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Abstract

Recently, an accurate solution to the interior problem was proposed based on the total variation
(TV) minimization, assuming that a region of interest (ROI) is piecewise constant. In this paper,
we generalize that assumption to allow a piecewise polynomial ROI, introduce the high order TV
(HOT), and prove that an ROI can be accurately reconstructed from projection data associated
with x-rays through the ROI through the HOT minimization if the ROI is piecewise polynomial.
Then, we verify our theoretical results in numerical simulation.
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[. Introduction

While classic CT theory targets exact reconstruction of a whole cross-section or an entire
object from un-truncated projections, practical applications often focus on much smaller
regions of interest (ROIs). Classic CT theory cannot exactly reconstruct an internal ROI
only from truncated projections associated with x-rays through the ROI because this interior
problem does not have a unique solution [1-2]. When applying traditional CT algorithms for
interior reconstruction from truncated projection data, features outside the ROl may
seriously disturb inside features and often hide diagnostic information.

Over past decades, lambda tomography has been extensively studied [3-5][6-10] but it only
targets gradient-like features and has not been well received in the biomedical community.
In recent work, Ye et al. found that the interior problem can be exactly and stably solved if a
sub-region in the ROI is known [11]. Similar results were also independently reported by
other researchers [12-13]. However, it can be difficult to obtain precise prior knowledge of a
sub-region in many cases such as cardiac CT perfusion studies.

The classic Nyquist sampling theorem states that one must sample a signal at least twice
faster than its bandwidth to keep all the information. Surprisingly, an emerging theory —
compressive sensing (CS) — promises to capture compressible signals at a much lower rate
than the Nyquist rate and yet allows accurate reconstruction of such a signal from a limited
number of samples [14-15]. The main idea of CS is that most signals are sparse in
appropriate orthonormal systems, that is, a majority of their coefficients are close or equal to
zero. Typically, CS starts with taking a limited amount of representative measures, and then
recovers a signal with an overwhelming probability via the ¢, norm minimization. Since the
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number of samples is limited, recovery of the signal or image would involve solving an
underdetermined matrix equation. That is, there are many candidate solutions that can all
well fit the incomplete measurement. Thus, some additional constraint is needed to select the
“best” candidate. While the classic solution is to minimize the ¢, norm, Donoho, Candes,
Romberg and Tao showed that finding the candidate with the minimum ¢, norm, which leads
to the TV minimization in some cases, is most likely the correct choice [14-15].

Under the guidance of CS theory, we recently demonstrated that exact interior
reconstruction could be achieved if an ROI is piecewise constant [16-19]. Inspired by these
results, here we extend their work to utilize more general prior knowledge for interior
tomography. Specifically, we will prove that if an ROI is piecewise polynomial, then the
interior problem can be accurately solved through the high order TV (HOT) minimization.

The organization of this paper is as follows. In the next section, the interior problem will be
defined. In the third section, our theoretical findings will be presented. In the fourth section,
numerical results will be described to support our methodology. In the last section, related
issues will be discussed.

Il. Interior Problem

Without loss of generality, we assume the following conditions throughout this paper:
Condition (1) An object image fp(x) is compactly supported on a disc

Q,= {x: (x1,x2) € Rzile<A}, where A is a positive constant. Furthermore, fo(X) is a

piecewise smooth function; that is, Qa can be partitioned into finitely many sub-
No

domains {Dj}jzl, such that fo(x) is smooth with bounded derivatives in each Dj;

Condition (2) An internal ROl is a smaller disc £.= {x: (x1,x2) € RQIIX|<a}, as shown in
Fig. 1, where a is a positive constant and a < A;
Condition (3) Projections through the ROI

Rfy (5.0)=["_fo(s0+16")dt, —a<s<a,0 € S', )
are available, where 6 = (cos ¢, sin ¢), 6+ = (=sin ¢, cos ¢), 0 < ¢ < 27.

The interior problem is to find an image f(x) such that
Condition (4) f(x) is a piecewise smooth function and compactly supported on the disc
Qp;
Condition (5) Rf(s,6) = Rfg(s,0), —a<s<a, § € SL.

It is well known that under the conditions (4) and (5) the interior problem does not have a
unique solution [1-2]. The following theorem characterizes the structure of solutions to the
interior problem.

Theorem 1. Any image f(x) satisfying Conditions (4) and (5) can be written as f(x) = fo(x) +
u(x) for x € R?, where u(x) is an analytic function in the disc Q,, and

Ru(s,0)=0,—a<s<a,8 € § L

We call such an image f(x) a candidate image, and correspondingly u(x) an ambiguity image.
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Proof: Let u(x) = f(x)-fo(x). Clearly, u(x) is a piecewise smooth function and compactly
supported on the disc Qa, and

Ru(s,0)=0,-a<s<a,0 € § L

By the well-known Radon inversion formula, we have

OsRu (6, s)

dsde, € Q,.
xef—s e “

1
u(.x):4ﬂ_ f‘&|>a

By the Taylor expansion

' 1 __iu-e)"
xef—s s(1—xef/s) Lot

we obtain

u(x) Z Z ChydaX) x];.

k=0ki+ky=k

Hence, the function u(x) is an analytic function in Q. Examples of non-zero ambiguity
images can be found in [1].

From now on, let u(x) always represent an ambiguity image unless otherwise stated.

(2)

(4)

(5)

Theorem 1 suggests that the interior problem can be solved by utilizing appropriate a priori
knowledge. In the following, we will introduce the concept of the high order TV (HOT) and
minimize it to solve the interior problem exactly under the assumption that an image fo(x) is

a piecewise polynomial function in an ROl Q,.

lll. Theoretical Analysis

If an object image fy(x) is a piecewise polynomial function in an ROI Q,, we can prove that
fo(X) is the only candidate image that minimizes the HOT to be defined by Egs. (44-45) and
(81-82). First, let us prove that if an ambiguity image is a polynomial function in Q, then it
must be zero. This result will be formally stated as Theorem 2. In order to prove Theorem 2,

we will need Lemmas 1 and 2.

Lemma 1. Suppose that a is a positive constant. If
() 9(z) is an analytic function in C\ (—e0, —a] U [a, +c0);
(b) p(x) is a polynomial function;
(c) g (x) =1p. str|<a 294t for x € (—a,a),

then ‘hm tm (g (+1)) =p () , for x € (=c0, —a) U (a, +0),

Proof: Since g(z) is uniquely determined by its value on interval (—a,a) and
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1 p (1) )
g(x) —;p.vfmq‘x—_t-dl, for x€(-a,a), ©

g(2) is uniquely determined by p(x) for x € (—a,a). Let g(z) be denoted by gn(z) with respect
to p(x) = x". Because of the linear relationship between g(z) and p(x), it suffices to prove the
lemma in the case p(x) =x" (n =0, 1, 2,-). That is, we need to prove

lir(r)l Im (g, (x+iy))=x", for x¢€(-o0,—a)U(a,+c0), n=0, 1, 2,--- @
=0+ 7

Let us proceed by induction with respect to n. When n =0, that is, p(x) = 1, we have

1 1 1
2 (0 ==pv f ea 7=~ (n(@+x) —In (a-x), for xe(-a,a). ©

Hence,

80 (z)=% (In(a+z) —In(a—-1z)), for ze€C\ (—c0,—alVUla,+), ©)

where the principal value interval for the logarithm function is (—z,z). That is,

In (a+z) =Inja+z]+i arg (a+z), -—-n<arg(a+z)<n, for z€C\ (—o0,—a], (10)
and
In(a—z)=In |a—zl+iarg(a—z) , -n<arg(a—z)<n, for zeC\ [a,+c0) . (11)

As shown in Fig. 2, arg(a — z;) approaches —z when arg(a + z;) is close to —z, and arg(a —
Z,) approaches = when arg(a + z») is close to z. Clearly,

Im (go (2)) =71—r (arg (a+z) —arg(a—7)), for z€C\ (—o0,—a]U[a,+c0). 12)

Since

lim arg (a+x+iy) =n, lim arg(a — x —iy)=0, for x € (—co,—a)
y—=0+ y—0+

(13)
and

lim arg (a+x+iy) =0, lim arg(a — x —iy)=—n, for xe€(a,),

y—0+ y—0+

(14)

we have
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h%] Im(go (x+iy))=1, for x € (—o0,—a)U (a,+0).
y—0+

(15)
Forn>0and x €(—a,a), we have
1 "
8n (x) :;p'vf|,|<a :dt
1 (I” _ xtnf]) +XI"71
:;p'vf|r|<a —: dt
1 n—1
= ]_l-f])‘|<at7 dt
x tn—l
+;pAV |’|<a—x — ldf
= — (@~ (-0
+xg,-1 (X). (16)
Therefore,
I I n el
e@=——(a"-(-a)")+z8,-1 (), for ze€C\ (-oo,—alU[a,+c0),
nn (17)
and
Im (g, (z)) =Im (zg,-1 (z)), for z€C\ (-oo,—alU[a,+c0). (18)
For x € (—00,—a) U (a,+o0) and y > 0, we have
Im (g, (x+iy)) =x Im (g,1 (x+iy)) +y Re (g1 (x+iy)), (19)
and
lim Im (g,, (x+iy)) =x lim Im (g,,_; (x+iy)) =x2 lim Im (gnn (x+iy)) ==+ =x" lim Im (go (x+iy)) =x",
y—0+ y—0+ y—0+ y—0+ (20)

which completes the proof of Lemma 1.

Lemma 2. Suppose that a and A are positive constants with a < A. If a function v(x) satisfies
(d) v(x) is bounded with supp v C [-AA];
(e) v(x) = p(x) for x € (—a,a), where p(x) is a polynomial function;
(f) Hv(x) = 0, for x € (—a,a), where Hv(x) is the Hilbert transform of v(x), that is,

v(1)

xX—1

1
Hv (x) :;p.v.fm dt,

then v(x) = 0, for x € (—o0,00).
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Proof: The function (see Corollary 4.1.2 on page 40 in [20])

1 v(1)
g2 :;flzlaz Pa Z.dt’

(21)
is analytic on C\ (o0, —a] U [a, +0), Since
1 1= x+ly
1= (xHiy) (1 - x4y (22)
we have
Im(g (X+iv))
f|’|>a e +v2 v(t)dt
1 y
== —=——v(nadt
TR (1 — x)%+y?
1 1 ~ =
g5
() ’
1 -
:—fmﬂ“ v (x+1y)dr, for y>O0, 23
where
v(x) X € (=00, —a) U (a, o)
v(x)= .
X €[—-a,al (24)
Because #(x) can be written as
N 1 1 -
' (x) =— ’ d A
Skt R R LG (25)
we have
~ +71V) —
lim [ [Im (g (x+iy)) - ¥ (1) [dx < lim —f IV (em) = v @l -0,
y—0+7 R y=0+ | TV R 2+1 (26)
where
I v (o+1y)— v (o) ||l:f]R| v (x+1y) — v (%) |dx. 7
Therefore,
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lim Tm (g (x+iy)) = v () =v(x),
y—0+

(28)
for x € (—co, —a) U (a, o) almost everywhere (a.e.).
By Condition (f), we have
1 @ (I) 1 p (D) )
dt = —p.v [ m<a dt Hv(x) +— Y ea PV ey g4l for x€(-a.a). 29)
By Lemma 1, we obtain
lim Im (g (x+iy)) =p(x), for x €& (—oo,—a)VU (a,+c0).
y—0+ (30)
Combining Eq. (28), (30) and Condition (e), we have
v(x)=p(x), for ae. xe€(—o0,00). (31)

Condition (d) and Eq. (31) imply p(x) = 0. Hence, v(x) = 0, for a.e. x € (—0,00), which
completes the proof.
Theorem 2. If an ambiguity image u(x) satisfies
(9) u(x) = p(x) for x €Q,, where p(x) is a 2-D polynomial function;
(h) Ru(s,d) = 0, for s € (—a,a), 6 € S,
then u(x) = 0.
Proof: As illustrated in Fig. 3, for an arbitrary ¢g €[0,7), let L4, denote the line through the

origin and tilted by 6y = (cos ¢q, sin gg). When u(x) is restricted to the line Ly, it can be
expressed as

Vg (1) =u (1 (cos ¢p, sin ¢g)), 1 € (=00, 00). (32)
By the relationship between the differentiated backprojection of projection data and the
Hilbert transform of an image [21-22], we have

wo+Z (9Ru(v 0)

HV(’() (T) == f¢0__ |s 1\9 Od‘ps (33)
where xy, =t (cos ¢, sin ¢g), 6 = (cos ¢, sin ).
By Condition (g) and Eq. (32), we have
Vg, (1) =p (t (cos @p,singp)), for te€(-a,a), (34)
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where p(t(cos ¢g, Sin ¢g)) is a polynomial function with respect to t. By Condition (h) and
Eqg. (33), we have

H\’(;(, (=0, for t€(-a,a). (35)

By Lemma 2, we obtain that vg,t = 0, which implies that u(x) = 0.

Now, let us analyze a candidate image under the assumption that fo(x) is a piecewise
polynomial function in Q.

Theorem 3. Suppose that an object image fp(x) is a piecewise polynomial function in Q. If
a candidate image f(x) is also a piecewise polynomial function in Qg, then f(x) = fo(x).

Proof: By Theorem 1, we have that f(x) = fo(x) + u(x), where u(x) is an analytic function in
Q5. On the other hand, by the assumption of Theorem 3, u(x) = f(x) — fp(x) is also a
piecewise polynomial function in Q4. Combining these two facts, u(x) must be a polynomial
function in Q. Then, by Theorem 2 we have u(x) = 0.

Theorem 3 suggests that fy(x) can be singled out among all candidate images by minimizing
some kind of high order TV. For simplicity, let us first assume that an object image fy(x) is a
piecewise linear function in Q; that is, Q, can be decomposed into finitely many sub-

domains: {Q;}", (Fig. 4) such that

foxX)=f; (x)=a;x1+bix+c;, for xe€Q; 1<i<m, (36)

and each sub-domain Q; is adjacent to its neighboring sub-domains ©; with piecewise
smooth boundaries T, j € N;j.

If m =1, that is, fy(x) is a linear function in Q,, then any candidate image f(x) = fo(x) + u(x)
is a smooth function in Qg. We define the second order TV for any candidate image f(x) of
this type as

HOT; (f) f min (maxldf (x)] mdxldzf (x) I) dx)dx
= . E) c ey o A?.‘
? Q gest do ves! do? : (37)

\tlvge(re(ﬁ =) (cos ¢, sin g), ¢ € [0, 27), & (x) =Le| _, £L (1) =229 and fy g(t) = F(x + t0),
—(g,).

Note that if % % are continuous at x, then

d 0 i)

—f( )=—f(x)c09<,0+—f(,\)smgo for 0=(cos¢,singo)€S1.

dae 0xy 0x) (38)
Hence,

df o NOF YL (2
I(};zgildg(x)l \/( ())( ()) )
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There also exists a similar formula for maxbgv (01, as represented in the following Lemma.

Lemma 3. Suppose that f(x) is a candidate image. If 2%, 22 and % are continuous at X,

0x(2? Bxy0xny 0xy2
then
2 2 27 2 o) 2 2 )
da-f 9°f o/ 0°f 1) 0°f
max|Zs (1= \/ (axlz(x) 0122(1)) (6 o (')) 3 om 7 D+—3 2( X)) o)

Proof: If 2%, _#r_ and - i f are continuous at x, then

Ox12? Ty dxy

(/\) (m cos Lp+ sm <p) f
=2 = (x) cos? ¢+2 (x) COS @ sin <p+ (x) sin’ ¢

ﬁ\ dx ()\

-2 (5 2) 48 (ysin 2m (=)

d\.

=1 (’_f“)_ﬁ ! (‘))+_(:\.j - 2L (x))cos 2‘F+m 5 (0 sin 2¢. 1)
Thus, |Ze_f (x)| reaches its maximum when
s‘,n( (d . (x )+ e (x)))( (du x )’ 6.31}7&2 (‘))

(cos 2¢, sin 2¢p) =

\/ (B4 00- 24 (x))‘+(a_§f’faﬂz (x))h | “2)

This leads to Eq. (40).

Combining Egs. (37), (39) and (40), we have
~ . 1 2f  2FV [ 02 V1 af af ‘
HOT2 (f) _fgﬂmm { \/Z(ax12 B 0.’622) +((9X10X2) +§ (a_xl) ((9Xv) d)c]ng.

where f(x) = fo(x) + u(x), and fo(x) is a linear function in Q.

P/ N >/
(9,\’12 &’(22

(43)

m
I
Ifm>1, 4 () OF t"f (x) may not exist on the boundaries ;= 1 j>i.jeN; Hence, we need modify
the definition Eq. (37) of the second order TV to incorporate jumps of the image f(x) at I’y ;
into the second order TV. To address the discontinuity of the first and second order
derivatives across internal boundaries, we define the second order TV as the limit of the
following sum:

M
HOT, ()= limsup > L (/).

. k=1
12}%,(1'”'"{@‘ })—’0 (44)

where {Qk}k"‘il is an arbitrary partition of Q,, diam(Qy) the diameter of Qy, and
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I (f) :m'm(sup sup f f(r)——(r)dx sup sup >
0eS 126CY (0 gl<1™ % 0e8 1geCy (Qp. g1 dH (45)

In the following Lemma, we will derive an explicit formula for HOT,(f).

Lemma 4. Suppose that an object image fy(x) is a piecewise linear function in Q, as defined
by Eq. (36). For any candidate image f(x) = fo(x) + u(x), we have

HOT; (f) Z Z f[ ‘ ‘<1+(b b)X’,_)‘l‘(C,'—Cj)’dS

i=1 j>i.jeN;
AR AW
+fsl.mm{\/2(0x12 - (9x22) +((9x1(3x2) *3

where the second term is a Lebesgue integral.

PrL O]

(9X1 2 ('h‘g

/ /
(0’«1) (0&7) }dx}dh’

(46)

Proof: Note that f(x) = fy(x) + u(x), where u(x) is an analytic function. Let {Qk}kﬁil be an
arbitrary partition of Q. First, let us consider Q which covers a common boundary T’ j of a

pair of neighboring sub-domains ©; and ©;, and is contained in Q; U Q; (Fig. 5 (a)). Let Oy
be the normal vector of the curve T'j j pointing from Q; towards Q;, and <6,6y > the angle

between the vectors 6 and 8y. For g € C;” (Qx), we have

d
ff(x)—(X)dxf f(x)—(x)sz f(x)d—f)()c)dx.

de (47)
Performing 2-D integration by parts on the two terms of the right-hand side of Eq. (47)
respectively, and utilizing the fact that g(x) = 0 near the boundary of Qy, we have
f f(x)d—g(x) dx>— | (fi () +u(x) g (x)cos  <b,6,> ds— [ —f(x) g (x)dx,
ey de rijoog ‘ o one; df (48)
dg .. _ . _ , o ar oo
) o | ) 5 () dx= ) - (/i) +u(x)g(x)cos <b.6,> ds— [ o g DB o)
Inserting Eqgs. (48) and (49) into Eq. (47), we obtain
f /(X)—(X)dx Jo (- fim)gcos <6,6,> ds— [ —f(X)g'(X)dx /, —f(X)g(X)dx
rnge '/ ! TN ono; dg e o, df (50)
We have
sup [ ([0 = fiw)g(x)cos <6.6,> ds=[ |( fi(x) - f,-(x)) cos <6,6,>| ds,
2eC (g1 "% TN (51)
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sup sup (f, x) - fi (x))g(x) cos <6,6,> ds=f Ifi () = fi()lds+o (1) [T j N Okl
0eS 1geCY (0. g0l Ui, j00k I O (52)
lim o(1)=0
where o(1) represents an infinitesimal, satisfying ( max diam{Qr} |=0 . Besides, we have
f —f(X)g(X)dx O |0 N A,
ane; df (83)
f —f(X)g(X)dx O |0 N A,
ane; df (54)
where O(1) represents a quantity bounded by a constant which does not depend on Q.
Summing Egs. (53-54) up, we obtain
af ar _
J oo 75 @8 @ dx+ [ =2 (08 (x)dx=0(1) |04 59
Combining Egs. (50), (52) and (55), we obtain
sup sup fQ f(X) (X)d f If_/ () = fi (0 lds+0 (1) |Qkl+o (D) [T ; N Okl
0eS 1geCy (Qn) g1 =* (56)

Repeatedly performing 2-D integration by parts, for g € Cg’ (Qk), we have

[ @G @] f0FE@der], f )G @dx
f](r) f(.x))ﬂ(x)cos <6,6,> d.s—fmdg(x) (A)dx f}__df,(x) (x)dx

0
(G
o

Jno

fi(
i(x)— f(x)) (x)cos <6,6,> ds_fl,,:,ng (df, (x) - '(x))g(x) cos <6,0,> ds+fgk%(x)g(x)dx.

(57)
For the second term on the right-hand side of Eq. (57), we have
fj f df;j dfi
sup _ —_—(x) — — (x) g(x)cos <6,0,> ds= |— (%) = — (¥)|cos <6,6,> dbs,
2eCy Qg1 0% ( do " fr"”Q‘ 9 9 ' (58)
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d d
sup sup ( fi (x) — —fl (x))g(x) cos <6
0eS 18eCy (Qnlg(ol<1” "% do
i dj;
Oy> ds=[, | max (I— (- L (los <6,6,>]ds
+o (1) [0 ; N Ol (59)
For the third term on the right-hand side of Eq. (57), we have
[ L =00
o d6? (60)
Next, let us evaluate gespl,gca (Elﬁgm,qu F @) (D dx in the following two cases.
Case 1: If there exists some x € I['; ; N Q; such that fj(x) — fj(x) # 0, then for 6 € st an
arbitrary real constant C and an arbitrary compact set x c Q,, there exists a g € C° (Ox)
satisfying |g(x|<1 and
d—g(x):C(f(v)—f(*c)) for xel;;NK, and
40 y Jj i\ > i,j > ®61)
we have
dg
sup sup f (fj x) - f; (x)) — (x)cos <6,0,> ds=+oco,
0eS 126CT (Qu.Jg(nI<1” Tk do 62)
Combining Egs. (59), (60) and (62), we obtain
sup sup [ fC ) (x)dx >sup sup [ (fi)-f (x)) (x)cos <6
0eS 18eC Qg1 % 0eS 1geCy Q0 gl "%
,0y> ds— sup sup f (-i( ) — i (,x))g(x) cos <6
0eS 12eCy (Qug(l<1™ "%
2
6,> ds— 5 f
.0y s — sup sup f (x) g (x) dx=+00.
0eS1g€CY (g1 O de (63)
Case 2: Otherwise, fj(x) — fj(x) = 0 for any x € ['; ; N Oy, and the first term on the right-hand
side of Eq. (57) equals 0. Then, we have
sup sup ) fu) = £ dx=[ (|ﬁ( ) — i (x)|cos <6, 0‘\.>)ds+0(1) |Okl+0 (1) T N Oxl.
0eS 1geCy Qg1 % de T, jnQy HeS L
(64)
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In this case, we also have

[ o Vi) = i) lds=0.

(65)
sup sup [ f0E)dx
68 18€C (Qulg(nl<1” %
=, o Vi) = [i()ds+O () |Qul+o (1)L 1 Ol
i k
=0 () |Ql+o (D7 ; N Oil. (66)

Combining Egs. (63), (64) and (66), we arrive at the following conclusion: If Qy covers the
common boundary T’ j of a pair of neighboring sub-domains Q; and ©; and is contained in

Q; U Qj, then

Ik(f):mjn(sup sup ff(r)dg(r)dx sup sup ff(x)dg(r)dx

neslgecgrgn,ugm|<1 O 0eS10CT (Qp)lg)l<1” %

=sup  sup [ W % (x)dx

0eS 18y (Qp) g™ %

=\, 0 /i) = fi (@) 1ds+O (D) Qo (DI 0 O

=/ Q,(a,-a,)x.+(b b)x2+(c,~c)‘ds-!—()(l)IQAl—H)(l)]]",,ﬁQAl ©n

Next, let us consider Qy that is completely contained in some sub-domain Q; (Fig. 5(b)). For
g € C7’ (Qy), performing 2-D integration by parts again we have

do
[ r0%Ewa=-f, Lwewax

(68)
d" o d9° L g (ax. -
Hence,
sup [ f(x)—()a' f l—(X)]dx
SECT(Qulglol<t™ % B
sup () —(x) dx= |_ () ldx.
= IQ;\)]u(r”qu‘ f i df? (71)
Furthermore,
dg df
sup sup f(’C) “In (x) dx= maX]— (x) |dx+0 (1) |Qk[’
G (Qn|gu)|<1fg‘ do ka ges! do (72)
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HOT, (/)=

=3 ¥

i=1j>i.jeN;

s s [ 0% waef max|—fu)1dx+o(1>|QA|

2
0eS 18eCy (O gI<1” % do

Combining Egs. (72-73), we have

I (f) =min (sup sup f f(x) ;]—f; (x)dx, sup sup f f (x) b (x)dr]

0eS51geCy (00 Jgol<1” % 0eS1geCT (0 g1 %

-f mm(max f(r)dx max (x))dwo(l)lQu

SR N e

Pf S
dx2 " 0x? |

2
i }d.ndx:w(l)tQkL

where we have used the fact that fo(x) is a piecewise linear function, o5 s and
era\U U T
continuous at i=1 j>1.jeN; Comblnlng (67) and (74), we obtain
M
DI
k=1
—Z Z fl‘, | a; — a; x1+(b b)x2+( —cj)]ds
i=1 j>i, jeN; ’
. (02 af\ [ Rf \* 1|Pf f ary’ (ary
- - ' === : — dxidx;
+f9«mm{\/4(6x12 0x22) +(0x10xz 2 6.x12+0x22 (0x1 ax TR

+0(1)

Z > IFul](max diam (05

i=1 j>i,jeN;
+0 (1) Q4]

Therefore, we have

M
limsup 3 Ik (f)
=1

k=
(lirzeldelam[Qk})a()

92 92 2 2 2
fF,-.j |(a,' - aj)xi+ (bi = bj) xa+ (i - Cj)‘ ds+fglmin{\/%(gnfl - ;nfz) +(%) +

which completes the proof of Lemma 4.
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m

r .
For the second term of Eq. (46), because of the zero Lebesgue measure of ;=7 ;. 7en, " even
if

_ Rf f 2er Vo af Sy
mm{\/4( 2 (* ) (0x 0x) (/\)) +§ ) (_( ))
(77)
e s U
does not exist for iZ1 j>iJeN; the value of
, 1 2f  2fF\ [ 02f V' 1]|0*f 0*f f f
fﬁdmln{\/Z(()x12 - (9x22) +((?X1(()X2) +§ 0.¥12+(9.X‘2 (0\’1) (ah) dxidx; 78

will remain well defined in the sense of Lebesgue integral.
Now, our main contribution can be presented in the following Theorem.

Theorem 4. Suppose that an object image fp(x) is a piecewise linear function in Q4 as

defined by Eq. (36). If h(x) is a candidate image and HOT; (k) :ff}oifulHOTZ 2
is an arbitrary ambiguity image, then h(x) = fo(x) for x €Q,.

where uq(x)

Proof: Let h(x) = fo(x) + u(x) for some ambiguity image u . By Lemma 4, we have

HOTv(f)>Z Z fr ] r1+(b b)x2+(c,-—cj)]ds, for f(x)=fp(x)+u; (x),

i=1 j>i.jeN; (79)

where uq(x) is an arbitrary ambiguity image, and

m

HOTg(fO)=Z Z fI”| x1+(b bj)x2+( —cj)‘ds.

i=1 j>i,jeN; (80)
Hence,
min HOT, ()= ’Z": Z fr | x1+(b b; ) x2+(c,- - cj)‘ds.
f=foruy i=1 j>i,jeN; (81)

Because HOT2 () = ’_nf,n,,HOT° (") we have

[, min 1{2h  0%h 2+ 2h 2+1
mir — - -
Q 4 (9,\’[ 2 (9X22 (3.\’1 (9,1‘2 2

Ph 9*h
+
0x12 0xx2

o \* (oh\
—( ! + on dxldXQZO.
(9)(1 (9.\'2

(82)
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] h m()ﬁa? ()"— &h (A)“’-l
mm 4\ 0x10x3 * 210

Therefore,

=0, for xeQ, \O | rus

i=1 j>i,jeN;

that is,

1{ 8%h 2h ([ 0% .
\jz(ﬁmz -3 ()) ( laxz(x))

(92/1 9*h
Y] (x) +E2- (JL)’

R 3 R

m

=0, for xeQ, \U U I

i=1 j>i,jeN;

+_.
2

We assert that

i

a'_’

h Ph V[ 0%h 2
O R

0*h )

(9)(3“ X1 (9.‘(2 2 |0x 1 2 (93(2 =

X0 GQa\U U L

Otherwise, there exists some i=1j>ijen;  such that
0h  *h

Ly 2+ h 2+l lx=xo>0
4\ox2  dxy? dx10x) 2 2| =X

By continuity, there exists a neighborhood of xg denoted by Q,q such that

Q_VOCQ(, \LmJ U l—‘i.j’

i=1 j>i,jeN;

0x 1 2 (')Xg

and
lﬂ(~)_ﬁ()2+ —(92/’[ () 2+l
4\ 0x,2 ! 0x72 . 0x10x2 . 2

By Eg. (84), we have

0%h ?h
> (’C) +W (X,)

— >0, for eQ
0x;? ! o

X0
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on \* (on \?
(—7 (x)) +(—1(x)) =0, for xe€Q,,
(9.’(1 (3)(2 (89)
ie.,
Oh Oh
— () ==—()=0, f X €Q,,.
oxy ) 0x) @) or X&3% (90)
Therefore,
0%h %h 0*h
X) = = x)=0, f x€Q,,.
0x,? @) 0x10x, ) 0x;? @) or €3 (91)
This is in contradiction to Eq. (88). Eq. (85) implies that
0%h 0?h 0’h "
(x)= (x)=—=(x)=0, for xe€Q, \ I
.2 R 2 J
a)c 1 (9)&1(()}’,2 aXQ QPQM (92)
Because fy(x) is a piecewise linear function in Qg, it follows from Eq. (92) that
LI Pu_ 5= 0 for xe \U |
o\ - . - 2\ — Vs ‘a lj'
8)« 1 (9.& 1 (())Q axZ i=1 j>i,jeN; (93)
Due to the analyticity of u(x) by Theorem 1, we have
0*u 0%u 0%u
() = () = C :0, f X Q .
(9.’([2 . (9.’(10.’(2 (X) (7)(22 (-X) or XE (94)
Hence,
u(x)=ax;+bxy+c, for xeQ,. (95)

By Theorem 2, we obtain u(x) = 0 and h(x = fp(x).

Generally speaking, we assume that an object image fp(X) is a piecewise n-th (some n > 1)
order polynomial function in Q; that is, Q4 can be decomposed into finitely many sub-

domains {€;}7", (Fig. 4) such that

fo)=fi(x), for x€Q; 1<i<m, (96)

where fj(x) is a n-th order polynomial function, and each sub-domain €; is adjacent to its
neighboring sub-domains ©; with piecewise smooth boundaries I'j j, j € Nj. We can similarly
define the n+1-th order TV for any candidate image f(x) as follows:
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M
HOTyi (= limsup > (P,
(lg}(g’diam( Ok })—»()kz 1

(97)
where {Q}, is an arbitrary partition of Q,, and
11+1g
I (f) mm(sup sup f f(x)—(x)dx sup sup f J () ——= (x) dx|,

6 18€Cy (O lgis1™ % 0eS 19<Cy Qg™ % do" (98)
where

d"”g ( ) _d’ng_\:Q (t)l

dgr VT g O (99)

We have the following generalized version of Lemma 4.

Lemma 5. Suppose that an object image fy(x) is a piecewise n-th (n > 1) order polynomial
function in Qg, as defined by Eq. (96). For any candidate image f(x) = fo(X) + u(x), we have

m ) dn+l
HOTn“(f):Z Z fr,-,—lf" X - fj (x)lds+fglmm(maxlc—ig(x)l | (-)’+{ (X)) dx1dxa,
i=1 j>i,jeN; (100)

where the second term is a Lebesgue integral.

Proof: We proceed by arguments similar to that for Lemma 4. Again, f(x) = fo(x) + u(x), and

u(x) is an analytic function. Let {QL} | be an arbitrary partition of Q. First, let us consider
Q covering the common boundary F,,J of a pair of neighboring sub-domains Q; and Q; and

is contained in Q; U Q; (Fig. 5 (a)). As in the proof of Lemma 4, for g € C{’ (Qx) we have

d
sup sup [ FOOTEdx=[ 10~ fi()1ds+0 (1)|Qel+o (DT O Ol

08 1g€Cy () Jgol<1” % L (101)

Repeatedly performing 2-D integrations by parts, for g € Ci’ (Qx) we have
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ff(>t,é,q(v>dxf f()dgl<x)dx+f f()f‘,ef'u)dx
=flim(f,(x) () % (x)cos <6,6,> ds—f nl,g()j;(x)au—f

df;

ﬂ(v)ﬁmda

= fwlgk (/i ) = fi (%)) T ()cos <6,6,> ds— fr,_‘/“m(dg W) - % () &4 £ () cos <6,6,> ds+ f 1dez()
(H - F )5t @eos <0.6,> dse-1" ([, 4 Wedre] | (x)g(x)dr)

_ n 1 .
1§1( ) f’-'».r "0k

n-1 1
_ ! df; d'f; d" . n
=31 [ (W(x)— 2L (x )) T2 (x)cos <6,0,> ds+(-1) [

Page 19

Zﬁ"j’ (x) dx+ f 09 116 L )dm (x) dx

(df’( ) -5 4/ (x))q(,x)cos <60,0,> ds+(— 1)"”f d(w L (x) g (x)dx,

(102)

where 6 is the normal vector of the boundary curve T'j j pointing from Q; towards €;, and
<0,0y > the angle between the vectors 6 and 6. For the second term on the right-hand side

of Eq. (102), we have

4J; zJ;

dﬂf‘l
1\ — §
geCS’(Z?Bg(.r)]sl( ! ;00 \ de" )= (x))g(r) cos <6.6,> ds f ri.j”le daon ) - <6.0,> ds,
(103)
dﬂf‘j d f
sup sup D" ( —= (x) - ——(x)|]g(x)cos <O
0eS 1eCy (00 JgWI<] ffi..f”Qk do" ae"
"fi d"fi
,0,> ds_fl,m@‘logsl (I i (x)|cos  <6,60,>|ds
+o (1) [T ; N Okl (104)
For the third term on the right-hand side of Eq. (102), we have
dn+1f
—1yrt x)dx=0(1)|Qxl.
", 2ot (D2 (1) dx=0 (D104 105)
sup sup f £ e (x)dx . .
We proceed to evaluate j.gieec(g,) jetol<1” % doret in the following two cases.
Case 1: If there exist some 6 € S and some x € I'; j N Qy such that
oopax de; [ (x) - d,(,[{ (01 # 0, then for an arbitrary real constant series {C 1and an arbitrary
compact set K ¢ Q,, there exists a g € €y’ (Qy) satisfying |g(x) and
dn—l 1f d[f
—= () =C(-1)| ==L () - = for 1<l<n-1, xel;;NK, and
o 1( x) =Ci(=1) [dﬁ’ Xx) P (x)|, for n X i an 06
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we have
n—1 4 l r n—1
df: .
sup sup (—1)[f (—fj (x)— M (x)) d f;’ (x)cos <6,0,> ds=+co.
0eS 19€C5 (Qu)lgI<1 7] rijoe \ def do dor (107)
Combining Egs. (104), (105) and (107), we obtain
m+1 n-l1 dl . 1 n—I
8 I fj d /; ) d 8
su su; f(x) (x)dx > su su (-1 (— (x)— —(x) (x)cos <@
ee.sggec;;‘(gk>i.|)g(.r>|slfQA do! HESPIgECa'(Qk)If])g(xHSl; fr"-f”“’* de' de' ") dom!
dﬂ ](‘, dn )(;
,0,> ds —sup sup D" ( — (x) — ——(x)]cos <0
" 0e8 18eC (0 g(I<] fr'*f'”Q‘ der e
m+1
,0,> ds —sup sup — (x) g (x) dx=+co0.
! ()eS‘gGC}}'tQk)-Ig(x)lﬁlfg‘ de"!
(108)
Case 2: Otherwise, "% (x) - ”:L/ (x)=0forxeT;;N Oy, O €SL, 0<1<n-1. The first term
on the right-hand side of Eq.‘flOZ) equals 0. Then, we have
dn+1g d"fj d"f;.
N y ] ) dx= — (x) — = cos <60,0,> |ds+0O(1 J+o (D N Okl
Z;plgecg‘(zgﬁg(_olsl ) o/ ) 2ot (0dx ) (o, X (I o ()= —pr (Dleos N s+0 (1) |Oxl+o (D) |T;; N Q4
(109)
In this case we also have
i (x) — [i (x)|ds=0,
[ oi ) = £ 110
d
sup sup fQ S (x) d_g (X)dx:f ) = [i()lds+0 (D) 1Qkl+o (DI j N Qkl=0 (1) |Qkl+o (1) T ; N Okl
ges 1g€C3”(QA )gnl<1 'k ) I N0k
(111)
Combining Egs. (108), (109) and (111), we have the following conclusion: If Qy covers the
common boundary T'j j of a pair of neighboring sub-domains Q; and ©; and is contained in
Q,‘ U Qj, then
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I; (f) =min | sup sup f f(x) dg(x)dx sup sup f} f(x) Tt (\)dr
0ES‘g€C;‘(Qn-ig(Ar)l< 0eS1geC (O Jgwl<1™ %

=sup sup f f (x) W (x)dx

08 1geCT (Qp) g0l %

—f[idngk 15 () = fi (0 lds+0 (1) |Qxl+o (1) [T j N Ol (112)

Next, Let us consider Qy that is completely contained in some sub-domain Q; (Fig. 5 (b)).
For g € C;7 (Ox), performing 2-D integration by parts we have

N f(x) (x)d fE(x)g(x)dx -

n+l . x+lf
7 £ (0 dx=(-1y"* Jo,

/, S 54 (x) g (x) dx.

dom+t (114)

Hence,

sup ff(x) Wdr=f, I—(X)Idx

gECT(Qn.Jglst” % (115)
f dn+1 f n+]f
sup S (x) 8 Wdx=[ 15— (x)ldx.
eeCPQoIgtolst” % T « dot! (116)
Furthermore,

d d
sip sup [ f0 = (wdx=] max1 L () dx+o (1) 104,
0eS 1geCy (Qu)lgwl<1” % do O gest dO (17)

n+ 1 n+1

£ (dv=[, maxt Tt o (DI

1 don+!

sup  sup [ f(x)

1
0 18eCS Qo Jgl<t” % do (118)

Combining Egs. (117-118), we have

I (f) =min(sup sup f f (x) 70 ¢ (x)dx, sup sup f f(x) % (x)dx

05 18€CS (O gl % 0es 18€C (Qp)Jgwl<1” %

N m+1
:min(j 'ma‘)l(lz—g(x)ldx, /, mgx|jéT{(x)|dx)+o(1)|Qk|

_J‘kam (m?x 70 (x)dx, m?x d()"'l (x))dx-i-o (D) Okl

(119)
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n+1

In Egs. (113-119), we have utilized the fact that Max—-=7 (%) Viis continuous in each Q;(1

v 1
<i<m). This fact can be derived from the foIIowmg equation

d"+1f
agr

dxy 0x

n+l ; g+l f ; -
_ . 1ol .
_;C”H —0x1’[)x2”+1“’ (x) cos’ g sin ¢, for xeQ;

1<i<m

9 ) n+l
( ‘ CoS p+— Smtp) [

b}

, 6=(cosg,sing) e S (120)

Combining Egs. (112) and 119), we obtain

M
A%
k=1

=20 2 Jo, i@ = lds

i=1 j>i, jeN;
/ mn+ 1 /‘
+fqtmm (maxl% x)1, maxl =g (x) I) dxidx;
+0(1)[Z Mo ,|]( max diam {Qk})
i=1 j>i, jeN;
+0 (1) Q4. (121)

Therefore, we have

m n+1

HOT, (f)= lim sup Zlk(f) Z Z Iv, |/ () = £ ()] ds+ [ o, min mdx|—f(,x)| mdxljﬁn 1[(/\)| dx1dx.

(122)

mu dlam {0k} —>0,‘

i=1 j>i,jeN;

which completes the proof of Lemma 5.

AIthough it is difficult to have an explicit formula for md |Jg,,‘1 ()| with

x€ Qa\U U 1

i=1j>1en;  inthe cases of n > 2, we can still have the following Theorem as a
generalized version of Theorem 4.

Theorem 5. Suppose that an object function fy(x) is a piecewise n-th (n >1) order
polynomial function in Q,, as defined by Eq. (80). If h(x) is a candidate image and
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HOTy.1 (h) :ff}oif,,lHOT““ (/) where us(x) is an arbitrary ambiguity image, then h(x) = fo(x)
for x € Q,.

Proof: We proceed by arguments similar to that for Theorem 4. Let h(x) = fo(x) + u(x) for
some ambiguity image u(x). By Lemma 5, we have

m

HOTui (N2 D) > [i Wi = filds. for  f=fo ) +ui (),

i=1 j>i,jeN; (123)

where uq(X) is an arbitrary ambiguity image, and

m

HOTw (=), > [i [ =700l ds.

i=1 j>i,jeN; (124)

Hence,

m

f:r?biﬂ“HOTm(f ):Z Z fr,-,j |/ ) = f; ()| ds.

i=1 j>i,jeN; (125)

Because HOT,41 (h) =[I—nfil}r HOT,1 (f)
S=lotu

, we have

dﬂ+l[
fQ"fQ mln(maxl—a(x)l ma; deH — (x) I)dxldxg 0. (126)
Therefore,
dh dn+1h m
mm(maxlﬁ(x)l max |d9"+‘ (x)l) for xeQ, \LJI. U Lij
i=1 j>i,jeN; (127)
That is,
dh dn+1] m
max|—2 (=0 o max|——s (0|=0, for xeQ \_U. U ,r,-._,.
i=1 j>i,jeN; (128)
We assert that
n+1 m
m Sl|d6n+l WI=0, for x=(r,x)eQe \(J | Ty
i=1 j>i,jeN; (129)

m

neQ\ ) [

Otherwise, there exists some i=1j>1jen;  such that
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n+1

—t G0 >0,

max]

By continuity, there exists a neighborhoodof xy denoted by Qg such that

Qy, CQq \Lmj U i

i=1 j>i,jeN;

and

n+l

max|

max|=oy (,\)|>O for xe€ Q.

By Eq. (128), we have

h
maxld—(x)] 0, for xeQ,,
fest

e.g.,
dh

—( )——(x)c S(,p+—(x)s1n<,c 0, for xeQ,, Hz(cosgc,singc)eSl.
From Eq.(134) we have

/
Ok (s ):_(91 (W=0, for xeQ,.
’)x1

Therefore,

(f)n+1h

ox 10 T (0=0, for xeQy, 0<i<n+l,
X1 0xy"

which leads to

P ey n+l "

T —(x) Z 1 ,(x)coslgcsin”“‘] ¢=0, for xe€Q,, 6=(cosg,sing)eSs.

1=0

Eqg. (137) means that

n+1

g‘g)t(ld()"“ (x) =0, for xeQ,,.
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This is in contradiction to Eq. (132). Eq. (129) implies that

617-1-1’1 m
Ax i1 dxo 11 (=0, for xeQ, \U U [, 0<l<n+l

i=1 j>i,jeN; (139)

Because fy(x) is a piecewise n-th (n > 1) order polynomial function in Q,, it follows from
Eq. (139) that

(z’n-x-l] m
Ox1lox nl+1_1 (0=0, for xeQ, \U U T, 0<l<n+l
A1 2

i=1 j>i, jeN; (140)
Due to the analyticity of u(x) by Theorem 1, we have

oh (x)=0, fi €Q, 0<l<n+l
——— (x)=0, for x s <Il<n+l.
Oxldxym+1-1 “ (141)

Hence, u(x) is a n-th (n = 1) order polynomial function in Q,. By Theorem 2, we obtain u(x)
=0 and h(x) = fp(x).

IV. Numerical Simulation

To verify our theoretical findings described in the preceding section , we developed a HOT
minimization based interior tomography algorithm. This iterative algorithm is a modification
of our previously reported TV minimization based interior tomography algorithm [17]. Our
HOT minimization algorithm consists of two major steps. In the first step, the ordered-
subset simultaneous algebraic reconstruction technique (OS-SART) [23] is used to
reconstruct a digital image f, , = f(mA,nA) based on all the available local projections,
where A represents the sampling interval, m and n are integers. In the second step, the
discrete HOT of fp,, ,, is minimized using the standard steepest descent method. These two
steps are iteratively performed in an alternating manner. The major difference between this
algorithm and that in [17] lies in the formulas for computing steepest descent directions.

2 R 2 .
Here we assume that 2=, _#7_ %L are continuous at x, and we have

0x2? Txy0ay 0xp2

Pf S
ax2 + 9x22

wore=fy (it ()

. A: Z \/L(ﬁ"*l»"*ﬁu L=t = foun 1)2+(ﬁu<1.m R et T P et LR R )2+£
o\ Ve 5 4 2

)d.’(ldXQ_

S vt S vn=20mn | St St =2 fmn
m.an

A?
=y (ve +V2,),
Z( Vi) (142)

- - 5 - - 5 A .
_ Sttt fu-ta= St =Sfoun L Y=, [ FostnstH it —fusta = Sfu-tact Yo, | sttt S tat funs H a1 —4fmn
= Z 3 + 7 + B}

where

2 -+

2 2
_ \/(f;rhhl.n'f'fl‘nhn - f;n.n+l B f;nAnfl ) +(fm+l.n+l+fml.nl B fm+l.nfl - f;nlJHl)
(143)
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b _ fm+1.n+f;n—I.r7+fn1,11+1+fm,nfl - 4fm.11
Vm.lz_ 2 . (144)
Therefore,
QHOT
0/:7:,11
_nal
" m+ln
a.l
+])m—l.n
_ nal
ma+1
a.l
- Dkal
a2
+1)m+ L+l
a2
+Dm—l.n~l
a,2
- Dm+lel
a2
- [)ln—l.n+l
b b b b 2
> —4DIILII+Dm+1.11+D11171.11+D;uz+i +Dljz‘nfl ’ (145)
where
)a_1 _(ﬁn+1.n+ﬁn—l.n - ﬁn.m»l - fm,n-—l)
L mn— 4vya ’
m.n (146)
Da_g _ (f;rHLnJrl +.ﬁn—l.nfl - f;n+l,nﬁl - f;r;—l,uH)
mn— 16V4 s
mn (147)
Db — 0.5 1/ (//.n+1,/1+./;71—1.,n+fm.n+1+fm,n—l - 4ﬁn,n) >0
i _05 If (/m+l‘n+fm—1.n+f;n.n+l +ﬁn.n—l - 4](;11.11) <O (148)

For the other essential details of our algorithm, the reader may check[17].

A 2D Shepp-Logan phantom was modified to test our algorithm. The modified phantom
included a set of piecewise linear ellipses with the parameters listed in Table 1. For each

ellipse, the function was first defined inside a compact support £2e= {(-’61, x) € Rz—ll+—*<1}

with the value (-a+1) 1, then its center was translated to (x19,X20) and rotated by an angle .
The units for a;, a and (xq0,X20) were in mm and the unit for o in degree.

In our numerical simulation, we assumed a circular scanning locus of radius 570 mm and a
fan-beam imaging geometry. We used an equi-spatial detector array of length 100 mm. The
detector was centered at the system origin and made always perpendicular to the direction
from the system origin to the x-ray source. The detector array consisted of 300 elements,
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each of which had a 0.33 mm aperture. This configuration covered a circular field of view
(FOV) of radius 49.8 mm. For a full scan, we equi-angularly collected 720 projections.

In the aforementioned FOV, we first created a high-resolution phantom image in a
2048%2048 matrix, and numerically generated truncated projections through an ROI using a
well-known ray-tracing technique. Then, ROl images were reconstructed in a 256x256
matrix o using our proposed HOT minimization algorithm and a local FBP method from
truncated projections after smooth extrapolation into missing data. Representative
reconstructed images are in Fig. 6. The typical profiles are in Fig. 7. The convergence curves
in terms of truncated projection discrepancy and relative reconstruction error are in Fig. 8. It
can be seen in Figs. 6-8 that the reconstructed image using our proposed HOT minimization
algorithm is in an excellent agreement with the truth inside the ROI.

To evaluate the noise characteristics and demonstrate the stability of our proposed HOT
minimization algorithm, Poisson noise [24] was added to the simulated projection data. In
this process, 10° photons were emitted from the x-ray source towards each detector aperture.
Then, we repeated the above reconstruction procedures and produced the typical images and
profiles as shown in Figs. 9 and 10, along withthe convergence curves in Fig. 7. These
figures demonstrate that the proposed algorithm not only produces satisfactory image
accuracy but also suppresses image noise. This is not surprising, since the TV minimization
technique was initially proposed to reduce noise [25].

V. Discussions and Conclusion

In Theorem 5, we have claimed that if fp(x) is a piecewise n-th (n > 1) order polynomial
function in Q,, then it can be uniquely determined by minimizing its (n+1)-th order HOT.
To apply our theoretical result in practical applications, it is critical to estimate the
maximum polynomials order n inside an ROL. In principle, there would be no problem if n is
overestimated. Actually, as long as n captures the main features of image variations, even if
it is underestimated, we can decompose fp(x) into a n-th polynomial plus a residual error
item much smaller than the primary term. Our hypothesis is that the reconstructed results
can be written as the n-th polynomial plus a small artifact function. The higher the order n is,
the smaller the artifact function becomes. When n is equal to or larger than the real
polynomial order, the artifact function would be zero.

In practical applications, high order derivatives can be implemented as high order
differences. Given the sensitivity of the discrete high order differencing operation, we
suggest that the polynomial order be initially set to 1 < n < 3, and refined as needed. Note
that in many cases we do have prior knowledge about images in a particular context. Hence,
we can often estimate the polynomial order reliably. For example, in non-destructive testing
machinery parts are fairly homogeneous, and the piecewise constant or piecewise linear
assumption should work well.

As an important molecular imaging modality, single-photon emission computed tomography
(SPECT) is to reconstruct a radioactive source distribution within a patient or animal.
Different from the line integral model for x-ray imaging, SPECT projections are modeled as
exponentially attenuated Radon transform data [26-28]. Extending x-ray interior
tomography results [11-12], we previously proved that accurate and stable interior SPECT
reconstruction is feasible from uniformly attenuated local projection data aided by prior
knowledge of a sub-region [29]. Naturally, it would be useful to extend the theoretical
results reported in this paper to SPECT. That is, it is possible to reconstruct a SPECT ROI
accurately only from the uniformly attenuated local projections by minimizing the HOT if
the distribution function is piecewise polynomial in the ROI. We are actively working along
this direction.
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To verify the correctness of our theoretical analysis in Section 111, we have developed an
iterative algorithm in Section V. Nevertheless, our numerical implementation has been
relatively preliminary. Neither the codes nor the control parameters have been optimized.
Currently, we are developing efficient yet robust algorithms for real-world applications. In
particular, we may merge the HOT minimization and iterative reconstruction into a more
integrated procedure. Hopefully, we will be able to report more in follow-up papers. A
theoretically interesting topic is about the convergence of the proposed algorithm.
Previously, we studied the convergence of the well-known SART technique [30], and a
general Landweber scheme [23] [30]. Although these results are relevant to the proposed
algorithm, its convergence analysis may be much more challenging, and will be investigated
in the future.

In conclusion, we have extended our TV minimization based interior tomography into a
HOT minimization framework. Our work has indicated that an interior ROl can be
accurately reconstructed from truncated projection data through the ROI if it can be
partitioned into finitely many sub-domains over each of which a polynomial function well
represents the image to be reconstructed. This HOT approach may find important
applications in biomedical CT such as cardiac perfusion studies, and could inspire
development of other imaging modalities as well.
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Figure 1.
Region of interest (ROI) inside a compact support.
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Figure 2.
Illustration of (a) arg(a+z) and (b) arg(a-z).
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90

t(cos @, ,sin @, )

Figure 3.
Radial line through the origin.
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Figure 4.
ROI consisting of 7 sub-domains.
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Figure 5.
Sub-domain Qy of (a) the first and (b) second types.
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(c

Figure 6.

Reconstruction of the modified Shepp-Logan phantom with linearly varying shadings over
subdomains. (a) The original phantom, (b) the reconstruction with the local FBP (after
smooth data extrapolation), and (c) the reconstruction with the proposed HOT minimization
algorithm after 40 iterations. The display window is [0.1, 0.4].

Inverse Probl. Author manuscript; available in PMC 2010 April 20.



1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnuey JoyIny vd-HIN

Yang etal. Page 36
0.6 0.7
Phantom Phantom
0.5 = | ocal FBP 0.6 - | ocal FBP
— SART+HOV — SART+HOV
0.4 0.5
0.3 0.4
0.2 0.3
01 / \\ 02
0" 1 \ : 0.1
-10 -5 0 5 10 -10 -5 0 5 10
(a) (b)

Figure 7.

Representative profiles along (a) horizontal and (b) vertical lines in Figure 6. The horizontal
and vertical axes represent the pixel coordinate and functional value respectively, with the
thick line on the horizontal axis indicating the ROI.
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Figure 8.

Convergence curves of the proposed HOT minimization algorithm. While the horizontal
axis represents the iteration index, the vertical axis shows (a) the projection error and (b)
reconstruction error (%) respectively.
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(a) (b)

Figure 9.
Counterpart of Figure 6, with data noise reflected in the local FBP and HOT minimization

reconstructions. The display window is [0.1, 0.4].
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Figure 10.
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Phantom
0.6 —Local FBP
— SART+HOV

0
(b)

Counterpart of Figure 7, with data noise reflected in Figure 9 (b) and (c).
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