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Abstract This paper aims to analyze global robust
exponential stability in the mean square sense of stochastic
discrete-time genetic regulatory networks with stochastic
delays and parameter uncertainties. Comparing to the
previous research works, time-varying delays are assumed
to be stochastic whose variation ranges and probability
distributions of the time-varying delays are explored.
Based on the stochastic analysis approach and some anal-
ysis techniques, several sufficient criteria for the global
robust exponential stability in the mean square sense of the
networks are derived. Moreover, two numerical examples
are presented to show the effectiveness of the obtained
results.

Keywords Discrete-time genetic regulatory networks -
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Introduction

The research of complex dynamical networks varies from
biological and chemical oscillators to scientific collabo-
ration networks as well as neurodynamics and biological
neural networks (Dorogotsev and Mendes 2003; Becskei
and Serrano 2000; Bolouri and Davidson 2002; Wang
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et al. 2008; Wang and Zhang 2007; Chaouiya 2007). As
a special case, genetic regulatory networks (GRNs) con-
sisting of DNA, RNA, proteins, small molecules and their
mutual regulatory interactions, have become an important
new area of research in the biological and biomedical
sciences and received widely attention recently (Becskei
and Serrano 2000; Bolouri and Davidson 2002; Weaver
et al. 1999; De Jong 2002; Smolen et al. 2000). Several
models have been developed to investigate the behaviors
of the GRNs, for example, Boolean models (Weaver
et al. 1999), the differential equation models (De Jong
2002; Smolen et al. 2000), the Petri net models (Cha-
ouiya 2007) and discrete time piecewise affine model
(Lima and Ugalde 2006; Coutinho et al. 2006). Among
them, GRNs in the form of differential equation models
have been well studied in He and Cao (2008), Ren and
Cao (2008), Ribeiro et al. (2006) and Cao and Ren
(2008).

It is revealed that time delay, which inevitably exists in
GRNs due to slow biochemical reactions such as gene
transcription, translation, diffusion, and translocation
processes (see Hirata et al. 2002; Lewis 2003), is an
important factor and should be considered. Various efforts
have been paid in the past few years for the analysis of
GRNs with time delay, see He and Cao (2008), Ren and
Cao (2008), Chen and Aihara (2002a, b) and Li et al.
(2006). In Chen and Aihara (2002), presented a model for
GRNs with constant delay and analyzed nonlinear prop-
erties of the model in terms of local stability and bifur-
cation. Subsequently, they explained periodic oscillations
which are mainly generated by nonlinearly negative and
positive feedback loops in gene regulatory systems, and
explored effects of time delay on stability region of the
oscillations (see Chen and Aihara 2002). In Li et al.
(2006), a nonlinear model for GRNs with SUM regulatory
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functions was presented and some sufficient conditions
for the stability of the GRNs involving time varying
delays and stochastic perturbations were derived by using
the Lyapunov method and the Lur’e system approach. He
and Cao (2008) investigated global asymptotic stability of
GRNs with distributed delay. In Ren and Cao (2008), by
using the Lyapunov method and linear matrix inequality
(LMI) approach, sufficient conditions were proposed to
ensure robust asymptotic stability of GRNs with time-
varying delays and parameter uncertainties. On the other
hand, due to small numbers of transcriptional factors and
other key signaling proteins, considerable experimental
evidences show that noise plays a very important role in
gene regulation (Tian et al. 2007; Jonathan and Erin
2005). In addition, gene expression involves a series of
molecular events in cells, which are often subject to
significant intrinsic fluctuations and extrinsic disturbances,
thus being best viewed as a stochastic process (Jonathan
and Erin 2005; Michael et al. 2002; Sun et al. 2009). So
the stochastic differential equation model has recently
been developed to describe the molecular fluctuation in
gene networks (Lestas et al. 2008, Li et al. 2007).

It is worth noting that most references for delayed GRNs
were only concerned with the case of deterministic time
delay(s). But in many real systems, such as the networked
control systems, the network-induced delay often appears as
some probabilistic properties and its probability distribution
can be measured by the statistical method (Yue et al. 2009).
On the other hand, it is shown in Ribeiro et al. (2006) that
time delays in some GRNs are often existent in a stochastic
fashion. And their probabilistic characteristics can also be
obtained by statistical methods. Hence, it is necessary to
consider stochastic delay effects in GRNs. In addition, as
pointed out in Lima and Ugalde (2006), Coutinho et al.
(2006) and Cao and Ren (2008), some GRN models are
discrete-time dynamical systems which can be viewed as an
extension of discrete-time delay systems and are more
important than their continuous-time counterpart in a sense.
These kinds of discrete-time models are directly inspired by
the systems of differential equations mentioned above,
though they do not correspond to a time discretization of the
differential equations but rather to a natural discrete-time
version of them. Hence, it is clear that theoretical analysis of
stability of discrete-time GRNSs is an important and neces-
sary step. However, to the best of the author’s knowledge,
little attention has been paid to this issue, especially inves-
tigation on stability of discrete-time GRNs with stochastic
delay when considering the information of both variation
range and probability distribution of the time delay.

In this paper, we aim to solve the problem of global
robust exponential stability in the mean square sense
(GRES-MSE) of discrete-time GRNs with parameter
uncertainties and stochastic disturbances. The parameter
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uncertainties are assumed to be norm-bounded and the
stochastic disturbances are described in terms of a
Brownian motion. By using two stochastic variables which
satisfy Bernoulli random binary distribution, we construct a
new model of discrete-time GRNs with stochastic time-
varying delays. Then some sufficient conditions for GRES-
MSE of the stochastic discrete-time GRNs with uncer-
tainties are exploited. It should be noted that the solvability
of the derived conditions depends on not only the size of
the delay but also the probability of the delay appearing in
some intervals. Numerical examples are presented to show
the effectiveness and applicability of the proposed results.

Notations Throughout this paper, R" denotes the
n-dimensional Euclidean space. R™™ is the set of real
n x m matrices. I is the identity matrix of the appropriate
dimensions. |-l stands for the Euclidean vector norm or
spectral norm as appropriate. diag(-) denotes a diagonal
matrix. The superscript “T” represents the matrix trans-
position. The notation X > 0 (respectively, X > 0) for
X € R”" means that the matrix X is positive definite
(respectively, positive semidefinite). E{-} stands for the
expectation. [a, b] denotes a set involving all integers
between @ and b. Ayin(P) and Apax (P) denote the minimum
and maximum eigenvalue of the real symmetric matrix P.
In symmetric block matrices, the symbol “*” is used as an
ellipsis for terms induced by symmetry. Z>( denotes the
set including zero and positive integers. () denotes the
empty set. (Q,7,2) is a probability space, where Q is
the sample space, # is the g -algebra of subsets of the
sample space and 2 is the probability measure on % .

Model description and preliminaries

Consider a discrete-time GRN with variable delays con-
taining of » mRNAs and »n proteins can be formulated by
the following difference equation

Mi(k+1) = e~ “"M;(k) + ¢,(h)
x| S bifi (P (K — d(K))) + Wi
j=1

Pi(k +1) = e="Pi(k) + @;(h)[diM;(k — (k))],
i=1,2,...,n

(1)

This mathematical model is taken from Cao and Ren
(2008) with slack variation on time delays, where M;(k) €
R and P;(k) € R are the concentrations of mRNA and
protein of the ith gene; h is a fixed positive real number
denoting a uniform discretionary step size; a; > 0 and
¢; > 0 are the degradation rates of mRNA and protein,
respectively; d; is the translation rate; d(k) >0 and
(k) > 0 denote random time delays for mRNAs and
Proteins, respectively; W; = Zjem_ v, where v;; is the
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bounded constant and denotes the dimensionless
transcriptional rate of transcription factor j to i, and I; is
the set of all the j genes; ¢;(h) = =" and ¢,(h) = = ‘Cfc‘h.
Obviously, ¢,(h) > 0, ¢;(h) > 0. The coupling coefficient

b; (i,j=1,2, .., n)is defined as follows:
v;;  if transcription factor j is an activator
of gene i,
bj=<¢ 0 if thereisno link from node jto i, (2)
—v;; if transcription factor j is a repressor
of gene i.

In addition, the nonlinear function f(-) € R" represents the
feedback regulation of the protein on the transcription. It is
a monotonic function in Hill form, that is, fi(s) = 1j:; "
(G =1,2, .., n), where h; is the Hill coefficient.

Let us rewrite system (1) into the following compact
matrix form

AM (k) + Bf (P(k — d(k))) +V,

M(k+1) = 3
P(k+1) = CP(k) + DM (k — t(k)), (3)
where
M(k) = [My(k),My(k), ..., M,(k)]",
P(k) = [Pl k)7 Z(k 3 '7Pn(k)]T7
f(P(k—d(k))) = [fi(Pi(k —d(k))), f2(P2(k — d(k))),
(Pl = d(K)))]"
V= [¢ ( )le(pZ(h)WZa . a¢n(h)Wn]
A = diag(e ", _“zh,...,e_”"h),
C = diag(e @ e,
D= dlag(qol( )dla QDZ(h)dZa SR q)n(h)dﬂ)v
(h) l *]7
b= {bl_l i#]j.
Let M7, PT|" = [M?,....,M*, Pt, ... P:] be an equilib-

rium point of system (3). Then it satisfies

{M* AM* + Bf (P*) +V,
Pt =

CP* + DM". )
For convenience, let us shift an intended equilibrium
point (M*T,P*T)T of system (3) to the origin through
the transformations x(k) = M(k) — M, y(k) = P(k) —
Then system (3) can be transformed into

{x(k+ 1)
yk+1)

where g(y(k)) = fly(k) + P*) — fiP*).

As mentioned before, little study has been performed
on GRNs when considering unavoidable uncertainties or
external perturbations, but in the applications and designs of
networks, such as genetic networks and neural networks,
there are often some unavoidable uncertainties such as

= Ax(k) + Bg(y(k — d(k))), (5)
= Cy(k) + Dx(k — t(k)),

modeling errors, external perturbations, and parameter fluc-
tuations, which may cause the networks to be unstable.
Hence, it is essential to take into account parameter uncer-
tainties and stochastic disturbance additionally as studied in
Ren and Cao (2008) and Li et al. (2007). A general GRN
model containing these influences can be described as follows

x(k+1) = (A + AAK))x(k) + (B + AB(k))g(y(k — d(k)))
+a(k,x(k), y(k))w(k),
y(k+1) = (C+ AC(k)y(k) + (D + AD(k))x(k — (k)),

(6)

where AA(k), AB(k), AC(k) and AD(k) denote the
parameter uncertainties satisfying the following condition

[AA(K) AB(k) AC(k) AD(k)]
— HF(k)E, E, E; E4),

where H, E,, E,, E3 and E, are constant matrices of
appropriate dimensions, and F(k) is an unknown time-
varying matrix satisfying F'(K)F(k) < I. a(k,x(k),y(k)) :
R x R" x R" — R" represents a noise intensity function
vector; w(k) is a scalar Wiener process on a proba-
bility space (Q, 7 ,7) with E{w(k)} =0, E{w?*(k)} =1,
E{w(@)w(j)} =0 (i #J).

Assumption 1 Fori e {1, 2, ..., n}, each function g,(-) is
continuous and bounded, and satisfies that

L < gils1) = 8i(s2) <L, Vs1,5 € R (51 # 52), £(0) =0,
§1— 82

where [; and L; are known constants.

Remark 1 The constants /; and L; here are allowed to be
positive, negative, or zero, which makes this assumption on
function g(-) less conservative than those stated in He and
Cao (2008), Ren and Cao (2008), Chen and Aihara (2002a,
b) and Li et al. (2006).

Assumption 2 Suppose that
o' (k, x(k), y(k))a (k, x(k), y(k)) <"
+y" (k) Haoy (k)

where H; > 0 and H, > 0 are two known matrices.

(k)H,x(k)

Assumption 3 Suppose that the time-varying delays d(k)
and 7t(k) are bounded with 0<d, <dk) <dy,
0 < 1,, < 1(k) < 1, and their probability distributions can
be observed.

Remark 2 In what follows, in order to transform system (6)
with random delays d(k) and 7(k) into an equivalent system
which dependents on distributed sequences, similar analysis
as exploitedin Yue et al. [2008, 2009] can also be carried out
for the random delays. Suppose that d(k) takes values in
[d,n» do] o1 (dg, dpy] and Prob{d(k) € [d,,,do]} = o1, where

@ Springer



168

Cogn Neurodyn (2010) 4:165-176

do, d,,, dy; are integers satisfying d,, < dy < dy;, and 0
< o < 1. Similarly, t(k) takes values in [7,,, To] or (7o, Ta]
and Prob{z(k) € [t, 0]} = fy, where 1¢, 7,,, Tas are inte-
gers satisfying 7, < 179 < Tpp, and 0 < ffp < 1.

Define four sets A; = {k|d(k) € [dn,do]}, Ar = {k|d(k)
S (do,dM]}, B, = {k|‘E(k) S [‘L’m,‘EQ]} and B, = {kl‘[(k) S
(‘Co,‘CM]}. Obviously, A1UA, = Zzo, BiUB, = ZZO,
A NA, =0 and B; N By, = 0. Furthermore, define four
mapping functions

d(k), ke A

_ d(k),
dl(k)_{dm, ke Ay’

ke A
do(k) = {d()’ 2

kG.Al

- ‘L'(k)7 k e B o ‘L'(k), k € B,
Il(k) - {‘L’m7 kEBz’ ‘Ez(k) - {‘L'(), kEB]

Then one can define two stochastic variables a(k) and
B(k) which are Bernoulli distributed white sequences
taking the values of 0 and 1 with
Prob{a(k) = 1} = E{a(k)} = ay,

Prob{a(k) =0} = 1 —E{a(k)} = 1 — ay,
Prob{fi(k) = 1} = E{f(k)} = Bo,
Prob{f(k) = 0} = 1 — E{B(k)} = 1 — fi.

Therefore, system (6) can be equivalently rewritten as

x(k+1) = (A+ AAK))x(k) + a(k)(B + AB(K))
g(v(k —di(k)))
+(1 — (k) (B + AB(k))g(y(k — d2(k)))
+o(k,x(k), y(k))w(k), (7)
ylk+1) = (C+ AC(k))y(k)

+B(k)(D + AD(k))x(k — 71 (k))
+(1 = Bk))(D + AD(K))x(k — z2(k)).

For brevity of the following analysis, denote x(k), y(k),
k), 1 — ak), pk), 1 — Bk), w(k), t1(k), ta(k), x(k —
71(k)), x(k — T2(k)), dy(k), da(k), g(y(k — d(k))), g(y(k —
d(k))), AA(k), AB(k), AC(k) and AD(k) by X, Yis %% ks Bres
Brs Wis Thy T3, Xo 1, Xe 2, di, d5, 800, 1)s 80a2), AAy, ABy, ACy
and AD,, respectively.

Then system (7) can be rewritten as

X1 = (A + AAk)xk + O(k(B + ABk)g(yd’])

+0(B + ABr)g(va2) + o (k, xi, yi)wi, (8)
Yir1 = (C+ ACy)yx + B (D + A

Dk)xf‘l + ﬁk(D + ADk)xr,z.

Remark 3 1t should be pointed out that, up to now,
most existing literatures concentrate on the stability of
continuous-time GRNSs, but few attempts are devoted to the
problem of stability of discrete-time GRNs with stochastic
delays. Although the introduction of binary stochastic variables
has been presented in the Wang et al. (2006, 2004) and then
developed in Yue et al. (2008, 2009), the stability problem for
GRNs with stochastic delays still remains challenging.
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Definition 1 The origin of system (8) is said to be globally
robustly exponentially stable in the mean square sense with
wi = 0, if there exist constants y > 0 and 0 < ¢ < I such
that every solution of system (8) for all parameter uncer-
tainties (that is, AA;, ABy, AC, and AD,) satisfies

2
E{ e

2 k 2 2
< 2o*E . . )
”yk” } =70 {_TM111<35(<0 ||x,|| 7de§?§0 ”yzH }

Lemma 1 (Schur complement) (Mahmoud and Shi 2003)
Given constant matrices Q;, Q,, Qs, where Q, = QF and
0<Q, =QJ, then Q, + Q1Q5'Q; < 0 if and only if

(gi _Q§2> <0 or (_Q%Z g?) <0.

Lemma 2 For any vectors a, b € R", the inequality

+2a"b<a"Ya+b"Y b

holds, in which Y is any matrix with ¥ > 0.

Proof Since Y > 0, we have

a"Ya+2a"b+ 'Y 'b = (Y 2a+ Y 2b) (Y2
+ Y~ 1%p) >0.

This completes the proof. O

Main results

In this section, we shall derive sufficient conditions for
mean square exponential robust stability of stochastic dis-
crete-time GRNs with random delays. The main results will
be stated in two parts.

Case I GRNs without parameter uncertainties.

Firstly, consider the following stochastic GRNs without
parameter uncertainties

Xer1 = Axg + o Bg(va,1) + ouBg(vaz) + ok, xi, yi)wi,
Yirt = Cyi + BiDxey + frDxc .
9)
For simplifying the following representation, denote

L = diag(l,Ly, Ly, .. .,1,L,),
. . L+ L L+L, L, +L,
L = diag| — - =

lag( 2 b 2 ) ) 2 )7

M"=[Mml 0 MI O],
N'=[N[ 0 0 NT],
sS'=[sT o sT 0o 0 0 0],
Z'=[z 0o 0 ZI 0 0 o],

where M;, N;, S; and Z; (i = 1, 2) are any matrices with
appropriate dimensions.
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Theorem 1 The origin of system (9) is said to be globally
exponentially stable in the mean square sense if there exist three
positive diagonal matrices A, Ay, A3, positive definite matri-
ces Py, Pa, Q1, Os, O3, O4, Ry, Ry, R3, Ry, K, K5, any matrices
My, M5, Ny, N>, Sy, S», Zy, Z, of appropriate dimensions and a
positive scalar p= > 0 such that the following LMIs

P] < ,u*I, (]O)
_Ql ‘C()M ‘EMN
2= = —1oRy 0 <0, (11)
| * * —tyRs
_Qz doS dyZ
22 =| * —d0R3 0 <O, (12)
L * * *dMR4
hold, where
Yy A-n"k, MT—-M NI—N,
Y 0 0
=" ? :
% * g 0
L * * * Y‘4
® (C-D'Ky ST—8 zZT-2z, 0 0 —AL]
* D, 0 0 0 0 0
* * D, 0 —AoL 0 0
Q=] * * * D, 0 —AsL 0
* * * * (0% 0 0
% * * * * (05 0
BE * * * * * 07, |
with

Y, =2ATP\A — Py + (10 — Tt + 1)Q1 + (T — T0)
Q2 + j.Hy + My + M + Ny + NJ,

Yy = 1R + tyR2 — K1,

Y3 = ByD"(2P; + K2)D — Q) — My — M3,

Y4 = BD' (2P, + K2)D — Q; — N2 — N;,

®, = 2C"P,C — Py + u,Hy + 81 + S| + Z + Z] — AL,

Oy = doR3 + dyRy — K>,

Dy =-S5, — ST — AsL,

Oy =2, — 7] — AsL,

®s = o2B" (2P + K1)B — Q3 — Ay,

O = 2B (2P + K1)B — Q4 — As,

®7 = (do — dp + 1)03 + (dy — do)Q4 — Ay

Proof See Appendix A. O

Case I GRNs with parameter uncertainties. In this part, we
consider the stochastic GRN (8) with parameter uncertainties.

Theorem 2 The origin of system (8) is said to be
globally robustly exponentially stable in the mean square
sense if there exist three positive diagonal matrices
A1, Ay, A3, positive definite matrices Py, Py, Q;, O, O3,
Q4, Rl’ Rz, R3, R4, Kl’ Kz, any matrices Ml’ Mz, Nl’ N2,
S1, S2, Zy, Z, of appropriate dimensions and sca-
lars u« >0, k; >0 (i = 1, ..., 6) such that the following
LMIs

P, <M*I, (13)
QM TN
Si=| % —tR 0 |<O0, (14)
* * —’L'MR2
(Q;  doS*  dyZ*
Z; = * —doR; 0 <O, (15)
* * —dyRy
hold, where
(Y, (A-n"k, MI—M, NI—N, 24TP\H 0 0
x Y; 0 0 KH 0 0
* * T3 0 0 0, 0
Q= x * * Y 0 0 0],
* * * * X5 0 0
* * * * * Y, O
L * * * * * 0
[0; (c-D'ky ST—-S ZF-2z 0O 0 AL 2C"RH 0 0 |
* @5 0 0 0 0 0 K>)H 0 0
* * D3 0 —AoL 0 0 0 0 0
* % X @; 0 —AL 0 0 0 0
o — * * * * D5 0 0 0 (CH) 0
I . N X * @; 0 0 0 0
* * * * * * D 0 0 0
* * * * * * * Dy 0 0
* * * * * * * * [0 0
| * * * * * * * * * @,
Mt =Ml 0 MI 0 0 0 O],
NT=[NT 0 0 N] 0 0 0],
ST=[sT o sf o0 0000 0 0],
zT=[zl o0 0 zf 0 0 0 0 0 O],
with

Y =2ATPIA — Py + (t0 — T + 1)Q1 + (tir — 70) Q2
+ wHi + My + M{ + Ny + N + kEE,

Y5 =1R; + R, — Ki,

Y3 =BoD" (2P, + K2)D — Q) — My — My + koEj Es,

Y; =BoD" (2P, + K2)D — Q) — Ny — Nj + ks E} Ey,

Y =2H'"P\H — ki,

Y; = BoH" (2P, + K2)H — ko,

Y5 = BoH (2P + K>)H — ksl,

@, =pB,D (2P, + K2)H

©, =D (2P, + K>)H,

)
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®; =2C"P,C — Py + pu,Hy + S + ST+ 7,
+ZF — AL + kyEYE3,

®; = doR3 + dyRs — K,

D =— 5, — 8] — AL,

O =27, — 7] — AsL,

% = 0oBT (2P + K1)B — Q3 — A + ksE Es,
®; = 5 B" (2P + K1)B — Q4 — A3 + ke E, Es,
O = (do — d +1)03 + (dy — do) Q4 — A,
; = 2H'P,H — Kyl

05 = agH' (2P + K1)H — ks,
%, = oH" (2P + K1 )H — kel

0; = OC()BT(2P1 +K1)H,
O, = %BT(2P, + K))H.
Proof See Appendix B. O

Examples

In this section, two numerical examples are presented to
illustrate the applicability and effectiveness of our results.

Example 1 Consider a two-node GRN (9) with the fol-
lowing parameters:

14 . .
0 0.3 s 117 2 g ) ’

g(s) = tanh(0.4s).

Here, suppose 7, = 1,79 = 3,d,, = 1,dp = 3. It can be
calculated that L = diag(0,0), L = diag(—0.2,—0.2). By
setting oy = 0.8, fg = 0.6, 1y = 7, dpy = 10 in Theorem 1
and using Matlab LMI toolbox, a set of one feasible
solutions of LMIs (10)- (12) can be obtained as follows:

p, 37304 04187] 2:{3.1671 0.4672}
104187 5.2740 ) 0.4672 4.7820
~ [0.1895 0.0419]
Q1= 10.0419  0.5639 |
[0.1336  0.0297 ] 03658 0.1620
9 =10.0297 03833 ] Q3:[0.1620 2.8601]’
[0.2218  0.0129]
Q= 00129 0.7810]"
R, _[ 00346 00085] {0.0125 0.0030}
10.0085  0.0305 |’ 0.0030 0.0113 ]

_ [0.0810 0.0143
37 10.0143  0.0488 |’
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0.25

0.2 * X2

0.15

0.1#

x(k)

0.05} %

vone

0 50 100 150
k

Fig. 1 Transient responses of state variables x; in system (9)

o, _[0:0200 00031) 42566 0
7100031 00091 "' | 0 @ 205599
[0.412 7
A 04128 0 7
0 0.2350]

[0.0701 0 ] [0.4175 0.1239
/\3: B K]: )
| 0 0.0352] 10.1239  0.4279

[0.8877 0.1396]
K = = 5.4855.
2= 101396 049170 He =248

Therefore, all the conditions in Theorem 1 are satisfied,
which indicates that the origin of system (9) with stochastic
delays and disturbances is globally exponentially stable in
the mean square sense. Computer simulations for transient
responses of state variables x; and y; in system (9) are
depicted in Figs. 1 and 2, respectively.

Example 2 Consider another five-node GRN (8) with the
following parameters:
A = diag(0.3,0.2,0.3,0.3,0.2
C = diag(0.2,0.3,0.4,0.2,0.2
D = diag(0.2,0.2,0.1,0.3,0.2),
H = diag(0.2,0.2,0.2,0.2,0.2),
F(s) = diag(sin(s),cos(s), —sin(2s),cos(2s), sin(s)),
E, = E, = E; = E4 = diag(0.3,0.3,0.3,0.3,0.3),
-0.1 -06 O 0 0
0 03 01 O 0
B=|01 -02 01 0 0
02 -01 0 -03 O
0 0 0 0 -05
H, = H, = diag(0.16,0.16,0.16,0.16,0.16),
gi(s) =tanh(0.55),i=1,...,5.

),
)

)

)



Cogn Neurodyn (2010) 4:165-176

0.2
-y
* Yy
0.15 |
0.1¢ N
<
> .
-0.05 ' !
0 50 100 150

k

Fig. 2 Transient responses of state variables y; in system (9)

It is easy to obtain that L = diag(0,0,0,0,0), L=
diag(—0.25,-0.25,-0.25,-0.25,-0.25). Set 71, =1,
=4 =28, d,=1, dy=3, dy=10, 09 = 0.6,
fo = 0.7. By applying Theorem 2, one can verify by
Matlab LMI toolbox that feasible solutions of the LMIs
(13-15) exist. Therefore, for all parameter uncertainties
and stochastic perturbations, the origin of system (8) is said
to be globally robustly exponentially stable in the mean
square sense. Computer simulations for transient responses
of state variables x; and y; in system (8) are shown in
Figs. 3 and 4, respectively.

Conclusions
The problem of global robust exponential stability of
stochastic discrete-time GRNs with parameter uncertainties

and random delays has been studied. By constructing a
proper Lyapunov-Krasovskii functional and adopting a new
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Fig. 3 Transient responses of state variables x; in system (8)
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Fig. 4 Transient responses of state variables y; in system (8)

modelling method, two delay-distribution-dependent condi-
tions are derived. Different from the existing GRN models, the
probability distributions of the time delays have been trans-
lated into the networks’ parameter matrices. Two numerical
examples and their simulations have been given to illustrate
the effectiveness and applicability of the obtained results.

Appendix A: Proof of Theorem 1

Consider the following Lyapunov-Krasovskii functional
candidate:

Vi=Vii+Vio+Vizg+ Via+ Vis (16)

where

Vi :szlxk + y;EP2Yk7

— —T

Vi = Zlex,+ > ZxQIx,

i=k—t J=—t0+1i=k+j

—T0— 1

+ Z x; Qox; + Z ZX Ooxi,

i—=k— -52 j=—tu+1i=k+j
k—1 —dn -
Vig = g ()0sey) + Y Z g (vi)Q3g(y)
i=k—df Jj=—do+1 i=k+j
k=1 —do—1 k-
+ g () Qagvi) + Y Z g (vi)Qag(vi),
i:kfd’z‘ j=—du+1 i=k+j
1 k-l o k-1
Via = Z Z n; Rin; +Z Z ni Ratlyy M = Xt — X,
j=1 i=k—j j=1 i=k—j
dy k- dy k-1
Vis = Z OTR30; + Z Z OTR4S:, Ok = Vir1 — Wi
j=1 i=k—j j=1 i=k—j

Calculating the difference of V) along the solution of (9)
and taking its mathematical expectation yield
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E{AVi1} =E{E{Vit11} — Via}
:]E{xZ(ATPlA —Pi)x + 2a0xz
ATP\Bg(ya,) + 250x; ATP1Bg(va,)
+a0g" (va1)B' P1Bg(va,1)
+ 008" (ya2)B" P1Bg(ya2)
+ o' (k, xi, i )Pro(k, Xx, yi))
+y, (CTP,C — Py)yx + 2Boy, C'P2Dx
+ Zﬁoy cT PyDx.»
+ Box; D' PyDx y + oxi,D'PaDx.o}, (17)
E{AVi2} = E{E{Vis12} — Via}
<E{(to — tm + l)szlxk

—x7,Q1xe1 + (Ty — T0)x; Qaxi —

T
)C.C’Z Q2x‘t.2 }7

(18)
E{AVi3} =E{E{Vit13} — Vi3}
<E{(do — d + 1)g" (1) Q38 (%)
— & (41038 (va,1) (19)
+ (dy — do)g" (ye) Qag (i)
— 8" (va2)048(ya2)},

E{AVia} = E{E{Visi4} — Vka}

k—1
1; Rzni )
J=k—tm

(20)

k—1
—E{"IZ(WRI +uRa)me— > 0 R —
J=k=7o

E{AVis5} =E{E{Vit15} — Vis}

IE{()T(dOR3 + dyR4) Sy —

k—1
Z 6! R3d; — 5,.TR45,}.
M

J=k—dy J=k—d,
(21)
Considering Assumption 2 and (10), it can be easily
obtained
E{o" (k,xc, ye)Pro(k, X, ye) }
SE{;”max(Pl)o-T(er/ﬂyk)a(k7xk7yk)} (22)

<E{uxHixe + 1y Hoye}
Making use of Lemma 2, we can derive

2a0xkA PlBg(yd 1) < OC())CkA PiAx;

+ 008" (va,1)B"P1Bg(ya,1), (23)
Z&OszTPlBg( ) S &oxkA Plek
+ 08" (va2)B"P1Bg(yay2), (24)

2oy C' PaDx: 1 < foyi CT Py Cyi+Box, D' PoDxey,  (25)
2Boy; C'PaDx: 5 < Boy; C'P2Cyi+ Box; , D" PaDxcs. (26)

Obviously, the following zero equations hold.

@ Springer

k—1

287 (M | x —xe1 — > (i1 —xi) | =0, (27)
i=k—
k—1
251T(k)N Xp — Xep — Z Xit1 — Xi) (28)
i=k— r

28 (k)S | ye — ya1 —

zkdk

25;(")2 Yk — Yd2 — y1+1 - yl

zkdk

yl+l — Vi ] (29)

where
Gk =[x mi xiy x,],

&0 =31 o 3hy 352 &T0ar) & 0u2) 70N ].

By applying Lemma 2, we have

k—
_26 M xl+1

i=k— r

k—1
+ Y niRum, (31)

i:kf‘r’l‘

,_.

) < 10&] (k)MR'MTE, (k)

k—1
—2&7 (k)N (xie1 — x1) <&l (k)NRy'NTE, (k)

i=k—1

k—1
+ > 0 R, (32)

i ok
i=k—1;

NS

k—1

=28 (k)S > (vir1 — yi) < do&) (k)SRy '™, (k)

i=k— d’l‘

+ Z 5; R36;, (33)
i=k—d!

k—1
28 (k)Z (yis1 — i) <du& (K)ZR, ' Z7 &, (k)
i=k— d

+ Z OTR40;. (34)

i=k—d}

For positive definite matrices K; and K5, it follows from the
definition of #; and J; that

0 = 217, Ky (i1 — Xk — 1)
=2 Ky [(A — D)xi + ouBg(va,1)

+ 0 Bg(yap) + o (k, xie, yi )W — 1, (35)
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0= 25{K2(xk+1 — Xk — 51() (36)
=20, K2[(C — D)y + BpDxey + BiDxon — 3l

Taking the expectations on both side of (35) and (36), and
employing Lemma 2 yield

0= E{2n;Ki[(A = D)xi + 20Bg(ya1) + %0Bg(va2) — m]}
= E{2n{ K1 (A — I)xi + 2000 K1 Bg(ya,1)
+ 2001, K1Bg(va2) — 21, Ky }
<E{2m Ky (A — Dxe + oong Kig
+ 008" (va.1)B"K1Bg(ya,1)
+ don Ky + 30" (va2)B K1Bg(va2)
— 2, Ky}
= B{2n K\ (A — Dxi — i Ky + %08 (a1 )B"K1Bg (va.1)
+ 308" (va2)B'KiBg(va2)}, (37)
and
0 =E{28, K>[(C — I)yx + BoDxc1 + PoDxcn — &)}
=E{26; K»(C — I)yx + 2By0; KoDx:
25, K20, }
<E{26; K> (C — Dyi + BoSy K20y + Box, D" KaDx

+2ByS; KaDx,p —
+ Boészék + BoxzzDTKszm — 25;[(251(}
:E{25EK2(C — I)yk — (52](25](
+ Box, 1 DT KaDxey + Box; , D" KaDxe o}
(38)

In view of Assumption 1, we can conclude that

[gi(vi(k)) = Liyi(K)][8i(vi(k)) — Liyi(k)] <O, (39)
)

8 (y,(k di(k))) — ,y,(k d(k))][gi(yi(k—dy(k)))
Liyi(k—d, (k))] <0, (40) (40)
80k~ (69) ok~ k)

—Liyi(k—dy(k ))L (41)

It can be deduced from (39) that there exists a diagonal
matrix A =diag{,...,41,,} > 0 such that

T AL
s o [ et )] )
" () — el el g(v)

N |:g(y)]’{k):|T[21§ IXIL] {g(yy"k)] <0,

where e; denotes a column vector having “1” element on
its ith row and zeros elsewhere. Similarly, by means of

(42)

(40) and (41), there exist diagonal matrices A, and Aj
such that

T ~ .

o] [N [y =0 ®
and

[ Va2 T[Asé A3E:||: Va2 }SO (44)
80a2) ] | AL As |[8(va2) ’

respectively.

Therefore, we have
E{AV;} < E{x{(zATPIA — P+ (t0— T+ 1)0s

+ (T — 70) 02 + . Hy )x

+ 20 K1 (A — D + i (voRy + TiuRa — K1)y
+x1 1 [BoD" (2P2 + K2)D — Qy]xc,s

+x,,[BoD" (2P; + K2)D — Qs]x:»

+ 31 (2C"P,C — Py + 1, Ho)yi

+ 287 K2 (C — Dy + 0, (doR3 + dyRs — K1)y
+ 8" i) [(do — di + 1)03 + (dur — do) Q4] g (%)
+ 8" (va1)[%B" (2P1 + K1)B — Q3]8(ya,1)

+ 8" (va2) @B (2P1 + K1)B — Q4]g(yay2)

+ 2&1 (k)M (xi — x¢,1) + 27 (k)N (xi

+ 28 (K)S(vk — ya1) + 28 () Z(yk — ya2)
+ ET (k) (toMR; 'M™ + 1yNR; 'N") ¢, (k)
+ & (k)(doSR; ' ST + dyZR; ' Z7) &, (k)
"IAL AL
AL A

- xr,2)

IERL } Yk ]
Lg(vk) Lg(vk)
T ASL AZI:_{ Va1 }
AL Ay | L8(vaa)

Yd,1
- _g()’d,l)]
T yaz 1T ASE AsL | Va2
- _g(yd,z)] AL As | {g(y[l‘z)}}
= E{&] (k) [Q + toMR;'M" + 1y NR;'NT| &, (k)
+ & (k) [Qa + doSRy'ST + duZR, ' 27| &, (k) },
(45)

where

G =[x m x x],

ég(k)Z{yZ Se yir ver & 0ar) & (va2) &) |-

According to the well-known Schur complement (see,
Lemma 1), one can get
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E{AVi} <E{ET(K)Z1&, (k) + & (k) 228 (k)}
< anax (EDEL 1”4 ([ I* + et |1 + [|xe2 )17}

Iy 2 2 2 2
+ Zmax (Z2)E{elI” + 106 ]1™ + llya.ill™ + [[yaz |

+ 1gGa)l* + lgGa2)Il* + llg (i) 17}

In view of the conditions 2; < 0 and 2, < 0 in Theorem 1,
it follows that

E{AVi} < Zamax (Z1)E{ 2} + Zmax (Z2)E{lyel|”} <0,

(46)
which implies that the origin of system (9) is globally
asymptotically stable in the mean square sense.

Now, we are in a position to proceed with the global
exponential stability analysis of the system (9). It follows
from Assumption 1 that

(i)l < Linax[yell
g (Ya,)Il < Lmax[yal,
||g()’d,2)|| < Lmaxnyd.,ZHa

where L. = max{llil, ..., 1L, IL4l, ...,
expression of V;, one can get

IL,|}. Based upon

k—1
2 2 2
E{Vi} < p A’} + o2B{ I3’} + o3 Y E{Jlxil*}
i=k—1y
k—1 ) k—1 5
+ P4 E{llyill"} + ps E{llya,i I}
i=k—dy i=k—dy
k—1 5 k—1 )
+ Pe E{llyazll} + o7 E{lrea |17}
i=k—dy i=k—1y
k—1
+ ps E{||x.2 |},
i=k—1py

where
P1 = 2max(P1), P2 = Zmax(P2),
p3 = (10 — T + 1) Zmax(Q1) + (tsr — 70) Amax(Q2)
+ [0 /max (R1) + TarAmax (R2)][|A — 1],
= [(do — dw + 1) 2max(Q3) + (dir — do) Amax (Q4)]Lmax
+ [doamax (R3) + dpt2max (Ra)]||C — I,
T0Amax (R1) + ThAmax (R2)] 0| B|| Linax
T0Amax (R1) + a1 Amax (R2)]%0 || B[| Lmax,
domax (R3) + duZmax (R4)| Bo 1D,
domax (R3) + dit Zmax (Ra)] B[ Dl-

pPs =

[
=
=
= |

For any scalar u > 1, the above inequality (47), together
with (46), implies that
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P BV} — BV} = T E{AV ) 4 (= DE{ Vi)
<y, () kE{||xk||2}+‘//2( Y] |yeI*}

W S Rl
i=k—1y
k—1 k—1
+ha(p) HEE{lyill} + s (u Z WE{[lyar 1}
i=k—dy i=k—dy
k—1 k—1
s (u Z HE{yaal*} v (1) WEB] x|}
i=k—dy i=k—1y
k—1
+g(w) HE{ x|},
i=k—1y
(48)

where Y; (1) = phmax (Zi) + (= 1)p;, i = 1,2 and () =

(u— Dpjj=3,...8.
Furthermore, for any integer N > 1, summing up
both sides of (48) from 0 to N — 1 with respect to k, yields

PNE{VN} —E{Vo} <

1 k-1
+ Y3 (W)

=

M ‘

WE{Ixl*)

bond
(!
_ O
w~
I?v‘
|
— A
N

=

+a(p) WEL [y}

11

U

PT

=
=

() HE{lyiea I°}

+
=

M7 1

»
]
[=}
I
T
QU

<

1
T
&
~—
~
\O
SN~—

+Vs(1) g

HE{yi—a]

‘2
—_
T
—_

(1)

(]

2
WE{[bx 11}

+
<
~

=z

(ll
)
- I
Lo
= A
S

+ s (1) WE{ %o}

T
[=}
]
T
&
<

Note that for 7, > 1. It follows that

N—1 k-1 )
> WE{|l)*}
k=0 i=k—1y
—1 itty N—-l—1y ity N—-1 N-1 5
)IDILID DD LD IR el
i=—1y k=0 i=0  k=i+1 i=N—1p k=i+1
-1 —l—1y
i 2 i 2
<t ) WTVE{|nlP} + o ©E{ 7}
i=—1Ty i=0
N—1 ) 5
to Y, WTVE{ )
i=N—1—1y
2 Dt i 2
< ™ X ™ L . X
<o mas Bl + o S e (). (50

Hence, Eq. (49) can be written as
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WE{V} SE{Vo} + s (1) + v (1) + g (1) rarpe™
max_ E{|lxi[*}
-ty <i<0

ZM’E{lezII }

i=0

N-1 )
> WE{ i«
i=0

> WE L g
i=0
+ W) + ¥ (1) + Yo ()] dpr ™
max_ & (|}

—dy <i<0

+ [Wa () + dua ™y (u

+ Wi () + ™5 (1

+ Ty (1)

+ T ™ g (1)

ZME{H)’:H }

N—1
+dyi®™ s () Y W B |lyiia 17}
i=0
N—1 ) )
+dup®™ P (1) Y B lyiear 17} (51)
i=0
Let o0y = max{ps, p7, ps}, L) =@ — Doy, o=

max{p4, ps, pe} and (>() = (1 — 1)o,. It follows from

(51) that
WNE{Vn} <E{Vo} + 30 (w)rap™
+ [y () + Taeu™ 4y ()]

N—1
x 3 i (BLll’} + Bt 17} + E{llx.21})
i=0

E{InlP)
+ [Wa (1) + dpr ™ o ()]

N—1 )
xS 4 (BAIIPY + BIya P} + EIyaal})-
i=0

E . 2
_max o {lIxill"}

dy
+ 30 (p)dupe _max_

(52)

Define ®(u) = max{y; (1) + taru™ (1), o (1) + dprpe™
{(w)}. Note that it can be verified that there exists a
scalar 0 > 1 such that ®(0) = 0. Therefore, for such a
scalar 6, we have

VE{Vy} <E{Vo} +30(0)tn0™ _max_ E{|lxi[*}

dy 12
+30(0)dy 0% max_ E{|lyill"}.
(53)
Meanwhile, one can derive from (47) that
E{Vo} < (p) +301t;) max_ E{|x’}
—ty <i<0 (54)

2
+(py +302dy)  max  E{|lyil"}-

Substituting (54) into (53) yields

OVE{Vy}
< (py + 3017y + 301 (O)en ™) max_ E{ x|}

+ (py + 302dy + 30,(0)dp0) 7dm33<<0E{||yi||2}. (55)

On the other hand, from (16), it is easy to obtain
E{Vy} > Jamin (P1E{n]1*} + Aamin (P2)E [lyw]*}
> JnBAlxv 1 + lywll*}-

where 4, = min{ Apin(P1), Amin(P2)}-
Combining (55) and (56), one can get

O ZnE{ w1 + llyw |}
<[py + 301t + 310", (0)]

(56)

E{||x;||?
_max {7}

+ [p2 + 302y + 3du0™(0)]  max_ E{[lyi*},
7(1M§l§0
(57)
yielding
E{|lxv|?
2 " 2
FwlPh <. (5) B max I+ max iR},
(58)

where p, = max{p, + 3011ty + 31 (0)t4 0™, p, + 302dy
+38,(0)dy 0™} / Do

Since N is an any positive integer, it can be concluded
from Definition 1 that the origin of system (9) is globally
exponentially stable in the mean square. This completes the
proof of the theorem. O

Appendix B: Proof of Theorem 2

Consider the same Lyapunov—Krasovskii functional as that
in the proof of Theorem 1. Then replace A, B, C and D in
Theorem 1 by A + HF(k)E,, B + HF(k)E,, C + HF(k)E;
and D + HF(k)E,, respectively.

Since F'(k)F(k) < I, it follows that

kixIEVE x; — ki (F(k)Eyx )" (F(k)Eyx;) >0,

kzx E Eyx.y — ko(F(k)Esx,, 1) (F(k)Esx.1) >0,

k3x LSELTEsx, ) — k3 (F(k)Eqx:)" (F(k)Egx.2) >0,

T ET B — k(FRED) (FOE) 20, sy

ksg(va1) EsErg(yar) — ks(F(k)Exg(va1))"
x (F(k)E2g(ya1)) >0,

)
keg(yaz) EyEag(yaz) —
x (F(k)E2g(va2)) = 0.

ke(F(k)E2g(va2))"

Calculating E{AV;} together with the above inequalities,
we obtain
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E{AV;} < IE{EIT(k) [ + toM Ry ' M + tyN*Ry 'N*T) & (k)

+E W[ +doS'R; 'S + dnZ' R 27| (K) -

where

W) =[xl T (FOEx)T (FR)Ewx.)"

17

Gk =[sl of

Li CG, Chen LN, Aihara K (2006) Stability of genetic networks with
SUM regulatory logic: Lur’e system and LMI approach. IEEE
Trans Circuits Syst I 53(11):2451-2458

Li CG, Chen LN, Aihara K (2007) Stochastic stability of genetic
networks with disturbance attenuation. IEEE Trans Circuits Syst
11 54(10):892-896

(F(k)Egx:2)" |,

Vi VEy &Tan) &T0a2) &Tw) (Fk)Esy)' (F(k)Exg(yar))' (F(k)Exg(va2))" |,

The remaining proof for global robust exponential stability
is similar to those in the proof of Theorem 1. For the sake
of simplicity, we omit it here. O
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