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Abstract

A computational model of oxygen transport from red blood cells to mitochondria with subsequent
reaction to water is presented. This computational model consists of a five region convection-
diffusion-reaction mathematical model which is solved using a standard numerical time-split method.
The unique feature of this mathematical model is the treatment of the red blood cells and the plasma
as two separate flows. The numerical method is second order accurate overall. This computational
model is useful for analyzing residue data from positron emission tomography or data from multiple
indicator dilution curves.
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1. Introduction

Many models for oxygen transport from blood into tissue have been investigated [1-7], but
they are mainly concerned with steady state and do not allow for transient solutions. Also, the
models are over-simplified and neglect certain critical aspects of the oxygen transport system.
The models of Federspiel and Sarelius [3], Federspiel and Popel [4] and of Groebe and Thews
[7] take into account that hemoglobin comes in discrete packages in the red cell, a factor which
Hellums [8] identified in his 1977 paper as being critical at low hematocrits. However, even
these studies like those before them give a first approximation only, since they are concerned
with steady state situations. The study of steady state solutions does allow one to gain much
understanding of complex situations, as reviewed by Popel [9], but there is a practical need for
transient solutions for analyzing experimental data.

In contrast to those, Rose and Goresky [10] developed a model which assumes that hemoglobin
ishomogeneously distributed in the capillary. Their model was used for describing the transient
change in 80-oxygen by analysis of coronary venous dilution curves following an arterial
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bolus injection of 180-labeled oxygen molecules. They concluded that the permeability for
oxygen diffusion from capillary into tissue was low relative to that for diffusion across slices
of tissue. However, it is possible that the inhomogeneous distribution of the oxygen carrier
hemoglobin leads to an extra impediment to oxygen transport [11]. The impediment to oxygen
transport does depend on the capillary hemocrit, which will determine the distance between
red blood cells. Furthermore, the speed of dissociation of oxygen from the hemoglobin
molecule, intraerythrocyte diffusion, membrane permeation, permeation through the
endothelial cells and diffusion through the interstitial fluid may all together play a very
significant role under normal circumstances.

A similar model by Deussen and Bassingthwaighte [12] advances the field by accounting for
the tracer water produced by metabolism of the tracer oxygen. This model, like that of Rose
and Goresky, uses linear conductance parameters for the membrane permeability-surface area
products and intracellular transformation or clearance. Like theirs, it considers the blood as a
“hemoglobin solution,” so that all of the sequential resistance's beginning with release from
the binding site on hemoglobin, are lumped together as a single capillary wall conductance or
permeability-surface area product, PS;. It is a multicapillary model, allowing accounting for
intraorgan flow heterogeneity. The Deussen—Bassingthwaighte model in addition allows axial
diffusion parallel to the flow path. Its most important development is not the diffusion, but the
transformation of 1°0-oxygen to 1°0-water, making it a dual species model; it is therefore
useful for analyzing 1°0-water residue or 1°0-water or 3H-water outflow curves, 150-
oxygen, 180-water, 170-oxygen, or 11C-carbon monoxide and other solutes that may or may
not undergo a single transformation. This model has been applied to studies on the positron
emitting tracers mentioned, but has a particularly strong potential for providing estimates of
regional oxygen consumption from a sequence of positron emission tomographic (PET)
images. The first role of the model proposed here is to extend this capability.

There isaneed to calculate local flow and oxygen consumption in an organ from residue curves
of 1°0-oxygen obtained with PET scans. Compartmental models have been used to analyze
PET data on tracer oxygen residue curves for the brain [13,14]. Since oxygen is metabolized
to water, and the oxygen label in water and molecular oxygen cannot be discerned, the washout
of water must be modeled as well. This new axially distributed model accounts for oxygen
transport and metabolism using linearized approximations for hemoglobin and myoglobin
binding, but considers radial diffusion within each region to be instantaneous. It accounts for
a separation between erythrocytes and plasma and for the more rapid velocity of erythrocytes
than plasma, a feature whose importance can now be evaluated. The lumped mixing chamber
tracer-kinetic models commonly used for PET detection of labeled water residue curves suffer
a severe limitation under certain circumstances because of the compartmental assumption
[15], and this distributed model being more anatomically realistic avoids this pitfall.

Thus, the second purpose is to develop a physiologically and anatomically reasonable model,
with the inflow-to-capillary discontinuity in concentrations implicit in the compartmental
modeling, and to capture its essence in a robust, accurately computable model.

We idealize the geometry of a capillary-tissue exchange unit and model the flowing regions
and the tissue as axisymmetric cylindrical elements as shown in Fig. 1. The red blood cells are
idealized as a separate homogeneous flowing region contained within the plasma region. Since
we assume axisymmetric, we only have to solve five one-dimensional partial differential
equations.
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The five region red blood cell model (rbc model) consists of the following set of partial
differential equations. The notation is consistent with Bassingthwaighte et al. [16]. The
concentrations, C, for O, are given by the solutions to

e _ _ e _ PO (. _ _ Cibe
o~ Uibe Ty Voo (Crbc Cp) («rhc +Drm Frem
ac, ac,

=g - "thc(c — Cave) — F2(Cp — Cist) - *’S«I(C ~Ca) = FCHDy 5,

0Cec _ e PSm
o V~“I (Ccc - Cp) (CLC - M) - V _Cuc"‘l)cc 9‘~ 3

ICig PS, [’Sm s £
(9,‘ == V_‘(Cisf - C )= o (Cist — ec) (CM pc) - _CM"'DM 6 5
isf Vi

G, PS (r
ar /: (Cpc - 1\1) meL+Dpx 3 " )

and the concentrations for H,O are given by the solutions to an analogous set of equations but
in which there is a positive production term G;C; from the flux of oxygen tracer being
transformed to water tracer.

D= — e T — 'bt<crbc—C*)+ s cr.,cwrbc Lo
T~ up e~ (G - Cr) - 7(6* -Cy (C* CLH 2 CoD; 52,
agr;c: _ PSQCI(C* )_ m( m) 4+ Gee Cec " D;c aa? i i
= B (Clsf cy - B (clsf—c* - “(cm Cro)+ 2 Cist +Dy T,
T V)" O = E)s Grfc DY ;‘2 ,

where C refers to O, and C* refers to H,O. The subscripts are rbc for red blood cells, p for
plasma, ec for endothelial, isf for interstitial fluid, and pc for parenchymal cells.

For notational convenience, we define the following constants for the ratios of regional volumes
of distribution to the plasma space:

V/ ’ V/ V/
Vv f
— _1be — _ _isf __bpc
Yrbe= ‘;p > ')’ec—%’ yisf_v]_:a ?’pc—v_p,
*’ *’ */ x,
_ Ve Vee _ Vi

Yioe=V, Yec™ v, Yiet™ v, Ype= vp

Also, the following rate constants are defined again relative to the plasma space:

k==, k=B k=T
k2:(v;:’ k23—%’ k24—PV:,
S© PS;
k=t k= A
k=S, ku=BE, k=T
k=%, kis=5,  Kg=oE, ks=TE,

where the kj's refer to O and the ;s refer to H,O. The rate constants for this model are
symmetric, kij = kjj etc., which would not be the case for generalized nonlinear transporters on
the membranes.
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The known inputs, constant over time to the model are: whole blood flow Fpjgq in units of ml
g~ min~1, length of capillary L in units of cm, the total volume Veqp Of the capillary in units

. . 4 . -
of ml, the red blood cell virtual volume ratio 6;.,=V,,/ Vier, Various permeability-surface area

products PS in units of ml g~' min~1, reaction rates G in units of ml g™ min~2, flow rates F in
units of ml g~' min~1, and diffusion coefficients D in units of cm? s, The small vessel
hematocrit is lower than the larger vessel hematocrit (and the rbc velocities higher than plasma
velocities in small vessels), so we account for this at the capillary level only, using the
hematocrit ratio Hctyaio (HCtratio = Heteap/Hety v/), where the large vessel hematocrit is
Hct, . Normally, the hematocrit is physiologically less than 1 and rbc velocity greater than 1,
so that the time for exchange between rbc and tissue is reduced compared to that for solutes
carried only in the plasma. Other parameters that are needed are calculated from these inputs.
These are:

Vrbc = chpHCtl_\ HCtmli() 5
Vp: Vc-‘,p = Vibe,
Vi
Heteap=7=,
v e

Het. = the LV
I,‘V Vorv Ve v’
Vv

=0 Vibes

rhe the—0y

’

*

Vrhc _erhc H,0 VrbC’

Frhc:FhloodHthw
Fy=Fyio0d(1 —Het,),
_EKL
llp—T,
_FiclL
Urbe=T,
’

/b

\%
ch—oz = ﬁ =[ Hgb]/f(pOZ )
Vi
Hrtpu:o = ﬁa

where [Hgb] is the concentration of hemoglobin, and f(pO5,) is the functional relationship
between O, saturation and O, partial pressure. The functional relationship f(pO,) for the
hemoglobin-containing erythrocytes and the myoglobin-containing myocytes or parenchymal
cells are described in detail by Deussen and Bassingthwaighte [12]. They give methods for
calculating the diffusion terms. The rbc and plasma velocities are ugpe and up.

In matrix notation, the rbc model is
¢=Dc,, — Uc,+K,, 0<x<L. (2.1)
Boundary conditions for regions rbc and p are either
c(0,N=cin(1), cx(L,1)=0, (2.2)
or
Dc,(0,1)=U(c(0, 1) — cin(2)), cx(L,1)=0. (2.3)
Boundary conditions for regions ec, isf, and pc are based on reflections at x=0 and x=L
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cx(0,t) =0, cy(L,t) = 0.
Initial conditions for all five regions are
c(x,0) =0.
The matrices U, D, and K are
U = diagonal(Urpc,Up,0,0,0,Unc,Up,0,0,0),
D = diagonal(Dypc,Dp,Dec:Dist. Dpc: Pretrs Pps Pecs Diges Ppe),
and

K1 Kp
K= .
[ Ky Kn ]

The first submatrix Kq1 is

—(ki+k12)/¥rbe ki2/Yrbe 0 0 0
kia —ka — k12 — k3 — ka4 kaa kag 0
0 ka3 [Yec —(k3+kaz+kas)/Vec k3a/YVec 0
0 koa/vist ksa/vist —(ka+koa+kas+kas)/ vise kas [vist
0 0 0 kas [ Vpe —(ks+kas)/Vpe

The second submatrix is K1o = 0 and the third is
K21 =diag0nal(—k1 /’YIva _k29 _k3/yzc. - k4 /’y;;f’ _kS /7;c)

The fourth submatrix Ky, is

—ki5/ Ve K2/ Ve 0 0 0
sz _kfz - k§3 - k§4 k§3 k§4 0
0 K33/ 7ee —(k33 = k) Vee Kyl vee 0

0 Kol Vige k3 /Yie —(kou ki) Vi Kis/Vig

0 0 0 Kis/ Voe —kis/Vpe

To solve this system of equations, we split the main equation (2.1) into simpler subproblems,
and solve each subproblem separately.

3. Numerical method

The following sections are a brief overview of a standard time-split method used in the red-
blood cell five-region convection-diffusion-reaction model. Our aim is to give enough detail
of the numerical methods to show our claim of second order accuracy.

We begin with a simple example that highlights the necessary error analysis required for an
understanding of time-split methods. We follow with a section on the error analysis for our
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diffusion-convection-reaction equation. We discuss the boundary condition corrections that
arise in our time-split method in the next section. Finally, we discuss the numerical methods
used to solve each of the subproblems. More complete discussions of standard and widely used
time-split methods can be found in LeVeque [17,18], Strikwerda [30], and Yanenko [31].

3.1. A time-split method for the convection-reaction equation

Consider the following Cauchy problem for the convection-reaction equation in one dimension:

¢;=— Ucy+Kc, —oo<x<oo,

c(x, 10)=/(x), (3.4)
where U and K are constant. This equation is of the general form
Ct= A(C)v
where A depends on ¢ and its spatial derivatives. To determine the solution at a later time, we
use the exact solution operator

c(t1)=S (11, 1p)c(1p)- (3.5)

For the case we are looking at t does not appear explicitly, so the solution operator only depends
on the time elapsed:

S(ty,to) = S(t1 — to)-

If we use a two-level difference scheme, we have

C’HIZQ(/{)C”, (3.6)

where Q(k) is an approximation to S(k), and k is the temporal step size. Eq. (3.6) is the difference
analogue to

C(tn+l ):S (k)(,'(f,,), (3.7)

The method (3.6) is accurate of order p if, for smooth functions c, the local truncation error
(Q(k) — S(K))c is O(kP * 1) as k — 0 with some fixed relation between k and h, where h is the
spatial step size. For example, the time step equals (Vp/Fp)/Nseg and the space step is L/Ngeg,
where Ngegq is the number of axial segments into which the capillary-tissue unit is divided.

We can derive the exact solution operator for the convection-reaction equation for the case
when c€ER'" and therefore U, KE R"™r

¢,=— Uc,+Kc. (3.8)

We can expand the solution in a Taylor series about the point (x,t) to get

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.
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c(x, t+k)=c(x, D)+ke,(x, D+ 1k cu(x, D+ . ..
=c+k(-Uc,+Ke)+ 3k (~Ucy+Ke)+. ..
=c+k(-Uc,+Ke)+ 5k (—U[ -Uc+Ke [+ K[ -Uce +Ke )+ ...
=c+k(-U 8, +K)c+1k*(U? 2+[-UK — KU] 9,+K?)c+. ...
c(x, t+k)=exp(—kU 0,+kK)c(x, 1).

Thus we have for Eg. (3.8), the solution operator

S (k)=exp(—kU 0, +kK).

Consider Eq. (3.8) again, but now split into two subproblems

c¢,=—Uc,,

c,=Kc.

Page 7

(3.9

(3.10)

(3.11)

(3.12)

Each of these subproblems has an exact solution operator. By a similar derivation for S(k)
above, we can derive ones for (3.11) and (3.12) to get for (3.11), Sy (k) = exp(— kU &), and for

(3.12), Sy(k) = exp(kK).

The time split method is based on the fact that

S(k) = S2(k)S 1 (k),

(3.13)

when k is small. In some cases, this splitting is exact. For example, for c; = ¢y, + cyy and ¢ a

scalar, S (k)=exp(k 9> +k 0_\2.). Then for a natural splitting, we have S | (k)=exp(k 4) and

Sa(k)=exp(k (3,2.), and S(k) = So(k)S1(k). For systems of equations, the splitting (3.13) is not in

general exact.
To see the splitting error, we look at
S2(k)S 1 (k) — S (k)=exp(kK)exp(—kU d,) — exp(—kU 0,+kK)

=(I+AK+ LK+ ) X (1= kU 0+ HPU% 92+ ) — (I+k(=U 0,+K)+ 13U 2+ -UK - KU] 9,+K?)+ .. )
=1k*(-KU+UK) 0,+O0(k>).

It can be verified that the splitting is exact only if the matrices K and U commute.

For the four region model in Bassingthwaighte et al. [16]

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.
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[= NN Nl
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[= e NN

ki ki ka0
kyy kn ks O
kit ko k33 kas
0 0 kuz kg (3.15)

(lk11
(lkzl

KU= "

[=NeNeNe]
[N el
[=NeNe o]

(qu (I/kgl (lk}l
0 0 0
0 0 0
0 0 0

UK=

(=N el No)

(3.16)

Therefore, we see KU — UK # 0. So the local error on smooth solutions is O(k?) and hence,
the splitting (3.11 — 3.12) is only first order accurate.

We can increase the order of the splitting to O(k3) by using Strang splitting. Previously, to
advance the solution one step in time

C"™'=0,(k) Q1 (k)C", (3.17)

where Q1 (K) is the approximation to S;(k), Q,(K) is the approximation to S,(k), and C" is the
approximation to c at time t,,. If we now use

C"™'=01(k/2)Q2(k) Q1 (k/2)C", (3.18)

the O(k?) terms drop out of Eq. (3.14) and we are left with a local truncation error that is O
(k3) which makes our splitting accurate to O(k?). In Eq. (3.18), we show taking a half step with
Q1 followed by a whole step with Q,, followed by another half step with Q1. When these steps
are repeated over and over, the two half steps with Q; can be combined into a single whole
step to give

C™1=01(k/2)02() Q1) Q2 () Q1 (K) - - Oa(k) X Q1(K/2)CY, (3.19)

which takes the solution from time tg to t,+1. This now looks almost like Eq. (3.17) except we
have the half time steps with Q; at the beginning and end rather than a whole time step at the
beginning. We can know turn to the more complicated problem which includes diffusion.

3.2. A time-split method for the diffusion-convection-reaction equation

Consider the constant coefficient diffusion-convection-reaction equation for five regions, the
first two of which have convection.

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.
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¢;=Dcyy — Ucy+Ke, 0<x<L.

Boundary conditions for regions 1-2
c(0,t) = f(t),
cy(L,t) =0.
Boundary conditions for regions 3-5
cx(0,t) =0,
cy(L,t) =0.

Initial conditions for regions 1-5

c(x,0)=0.
We can solve this problem using the following time-split scheme:

J_ n
¢, =—Ucl,

XX

F_myt
¢, =Dc

C;Hl:KCﬁ.
We can then approximate Egs. (3.22), (3.23) and (3.24) by finite differences to get

C'i‘:QlCn’

C"=0,C",

Cll+l :Q3 C'H"

Page 9

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

where Q1, Qo, and Q3 are the finite difference approximations to the operators in Egs. (3.22),

(3.23) and (3.24). To time step with Strang splitting as in Eq. (3.18), we use

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.
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C™1=01(k/2)02(k/2)Q3 (k) X Qa(k/2)Q1 (k) Qa(k/2)Q3(k) - - - Q3(k) X Qa(k/2)Q1(k/2)C”.

repeats (3.28)

For the four-region model without red blood cells [27] which is discussed further in the section
on model utility, the error was

C"™'=01(k) Q3 (k) Q2(k) 01 (k) Q3 (k) 0a (k) - - - Q1(k) X Q3(k)Q2(k)C .
repeat (3.29)

The truncation error for the time split method of Egs. (3.25), (3.26) and (3.27) can be
represented as the sum of the trunctation errors in each subproblem plus the splitting error:

Etotar =E splitting + Econvection + E diffusion + Ereaction (3.30)
Previously, this has been
Eio=0(k)+0+0(k)+ O(k®)+O(?). (3.31)
For the proposed five-region rbc model, this error would be
Eiora =0 )+O(K")+O(k*)+O(k")+O(?). (332)

The methods chosen to solve the convection subproblem and the reaction subproblem would
be such that p and g would be at least equal to 2. This would give an overall truncation error
of O(k2 + h?), which would be an improvement over the error for the four-region model of O
(k + h2).

3.3. Intermediate boundary conditions for the subproblems

For the splitting scheme given in Egs. (3.22), (3.23) and (3.24), we solve exactly each of the
subproblems

.
of=-Uc, (3.33)

H_py it
¢ —DC_‘._\., (3.34)

g 1T
¢, '=Kc''". (3.39)

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.
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However, we need to use modified boundary conditions for each subproblem, and not the
boundary conditions for the original problem (3.20).

For the convection subproblem (3.33), we need to specify boundary conditions cT(0,t,+1). We
start by expanding c7(0,t,+1) in a Taylor Series about the point c(0,t,) to get

1
C+(O, In+1 ):C+(O, Zn)'*‘k(«':.((), Iy)+ 51(2(,':;(0, I+ (3.36)

We use Eq. (3.33) to replace ¢] (0, 1,) to get
1
c'(0, 141)=¢"(0, 1,) = KUCIO, 1)+ 5Kl (0, 1)+ - - -

(3.37)

We also have for the initial conditions cT(x,ty) = c(x.t,) which we can use to replace all the
c’(0,t,) terms and their derivatives to get

1
Clr(o» 1n41)=¢(0, 1) — kUc (0, 1,,)+ Ekzcrr(ov )+,

(3.38)
Now we can use the original p.d.e. (3.20) to replace the Uc, term to get
" (0, 141)=c(0, 1,)+k(c/(0, 1) — D (0, 1,,) — Key (0, t”))+%k2c,,(0, f)+ (3.39)
Since
c(0, 1,41)=c(0, t,,)+kc, (0, 1)+ - -,
we can simplify Eq. (3.39) to get
¢"(0,111)=¢(0, 141) = kD0, 1,)+K (0, 1,)). (3.40)

We see from this expression that we have a modified form of the boundary condition which
includes a correction for diffusion and reaction.

Now consider the diffusion equation subproblem (3.34). If we solve this equation by a stable
implicit method like Crank—Nicolson, we need modified boundary conditions at time t,+1. The
initial conditions will be cTT(x,ty) = c(X,th+1). To derive the appropriate boundary conditions,
we proceed as before. We have

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.
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1
0, tas1)=c"1(0, 1) +ke] (0, z,,>+§k2c::*(o, f)+ .

(3.41)
Using the subproblem (3.34) to replace the first time derivative, we get
1
gt _ At R 172 4t o
C (09 l,,+1)—6 (0, l,,)+kDCX\.(0, tn)+2k Cy (0, tn)+ . (3.42)
Our initial conditions allow us to substitute for
1y s
CH‘(O’ ln+l):CT(Os ln+l) - kDC'\rx(O, I+l )+§kzcj1(0a ln+l)+ Tt (3.43)
Now we can use Eq. (3.40) to replace c'(0,t,+1) to get
1
(0, tns1)=€(0, t41) — kDe(0, 1) — KKc(0, 1,)+kDe (0, z,,+1>+5k2c,*,(o, )+ 49

From Eqg. (3.40), we can differentiate twice with respect to x to get

CL.(O, 1 1)=Cxx(0, 111) — k(D (0, 1,)+ K (0, 1,)).
This expression can then be substituted for ¢! (0,1,,,) in Eq. (3.44) to give
(0, 1541)=¢(0, 1,4 1)+kDc (0, 1,,) — kKc(0, 2,) — kD(Cxc(0, 141) — k(D yen(0, )+ Ke i (0, 1,1)))+%k2c:r,(0, fns )+
This expression simplifies to

. 1
CIJF(O, 1r41)=¢(0, tp41) — kKc(0, 1) +kD(—=k(Dc 11 (0, 1,,)+Key, (0, ln)))+_2‘kzc;r,(0s Ing1)+ - (3.45)

With the modified boundary conditions (3.40) and (3.45) and the fact that the initial conditions
for Eq. (3.35) are ¢'TT(x,ty) = cTT(x,t,+1), we are now able to solve each of the subproblems
separately.

3.4. Numerical methods for the subproblems

By splitting the problem into three subproblems, we can use different numerical methods to
solve each subproblem. We use a combination of exact and random choice for the convection
subproblem, Crank—Nicolson for the diffusion subproblem, and an o.d.e solver that
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automatically chooses between Adams—Moulton and Gear's method for the reaction
subproblem.

3.4.1. Convection—Since the convection subproblem (3.33) is two separate one-way wave
equations, we can select the At and Ax such that we can use the exact solution for one of the

regions. We choose the normally slower region, that of the plasma, for the exact solution, and
use AXx = L/Ngeg and At = Ax/up. To update the solution in the plasma region, we just do a shift

CPI=Cyy, 12N

For j = 0, we use the modified boundary condition as given by Eq. (3.40). In the rbc region,
which is the higher velocity region, we use the random choice method as described by Colella
[19]. To update the solution at the next time step tp+1, we use

o1 :
C’;H:ngacl((J N §+an+l)Ax’ tnt1), j=1,2...,N,

" . I the solution to the Riemann problem and a"*1 is a van der Corput sampling
sequence (see Ref. [19] for complete details). Since we assume that the fast rbc velocity Uy,

where C"

is in the range Up < Urpc < 2Up, C’j“ gets updated by either C';_; or C'j_,. For example, if Uppe =

n

1.2uy, then three out of four times €' =C’_, and one out of four times C'} "' =C'}_,. The overall
velocity would then average out to

Urhe = (U p + Up + Up + 2Up)/4 = 125U,

Further modifications have to be made to the boundary conditions. When the updating is
Ci*'=C"_,, we only need to specify C2*' which is given by Eq. (3.40). However, when the
updating is C;"'=C"_,, we need to specify both C;;*' and C"*'. For C2*', we would use Eq.

(3.40) as before. For C’l’“, we to correct the time step in Eq. (3.40), given by k, which is too
large. The actual time increment is between 0 and k/2 depending on the speed Urpe. If Urpe =

Up, then the random choice method would only need the boundary condition for cg“. If Uppe =
2up, then the time increment used in Eqg. (3.40), would have to be changed from k to k/2. For
values of uy, between these limits, the time increment in Eq. (3.40) would be scaled
appropriately.

3.4.2. Diffusion—We solve the diffusion subproblem by using a standard Crank-Nicolson
approach. The details and the code may be requested from the authors. This allows us to use
standard linear algebra libraries [29] to solve the resulting linear system of equations.

3.4.3. Reaction—To solve the reaction subproblem, we use the ordinary differential equation
solver SDRIV2 from Kahaner et al. [20]. This solver allows for the dynamic switching between
Adams—Moulton and Gear's method depending on the stiffness of the problem. The accuracy
of the solution is chosen so that the errors from solving the reaction subproblem are not greater
than the other errors in Eq. (3.30).
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3.4.4. Boundary conditions at t,,.1—After the subproblems are solved, we have C’j“ for
j=2,...N—1.For cg“, we just use either Eq. (2.2) or Eq. (2.3). If Uy > up, then we also need
to correct C’{”. Whatever material is flowing in from the boundary undergoes not only

convection, but also reaction and diffusion. C*! needs to be corrected for one time step's worth
of reaction and diffusion, using Eq. (3.40) and Eq. (3.45), otherwise conservation of mass will
be violated. Without this correction, the solution ends up having too much material flowing in

from the boundary during those updating steps when both cg“ and C’l’+1 are updated from the
boundary.

4.1. Model behavior

Figs. 2 and 3 show the results from the rbc model with the splitting scheme given in Egs. (3.22),
(3.23) and (3.24). The numerical values for the parameters are listed in the legend of Fig. 2.
These values were choosen to test the numerical method. Fitting the model to experimental
data is given in the next section.

Fig. 2 shows in the left panel the position of the tracer oxygen and tracer water concentration
distance profiles att = 18 s, just 3 s after the input function drops to zero. Because of the
unrealistically large value of 1.0 ml g~1 chosen for Veap, the capillary transit time is Veap/
Foiood = 24 s, so the bolus front is only 3/4 of the way along the capillary. The front of the
pulse at x/L = 0.75 is blunted, more so than is the trailing edge, as expected. The outflow curves
reveal the separation in concentrations of erythrocytes and plasma, due to the resistance at the
red cell membrane and the loss of oxygen from plasma into tissue.

Fig. 3, using the same parameters, illustrates the profiles in the five regions at 12 s, just as the
pulse front reaches the capillary midpoint. As was also evident in Fig. 2, there are finite
concentrations of oxygen beyond the mean bolus front because of the axial diffusion. The
relative magnitude of the the oxygen concentration in the plasma as compared to the
concentration in red blood cells is due to the artificially high values for PSy, used for testing.
The concentrations of tracer water, produced by oxygen consumption, are highest in the
interstitium because the production by transformation was occurring in endothelial cells and
interstitium, consuming most of the substrate oxygen before it reached the parenchymal cells.

To calculate an overall order of accuracy of the rbc model, we look at the error in output
concentrations for several values of Ngeg. Fig. 4 shows the output concentration profiles in both
the red blood cell region and the plasma region for the cases Nseq = 5, 10, 20, 40, 80, 160, 320.
The 2-norm of the output concentrations is shown in Table 1. We can see that as Ngeg increases,
the error becomes progressively smaller. If we assume asymptotic error

Neeg=320
out

Neeg
G —€ ||l,=constant(1/Ne,)”

is valid then the overall order p, from a least squares fit of a straight line to the log-transformed
2-norm of the error is 1.85.

4.2. Applications

Fig. 5 shows the results of fitting the model to experimental data. The pair of 150-
concentration—-time curves were recorded at the inflow and outflow to an isolated blood-
perfused rabbit heart preparation. The perfusate was 20% hematocrit with erythrocytes
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suspended in standard Krebs-Henseleit physiological saline. A bolus of 1.4 ml of blood
containing 150-oxygen was injected into the inflow stream via a switching arrangement and
the radioactivity in the inflow and outflow recorded via flow-through plastic scintillation
detectors for the 5 + -emissions were counted over 1 s intervals. For the analysis, the input to
the blood-tissue exchange model was the observed upstream dilution curve. The flow used for
the modeling was the measured flow. The endothelial cells were assumed to have a negligible
contribution to the waveform and the consumption of oxygen and so those parameters were
set to zero. Consequently, the estimates of PSy represent the sum of permeation through
interendothelial clefts plus permeation across the endothelial cells. The volumes of distribution
were estimated from the water spaces in cach region, for example, from the steady-state tracer
estimates of Gonzalez and Bassingthwaighte [21], modified to provide for the binding of
oxygen by hemoglobin in red blood cells and by myoglobin in the myocytes (parenchymal
cells). Values for PSy,c were set to high values in accord with the observations of Forster et al.
[22]. The ratio of small vessel to large vessel hematocrit, Hct, 0, Was set to 0.98 for this
solution. The axial diffusion coefficients in all regions were set to an arbitrarily high value of
104 cm? s 1 to degrade axial gradients to some extent as would diffusional exchanges between
capillary-tissue units with offset beginnings and endings. The adjustable or free parameters
were therefore only PSg and PSy, for water and oxygen, and the consumption or transformation
parameter, Gy, for oxygen within myocytes.

Fig. 6 shows the pronounced effect of the differing velocities between plasma and red blood
cells. In this figure, we see for a Hctyatio = 0.7, the velocity in the plasma is u, = 0.01573 cm
s~1 and for the red blood cells the velocity is uype= 0.02415 cm s~L. As the Hctyatio increases,
these two velocities become more nearly equal until at Hct,,i0 = 1.0, they are the same. The
values of the other parameters are the same as those used in Fig. 5 except all the PS; = 0.
Erthrocyte precession exacerbates early tracer loss from erythrocytes into tracer-free plasma
(left curves). This does not occur when both travel at the same velocity (the rightmost curve).

Fig. 7 shows the simulated effect of various hemoglobin binding values on Xenon transfer.
The various values of the partition coefficient 6y, were chosen to be similar to that found
experimentally. See for example, Carlin and Chien [23] or Goresky et al. [24]. Higher 6y,
equivalent to higher partitioning into erythrocytes, gives curves closer to erythrocyte curves,
low 6y gives waterlike curves. The change of 6 changes the blood-tissue partition coefficient.
Because the PS's used for these solutions are so high, the tracer is virtually flow-limited in its
exchange. This means that they will be almost superimposed on each other by time scaling
each relative to its own mean transit time [25,26], which is a simple but revealing test for flow-
limited blood-tissue exchange.

4.3. Model utility

The numerical methods are designed for high accuracy. Related models to which this model
can be reduced, e.g., those of Bassingthwaighte et al. [27], with three regions and
Bassingthwaighte et al. [16], with four regions, are apparently accurate also, since they can be
fitted very closely by this model and have been tested against analytical models. The analytical
models, either three-region ([28], water model) or four-region [16], are not at all accurate at
long times: the latter, for example, requires two convolution integrations and one double
convolution integration, all containing slowly convergent Bessel functions. Thus, we regard
this new model as a standard for accuracy.

A main reason for the numerical strategy is that the scheme lends itself to further developments
in treating nonlinear systems. For solutes at finite chemical levels, where the linearization due
to the use of tracers at effectively zero chemical concentrations is no longer valid, then the PS's
and G's and even the volumes of distribution become concentration-dependent. In this more
demanding situation, the basic numerical method can be anticipated to work well.
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5. Conclusions

We have developed a second order accurate computational model of oxygen transport and
reaction from red blood cells to mitochondria. Our model treats the flow of red blood cells and
the flow of plasma separately. The model is useful for analyzing residue data from positron
emission tomography or outflow data from multiple indicator dilution experiments.
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Fig. 1.
Capillary-tissue exchange unit.
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Fig. 2.

Concentration—time profiles in the input (left panel insert), outflow (right panel), and
concentration—space profile in the rbc region at t = 18 s (left panel). The following values were
used for the parameters: Fyjooq = 2.5 ml g min™%, L=0.1cm, Veap = 1.0ml g™, Hetyy = 0.6,
Hctratio = 1.0, Orpe = 1.0, PSppe = 5.0 ml g'min~2, PS;, .=5.0 ml g”'min, other PS; = 1.0 ml
g 'min~L, other 6; = 1.0, Ve¢ = 0.02 mlg™, Vigs = 0.15ml ¢!, Vppe = 0.55 ml g, Gy = G =
0.0 ml g'min%, Gee= Gisr = Gpe = 2.0 ml g~ min2, all Dj = 1076 cm?s ™%, Ngeq = 20, and an
input pulse of unit height into the rbc of width 15 s.
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Fig. 3.

DISTANGE

Concentration—time profiles in the input, outflow, and relative concentration profiles for O,
(solid line) and the reaction product H,O (dashed line) in all five regions at t= 12 s. (Parameters

are the same as given in the legend of Fig. 2).

Comput Methods Programs Biomed. Author manuscript; available in PMC 2010 May 12.




1duosnuey JoyIny vd-HIN 1duosnuey JoyIny vd-HIN

1duosnue\ Joyiny Vd-HIN

Beyer et al.

COMCENTRATION

CONCENTRATION

04

D1 02 03 04 05

0.0

04 05

0.3

0.2

0.0

Page 21

Nseg=40
g —— 02 RBC
------- 02 PLASMA
- —-- H20RBC
L S — - H20 PLASMA
2
< 3
& oo
2 o
=
o
o —
b
[=]
. . . = . .
20 40 60 80 100 0 20 40 60 80 100
TIME TIME
Nseg=160 Nseg=320
—— 02RBC 2 —— 02ABC
s 02 PLASMA coeeee 02 PLASMA
—--  H20 RBC < — -~ H20 RBC
— - H20 PLASMA % 2 — - H20 PLASMA
=
z 3
=
=
oo
% =]
S
q =
= -
20 40 60 80 100 0 20 40 60 80 100
TIME TIME

Fig. 4.
Concentration profiles of O, and H,0 in the outflow of the red blood cell region and the plasma
region for Ngeg = 10, 40, 160, 320.
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Fig. 5.

Outflow concentration-time curves for experimental data on 1°0-tracer in the effluent from an
isolated perfused heart followed bolus injection and model. Upper panel: Input concentration-
time curve for 150-oxygen in blood. Lower panel: Outflow dilution curve for 150-oxygen
(dots) recorded via a flow-through positron detector system. Three curves from the model
solution are shown, for product 150-water (lowest curve), for 1°0-oxygen (middle curve), and
their sum (upper curve) fitted to the data. The parameters for fitting the data were obtained
from the data from prior statistics or by adjustment. Experimental parameters were Fpjgod =
0.70mlg'min™, L =0.1cm, Vgap =0.07 ml g, Ve =0.02ml g7, Vigi= 0.15 ml g1, Ve =
0.55ml g, PSy_ o, =40 ml g~ min~L, Hetyy = 0.2, Hetyatio = 0.98, Orhe-0, =24.0, fpc = 2
[12], Ot - Hp0 = 0.65, PSype — 0, =100.0 ml gL min~L, PSp. — o, =50.0 ml g~ min?,

P, 1o=10-0ml gt min™L, PS,,, =40.0ml g™t minL, PS_, ,=40ml g™t min™, Gpe = 0.4
ml g~'min~%, Dj = 10 cm? s7%, and Ngeq = 30.
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Outflow concentration—time curves for oxygen within red blood cells for various hematocrit

ratios. For these solutions, the PS's are all zcro, so the curves represent intravascular transport
only. Whcen erythrocytes travel faster than plasma, more tracer oxygen is lost into the tracer-

free plasma (the curves to the left).
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Fig. 7.

Outflow concentration-time curves for the model with different hemoglobin binding. High
values of 6y, meaning higher affinity to hemoglobin (as, for example, Xenon), produce curves
closer to those for erythrocytes. Low 6y, produces water-like curves. For this fit, we used
Fblood = 0.72 ml g7'min™%, L = 0.1 cm, Vap = 0.07 ml 7!, Ve = 0.02 ml g™/, Vigr = 0.15 ml
g7, Vpe = 0.55ml 7!, Hetyy = 0.4, Hetraip = 0.8, rpe = 0.65, 3.0, 5.35, PSypc= 100.0 ml

g 'min~L, PSe¢) = 1000.0 ml g'min~?, PS¢, = 1000.0 ml g 'min~2, PSy = 100.0 ml

g 'min~L, PSyc = 100.0 ml g 'min~L, Gye = Gp = Gee= Gist = Gpe = 0.0 ml g 'min"?, D; =

1074 cm? 571, Ngeg = 10. The input curve is the same as that used in Fig. 5.
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Table 1

Errors from the rbc model for Nseq = 5, 10, 20, 40, 80, 160, 320

Nieg
I Col\leieg B CO’\LIJieg 320” 2

5 5.970 x 1074
10 1.165x10*
20 2.381x10*
40 3,057x10°°
80  7.529x10°°
160  6.099 x 1077
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