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Abstract This paper aims to analyze global robust

exponential stability in the mean square sense of stochastic

discrete-time genetic regulatory networks with stochastic

delays and parameter uncertainties. Comparing to the

previous research works, time-varying delays are assumed

to be stochastic whose variation ranges and probability

distributions of the time-varying delays are explored.

Based on the stochastic analysis approach and some anal-

ysis techniques, several sufficient criteria for the global

robust exponential stability in the mean square sense of the

networks are derived. Moreover, two numerical examples

are presented to show the effectiveness of the obtained

results.
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Introduction

The research of complex dynamical networks varies from

biological and chemical oscillators to scientific collabo-

ration networks as well as neurodynamics and biological

neural networks (Dorogotsev and Mendes 2003; Becskei

and Serrano 2000; Bolouri and Davidson 2002; Wang

et al. 2008; Wang and Zhang 2007; Chaouiya 2007). As

a special case, genetic regulatory networks (GRNs) con-

sisting of DNA, RNA, proteins, small molecules and their

mutual regulatory interactions, have become an important

new area of research in the biological and biomedical

sciences and received widely attention recently (Becskei

and Serrano 2000; Bolouri and Davidson 2002; Weaver

et al. 1999; De Jong 2002; Smolen et al. 2000). Several

models have been developed to investigate the behaviors

of the GRNs, for example, Boolean models (Weaver

et al. 1999), the differential equation models (De Jong

2002; Smolen et al. 2000), the Petri net models (Cha-

ouiya 2007) and discrete time piecewise affine model

(Lima and Ugalde 2006; Coutinho et al. 2006). Among

them, GRNs in the form of differential equation models

have been well studied in He and Cao (2008), Ren and

Cao (2008), Ribeiro et al. (2006) and Cao and Ren

(2008).

It is revealed that time delay, which inevitably exists in

GRNs due to slow biochemical reactions such as gene

transcription, translation, diffusion, and translocation

processes (see Hirata et al. 2002; Lewis 2003), is an

important factor and should be considered. Various efforts

have been paid in the past few years for the analysis of

GRNs with time delay, see He and Cao (2008), Ren and

Cao (2008), Chen and Aihara (2002a, b) and Li et al.

(2006). In Chen and Aihara (2002), presented a model for

GRNs with constant delay and analyzed nonlinear prop-

erties of the model in terms of local stability and bifur-

cation. Subsequently, they explained periodic oscillations

which are mainly generated by nonlinearly negative and

positive feedback loops in gene regulatory systems, and

explored effects of time delay on stability region of the

oscillations (see Chen and Aihara 2002). In Li et al.

(2006), a nonlinear model for GRNs with SUM regulatory
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functions was presented and some sufficient conditions

for the stability of the GRNs involving time varying

delays and stochastic perturbations were derived by using

the Lyapunov method and the Lur’e system approach. He

and Cao (2008) investigated global asymptotic stability of

GRNs with distributed delay. In Ren and Cao (2008), by

using the Lyapunov method and linear matrix inequality

(LMI) approach, sufficient conditions were proposed to

ensure robust asymptotic stability of GRNs with time-

varying delays and parameter uncertainties. On the other

hand, due to small numbers of transcriptional factors and

other key signaling proteins, considerable experimental

evidences show that noise plays a very important role in

gene regulation (Tian et al. 2007; Jonathan and Erin

2005). In addition, gene expression involves a series of

molecular events in cells, which are often subject to

significant intrinsic fluctuations and extrinsic disturbances,

thus being best viewed as a stochastic process (Jonathan

and Erin 2005; Michael et al. 2002; Sun et al. 2009). So

the stochastic differential equation model has recently

been developed to describe the molecular fluctuation in

gene networks (Lestas et al. 2008, Li et al. 2007).

It is worth noting that most references for delayed GRNs

were only concerned with the case of deterministic time

delay(s). But in many real systems, such as the networked

control systems, the network-induced delay often appears as

some probabilistic properties and its probability distribution

can be measured by the statistical method (Yue et al. 2009).

On the other hand, it is shown in Ribeiro et al. (2006) that

time delays in some GRNs are often existent in a stochastic

fashion. And their probabilistic characteristics can also be

obtained by statistical methods. Hence, it is necessary to

consider stochastic delay effects in GRNs. In addition, as

pointed out in Lima and Ugalde (2006), Coutinho et al.

(2006) and Cao and Ren (2008), some GRN models are

discrete-time dynamical systems which can be viewed as an

extension of discrete-time delay systems and are more

important than their continuous-time counterpart in a sense.

These kinds of discrete-time models are directly inspired by

the systems of differential equations mentioned above,

though they do not correspond to a time discretization of the

differential equations but rather to a natural discrete-time

version of them. Hence, it is clear that theoretical analysis of

stability of discrete-time GRNs is an important and neces-

sary step. However, to the best of the author’s knowledge,

little attention has been paid to this issue, especially inves-

tigation on stability of discrete-time GRNs with stochastic

delay when considering the information of both variation

range and probability distribution of the time delay.

In this paper, we aim to solve the problem of global

robust exponential stability in the mean square sense

(GRES-MSE) of discrete-time GRNs with parameter

uncertainties and stochastic disturbances. The parameter

uncertainties are assumed to be norm-bounded and the

stochastic disturbances are described in terms of a

Brownian motion. By using two stochastic variables which

satisfy Bernoulli random binary distribution, we construct a

new model of discrete-time GRNs with stochastic time-

varying delays. Then some sufficient conditions for GRES-

MSE of the stochastic discrete-time GRNs with uncer-

tainties are exploited. It should be noted that the solvability

of the derived conditions depends on not only the size of

the delay but also the probability of the delay appearing in

some intervals. Numerical examples are presented to show

the effectiveness and applicability of the proposed results.

Notations Throughout this paper, R
n denotes the

n-dimensional Euclidean space. R
n�m is the set of real

n 9 m matrices. I is the identity matrix of the appropriate

dimensions. ||�|| stands for the Euclidean vector norm or

spectral norm as appropriate. diag(�) denotes a diagonal

matrix. The superscript ‘‘T’’ represents the matrix trans-

position. The notation X [ 0 (respectively, X C 0) for

X 2 R
n�n means that the matrix X is positive definite

(respectively, positive semidefinite). Ef�g stands for the

expectation. [a, b] denotes a set involving all integers

between a and b. kminðPÞ and kmaxðPÞ denote the minimum

and maximum eigenvalue of the real symmetric matrix P.

In symmetric block matrices, the symbol ‘‘*’’ is used as an

ellipsis for terms induced by symmetry. Z� 0 denotes the

set including zero and positive integers. ; denotes the

empty set. ðX;F;PÞ is a probability space, where X is

the sample space, F is the . -algebra of subsets of the

sample space and P is the probability measure on F.

Model description and preliminaries

Consider a discrete-time GRN with variable delays con-

taining of n mRNAs and n proteins can be formulated by

the following difference equation

Miðk þ 1Þ ¼ e�aihMiðkÞ þ /iðhÞ

�
Pn

j¼1

bijfjðPjðk � dðkÞÞÞ þWi

" #

;

Piðk þ 1Þ ¼ e�cihPiðkÞ þ uiðhÞ½diMiðk � sðkÞÞ�;
i ¼ 1; 2; . . .; n:

8
>>>>>><

>>>>>>:

ð1Þ

This mathematical model is taken from Cao and Ren

(2008) with slack variation on time delays, where MiðkÞ 2
R and PiðkÞ 2 R are the concentrations of mRNA and

protein of the ith gene; h is a fixed positive real number

denoting a uniform discretionary step size; ai [ 0 and

ci [ 0 are the degradation rates of mRNA and protein,

respectively; di is the translation rate; d(k) [ 0 and

s(k) [ 0 denote random time delays for mRNAs and

Proteins, respectively; Wi ¼
P

j2Ii
mij; where mij is the

166 Cogn Neurodyn (2010) 4:165–176

123



bounded constant and denotes the dimensionless

transcriptional rate of transcription factor j to i, and Ii is

the set of all the j genes; /iðhÞ ¼ 1�e�aih

ai
and uiðhÞ ¼ 1�e�cih

ci
.

Obviously, /i(h) [ 0, ui(h) [ 0. The coupling coefficient

bij (i, j = 1, 2, ..., n) is defined as follows:

bij¼

mij if transcription factor j is an activator

of gene i;
0 if there is no link from node j to i;
�mij if transcription factor j is a repressor

of gene i:

8
>>>><

>>>>:

ð2Þ

In addition, the nonlinear function f ð�Þ 2 R
n represents the

feedback regulation of the protein on the transcription. It is

a monotonic function in Hill form, that is, fjðsÞ ¼ shj

1þshj

(j = 1, 2, ..., n), where hj is the Hill coefficient.

Let us rewrite system (1) into the following compact

matrix form

Mðk þ 1Þ ¼ AMðkÞ þ Bf ðPðk � dðkÞÞÞ þ V ;
Pðk þ 1Þ ¼ CPðkÞ þ DMðk � sðkÞÞ;

�

ð3Þ

where

MðkÞ ¼ ½M1ðkÞ;M2ðkÞ; . . .;MnðkÞ�T;
PðkÞ ¼ ½P1ðkÞ;P2ðkÞ; . . .;PnðkÞ�T;
f ðPðk � dðkÞÞÞ ¼ ½f1ðP1ðk � dðkÞÞÞ; f2ðP2ðk � dðkÞÞÞ;

. . .; fnðPnðk � dðkÞÞÞ�T;
V ¼ ½/1ðhÞW1;/2ðhÞW2; . . .;/nðhÞWn�T;
A ¼ diagðe�a1h; e�a2h; . . .; e�anhÞ;
C ¼ diagðe�c1h; e�c2h; . . .; e�cnhÞ;
D ¼ diagðu1ðhÞd1;u2ðhÞd2; . . .;unðhÞdnÞ;

B ¼
/iðhÞbii i ¼ j;

bij i 6¼ j:

�

Let ½M�T;P�T�T ¼ ½M�1 ; . . .;M�n ;P
�
1; . . .;P�n� be an equilib-

rium point of system (3). Then it satisfies

M� ¼ AM� þ Bf ðP�Þ þ V ;
P� ¼ CP� þ DM�:

�

ð4Þ

For convenience, let us shift an intended equilibrium

point ðM�T;P�TÞT of system (3) to the origin through

the transformations x(k) = M(k) - M*, y(k) = P(k) - P*.

Then system (3) can be transformed into

xðk þ 1Þ ¼ AxðkÞ þ Bgðyðk � dðkÞÞÞ;
yðk þ 1Þ ¼ CyðkÞ þ Dxðk � sðkÞÞ;

�

ð5Þ

where g(y(k)) = f(y(k) + P*) - f(P*).

As mentioned before, little study has been performed

on GRNs when considering unavoidable uncertainties or

external perturbations, but in the applications and designs of

networks, such as genetic networks and neural networks,

there are often some unavoidable uncertainties such as

modeling errors, external perturbations, and parameter fluc-

tuations, which may cause the networks to be unstable.

Hence, it is essential to take into account parameter uncer-

tainties and stochastic disturbance additionally as studied in

Ren and Cao (2008) and Li et al. (2007). A general GRN

model containing these influences can be described as follows

xðk þ 1Þ ¼ ðAþ DAðkÞÞxðkÞ þ ðBþ DBðkÞÞgðyðk � dðkÞÞÞ
þrðk; xðkÞ; yðkÞÞwðkÞ;

yðk þ 1Þ ¼ ðC þ DCðkÞÞyðkÞ þ ðDþ DDðkÞÞxðk � sðkÞÞ;

8
><

>:

ð6Þ

where DA(k), DB(k), DC(k) and DD(k) denote the

parameter uncertainties satisfying the following condition

DAðkÞ DBðkÞ DCðkÞ DDðkÞ½ �
¼ HFðkÞ E1 E2 E3 E4½ �;

where H, E1, E2, E3 and E4 are constant matrices of

appropriate dimensions, and F(k) is an unknown time-

varying matrix satisfying FT(k)F(k) B I. rðk; xðkÞ; yðkÞÞ :

R� R
n � R

n ! R
n represents a noise intensity function

vector; w(k) is a scalar Wiener process on a proba-

bility space ðX;F;PÞ with EfwðkÞg ¼ 0; Efw2ðkÞg ¼ 1;

EfwðiÞwðjÞg ¼ 0 ði 6¼ jÞ:

Assumption 1 For i [ {1, 2, ..., n}, each function gi(�) is

continuous and bounded, and satisfies that

li�
giðs1Þ � giðs2Þ

s1 � s2

� Li; 8s1; s2 2 R ðs1 6¼ s2Þ; gið0Þ ¼ 0;

where li and Li are known constants.

Remark 1 The constants li and Li here are allowed to be

positive, negative, or zero, which makes this assumption on

function g(�) less conservative than those stated in He and

Cao (2008), Ren and Cao (2008), Chen and Aihara (2002a,

b) and Li et al. (2006).

Assumption 2 Suppose that

rTðk; xðkÞ; yðkÞÞrðk; xðkÞ; yðkÞÞ� xTðkÞH1xðkÞ
þ yTðkÞH2yðkÞ;

where H1 [ 0 and H2 [ 0 are two known matrices.

Assumption 3 Suppose that the time-varying delays d(k)

and s(k) are bounded with 0 \ dm B d(k) B dM,

0 \ sm B s(k) B sM, and their probability distributions can

be observed.

Remark 2 In what follows, in order to transform system (6)

with random delays d(k) and s(k) into an equivalent system

which dependents on distributed sequences, similar analysis

as exploited in Yue et al. [2008, 2009] can also be carried out

for the random delays. Suppose that d(k) takes values in

[dm, d0] or (d0, dM] and ProbfdðkÞ 2 ½dm; d0�g ¼ a0, where
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d0, dm, dM are integers satisfying dm B d0 \ dM, and 0

B a0 B 1. Similarly, s(k) takes values in [sm, s0] or (s0, sM]

and ProbfsðkÞ 2 ½sm; s0�g ¼ b0, where s0, sm, sM are inte-

gers satisfying sm B s0 \ sM, and 0 B b0 B 1.

Define four sets A1 ¼ fkjdðkÞ 2 ½dm; d0�g,A2 ¼ fkjdðkÞ
2 ðd0; dM�g, B1 ¼ fkjsðkÞ 2 ½sm; s0�g and B2 ¼ fkjsðkÞ 2
ðs0; sM �g. Obviously, A1 [ A2 ¼ Z� 0, B1 [ B2 ¼ Z� 0,

A1 \ A2 ¼ ; and B1 \ B2 ¼ ;. Furthermore, define four

mapping functions

d1ðkÞ ¼
dðkÞ; k 2 A1

dm; k 2 A2

�

; d2ðkÞ ¼
dðkÞ; k 2 A2

d0; k 2 A1

�

and

s1ðkÞ ¼
sðkÞ; k 2 B1

sm; k 2 B2

�

; s2ðkÞ ¼
sðkÞ; k 2 B2

s0; k 2 B1

�

Then one can define two stochastic variables a(k) and

b(k) which are Bernoulli distributed white sequences

taking the values of 0 and 1 with

ProbfaðkÞ ¼ 1g ¼ EfaðkÞg ¼ a0;
ProbfaðkÞ ¼ 0g ¼ 1� EfaðkÞg ¼ 1� a0;
ProbfbðkÞ ¼ 1g ¼ EfbðkÞg ¼ b0;
ProbfbðkÞ ¼ 0g ¼ 1� EfbðkÞg ¼ 1� b0:

8
>><

>>:

Therefore, system (6) can be equivalently rewritten as

xðk þ 1Þ ¼ ðAþ DAðkÞÞxðkÞ þ aðkÞðBþ DBðkÞÞ
gðyðk � d1ðkÞÞÞ
þð1� aðkÞÞðBþ DBðkÞÞgðyðk � d2ðkÞÞÞ
þrðk; xðkÞ; yðkÞÞwðkÞ;

yðk þ 1Þ ¼ ðC þ DCðkÞÞyðkÞ
þbðkÞðDþ DDðkÞÞxðk � s1ðkÞÞ
þð1� bðkÞÞðDþ DDðkÞÞxðk � s2ðkÞÞ:

8
>>>>>>>><

>>>>>>>>:

ð7Þ

For brevity of the following analysis, denote x(k), y(k),

a(k), 1 - a(k), b(k), 1 - b(k), w(k), s1(k), s2(k), x(k -

s1(k)), x(k - s2(k)), d1(k), d2(k), g(y(k - d1(k))), g(y(k -

d2(k))), DA(k), DB(k), DC(k) and DD(k) by xk, yk, ak, �ak, bk,
�bk, wk, s1

k, s2
k, xs,1, xs,2, d1

k, d2
k, g(yd,1), g(yd,2), DAk, DBk, DCk

and DDk, respectively.

Then system (7) can be rewritten as

xkþ1 ¼ ðAþ DAkÞxk þ akðBþ DBkÞgðyd;1Þ
þ�akðBþ DBkÞgðyd;2Þ þ rðk; xk; ykÞwk;
ykþ1 ¼ ðC þ DCkÞyk þ bkðDþ D
DkÞxs;1 þ �bkðDþ DDkÞxs;2:

8
>><

>>:
ð8Þ

Remark 3 It should be pointed out that, up to now,

most existing literatures concentrate on the stability of

continuous-time GRNs, but few attempts are devoted to the

problem of stability of discrete-time GRNs with stochastic

delays. Although the introduction of binary stochastic variables

has been presented in the Wang et al. (2006, 2004) and then

developed in Yue et al. (2008, 2009), the stability problem for

GRNs with stochastic delays still remains challenging.

Definition 1 The origin of system (8) is said to be globally

robustly exponentially stable in the mean square sense with

wk = 0, if there exist constants c[ 0 and 0 \ r\ 1 such

that every solution of system (8) for all parameter uncer-

tainties (that is, DAk, DBk, DCk and DDk) satisfies

Efkxkk2

þ kykk2g� crk
E max

�sM � i� 0
kxik2 þ max

�dM � i� 0
kyik2

� �

:

Lemma 1 (Schur complement) (Mahmoud and Shi 2003)

Given constant matrices X1, X2, X3, where X1 = X1
T and

0 \X2 = X2
T, then X1 ? X3

TX2
-1X3 \ 0 if and only if

X1 XT
3

X3 �X2

� �

\0 or
�X2 X3

XT
3 X1

� �

\0:

Lemma 2 For any vectors a, b [ Rn, the inequality

	2aTb� aTYaþ bTY�1b

holds, in which Y is any matrix with Y [ 0.

Proof Since Y [ 0, we have

aTYa	 2aTbþ bTY�1b ¼ ðY1=2a	 Y�1=2bÞTðY1=2a

	 Y�1=2bÞ� 0:

This completes the proof. h

Main results

In this section, we shall derive sufficient conditions for

mean square exponential robust stability of stochastic dis-

crete-time GRNs with random delays. The main results will

be stated in two parts.

Case I GRNs without parameter uncertainties.

Firstly, consider the following stochastic GRNs without

parameter uncertainties

xkþ1 ¼ Axk þ akBgðyd;1Þ þ �akBgðyd;2Þ þ rðk; xk; ykÞwk;
ykþ1 ¼ Cyk þ bkDxs;1 þ �bkDxs;2:

�

ð9Þ

For simplifying the following representation, denote

L̂ ¼ diagðl1L1; l2L2; . . .; lnLnÞ;

�L ¼ diag � l1 þ L1

2
;� l2 þ L2

2
; . . .;� ln þ Ln

2

� �

;

MT ¼ MT
1 0 MT

2 0
� �

;

NT ¼ NT
1 0 0 NT

2

� �
;

ST ¼ ST
1 0 ST

2 0 0 0 0
� �

;

ZT ¼ ZT
1 0 0 ZT

2 0 0 0
� �

;

where Mi, Ni, Si and Zi (i = 1, 2) are any matrices with

appropriate dimensions.
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Theorem 1 The origin of system (9) is said to be globally

exponentially stable in the mean square sense if there exist three

positive diagonal matrices K1;K2;K3, positive definite matri-

ces P1, P2, Q1, Q2, Q3, Q4, R1, R2, R3, R4, K1, K2, any matrices

M1, M2, N1, N2, S1, S2, Z1, Z2 of appropriate dimensions and a

positive scalar l* [0 such that the following LMIs

P1\l�I; ð10Þ

R1 ¼
X1 s0M sMN

� �s0R1 0

� � �sMR2

2

6
4

3

7
5\0; ð11Þ

R2 ¼
X2 d0S dMZ

� �d0R3 0

� � �dMR4

2

6
4

3

7
5\0; ð12Þ

hold, where

X1 ¼

!1 ðA� IÞTK1 MT
2 �M1 NT

2 � N1

� !2 0 0

� � !3 0

� � � !4

2

6
6
6
6
4

3

7
7
7
7
5
;

X2 ¼

U1 ðC � IÞTK2 ST
2 � S1 ZT

2 � Z1 0 0 �K1
�L

� U2 0 0 0 0 0

� � U3 0 �K2
�L 0 0

� � � U4 0 �K3
�L 0

� � � � U5 0 0

� � � � � U6 0

� � � � � � U7;

2

6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
5

with

!1 ¼ 2ATP1A� P1 þ ðs0 � sm þ 1ÞQ1 þ ðsM � s0Þ
Q2 þ l�H1 þM1 þMT

1 þ N1 þ NT
1 ;

!2 ¼ s0R1 þ sMR2 � K1;

!3 ¼ b0DTð2P2 þ K2ÞD� Q1 �M2 �MT
2 ;

!4 ¼ �b0DTð2P2 þ K2ÞD� Q2 � N2 � NT
2 ;

U1 ¼ 2CTP2C � P2 þ l�H2 þ S1 þ ST
1 þ Z1 þ ZT

1 � K1L̂;

U2 ¼ d0R3 þ dMR4 � K2;

U3 ¼� S2 � ST
2 � K2L̂;

U4 ¼� Z2 � ZT
2 � K3L̂;

U5 ¼ a0BTð2P1 þ K1ÞB� Q3 � K2;

U6 ¼ �a0BTð2P1 þ K1ÞB� Q4 � K3;

U7 ¼ ðd0 � dm þ 1ÞQ3 þ ðdM � d0ÞQ4 � K1:

Proof See Appendix A. h

Case II GRNs with parameter uncertainties. In this part, we

consider the stochastic GRN (8) with parameter uncertainties.

Theorem 2 The origin of system (8) is said to be

globally robustly exponentially stable in the mean square

sense if there exist three positive diagonal matrices

K1;K2;K3, positive definite matrices P1, P2, Q1, Q2, Q3,

Q4, R1, R2, R3, R4, K1, K2, any matrices M1, M2, N1, N2,

S1, S2, Z1, Z2 of appropriate dimensions and sca-

lars l* [ 0, ki [ 0 (i = 1, ..., 6) such that the following

LMIs

P1\l�I; ð13Þ

R�1 ¼
X�1 s0M� sMN�

� �s0R1 0

� � �sMR2

2

4

3

5\0; ð14Þ

R�2 ¼
X�2 d0S� dMZ�

� �d0R3 0

� � �dMR4

2

4

3

5\0; ð15Þ

hold, where

X�1 ¼

!�1 ðA� IÞTK1 MT
2 �M1 NT

2 � N1 2ATP1H 0 0

� !�2 0 0 K1H 0 0

� � !�3 0 0 H1 0

� � � !�4 0 0 H2

� � � � !�5 0 0

� � � � � !�6 0

� � � � � 0 !�7

2

6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
5

;

X�2 ¼

U�1 ðC � IÞTK2 ST
2 � S1 ZT

2 � Z1 0 0 �K1
�L 2CTP2H 0 0

� U�2 0 0 0 0 0 K2H 0 0

� � U�3 0 �K2
�L 0 0 0 0 0

� � � U�4 0 �K3
�L 0 0 0 0

� � � � U�5 0 0 0 H3 0

� � � � � U�6 0 0 0 H4

� � � � � � U�7 0 0 0

� � � � � � � U�8 0 0

� � � � � � � � U�9 0

� � � � � � � � � U�10;

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

M�T ¼ MT
1 0 MT

2 0 0 0 0
� �

;

N�T ¼ NT
1 0 0 NT

2 0 0 0
� �

;

S�T ¼ ST
1 0 ST

2 0 0 0 0 0 0 0
� �

;

Z�T ¼ ZT
1 0 0 ZT

2 0 0 0 0 0 0
� �

;

with

!�1 ¼ 2ATP1A� P1 þ ðs0 � sm þ 1ÞQ1 þ ðsM � s0ÞQ2

þ l�H1 þM1 þMT
1 þ N1 þ NT

1 þ k1ET
1 E1;

!�2 ¼ s0R1 þ sMR2 � K1;

!�3 ¼ b0DTð2P2 þ K2ÞD� Q1 �M2 �MT
2 þ k2ET

4 E4;

!�4 ¼ �b0DTð2P2 þ K2ÞD� Q2 � N2 � NT
2 þ k3ET

4 E4;

!�5 ¼ 2HTP1H � k1I;

!�6 ¼ b0HTð2P2 þ K2ÞH � k2I;

!�7 ¼ �b0HTð2P2 þ K2ÞH � k3I;

H1 ¼ b0DTð2P2 þ K2ÞH;
H2 ¼ �b0DTð2P2 þ K2ÞH;
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U�1 ¼ 2CTP2C � P2 þ l�H2 þ S1 þ ST
1 þ Z1

þ ZT
1 � K1L̂þ k4ET

3 E3;

U�2 ¼ d0R3 þ dMR4 � K2;

U�3 ¼� S2 � ST
2 � K2L̂;

U�4 ¼� Z2 � ZT
2 � K3L̂;

U�5 ¼ a0BTð2P1 þ K1ÞB� Q3 � K2 þ k5ET
2 E2;

U�6 ¼ �a0BTð2P1 þ K1ÞB� Q4 � K3 þ k6ET
2 E2;

U�7 ¼ ðd0 � dm þ 1ÞQ3 þ ðdM � d0ÞQ4 � K1;

U�8 ¼ 2HTP2H � k4I;

U�9 ¼ a0HTð2P1 þ K1ÞH � k5I;

U�10 ¼ �a0HTð2P1 þ K1ÞH � k6I;

H3 ¼ a0BTð2P1 þ K1ÞH;
H4 ¼ �a0BTð2P1 þ K1ÞH:

Proof See Appendix B. h

Examples

In this section, two numerical examples are presented to

illustrate the applicability and effectiveness of our results.

Example 1 Consider a two-node GRN (9) with the fol-

lowing parameters:

A ¼diagð0:4; 0:2Þ;C ¼ diagð0:2; 0:1Þ;D ¼ diagð0:2; 0:3Þ;

B ¼
�0:1 �0:6

0 0:3

� 	

;H1 ¼ H2 ¼ diagð0:2; 0:2Þ;

gðsÞ ¼ tanhð0:4sÞ:

Here, suppose sm = 1, s0 = 3, dm = 1, d0 = 3. It can be

calculated that L̂ ¼ diagð0; 0Þ, �L ¼ diagð�0:2;�0:2Þ: By

setting a0 = 0.8, b0 = 0.6, sM = 7, dM = 10 in Theorem 1

and using Matlab LMI toolbox, a set of one feasible

solutions of LMIs (10)- (12) can be obtained as follows:

P1 ¼
3:7304 0:4187

0:4187 5:2740

� 	

; P2 ¼
3:1671 0:4672

0:4672 4:7820

� 	

;

Q1 ¼
0:1895 0:0419

0:0419 0:5639

� 	

;

Q2 ¼
0:1336 0:0297

0:0297 0:3833

� 	

; Q3 ¼
0:3658 0:1620

0:1620 2:8601

� 	

;

Q4 ¼
0:2218 0:0129

0:0129 0:7810

� 	

;

R1 ¼
0:0346 0:0085

0:0085 0:0305

� 	

; R2 ¼
0:0125 0:0030

0:0030 0:0113

� 	

;

R3 ¼
0:0810 0:0143

0:0143 0:0488

� 	

;

R4 ¼
0:0200 0:0031

0:0031 0:0091

� 	

; K1 ¼
4:2566 0

0 20:5599

� 	

;

K2 ¼
0:4128 0

0 0:2350

� 	

;

K3 ¼
0:0701 0

0 0:0352

� 	

; K1 ¼
0:4175 0:1239

0:1239 0:4279

� 	

;

K2 ¼
0:8877 0:1396

0:1396 0:4917

� 	

; l� ¼ 5:4855:

Therefore, all the conditions in Theorem 1 are satisfied,

which indicates that the origin of system (9) with stochastic

delays and disturbances is globally exponentially stable in

the mean square sense. Computer simulations for transient

responses of state variables xk and yk in system (9) are

depicted in Figs. 1 and 2, respectively.

Example 2 Consider another five-node GRN (8) with the

following parameters:

A¼ diagð0:3;0:2;0:3;0:3;0:2Þ;
C ¼ diagð0:2;0:3;0:4;0:2;0:2Þ;
D¼ diagð0:2;0:2;0:1;0:3;0:2Þ;
H ¼ diagð0:2;0:2;0:2;0:2;0:2Þ;
FðsÞ ¼ diagðsinðsÞ;cosðsÞ;� sinð2sÞ;cosð2sÞ; sinðsÞÞ;
E1 ¼ E2 ¼ E3 ¼ E4 ¼ diagð0:3;0:3;0:3;0:3;0:3Þ;

B¼

�0:1 �0:6 0 0 0

0 0:3 0:1 0 0

0:1 �0:2 0:1 0 0

0:2 �0:1 0 �0:3 0

0 0 0 0 �0:5

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

;

H1 ¼ H2 ¼ diagð0:16;0:16;0:16;0:16;0:16Þ;
giðsÞ ¼ tanhð0:5sÞ; i¼ 1; . . .;5:

0 50 100 150
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Fig. 1 Transient responses of state variables xk in system (9)
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It is easy to obtain that L̂ ¼ diagð0;0;0;0;0Þ, �L¼
diagð�0:25;�0:25;�0:25;�0:25;�0:25Þ: Set sm = 1,

s0 = 4, sM = 8, dm = 1, d0 = 3, dM = 10, a0 = 0.6,

b0 = 0.7. By applying Theorem 2, one can verify by

Matlab LMI toolbox that feasible solutions of the LMIs

(13–15) exist. Therefore, for all parameter uncertainties

and stochastic perturbations, the origin of system (8) is said

to be globally robustly exponentially stable in the mean

square sense. Computer simulations for transient responses

of state variables xk and yk in system (8) are shown in

Figs. 3 and 4, respectively.

Conclusions

The problem of global robust exponential stability of

stochastic discrete-time GRNs with parameter uncertainties

and random delays has been studied. By constructing a

proper Lyapunov-Krasovskii functional and adopting a new

modelling method, two delay-distribution-dependent condi-

tions are derived. Different from the existing GRN models, the

probability distributions of the time delays have been trans-

lated into the networks’ parameter matrices. Two numerical

examples and their simulations have been given to illustrate

the effectiveness and applicability of the obtained results.

Appendix A: Proof of Theorem 1

Consider the following Lyapunov-Krasovskii functional

candidate:

Vk ¼ Vk;1 þ Vk;2 þ Vk;3 þ Vk;4 þ Vk;5 ð16Þ

where

Vk;1 ¼ xT
k P1xk þ yT

k P2yk;

Vk;2 ¼
Xk�1

i¼k�sk
1

xT
i Q1xi þ

X�sm

j¼�s0þ1

Xk�1

i¼kþj

xT
i Q1xi

þ
Xk�1

i¼k�sk
2

xT
i Q2xi þ

X�s0�1

j¼�sMþ1

Xk�1

i¼kþj

xT
i Q2xi;

Vk;3 ¼
Xk�1

i¼k�dk
1

gTðyiÞQ3gðyiÞ þ
X�dm

j¼�d0þ1

Xk�1

i¼kþj

gTðyiÞQ3gðyiÞ

þ
Xk�1

i¼k�dk
2

gTðyiÞQ4gðyiÞ þ
X�d0�1

j¼�dMþ1

Xk�1

i¼kþj

gTðyiÞQ4gðyiÞ;

Vk;4 ¼
Xs0

j¼1

Xk�1

i¼k�j

gT
i R1gi þ

XsM

j¼1

Xk�1

i¼k�j

gT
i R2gi; gk ¼ xkþ1 � xk;

Vk;5 ¼
Xd0

j¼1

Xk�1

i¼k�j

dT
i R3di þ

XdM

j¼1

Xk�1

i¼k�j

dT
i R4di; dk ¼ ykþ1 � yk:

Calculating the difference of Vk along the solution of (9)

and taking its mathematical expectation yield
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Fig. 2 Transient responses of state variables yk in system (9)
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Fig. 3 Transient responses of state variables xk in system (8)
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Fig. 4 Transient responses of state variables yk in system (8)
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EfDVk;1g ¼EfEfVkþ1;1g � Vk;1g
¼EfxT

k ðATP1A� P1Þxk þ 2a0xT
k

ATP1Bgðyd;1Þ þ 2�a0xT
k ATP1Bgðyd;2Þ

þ a0gTðyd;1ÞBTP1Bgðyd;1Þ
þ �a0gTðyd;2ÞBTP1Bgðyd;2Þ
þ rTðk; xk; ykÞP1rðk; xk; ykÞ
þ yT

k ðCTP2C � P2Þyk þ 2b0yT
k CTP2Dxs;1

þ 2�b0yT
k CTP2Dxs;2

þ b0xT
s;1DTP2Dxs;1 þ �b0xT

s;2DTP2Dxs;2g; ð17Þ

EfDVk;2g ¼ EfEfVkþ1;2g � Vk;2g
�Efðs0 � sm þ 1ÞxT

k Q1xk

� xT
s;1Q1xs;1 þ ðsM � s0ÞxT

k Q2xk � xT
s;2Q2xs;2g;

ð18Þ

EfDVk;3g ¼EfEfVkþ1;3g � Vk;3g
�Efðd0 � dm þ 1ÞgTðykÞQ3gðykÞ
� gTðyd;1ÞQ3gðyd;1Þ
þ ðdM � d0ÞgTðykÞQ4gðykÞ
� gTðyd;2ÞQ4gðyd;2Þg;

ð19Þ

EfDVk;4g ¼ EfEfVkþ1;4g � Vk;4g

¼ E gT
k ðs0R1 þ sMR2Þgk �

Xk�1

j¼k�s0

gT
i R1gi �

Xk�1

j¼k�sM

gT
i R2gi

( )

;

ð20Þ
EfDVk;5g ¼EfEfVkþ1;5g � Vk;5g

¼E dT
k ðd0R3 þ dMR4Þdk �

Xk�1

j¼k�d0

dT
i R3di �

Xk�1

j¼k�dM

dT
i R4di

( )

:

ð21Þ

Considering Assumption 2 and (10), it can be easily

obtained

EfrTðk; xk; ykÞP1rðk; xk; ykÞg

�EfkmaxðP1ÞrTðk; xk; ykÞrðk; xk; ykÞg

�Efl�xT
k H1xk þ l�y

T
k H2ykg:

ð22Þ

Making use of Lemma 2, we can derive

2a0xT
k ATP1Bgðyd;1Þ� a0xT

k ATP1Axk

þ a0gTðyd;1ÞBTP1Bgðyd;1Þ; ð23Þ

2�a0xT
k ATP1Bgðyd;2Þ� �a0xT

k ATP1Axk

þ �a0gTðyd;2ÞBTP1Bgðyd;2Þ; ð24Þ

2b0yT
k CTP2Dxs;1�b0yT

k CTP2Cykþb0xT
s;1DTP2Dxs;1; ð25Þ

2�b0yT
k CTP2Dxs;2��b0yT

k CTP2Cykþ �b0xT
s;2DTP2Dxs;2: ð26Þ

Obviously, the following zero equations hold.

2nT
1 ðkÞM xk � xs;1 �

Xk�1

i¼k�sk
1

ðxiþ1 � xiÞ

2

4

3

5 ¼ 0; ð27Þ

2nT
1 ðkÞN xk � xs;2 �

Xk�1

i¼k�sk
2

ðxiþ1 � xiÞ

2

4

3

5 ¼ 0; ð28Þ

2nT
2 ðkÞS yk � yd;1 �

Xk�1

i¼k�dk
1

ðyiþ1 � yiÞ

2

4

3

5 ¼ 0; ð29Þ

2nT
2 ðkÞZ yk � yd;2 �

Xk�1

i¼k�dk
2

ðyiþ1 � yiÞ

2

4

3

5 ¼ 0: ð30Þ

where

nT
1 ðkÞ ¼ xT

k gT
k xT

s;1 xT
s;2

� �
;

nT
2 ðkÞ ¼ yT

k dT
k yT

d;1 yT
d;2 gTðyd;1Þ gTðyd;2Þ gTðykÞ

h i
:

By applying Lemma 2, we have

�2nT
1 ðkÞM

Xk�1

i¼k�sk
1

ðxiþ1 � xiÞ� s0n
T
1 ðkÞMR�1

1 MTn1ðkÞ

þ
Xk�1

i¼k�sk
1

gT
i R1gi; ð31Þ

�2nT
1 ðkÞN

Xk�1

i¼k�sk
2

ðxiþ1 � xiÞ� sMnT
1 ðkÞNR�1

2 NTn1ðkÞ

þ
Xk�1

i¼k�sk
2

gT
i R2gi; ð32Þ

�2nT
2 ðkÞS

Xk�1

i¼k�dk
1

ðyiþ1 � yiÞ� d0n
T
2 ðkÞSR�1

3 STn2ðkÞ

þ
Xk�1

i¼k�dk
1

dT
i R3di; ð33Þ

�2nT
2 ðkÞZ

Xk�1

i¼k�dk
2

ðyiþ1 � yiÞ� dMnT
2 ðkÞZR�1

4 ZTn2ðkÞ

þ
Xk�1

i¼k�dk
2

dT
i R4di: ð34Þ

For positive definite matrices K1 and K2, it follows from the

definition of gk and dk that

0 ¼ 2gT
k K1ðxkþ1 � xk � gkÞ

¼ 2gT
k K1½ðA� IÞxk þ akBgðyd;1Þ

þ �akBgðyd;2Þ þ rðk; xk; ykÞwk � gk�; ð35Þ
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0 ¼ 2dT
k K2ðxkþ1 � xk � dkÞ

¼ 2dT
k K2½ðC � IÞyk þ bkDxs;1 þ �bkDxs;2 � dk�:

ð36Þ

Taking the expectations on both side of (35) and (36), and

employing Lemma 2 yield

0¼ Ef2gT
k K1½ðA� IÞxk þ a0Bgðyd;1Þ þ �a0Bgðyd;2Þ � gk�g

¼ Ef2gT
k K1ðA� IÞxk þ 2a0g

T
k K1Bgðyd;1Þ

þ 2�a0g
T
k K1Bgðyd;2Þ � 2gT

k K1gkg
�Ef2gT

k K1ðA� IÞxk þ a0g
T
k K1gk

þ a0gTðyd;1ÞBTK1Bgðyd;1Þ
þ �a0g

T
k K1gk þ �a0gTðyd;2ÞBTK1Bgðyd;2Þ

� 2gT
k K1gkg

¼ Ef2gT
k K1ðA� IÞxk � gT

k K1gk þ a0gTðyd;1ÞBTK1Bgðyd;1Þ
þ �a0gTðyd;2ÞBTK1Bgðyd;2Þg; ð37Þ

and

0 ¼Ef2dT
k K2½ðC � IÞyk þ b0Dxs;1 þ �b0Dxs;2 � dk�g

¼Ef2dT
k K2ðC � IÞyk þ 2b0d

T
k K2Dxs;1

þ 2�b0d
T
k K2Dxs;2 � 2dT

k K2dkg

�Ef2dT
k K2ðC � IÞyk þ b0d

T
k K2dk þ b0xT

s;1DTK2Dxs;1

þ �b0d
T
k K2dk þ �b0xT

s;2DTK2Dxs;2 � 2dT
k K2dkg

¼Ef2dT
k K2ðC � IÞyk � dT

k K2dk

þ b0xT
s;1DTK2Dxs;1 þ �b0xT

s;2DTK2Dxs;2g:
ð38Þ

In view of Assumption 1, we can conclude that

½giðyiðkÞÞ � liyiðkÞ�½giðyiðkÞÞ � LiyiðkÞ� � 0; ð39Þ

½giðyiðk�d1ðkÞÞÞ� liyiðk�d1ðkÞÞ�½giðyiðk�d1ðkÞÞÞ
�Liyiðk�d1ðkÞÞ��0;ð40Þ ð40Þ

½giðyiðk�d2ðkÞÞÞ� liyiðk�d2ðkÞÞ�½giðyiðk�d2ðkÞÞÞ
�Liyiðk�d2ðkÞÞ��0:ð41Þ ð41Þ

It can be deduced from (39) that there exists a diagonal

matrix K1¼ diagfk1;1; . . .;k1;ng[0 such that

Xn

i¼1

k1;i
yk

gðykÞ

� 	T

li
liLieie

T
i � liþLi

2
eie

T
i

� liþLi

2
eie

T
i eie

T
i

� 	
yk

gðykÞ

� 	

¼ yk

gðykÞ

� 	T
K1L̂ K1

�L
K1

�L K1

� 	
yk

gðykÞ

� 	

� 0;

ð42Þ

where ei denotes a column vector having ‘‘1’’ element on

its ith row and zeros elsewhere. Similarly, by means of

(40) and (41), there exist diagonal matrices K2 and K3

such that

yd;1

gðyd;1Þ

� 	T
K2L̂ K2

�L
K2

�L K2

� 	
yd;1

gðyd;1Þ

� 	

� 0 ð43Þ

and

yd;2

gðyd;2Þ

� 	T
K3L̂ K3

�L
K3

�L K3

� 	
yd;2

gðyd;2Þ

� 	

� 0; ð44Þ

respectively.

Therefore, we have

EfDVkg�E

(

xT
k ð2ATP1A� P1 þ ðs0 � sm þ 1ÞQ1

þ ðsM � s0ÞQ2 þ l�H1Þxk

þ 2gT
k K1ðA� IÞxk þ gT

k ðs0R1 þ sMR2 � K1Þgk

þ xT
s;1½b0DTð2P2 þ K2ÞD� Q1�xs;1

þ xT
s;2½�b0DTð2P2 þ K2ÞD� Q2�xs;2

þ yT
k ð2CTP2C � P2 þ l�H2Þyk

þ 2dT
k K2ðC � IÞyk þ dT

k ðd0R3 þ dMR4 � K2Þdk

þ gTðykÞ½ðd0 � dm þ 1ÞQ3 þ ðdM � d0ÞQ4�gðykÞ
þ gTðyd;1Þ½a0BTð2P1 þ K1ÞB� Q3�gðyd;1Þ
þ gTðyd;2Þ½�a0BTð2P1 þ K1ÞB� Q4�gðyd;2Þ
þ 2nT

1 ðkÞMðxk � xs;1Þ þ 2nT
1 ðkÞNðxk � xs;2Þ

þ 2nT
2 ðkÞSðyk � yd;1Þ þ 2nT

2 ðkÞZðyk � yd;2Þ
þ nT

1 ðkÞðs0MR�1
1 MT þ sMNR�1

2 NTÞn1ðkÞ
þ nT

2 ðkÞðd0SR�1
3 ST þ dMZR�1

4 ZTÞn2ðkÞ

�
yk

gðykÞ

� 	T
K1L̂ K1

�L

K1
�L K1

" #
yk

gðykÞ

� 	

�
yd;1

gðyd;1Þ

� 	T
K2L̂ K2

�L

K2
�L K2

" #
yd;1

gðyd;1Þ

� 	

�
yd;2

gðyd;2Þ

� 	T
K3L̂ K3

�L

K3
�L K3

" #
yd;2

gðyd;2Þ

� 	)

¼ EfnT
1 ðkÞ X1 þ s0MR�1

1 MT þ sMNR�1
2 NT

� �
n1ðkÞ

þ nT
2 ðkÞ X2 þ d0SR�1

3 ST þ dMZR�1
4 ZT

� �
n2ðkÞ



;

ð45Þ

where

nT
1 ðkÞ ¼ xT

k gT
k xT

s;1 xT
s;2

� �
;

nT
2 ðkÞ ¼ yT

k dT
k yT

d;1 yT
d;2 gTðyd;1Þ gTðyd;2Þ gTðykÞ

h i
:

According to the well-known Schur complement (see,

Lemma 1), one can get
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EfDVkg�EfnT
1 ðkÞR1n1ðkÞ þ nT

2 ðkÞR2n2ðkÞg
� kmaxðR1ÞEfkxkk2 þ kgkk2 þ kxs;1k2 þ kxs;2k2g
þ kmaxðR2ÞEfkykk2 þ kdkk2 þ kyd;1k2 þ kyd;2k2

þ kgðyd;1Þk2 þ kgðyd;2Þk2 þ kgðykÞk2g:

In view of the conditions R1 \ 0 and R2 \ 0 in Theorem 1,

it follows that

EfDVkg� kmaxðR1ÞEfkxkk2g þ kmaxðR2ÞEfkykk2g� 0;

ð46Þ

which implies that the origin of system (9) is globally

asymptotically stable in the mean square sense.

Now, we are in a position to proceed with the global

exponential stability analysis of the system (9). It follows

from Assumption 1 that

kgðykÞk� Lmaxkykk;
kgðyd;1Þk� Lmaxkyd;1k;
kgðyd;2Þk� Lmaxkyd;2k;

where Lmax = max{|l1|, ..., |ln|, |L1|, ..., |Ln|}. Based upon

expression of Vk, one can get

EfVkg� q1Efkxkk2g þ q2Efkykk2g þ q3

Xk�1

i¼k�sM

Efkxik2g

þ q4

Xk�1

i¼k�dM

Efkyik2g þ q5

Xk�1

i¼k�dM

Efkyd;1k2g

þ q6

Xk�1

i¼k�dM

Efkyd;2k2g þ q7

Xk�1

i¼k�sM

Efkxs;1k2g

þ q8

Xk�1

i¼k�sM

Efkxs;2k2g;

ð47Þ

where

q1 ¼ kmaxðP1Þ;q2 ¼ kmaxðP2Þ;
q3 ¼ ðs0 � sm þ 1ÞkmaxðQ1Þ þ ðsM � s0ÞkmaxðQ2Þ

þ ½s0kmaxðR1Þ þ sMkmaxðR2Þ�kA� Ik;
q4 ¼ ½ðd0 � dm þ 1ÞkmaxðQ3Þ þ ðdM � d0ÞkmaxðQ4Þ�Lmax

þ ½d0kmaxðR3Þ þ dMkmaxðR4Þ�kC � Ik;
q5 ¼ ½s0kmaxðR1Þ þ sMkmaxðR2Þ�a0kBkLmax;

q6 ¼ ½s0kmaxðR1Þ þ sMkmaxðR2Þ��a0kBkLmax;

q7 ¼ ½d0kmaxðR3Þ þ dMkmaxðR4Þ�b0kDk;

q8 ¼ ½d0kmaxðR3Þ þ dMkmaxðR4Þ��b0kDk:

For any scalar l[ 1, the above inequality (47), together

with (46), implies that

lkþ1
EfVkþ1g�lk

EfVkg¼lkþ1
EfDVkgþlkðl�1ÞEfVkg

�w1ðlÞlk
Efkxkk2gþw2ðlÞlk

Efkykk2g

þw3ðlÞ
Xk�1

i¼k�sM

lk
Efkxik2g

þw4ðlÞ
Xk�1

i¼k�dM

lk
Efkyik2gþw5ðlÞ

Xk�1

i¼k�dM

lk
Efkyd;1k2g

þw6ðlÞ
Xk�1

i¼k�dM

lk
Efkyd;2k2gþw7ðlÞ

Xk�1

i¼k�sM

lk
Efkxs;1k2g

þw8ðlÞ
Xk�1

i¼k�sM

lk
Efkxs;2k2g;

ð48Þ

where wiðlÞ ¼ lkmaxðRiÞ þ ðl� 1Þqi; i ¼ 1; 2 and wj(l) =

(l - 1)qj, j = 3, ..., 8.

Furthermore, for any integer N C 1, summing up

both sides of (48) from 0 to N - 1 with respect to k, yields

lN
EfVNg � EfV0g�

þ w3ðlÞ
XN�1

k¼0

Xk�1

i¼k�sM

lk
Efkxik2g

þ w4ðlÞ
XN�1

k¼0

Xk�1

i¼k�dM

lk
Efkyik2g

þ w5ðlÞ
XN�1

k¼0

Xk�1

i¼k�dM

lk
Efkyi�di

1
k2g

þ w6ðlÞ
XN�1

k¼0

Xk�1

i¼k�dM

lk
Efkyi�di

2
k2g

þ w7ðlÞ
XN�1

k¼0

Xk�1

i¼k�sM

lk
Efkxi�si

1
k2g

þ w8ðlÞ
XN�1

k¼0

Xk�1

i¼k�sM

lk
Efkxi�si

2
k2g:

ð49Þ

Note that for sM C 1. It follows that

XN�1

k¼0

Xk�1

i¼k�sM

lk
Efkxik2g

�
X�1

i¼�sM

XiþsM

k¼0

þ
XN�1�sM

i¼0

XiþsM

k¼iþ1

þ
XN�1

i¼N�sM

XN�1

k¼iþ1

 !

lk
Efkxik2g

�sM

X�1

i¼�sM

liþsMEfkxik2gþ sM

XN�1�sM

i¼0

liþsMEfkxik2g

þ sM

XN�1

i¼N�1�sM

liþsMEfkxik2g

�sMlsM max
�sM� i�0

Efkxik2gþ sMlsM

XN�1

i¼0

li
Efkxik2g: ð50Þ

Hence, Eq. (49) can be written as
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lN
EfVNg�EfV0g þ ½w3ðlÞ þ w7ðlÞ þ w8ðlÞ�sMlsM

max
�sM � i� 0

Efkxik2g

þ ½w1ðlÞ þ sMlsM w3ðlÞ�
XN�1

i¼0

li
Efkxik2g

þ sMlsM w7ðlÞ
XN�1

i¼0

li
Efkxi�si

1
k2g

þ sMlsM w8ðlÞ
XN�1

i¼0

li
Efkxi�si

2
k2g

þ ½w4ðlÞ þ w5ðlÞ þ w6ðlÞ�dMldM

max
�dM � i� 0

Efkyik2g

þ ½w2ðlÞ þ dMldM w4ðlÞ�
XN�1

i¼0

li
Efkyik2g

þ dMldM w5ðlÞ
XN�1

i¼0

li
Efkyi�di

1
k2g

þ dMldM w6ðlÞ
XN�1

i¼0

li
Efkyi�di

2
k2g: ð51Þ

Let r1 = max{q3, q7, q8}, f1(l) = (l - 1)r1, r2 =

max{q4, q5, q6} and f2(l) = (l - 1)r2. It follows from

(51) that

lN
EfVNg�EfV0g þ 3f1ðlÞsMlsM max

�sM � i� 0
Efkxik2g

þ ½w1ðlÞ þ sMlsM f1ðlÞ�

�
XN�1

i¼0

li
Efkxik2g þ Efkxs;1k2g þ Efkxs;2k2g
� �

þ 3f2ðlÞdMldM max
�dM � i� 0

Efkyik2g

þ ½w2ðlÞ þ dMldM f2ðlÞ�

�
XN�1

i¼0

li
Efkyik2g þ Efkyd;1k2g þ Efkyd;2k2g
� �

:

ð52Þ

Define UðlÞ ¼ maxfw1ðlÞ þ sMlsM f1ðlÞ;w2ðlÞ þ dMldM

f2ðlÞg: Note that it can be verified that there exists a

scalar h[ 1 such that U(h) = 0. Therefore, for such a

scalar h, we have

hN
EfVNg�EfV0g þ 3f1ðhÞsMhsM max

�sM � i� 0
Efkxik2g

þ 3f2ðhÞdMhdM max
�dM � i� 0

Efkyik2g:

ð53Þ

Meanwhile, one can derive from (47) that

EfV0g� ðq1 þ 3r1sMÞ max
�sM � i� 0

Efkxik2g

þ ðq2 þ 3r2dMÞ max
�dM � i� 0

Efkyik2g:
ð54Þ

Substituting (54) into (53) yields

hN
EfVNg
� ðq1 þ 3r1sM þ 3f1ðhÞsMhsM Þ max

�sM � i� 0
Efkxik2g

þ ðq2 þ 3r2dM þ 3f2ðhÞdMhdM Þ max
�dM � i� 0

Efkyik2g: ð55Þ

On the other hand, from (16), it is easy to obtain

EfVNg� kminðP1ÞEfkxNk2g þ kminðP2ÞEfkyNk2g
� kmEfkxNk2 þ kyNk2g:

ð56Þ

where km ¼ minfkminðP1Þ; kminðP2Þg:
Combining (55) and (56), one can get

hNkmEfkxNk2 þ kyNk2g
� q1 þ 3r1sM þ 3sMhsM f1ðhÞ½ � max

�sM � i� 0
Efkxik2g

þ q2 þ 3r2dM þ 3dMhdM f2ðhÞ
� �

max
�dM � i� 0

Efkyik2g;

ð57Þ

yielding

EfkxNk2

þ kyNk2g� q�
1

h

� �N

E max
�sM � i� 0

kxik2 þ max
�dM � i� 0

kyik2

� �

;

ð58Þ

where q� ¼ maxfq1 þ 3r1sM þ 3f1ðhÞsMhsM ; q2 þ 3r2dM

þ3f2ðhÞdMhdMg=km:

Since N is an any positive integer, it can be concluded

from Definition 1 that the origin of system (9) is globally

exponentially stable in the mean square. This completes the

proof of the theorem. h

Appendix B: Proof of Theorem 2

Consider the same Lyapunov–Krasovskii functional as that

in the proof of Theorem 1. Then replace A, B, C and D in

Theorem 1 by A ? HF(k)E1, B ? HF(k)E2, C ? HF(k)E3

and D ? HF(k)E4, respectively.

Since FT(k)F(k) B I, it follows that

k1xT
k ET

1 E1xk � k1ðFðkÞE1xkÞTðFðkÞE1xkÞ� 0;

k2xT
s;1ET

4 E4xs;1 � k2ðFðkÞE4xs;1ÞTðFðkÞE4xs;1Þ� 0;

k3xT
s;2ET

4 E4xs;2 � k3ðFðkÞE4xs;2ÞTðFðkÞE4xs;2Þ� 0;

k4yT
k ET

3 E3yk � k4ðFðkÞE3ykÞTðFðkÞE3ykÞ� 0;

k5gðyd;1ÞTET
2 E2gðyd;1Þ � k5ðFðkÞE2gðyd;1ÞÞT

� ðFðkÞE2gðyd;1ÞÞ� 0;

k6gðyd;2ÞTET
2 E2gðyd;2Þ � k6ðFðkÞE2gðyd;2ÞÞT

� ðFðkÞE2gðyd;2ÞÞ� 0:

ð59Þ

Calculating EfDVkg together with the above inequalities,

we obtain
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EfDVkg�E ~nT
1 ðkÞ X�1 þ s0M�R�1

1 M�T þ sMN�R�1
2 N�T

� �
~n1ðkÞ

n

þ~nT
2 ðkÞ X�2 þ d0S�R�1

3 S�T þ dMZ�R�1
4 Z�T

� �
~n2ðkÞ

o
:

where

The remaining proof for global robust exponential stability

is similar to those in the proof of Theorem 1. For the sake

of simplicity, we omit it here. h
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