (b

z z z Y

i-1 0 i+l k, i-1 0 i+l
© o0 0 — 000

X z v (i) X X v (ii)

We study the following simplified set of three reactions
that aim to mimic positive feedback, as in Ras activation:
ky ky k3
Z+Y—=X+Y, Z+X+Y-=2X+Y, Y—O. (1)

In the above reactions, the Y species can be thought of as
representing SOS, while Z and X are analogous to Ras-GDP
and Ras-GTP, respectively. The first two reactions in Eq. (1)
correspond to activation of Ras without and with positive
feedback, respectively. The last reaction describes detach-
ment of SOS from the plasma membrane upon phosphoryla-
tion by activated Erk, a transcription factor that gets acti-
vated as a result of Ras activation. The reaction scheme is
quite general and can be applied to a large variety of com-
peting positive and negative feedbacks found in cell signal-
ing. In such cases, when the diffusion time scale is much
faster than the reaction time scales in Eq. (1), stochastic fluc-
tuations in the feedback reactions can give rise to binary
outcomes (activation versus deactivation) when the number
of molecules is small.” Here we show that the opposite limit,
when diffusion time scales are slower than the reaction
times, give rises to spatial clustering, and enables signal
propagation by advancing cluster at a much faster rate than
diffusion. We also find the growing fronts become rough, in
a manner consistent with the Kardar—Parisi-Zhang (KPZ)
equation.24’25

lll. METHOD

We construct a lattice model in one (d=1) and two
(d=2) dimensions to study the model described above using
a kinetic Monte Carlo (MC) simulation. The system with
d=2 describes signaling on a cell membrane, and the one
dimensional system may be relevant if the molecules are
constrained to move in narrow channels. For ease of presen-
tation, the MC scheme in described for d=1 (Fig. 1), but can
be easily generalized to higher dimensions. At r=0, a lattice
point (site i) can be unoccupied or occupied by a particle of
X, Y, or Z species. A site cannot be occupied by more than
one particle because of their hardcore repulsion. We have
chosen initial concentrations of Z and Y particles as 0.469
and 0.03, respectively. All the simulations are performed
with an initial homogeneous distribution of Z and Y particles.
At every MC trial a lattice site is picked at random, and if its
occupancy (n;) is nonzero, we attempt the following moves
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FIG. 1. (Color online) Monte Carlo rules for the model.
The Monte Carlo moves are shown on a lattice in
d=1. The white circle denotes an empty site. This color
scheme is followed in all figures. (a) Shows a diffusive
move with diffusion constant D. (b) shows a pairwise
reaction between Z and Y particles with a rate ;. (c)
The possible positive feedback reactions between X, Y,
and Z particles with a rate k,. (d) Annihilation of Y
particles with a rate ks.

with equal probability by calling a random number r € (0, 1]
from a uniform distribution. (i) If 0<r=1/4, a nearest
neighbor point (i+1 or i—1 with probability 1/2) is selected,
if that site is empty (1,1 o ;-1=0), then the diffusion move
(exchange of particle occupancy between i and, i+1 or
i—1) is accepted with a probability p,=AtDMC, where,
Ar=1/(KY'C+ K€ +K3'€ + DMC), when all the species have the
same diffusion constant, DMC. The parameters, kllwc, kgdc,
k13v1c, and DM€, used in the MC trials are related to the physi-
cal rate constants (in d-dimensions) by, k =2k11‘/lcdld,
k2=6k§4Cdléd, k3=kgdc, and D=DMCI% respectively, where
ly denotes the lattice spacing in the simulation and the time
scale is set by Ar. (The details of this derivation are left
to Appendices B and C.) We also study the case when the Y
species

has a different diffusion constant, D];/[C, in which case
Ar=1/ (Y + K€ +K5C+ DNC), where, DMS takes the value
of the larger diffusion constant between DMC and DY'“. The
diffusion moves for X or Z species and Y species are chosen
with a probability, p,=AtDMC, and pr=AtDl;4C, respec-
tively. (i) If 1/4<r=1/2, a nearest neighbor point (i+1 or
i—1) is selected, if that site is occupied (1, o ;_;=1), and i
and i+1 (or i—1) sites have a pair of Z and Y particles, then
the first reaction in Eq. (1) is executed with a probability
p,1=k]1VICAt. (iii) If 1/2<r=3/4, we attempt the second re-
action in Eq. (1). Any of the pairs, {i+1,i—1}, {i+1,i+2},
and {i—1,i-2} is chosen with equal probability, and, if all
the three sites (site i and the chosen pair of sites) are occu-
pied with X, Y, and Z particles, the reaction is executed with
a probability p,2=kg’[CAt. (iv) If, 3/4<r=1, and if the site i
is occupied by a particle of Y species, we attempt the last
reaction in Eq. (1) with probability pr3=kgv[CAt.

While the model we study is quite general, we have
studied it using parameters relevant to Ras activation. The
production of Ras-GTP from Ras-GDP through SOS can
be represented by the reaction scheme in Eq. (1) as shown
in Appendix A, where Z, X, and Y particles represent Ras-
GDP, Ras-GTP, and SOS molecules, as indicated before. The
model parameters obtained from the rate constants
measured in vitro are, k;=3.29% 10> um? molecules™' s~!
and k,=4.62X10% um®* molecules™ s™!. The diffusion
constant of Ras molecules varies from 0.01 to 1 ,u,mz/s.16
Therefore, we have chosen units such that, /=1 (one
lattice spacing) and DM®=10 in the simulations cor-
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FIG. 2. (Color online) Domain growth in d=2. Particle configurations from the simulation in a 256 X 256 lattice. At t=0, the system starts with 30 768
uniform randomly distributed Z particles (concentration=0.469), and 2000 Y particles (concentration=0.030). The parameters k?AC:O.OOl, DMC=10, and

MC
k3

=0, are used for all simulations; configurations with k; # 0 are shown in the EPAPS (Fig. S1). (a) Configurations showing domain growth of the X particles

among the Y and Z particles for a strong positive feedback (k,=10). Particles of different species and empty sites are shown following the same scheme as
in Fig. 1. Each MC step (MCS) corresponds to Ar=0.05 s. (b) Configurations when the positive feedback reaction is turned off (k,=0). Each MC step (MCS)

corresponds to Ar=0.1 s.

respond to lp=0.1 um and D=0.1 wm?s~' in actuality.
This choice also implies that, k)"“=0.001, £&'°=10.0 and a
concentration p;=0.469 of Z particles in simulations
correspond to k;=4.0X 103 um? molecules™ s7! k,=12.0
X 10° wm* molecules>s™!, and a Ras concentration of
47 molecules/ um?, respectively, in experiments. These esti-
mates are within realistic ranges of the parameters for cellu-
lar systems, and we use them for most of the simulations
presented in the main text. More details of this particular
choice of parameters are shown in Appendix C. We found the
qualitative features of our results do not change as the above
parameters are varied over at least a factor of 10. As long as
feedback is sufficiently strong, the phenomena we describe
are robustly reproduced.

IV. RESULTS
A. Domain growth in two dimensions

Spatial dimension plays a crucial role in controlling the
dynamics of the system. In d=1, the particles get locked in
arrested states indefinitely, even when the Y particles are
spared of the annihilation reaction (k}'“=0). Although this
scenario is not relevant for the molecules interacting in a
cell’s plasma membrane, such a situation may arise if signal-
ing molecules are constrained to move in narrow channels.
The physical reason underlying this behavior in d=1 is the
following: When a Y particle is flanked by two neighboring
X species [Fig. 1(c) (iv)], the Y particle cannot participate in
any reaction and is rendered “inactive” indefinitely because
of the topology of one dimension and the hardcore interac-

tions between the particles. Thus, when all the Y particles
become inactive, all the reactions in the system come to a
stop leading the system into the arrested states.

We focus on d=2, where there are no corresponding
geometrical constraints for inevitable arrested states. Instead,
the system displays nucleation and domain growth: initially
X particles are created from Z particles through the first re-
action in Eq. (1). Clusters of X particles may seed a “critical
nucleus” that grows with time because of the positive feed-
back. The nucleation and growth of domains of the X par-
ticles is shown in Fig. 2(a). In the absence of positive feed-
back (kIZ\AC=0), X particles are created, but there is no
nucleation or domain growth in the system [Fig. 2(b)].

The concept of a critical nucleus size can be formulated
in the following way. If a cluster of X particles of size [ is
created, it can increase in size because the X particles at its
boundary convert the nearby Z particles (in presence of Y
particles, which are homogenously distributed throughout the
region) into X particles by the positive feedback reaction.
However, it may also shrink in size as the X particles can
also diffuse away from the cluster. The time scale for the
removal of a particle by diffusion from a region of size is
D~ 2/ D, while the time scale associated with creation of X
particles from Z particles through positive feedback reaction
IS Treedback ~ 1/ (kopypy), where py and p, are the average
densities of the Y and Z particles, respectively. Thus, if
Tp > Treedbacks the X particles in the cluster will diffuse away
before they can increase the size of the cluster by positive
feedback. This suggests that clusters of size,
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FIG. 3. Characterization of nucleation and domain growth. The structure factor S(g,7) is used to characterize the nucleation and domain growth in the system.
All the data are averaged over 1000 initial configurations. (a) shows S(q,7) vs ¢ calculated at times, =800 MCS (circle), r=1600 MCS (square), =2400 MCS
(diamond), and r=3200 MCS (triangle). The parameters are the same as in Fig. 2(a). (b) The data points for S(g,) in part (a) are shifted by A(z), where
S(q—o0,1)+A(r) =(px(t —))~0.25. For this choice A(t—%)—0, because at long times all the Z particles are converted into X particles, which are
eventually homogeneously distributed in space; thus S(g#0,7— %) —{p%(t—=)). (c) shows S(gq,r)+A(r) for DMC=100 at r=2750 MCS (circle), r=3850
MCS (square), 1=4950 MCS (diamond), and r=6050 MCS (triangle). All other parameters are identical to that of (b). (d) Dependence of the wave vector
associated with the size of the critical nucleus, ¢, with the diffusion constant D. We determined the values of ¢, from the data points where any two curves
are, for the first time, separated by a distance that lies within the error bars Ag in the S(g,7)(+offset\Delta) data in that region. The upper and lower limits in
q, are calculated using, Ag=Ag/2 and, Ag=Ag, respectively. The solid line shows a function of the form, g.=AD"?, consistent with Eq. (2), for comparison.

1> 1.= (Dlkypypy) ">, (2)

will grow due to positive feedback regulation. The decay of
the Y particles limits the time available for growth of the
domains of X particles. This is because; once all the Y par-
ticles are annihilated, no new X particles can be created.
Thus a larger value of the constant k5 results in a smaller size
of the largest X domains (Fig. S1 in the EPAPS). Therefore,
to characterize the scaling properties of domain growth (e.g.,
size of the critical nucleus, or growth law), we set kg’IC:O.
This is a choice of convenience, and does not alter the gen-
eral principles emerging from our study.

In order to quantify the size of the critical nucleus, and
the growing domains, we calculate the dynamic structure
factor defined as, S(q,7)={px(d,1)px(—G,1)), where py(q,1) is
the Fourier transform of the density px(7,7) of X particles;
and (---) denotes averaging over initial configurations. We
employ methods similar to those used to deduce the size of
the critical nucleus from the structure factor at a first order
equilibrium phase transition."” The key concept behind this
method as follows: Any domain of size, /[~1/¢>1/q,,
where ¢, is the wave-vector corresponding to the size, /., of
the critical nucleus, will grow with time while domains of
size [<I. will dissolve in the unstable phase. Therefore, if
S(q,t) is graphed at different times, all the curves should
merge at the wave vector, g=¢.. We apply the same method-
ology to characterize nucleation and domain growth in our

system, although, unlike the previous case,17 we follow a
transition from a nonequilibrium unstable steady state to a
stable steady state.

Our characterization of nucleation and growth of do-
mains from S(g,7) are summarized in Fig. 3. As depicted in
Fig. 3(a), S(g,1) increases rapidly for small ¢, but gradually
(roughly by a constant amount with time) at large g. The
difference in the evolution of S(q,t) for ¢>q,, between our
system and one undergoing an equilibrium first order phase
transition (such as an Ising model), comes from the ever
increasing number of X particles. In the equilibrium first or-
der transition, domains smaller than the critical size dissolve
and disappear into the unstable phase. In our case these do-
mains disintegrate into even smaller clusters of the stable
state (X particles), resulting in a constant vertical shift, A(z),
in S(g,7) as time increases. If we adjust each curve in S(q,?)
for A(r) at different times, we see a pattern similar to a sys-
tem undergoing a first order phase transition, with the curves
merging at a single wave vector, g=g, [Fig. 3(b)]. The size
of the critical nucleus increases as the diffusion constant,
DMC, of the particles is increased [Fig. 3(c)]. The size of the
critical nucleus, [.=2m/q,., changes with the diffusion con-
stant of the particles [Fig. 4(d)], but the increase in . does
not quite follow the dimensional analysis leading to Eq. (2).
We have also calculated variations of g, as the densities of ¥
and Z particles are changed (Fig. S2 in the EPAPS), again
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FIG. 4. Time dependence of production of X particles. Plots of variations of
the fraction fy(¢) with time ¢, for different diffusion constants DMC. The
other parameters are identical to that of Fig. 2. The solid lines are fits to the
data with a function, fx(t)zl—Ae’B(”’U)Z“, where A, B, and f,, are fitting
parameters, we set a=1, for all the fits, corresponding to a linear growth in
the size of domains of X particles with time.

observing deviations from the behavior predicted by Eq. (2).
Such a departure from simple scaling may arise due to a
combination of nonlinearity and stochastic fluctuations,'®
and deserves further analysis. Also note, that in the above
calculation of the size of the critical nucleus, it has been
assumed that, as in the Ising system,19 the nucleation process
is described by a single reaction coordinate, the size of the
nucleus. It will be interesting to check the validity of this
assumption using transition path sampling20 like techniques
that have been applied in biochemical reaction networks.”!

For kg’[C:O in two dimensions, the number N, (7), of X
particles monotonically increase in time. As depicted in Fig.
4 for various values of the diffusion constant DMC, the frac-
tion of the X particles fx(t)=N,(t)/ M, where M is the total
number of Z particles at t=0, increases with time in a sig-
moid manner, and saturates to unity. While such a behavior
also follows from a mean-field treatment, the dependence on
the diffusion constant indicates the importance of the nucle-
ation and growth of clusters. We attempt to quantify the
growth of clusters from the data in Fig. 4 in the following
way. Let us assume, for simplicity, that all the X particles at
a time ¢ are created from the growth of a fixed number n of
circular critical nuclei that arise at time r=f,. We can then
relate increase in fx(7) to the rate of the growth of the circu-
lar domains by22

dfx(t)  dA(z)
o =k m (L= 1x(0), 3)

where A(7)=mR*(t), R(¢) is the radius of each island of
X particles, k is the proportionality constant. If we assume
domains of size R, are nucleated at t=f#;, such that
fx(ty)=mnR3/M and R(t5)=R,, we can solve Eq. (3) to get

fx(t) = 1= (1 = fx(to) Jexp[— kn(A(r) - A(ty))]. 4)

Fits to the above equation are also depicted in Fig. 4. Note
that approximating the complicated spatial arrangements in
Fig. 2(a) by a fixed number of growing domains is neither
correct at short times (before nuclei are formed) or at long
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times (when the clusters merge). Thus the model can only be
regarded as an approximation of intermediate times, and in-
deed the fits have been made so as to best match the rising
portion of the numerical curves in Fig. 4. The variations in
time in Eq. (4) are encoded in the increase of the area A(z),
and hence the radius R(z). We now assume a form
(R(t)=Ry) = (t—1)%, and extract a from the fits to the data in
Fig. 4. We find that a linear growth of the domains, i.e.,
R(z) 1, can fit the data to some extent. The many sources of
deviation from the form predicted by Eq. (4) include the
noncircular shape of the domains (rough walls), inhomoge-
neous nucleation of the domains of the X particles, and merg-
ing of domains. In the next section, we address the roughness
of a single interface between the Z and X particles due to
positive feedback and diffusion alone.

B. Fluctuations and interface motion

In the last section we observed that positive feedback
leads to formation and growth of domains. Here, we attempt
to quantify the motion and shape of the advancing interface
of the stable phase (region filled with X) into the unstable
phase (region filled with Z), focusing on the positive feed-
back reaction by itself. Specifically, we start with an
initial configuration in a simulation box of size L,XL,,
where, one quarter of the box (0=x=L,/4, and 0=y=L,)
is occupied only by X particles and the other half of the box
(L,/4<x=L,,and 0=y=L,) by Z particles. The Y particles
are distributed homogeneously in both the compartments.
The system then evolves according to the reactions in Eq.
(1), with k;=0 (to prevent nucleation of additional domains
of X particles in the compartment filled with Z particles) and
k3;=0. Thus, the spreading of the X particles to the space
initially occupied by Z particles occurs only due to positive
feedback and diffusion. We study both the cases, when
(A) the diffusion constants of the particles are equal,
DY=DY=DY=DMC; and (B) with Dy “=D}'°=DMC and
DY different from DMC, Periodic boundary conditions are
imposed along the y direction, and reflective boundary con-
ditions are applied at the x boundaries. We limit the maxi-
mum time reached in our simulation such that the interface
between the X and Z regions does not cross the boundary at
x=L,. In the mean-field approximation, the dynamics of the
system is described in terms of the densities of X, Y, and Z
particles by the set of reaction diffusion equations:

Ipy

o = DPVipx+kapypx(po = px). (52)
Ip
a_ty = Dszpy, (Sb)

where py and py denote the densities of the X and Y particles,
respectively. The total number of the Z and X particles is
conserved, and on average py+pz=py, where p, is the den-
sity of the Z particles. The constants D, Dy, and k, are related
to the parameters used in the MC simulation as, D=DMC12,
DY=D1\YAC12, and k2=6kglcdléd, respectively, as shown in
Appendices B and C.
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FIG. 5. Calculation of interface velocity from simulations. (a) Variation of the mean interface position h(f) with time 7, shown for different sizes of the
interface. The box size along the direction of front propagation is set to L,=512 for all the simulations. The data are averaged over 1000 initial configurations,
and the values of the rate constants are k)'“=0, k}'°=10, and k}"=0; the diffusion constants are set to D} =D}'°=1. (b) shows the variation of the front
velocity v, with the diffusion constant Dl;,dc. We have set D)l\fczl for all the simulations, and the other parameters are identical to that of (a). The system size
for this calculation is 512X 128. The initial concentrations of X+Z particles and Y particles are set to 0.5 and 0.03, respectively, and the data are again
averaged over 1000 initial configurations. The solid dashed line shows the mean-field velocity predicted by the Fisher equation in Eq. (5).

Equation (5a) is closely related to the well-known Fisher
equation, which is a generic model for dynamic processes
involving advance of a stable phase into an unstable region,
and has been applied to a wide range of phenomena in biol-
ogy, chemistry, and physics. It is a phenomenological de-
scription of the time evolution of a density field, p(r,?),
r € R%, where, a stable phase, p=p,, propagates into the un-
stable phase, p=0, following

p
o DV?p+kp(ps—p). (6)

While the Fisher equation cannot be solved exactly, stability
analysis shows that a sharp interface, p(r,7)=0 for r;=0,
re(r,r.), neR; r, e R, and p=p, for r,>0, at t=0,
will move into the unstable phase (p=0) in the transverse
direction, r, with a velocity, v vam=2\r’m, as the width
of the interface broadens to a size of \\D/(kp,) at late times.
Comparison of Eq. (6) with Eq. (5a) suggests that when Y
particles are homogeneously distributed in the system, i.e.,
for py(r,t)=py=const, the interface between X and Z rich
regions should propagate into the Z compartment with a ve-
locity v = v,n=2VpypoDk,. However, the stochastic fluctua-
tions originating both from the reactions and the diffusion of
the particles should modify this conclusion, and we study the
effect of fluctuations by examining the velocity and the
width of the interface from our kinetic MC simulations. We
define the leading edge of the advancing domain by a set of
height variables ({i;},j=1,...,L,). Each h; denotes the x
coordinate of the rightmost X particle, with y coordinate
equal to j. We then compute the average position (h(z)) and
the average width (w(z)) of the front from the height vari-
ables as

L

_ 1 <
W)=\ —2h; ), and

Lyj=1

Ly
w2(e) = LiE (h— (1) ).

y j=1

where (...) denotes the average over a set of runs (initial
configurations).

In the simulations, the front moves with a constant ve-
locity after a short transient time. This transient period is

larger for smaller values of L,. The graph of h(r) with time in
Fig. 5(a) shows that the interface advances with a constant
velocity, irrespective of the value of L,. The velocity of the
interface calculated from the slope of Fig. 5(a) is plotted at
several values of Dy in Fig. 5(b). We find that the front
moves with velocities smaller than the minimum velocity
predicted by the mean-field analysis of the reaction diffusion
equation. Such a departure from the mean-field description
has been also observed in other reaction diffusion
systems.7’23 Furthermore, while the mean-field analysis pre-
dicts that the velocity of the front does not depend on Dy, our
simulation shows [Fig. 5(b)] that the front velocity increases
with Dy, and ultimately saturates to a constant value. Since
the reaction front propagates in the unstable phase because of
the reactions occurring at the leading edge, where the particle
concentration is very low, both molecular discreteness>* and
microscopic fluctuations” arising from reactions and diffu-
sion of the particles, play important roles in determining the
velocity of the wave front. However, the actual front velocity
depends on these effects, as well as on the details of the
implementation of microscopic dynamics in a lattice model,’
in a complicated manner. Our results demonstrate that these
factors clearly play an important role in modulating the re-
action kinetics of the system.

We can try to understand the effect of mobility of the Y
particles on the propagation of the interface heuristically as
follows.”® A pair of X and Z particles [denoted as (XZ)], in
presence of a Y particle, is transformed into a pair of X
particles [denoted as (XX)]. This process can be represented
by the set of reactions,
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FIG. 6. Scaling behavior of the interface width. The scaling of the width
w(?) of the interface is shown, at values of the simulation parameters iden-
tical to that of (a). The values of the scaling exponents that enable data
collapse are z=3/2, a=1, and B=1/3, which are the exact values of the
exponents of the KPZ equation in d=1.

(d*.d) ky
XZ+Y «— XZY—-XXY, (7)

where d*=2m(Dy,+Dy), d =2(Dy,+Dy)/ 5, Dy, is the dif-
fusion constant of the XZ particle pair, and /; is the lattice
spacing. Assuming, that XZY is equilibrated, i.e., dpy,y/dt
=0, at a much faster rate than any other reaction, we can
calculate an effective rate of X production in the reaction,
ks
XZ+Y—-XXY,

as ky=d*k,/(d"+k,). Now we can immediately see that,
when, d”<k,, ké increases as Dy increases, and, that it satu-
rates to a value wk,/[3, at large Dy (when, d~>k,). The
above analysis provides a qualitative understanding of the
trends, but in order to obtain the quantitative change in ve-
locity of the interface due to particle correlations and sto-
chastic fluctuations one approach is to examine the Master
equation for the system.27 One can write down an action
functional from the Master equation in terms of coherent
states as a way to capture the effects of fluctuations™®*’
(details in Appendix B). A naive dimensional analysis of the
terms in the action functional shows that the critical dimen-
sions of the terms proportional to k; and k, are, d.=2 and
d.=1, respectively. Thus, when k;=0, one may naively as-
sume that the fluctuations will not play any role in the system
at d=2>d_.=1. However, the effective field theory describ-
ing the interface motion can be very different than the one
governing bulk dynamics, and fluctuations can still be impor-
tant for the former.”® Our simulations show that fluctuations
indeed affect the interface motion, and we leave that analysis
for a future work.

The effect of stochastic fluctuations is also manifested in
the spreading of the width, w(r), of the interface as time
increases. The variation of w(r) with time for different values
of L, is shown in Fig. 6, and the data can be collapsed on a
master curve w2(¢)=L2%f(t/ L), with a=pz. Asymptotically,
f(x) ~x?# when, x<1 and f(x) ~ const when x> 1. These fits
suggest that the roughness of the interface follows the scal-
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ing of the KPZ equation,31 where the exact scaling exponents
in d=1, take the values a=1/2, B=1/3, and z=3/2. As ex-
pected from universality, the scaling exponents do not de-
pend on the value of Dy.

V. CONCLUSIONS

Using a simple model, we have shown how positive
feedback in the presence of slow diffusion can give rise to
nucleation of clusters of activated molecules, which then
spread in space at a rate much faster than diffusion. The
minimal model aims to mimic positive feedback regulation
of signaling modules, such as Ras activation by the enzyme
SOS. However, the framework is quite general and can be
used to describe a variety of cell signaling processes11 that
are subject to feedback regulation. We also study the effect
of fluctuations on the motion of the reaction/diffusion inter-
face, and find that they lead to a rough interface no longer
described by the mean-field kinetics. Interestingly, the fluc-
tuations arising from positive feedback are irrelevant for de-
scription of bulk behavior.
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APPENDIX A: CALCULATION OF THE RATE
CONSTANTS FOR THE Ras-SOS SYSTEM

Activation of Ras through SOS can be described by the
following reactions:

(ﬂl»P_l) Pif
(R1) S+R, < SRp—S+Rp,

(p2.p—2)
(R2) S,+R; < S.Rr,

(p3.p-3) P3f
(R3) S,Rr+Rp < (S,RP)Rp—S,Rr+Ry.

The short forms of the complexes used above are as indi-
cated below,

S =S0S, R, =Ras-GDP, R;=Ras- GTP,

SR, = SOS - Ras — GDP,

S,=allosteric site of SOS, S,Ry=S,—Ras—GTP, (S,R;)R)
=(S,—~Ras—GTP)Ras—GDP R, =R;+Rp+SRp+S, Ry, Sy
=S+SRp+S,R;. The parameters p, and p_, indicate the
binding and unbinding rates of the nth reaction, respectively;
Pny denotes the rate of a catalytic step. The ratios of the rates,
Pip=P-1/P1> Pap=P-2/P2, P3p=p-3/p3, and the catalytic
rates pys, pos have been measured in in vitro experiments,
and corresponding values are listed in Table 1.

The above values are reported for the reactions occurring
in d=2 in the plasma membrane; the binding rates in d=3
measured in experiments are converted to d=2 using,
(P)2p=Pn)sp/ A, where A=1.7 nm, which is the radius of
gyration for a Ras molecule. All the reactions reported
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TABLE I. Values of the measured parameters in in vitro experiments.

J. Chem. Phys. 130, 245102 (2009)

P P-1 Dy D2 P> D3 P-3 D3y
Parameters (um? s~ molecules™) (s7h (s (um? s~ molecules™") (s™H (um? s~ molecules™) ) )
Values 0.0658" 1.0% 0.0005% 0.1035% 0.40 0.047* 0.1* 0.038°

“Reference 14.
"Reference 13.

above take place on the plasma membrane; thus, the values
of the rates at d=2 represent reaction kinetics in the physical
situation.

When the concentration of the enzymes, S and S R, are
much smaller than that of the substrate, R, we can have
(P_1+P1)/ P1+ R0 > Sior and (p_3+p3p)/ p3+Rio > [S.R7]. In
this situation, d[SRp]/dt=0 and d[(S,R;)Rp]/di=0 repre-
sent a very good approximation (Michaelis—Menten pseu-
dostate approximation32) to the dynamics. This approxima-
tion holds well in cells because the concentration of Ras
(60—240 molecules/um?) is larger than the concentration of
SOS (20-60 molecules/ um?). In addition, SOS molecules
can act on Ras molecules only when they are brought in the
vicinity of the plasma membrane by Grb2 molecules associ-
ated with other signaling complexes. Thus, the concentration
of SOS molecules that are responsible for activation of Ras
can be even smaller than the measured values in in vitro
experiments. Furthermore, as time scales associated with p,
and p_, are faster than that for the rates p;, and p;,
d[S,R;]/dr=0 is a good approximation at time scales longer
than that for catalysis. With the above approximations, we
can write down the production of Ry arising from reactions
R1 (without positive feedback) and R2 (with positive feed-
back) as

d[Rr]
o =hSIR,]+ K[STR.Ry). (A1)
where
ki = PP ’ (A2)
P-1tDpyy
and
k =M (A3)
(P-3 +P3f)l7—2
Thus the values of the parameters k; and k,
in Eq. (1) calculated for the Ras-SOS systems in
d=2 are, ky=3.29% 107 um? s~!/molecules and

ky=3.3X107% um* s~!/molecules?.

APPENDIX B: DERIVATION OF THE MEAN-FIELD
EQUATION FROM THE MASTER EQUATION

We derive the Master equation for the model described
in the main text for d=1, but the procedure is easily gener-
alized to higher dimensions. Then following a standard for-
malism for second quantization, we write down an action
functional for the system. This action is then used to derive
the mean-field equations for the system.

The model is described by the set of variables, {an},
{n!}, and {n} which denote the occupancy (0 or 1) the lattice
sites {i}. The probability of having a particular configuration
evolves in time following a Master equation,

IP(nX}{n!},infh)
ot

=terms arising from reactions

+terms arising from diffusion.

The terms originating from the first reaction of Eq. (1) are

N
MC
Ry =2 k) [énfl5n?/05ni205n?i105n£115niz+101)

i=1

X({...,nl)-(— 1,...},{...,nf,...},{...,niz+ 1,...51)

+8,%06,116,200,% 16,7 06,2 oP

><({...,n;?£rl - 1,...},{...,nl-Y,...},{...,niZ+l +1,...51)

= (8:%08:108:216:X 00Y 1642 0

+ 8,%00:718,2004% 10047 007 PP Y An] Y {nfh0)].
(B1)

The first and second terms in the above expression represent
the following reaction steps,

Y Z Y X Z Y XY
© &6—0 @ @ 0—e O
i i+l i i+l

(1) (i)

The terms that will arise from the second reaction of Eq. (1)
are

R2=kglc[5nx l(snY Ognz 05nX1 5}1Y05n205nx O‘SnY 15nZ ()P
i-1 i-1 i-1 i i i i+1 i+1 i+1
X Y V4
X({oooony =1, L {n B onf+ 1,...11)
—0,X 10,Y 00,7 00,%00,Y00,210,X 00,Y 16,2 oP
n_ 19n;_ 097 ,09n20%0, 091 @t 0% 197 ,0

X ({ninf 1 {nfh0)
+(5 X 2 similar terms for steps (iv)— (viii))].
(B2)

The terms contributing to the above expression originate
from the following processes:
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X Z ¥ X X Y £ X X K X
® @6 0—0 @ O _. . O . e
. .. -1 i il
-1 i it .
(111) (iv)
Y X Z Y X X

©c @€ ©—>0 e @

-1 i i+l

(vi)

Y X Y Z z
o ©®© o0 o0—>e 0 e o
-1
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X 7z X Y X X 7z X
©c e—0 O o
i i+l i i i+l

™) (vi)

Y Z X Y X X
© © @ —>0 o o
-1 i i+l

(viii)

The decay of the Y particle arising from the third reaction in Eq. (1) is represented by the following terms:

N
R3 = 2 kg/lc[én)_(()én?/()&n_zop({. . .,an, },{,nly+ 1, },{
i1 i i i

ML 1ot) = 808,11 8,20P(nih {n] Y An L 0)]. (B3)
The above process corresponds to
Y
@ —0
i (ix)
The diffusion moves will introduce the following terms:
DMC[5nj‘05n}’05nizo5n§il15n}’05nizo[P({~ o+ Lk =1, Wl L nfn - PAri L nl Y {(nf0)
+ similar terms for diffusion of Y and Z particles]. (B4)

The above terms correspond to the particle hops depicted below,

X X Y Y z z
@ O<>0O @ ©@ O<=>0O © @ O<=>0 ©
i it i i i+l

(x)

The master equation can be cast in a second quantized form,

s X Y z
)/ dt=—H|y), where |llf>=2{n§(}{niY}{niZ}P (i} An; b AnTt.0)
{n;}), and the Hamiltonian operator H, is a function of the
bosonic creation and annihilation operators {df(,af}, {J}K,aiy 1,
and {El-z,aiz} for the X, Y, and Z particles. An action func-
tional S, can be constructed from the Hamiltonian in terms of
AX X\ fAY Y YA
the coherent states, {¢:,¢;}, {¢;,¢;}, and {¢7,¢7}. The
process of constructing the action functional is standard and
can be found in several references.”>™

Next we take the continuum limit, by performing the
following operations:

(1) = Lyp(x,1); (1) — Plx,1); 2 — 1 f dx;

bi(1) = Lo(x,1) + [gd, p(x,1) + Iy/2- (. 1)

+ higher order terms,

Bit) = lyb(x,1) + lod lx, 1) + 1§/2, Pl 1)
+ higher order terms,

where [ is the lattice spacing. This can be easily generalized

(xi)

(xii)

to d dimensions where we get the following action:
t ~
S= f d’x f d[ ¢"9,¢" — DMCIG PV e 200?"
0

MC GZ 47 AX 17\ ( AY YY) 2000 "
+ 2K Cdvo(§7 ¢ = §* ¢7) (" pT)e?00?¢

MC 2,4 A A Py 3 Ja a
+ 6y “dug(§ ¢ = $* ) (B ¢ (e 0
R = Dreo? ], (BS)
In the above expression vozlg, and we have used the sum-
mation convention, A“A“=AXAX+AYAY+AZA%. The expo-
nential terms in the action arise because of the hardcore re-
pulsion between the particles. We expand such terms to
linear order as e~"0%'¢'~ 1—vyd*¢?, since the higher order
terms in the expansion gives rise to dimensionally irrelevant
contributions (with critical dimensions d.<1). Dimensional
analysis indeed reveals that various nonlinear terms have
critical dimension of d.=2, or d.,=1. We find that all the
terms proportional to k, have d.=1. The mean-field equa-
tions can be derived by extremizing the action with respect

AX X AY Y VARV o . :

o ¢;, ¢, ¢;, ¢;, and ¢}, ¢;. Derivatives of the action with
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respect to ¢ (a={X,Y,Z}) are zero for ¢*=1. The remain-
ing equations in ¢“ are given by

ag*  oH o
ﬁi; =~ — = (DMRV? ¢ + 2" dvo ¢’ ") e
5¢
+ 6k dvg e T (B6)
a¢*  SH o
aii =— — = (DYRV2 ¢ = 2k “dvo’ ph)e 203!
6¢
— 6Ky Cdvy " re 0% ¥, (B7)
Y
B = DY
5
(B8)

Although, the fields ¢“ are not particle densities, one can
relate them to the actual densities by the transformations
¢“=p“e"3a and <2>”=ef’a. In the mean-field approximation,
p=0 and p?=¢“. Therefore, we get the following reaction
diffusion equations for the density fields:

aa_p;‘ = (DMCV2p* + 2K Cdvop?pY) + 6K5 dvp* p?p¥
— (DMCRV2pX + 2k11\/[cdv0pzpy)<2 V2 p"p")
+0((p)"h), (B9)
ap’ MC292 7 MC, 7y MC ;2 X 7 Y
E:(D 15Vop” =2k vgp“p”) — 6ky ~dugp”p°p
- (DMCIVp? — ZkﬁWCdvoprY)(Z v p“ﬂ“)
+0((p"%), (B10)
I Mcpor v MC.y
o =DV [\Vp' —k3 p
= (DMCIV2pY = kY p") 200 2 pp. (B11)

The last and the higher order terms arise in the equations
because of the site restriction constraints.

1. Naive scaling analysis

Scaling dimensions of the parameters in the above action
are as follows: The fields scale as, [¢“]=L"%; [$“]=L";
where L is a length scale, therefore, the rate constants scale
as [K"Cvg]=L2; [K5'og]=L"; [K]=L; [DMC)=L7,
with z=2. As from the naive scaling of the rate constants, the
critical dimension (d.) for the positive feedback term is
d.=1 and that for the production of X particles by the first
reaction in Eq. (1) is d,=2. By expanding the exponentials in
the action one can see that terms higher than the second
order give rise to irrelevant terms. Therefore, we can expect
that when diffusion is important, the mean-field dynamics for
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the density fields will hold for the positive feedback, and
production of X species, for dimensions d>1, and d>2,
respectively.

However, the fluctuations in the interfacial kinetics can
still be relevant in dimensions higher than the critical dimen-
sions. This seems to be the case for our system, where in
d=2, the interactions originating from the positive feedback
gives rise to rough interfaces.

APPENDIX C: CONNECTION BETWEEN THE MC
AND THE PHYSICAL PARAMETERS

Comparing the reaction diffusion equations that would
correspond to Eq. (1) with Egs. (B9)—(Bll1) shows,
ky=2Cald,  k,=6kYCdi,  k=kYC, and D=DMCL.
The length and time scales in the simulation are chosen
by setting lo=1, and DM®=10, in the simulation to a
length scale of 0.1 wum and a diffusion constant of
D=0.1 um?/s. With this choice k¥}'“=0.0001 and £Y'“=10

correspond to  k;=4.0X 107 um?s™!/molecules and

ky=12.0X 1073 pm* s~/ molecules?.*
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