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Theoretical Analysis of the F1-ATPase Experimental Data
Ruben Perez-Carrasco* and J. M. Sancho
Department of Estructura i Constituents de la Materia, Facultat de Fisica, Universitat de Barcelona, Barcelona, Spain
ABSTRACT F1-ATPase is a rotatory molecular motor fueled by ATP nucleotides. Different loads can be attached to the motor
axis to show that it rotates in main discrete steps of 120� with substeps of ~80� and 40�. Experimental data show the dependence
on the mean rotational velocity u with respect to the external control parameters: the nucleotide concentration [ATP] and the fric-
tion of the load gL. In this work we present a theoretical analysis of the experimental data whose main results are: 1), A derivation
of a simple analytical formula for u([ATP], gL) that compares favorably with experiments; 2), The introduction of a two-state
flashing ratchet model that exhibits experimental phenomenology of a greater specificity than has been, to our knowledge, previ-
ously available; 3), The derivation of an argument to obtain the values of the substep sizes; 4), An analysis of the energy
constraints of the model; and 5), The theoretical analysis of the coupling ratio between the ATP consumed and the success
of a forward step. We also discuss the compatibility of our approach with recent experimental observations.
INTRODUCTION
The cell is a complex system that is out of equilibrium. To

maintain such a state and fulfill its tasks, the cell needs

a continuous income and outcome of matter and energy.

Molecular motors are the machinery in charge of performing

such functions. No matter how small the motor is, it must

obey the laws of physics in addition to those of chemistry

to perform the task it has evolved to do. Moreover, these

motors perform this work successfully despite the highly

noisy media in which they live.

To perform these tasks, molecular machines must obtain

energy from the hydrolysis of nucleotides such as ATP or

from the membrane electrochemical potential. For instance,

kinesin is a molecular protein delivering vesicles in the cell

using microtubules as tracks. Kinesin transforms the ATP

hydrolysis energy into translational motion. Kinesin is

a linear motor (1) but rotatory motors also exist, such as

bacterial flagellar motor (2) or F0F1-ATP synthase (3).

In particular, the F0F1-ATP synthase is a complex

machine composed of two main rotatory units (F0 and F1)

that act as two coupled motors. Both units F0 and F1 are

joined through the central g-shaft, which transmits the rota-

tory motion between them (3). When the F0 motor dominates

the motion, it transforms a proton gradient into a rotatory

motion that is used by the F1 motor part to catalyze ATP

synthesis out of its hydrolysis products. Furthermore, in

the reverse way, the F1 can perform the opposite task of

hydrolyzing ATP and transmitting the mechanical motion

to the F0, which acts now as an ion transmembrane pump.

Moreover, the F1 can be isolated to study the mechanical

properties of the rotation induced by the ATP hydrolysis

process. This is designated ‘‘F1-ATPase’’. We are interested
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in this setup. The experimental situation for our study is

described below.

Our quantitative study is focused on the extensive amount

of experimental data from the F1 obtained from the thermo-

philic bacterium PS3. The extension to F1 motors from other

organisms (4,5) can be performed by pursuing the same

methodology as presented here.

In the experimental setup, different loads are attached to

a bulge in the g-shaft (6), and their rotation angle can be

measured with laser dark-field microscopy, enabling us to

obtain data for a wide range of different dissipative loads

gL and nucleotide concentrations [ATP] (4,7,8). The exper-

imental output is a series of trajectories of the rotational

angle of the load, which can be identified with the rotational

angle of the motor axis q(t). From this information the mean

angular velocity can be obtained. This empirical information

and data from some of the more-recent studies in the litera-

ture (9–12) constitute the starting point of our study.

Short time experimental observations show that the

motion of the load is discretized in single main steps of

one-third of a turn (7),

Dq0 ¼ 2p=3 ð120�Þ;

coinciding with the conformational symmetry of the F1 unit

(formed by a cycle of three ab-subunits). The steps are sepa-

rated by ATP dwell waiting times in which the shaft does not

advance. It is thus accepted that the g-shaft has one steady

state in each ab-subunit and that the hydrolysis of one

ATP induces a conformation change of the pair ab with

the final result of one step, Dq0, of the g-shaft (13). More-

over, experiments with higher resolution reveal that each

step is divided in two consecutive substeps of ~80� and

~40� (8,14). This fact implies that two different dynamical

stroke processes occur. The values of these empirical torques

are of special relevance for an appropriate choice of the

model.
doi: 10.1016/j.bpj.2010.02.027
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By using longer time trajectories, the mean angular velocity

of the load can be calculated as

u ¼ angle=time:

This allows us to obtain the dependence relation between

the mean velocity with friction of the load gL or the ATP

concentration (1). Two important facts are observed in

experimental data when varying the friction of the load:

For loads below a certain value, the velocity of the motor

saturates, whereas for larger loads, the velocity is indepen-

dent of [ATP]. The velocity relation with [ATP] follows

a Michaelis-Menten law behavior, as expected from its enzy-

matic nature: for low values of ATP concentration, the

velocity is proportional to it and it saturates at high values

(8). Moreover, in the low [ATP] regime, the velocity does

not depend strongly on the friction of the load. This is

a signature of dissipative torques. A different dependence

is observed for conservative forces as those in kinesin exper-

iments (15).

In addition, another set of recent experiments gives extra

experimental information. The hydrolysis free energy of

the ATP has been used as a control parameter (9). In these

experiments, the value of the free energy is observed to affect

the dwell times. This result supports the enzymatic nature of

the dwell times. Other experiments have been performed by

using assisting or hindering conservative torques that show

strong effect in both mean velocity and dwell time (10,11).

In this article, we will take into account all these experi-

mental facts to propose a theoretical physico-chemical

model. The structure of it is the following. In the next

section, we perform a deterministic analysis of the most rele-

vant mechanisms, which gives a preliminary but very reli-

able predictive information to interpret the experimental

data and to support an analytical basis of the mechanico-

chemical steps involved. With this information, a flashing

ratchet model is proposed that returns a proof of the substep

sizes and torques. Then the stochastic complete model is

solved by using numerical simulations with emphasis in

the energy balances and the error rates. Finally, we draw

the conclusions.

Deterministic analytical approach

The experimental data can be classified in two sets: the short

timescale measures in which the step-by-step movement of

the shaft is observed; and the long timescale data that shows

the mean velocity relation. These sets of results are not inde-

pendent. Our theoretical analysis of the short-time behavior

leads to the prediction of the long-time behavior.

Mean angular velocity prediction

We initially consider only the total angular step of one-third

of a turn, Dq0 ¼ 2p/3. As this value is fixed by the biochem-

ical structure of the motor, the final mean velocity u of the

shaft will be determined by an estimation of the time inter-
Biophysical Journal 98(11) 2591–2600
vals ti of the different processes involved to perform this

step (16):

u ¼ Dq0P
i ti

: (1)

Although the number of possible ti could be large, we will

consider here a minimum set of three: an internal time t0;

the dwell time t1; and the mechanical time tmech.

The first time value, t0, is an internal independent time that

has to be estimated from experimental data. This time

includes all the intrinsic times of the motor (such as catalytic

dwells) that do not depend on the ATP concentration.

The second time value, t1, is the ATP dwell time (i.e., the

time for the ATP to reach the empty catalytic site of the

motor). It is inversely proportional to the ATP concentration:

t1 ¼ t0

kMM

½ATP�: (2)

The addition of both times t0 and t1 is responsible for the

Michaelis-Menten behavior of the motor. It can be under-

stood in terms of a minimum dwell time t0 for the ATP satu-

ration regime and a simple dependence on [ATP] through the

affinity constant kMM. Due to the enzymatic nature of these

times, they will be referred to herein as ‘‘chemical times’’.

As there is no net movement of the shaft during the chem-

ical times, the parameters t0 and kMM can be extracted from

the experimental information of the dwell times in the rest

state, by fitting a Michaelis-Menten dependence, following

the same procedure as in Yasuda et al. (8). The parameter

values obtained are t0 ¼ 2 ms and kMM ¼ 17 mM.

The remaining process is the power stroke involved in the

mechanical motion along the angular step Dq0 that lasts

a time tmech. To find an expression for tmech, it is necessary

to characterize the dynamics of the shaft. Assuming that

there is a tight coupling between motor and load (we will

check this assumption below), and that molecular motors

live in a very small Reynolds number medium (no inertial

contribution is considered), the angular velocity umech of

the load under a torque t follows that

ðg0 þ gLÞumech ¼ ðg0 þ gLÞ
Dq0

tmech

¼ t; (3)

where g0 is the effective internal friction of the shaft and gL

the friction of the load. The motor torque exerted on the shaft

is approximated by

t ¼ DGATP

Dq0

; (4)

where DGATP is the available free energy from the ATP

hydrolysis. From Eqs. 3 and 4, we find that the mechanical

time is

tmech ¼
Dq0

umech

¼ ðDq0Þ2
g0 þ gL

DGATP

: (5)
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FIGURE 1 Mean angular velocity u (revolutions per second) of the F1

motor versus experimental control parameters: load friction gL and ATP

concentration. Experimental data (triangles) scanned from figures of Yasuda

et al. (8), and derived from deterministic theoretical prediction (Eq. 6) (line).

(a) Velocity-versus-load for two ATP concentrations. (b) Velocity-versus-

[ATP] for two load frictions.
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The present time classification, in terms of chemical and

mechanical times, is based on dwell and stepping times

and is not intended for the separation of the mechanical and

chemical mechanisms of the motor. Indeed, mechanical and

chemical regimes are always mixed and have to be addressed

at the same time.

Now we are ready to write a simple but explicit expression

for the mean velocity (Eq. 1) as a function of the external

control variables: gL and [ATP],

u ¼ Dq0

t0

�
kMM

½ATP� þ 1
�
þ ðDq0Þ2g0 þgL

DGATP

: (6)

This explicit formula is the first analytical result of this

article. Parameters t0 and kMM are taken directly from exper-

imental data in Yasuda et al. (8). The choice of a value for the

friction parameter g0 needs an explanation. Although the

value of the friction of the load can be calculated (4,7) and

the value of the ATP hydrolysis energy is delimited, the

value for the friction coefficient of the shaft is not well

known and should be estimated from experimental data. In

Yasuda et al. (8) the velocity versus the friction of the load

(Fig. 1 a) shows a saturating regime or plateau for gL <
0.001 pN nm s. This limit corresponds to the situation in

which the friction of the shaft is larger than the friction of

the load (g0 [ gL), and therefore, variations of the friction

of the load can be neglected. On the other hand, for high

values of the friction of the load, gL > 0.1 pN nm s, a log-

log relation is found between the velocity and the friction

of the load. This is the zone in which the friction of the shaft

can be neglected over the friction of the load (gL [ g0).

Therefore, a value for the friction of the shaft is expected

between 0.001 and 0.01 pN nm/s. A better refinement of

these values can also be obtained by fitting our analytic

formula versus experimental data (see Table 1). These

parameter values are in agreement with the estimated values

of Yasuda et al. (8). In Fig. 1 we can see that our analytical

expression matches well with experimental data.

The mechanical torque predicted by this description

returns the commonly used value t x 40 pN nm for

DGATP x 80 pN nm.
TABLE 1 Parameters used for the comparison between the

deterministic analysis (Eq. 6) and the experimental data (8)

Model parameters Symbol Fit value

Chemical internal time t0 0.0023 s

ATP affinity constant kMM 18 mM

Shaft friction coefficient g0 0.005 pN nm s

ATP hydrolysis energy DGATP 80 pN nm
Substeps

A more-accurate time observation of the experimental trajec-

tories reveals that the main discrete step of 120� is divided

in two correlative substeps of sizes ~80–90� and ~40–30�,
respectively (8,14).

The substepping mechanism can be related with two

different energetic steps. In the first substep, associated with

the ATP binding and hydrolysis, a deformation of the catalytic

zone of the b-domain appears and the shaft advances ~80�,
whereas in the second substep, associated with the release

of the chemical products, part of the hydrolysis energy, prob-

ably stored in elastic form, is recovered now by completing
the second substep of ~40� (8,13). This interpretation is

compatible with the analysis performed in Hirono-Hara

et al. (11).

The presence of two substeps implies that the mechanical

time (Eq. 5) should be divided in two subintervals, tmech1

and tmech2, one for each stroke. Following the previous

dynamical analysis (Eq. 4), the torque of each step may be

written as
Biophysical Journal 98(11) 2591–2600



FIGURE 2 Dynamics of the two-states flashing ratchet model. (A1, A2,

and A3) Detailed dynamics along the complete nth step. The step involves

two flashes of the potential that perform two different strokes. The nth step

starts when the motor switches the relaxed state potential VR(q, n) (A1) to

the excited state potential VE(q, n) (A2) so VE(q, n) produces a torque t1

that moves the shaft to the minimum of VE(n), therefore performing the

first substep. The length of the first substep is determined by the parameter

a (0.5 < a < 1). After this substep, the motor switches the potential from

VE(q, n) (A2) to VR(q, n þ 1) (A3) so VR(q, n þ 1) produces a torque t2

that moves the shaft to the minimum of VR(q, n þ 1), completing the second

substep. The step is then finished and the shaft rests in the next minimum

until a new excitation. In the scheme, the shaft is represented by a solid circle

in the steady states and by an open circle in the transient ones. Solid lines

show the potential acting on the g-shaft in the corresponding state, and

dashed lines indicate the periodicity of VR. (B) Merger of panels A1, A2,

and A3 for a compact visualization of the whole step including the relaxed

(solid line) and the excited (dotted line) potentials. Initial minimum is chosen

at q ¼ 0, allowing us to compare angular distances. Along the step, this is

equivalent to chose n ¼ 0. Dashed arrows indicate potential switching.
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t1 ¼
E1

Dq1

;

t2 ¼
E2

Dq2

¼ DGATP � E1

2p=3� Dq1

;

(7)

where E1, 2 and Dq1, 2 are the energies and angles of each

substep respectively, and the following constraints have

been used,

DGATP ¼ E1 þ E2;

Dq1 þ Dq2 ¼ 2p=3: (8)

The dynamics of the shaft needs a more detailed description

of the motor. The experimental data of single trajectories

point out that there are at least two main regimes of the

motor: a relaxed or steady-state regime that corresponds to

the regime in which there is no ATP in the catalytic site;

and an excited state in which the ATP reaches the motor

(where it is hydrolyzed) and the motor obtains the energy

required to advance one step. These two states can be

described by a flashing ratchet mechanism. This type of

approach has been frequently used in theoretical models of

molecular machines (17–19). As we will show, the substep

phenomenology emerges naturally for the flashing ratchet

description in which two advancing torques appear.

The relaxed or steady-state potential VR(q, n) (see Fig. 2,

top) is a symmetric ratchet with three minima in a whole

turn, and at the nth step is

VRðq; nÞ ¼
�V0

�
3q

p
� 2n

�
;

2p

3

�
n� 1

2

�
%q%

2p

3
n

V0

�
3q

p
� 2n

�
;

2p

3
n%q%

2p

3

�
n þ 1

2

� :
8>>><
>>>:

(9)

The excited potential VE(q, n) (see Fig. 2, middle) is a local

potential that depends on the corresponding step index n
of VR,
VEðq; nÞ ¼

�V1

a þ 1=2

�
3q

2p
� a� n

�
;

2p

3

�
n� 1

2

�
< q%

2p

3
ðn þ aÞ

V1

a þ 1=2

�
3q

2p
� a� n

�
;

2p

3
ðn þ aÞ < q%

2p

3

�
n þ 3

2

� :
8>>><
>>>:

(10)
In Fig. 2 the flashing ratchet mechanism over one step is

presented with the two conformations of the effective motor

potential, indicating that the two substeps and parameters are

also involved. The first substep and its torque takes place

after the transition from VR(q, n) to VE(q, n). The second sub-

step and its torque occurs after the transition from VE(q, n) to
Biophysical Journal 98(11) 2591–2600
VR(q, n þ 1), completing the whole step. The key point in

this model is parameter a, which controls the first substep

size, Dq1 ¼ aDq0 ¼ a2p/3, where 0.5 < a < 1. Although
its value is approximately known from experimental data,

we present a theoretical derivation of it here.

Here, for the sake of simplicity, we will present the anal-

ysis of a particular case in which the values V0 ¼ V1 and

DGATP are fixed. This assumption reduces the number of

free parameters and the calculation becomes analytically
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FIGURE 3 Dimensionless mechanical time t ¼ ðDGATP=ðg0 þ gLÞÞtmech,

as a function of the parameter a. It shows a maximum for aM ~ 0.71 (dashed
line), which corresponds to a substep angle of ~85�.
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tractable. (In Section S1 of the Supporting Material, we

present the analysis of a more-general case, i.e., V0 s
V1(DGATP), which illuminates the relation of the model

parameters with DGATP. That analysis furnishes also the

prediction that the substep length does not depend very

much on the value of DGATP—thus remaining in a range

close to the one predicted by the case V0 ¼ V1.)

From the previous Eqs. 7–10 we see that torques, sub-

steps, and the potential parameter V0 are related by

E1 ¼ t1Dq1 ¼ V0

2a

1 þ 2a
; (11)

E2 ¼ t2Dq2 ¼ 2V0ð1� aÞ; (12)

and by imposing the necessary energetic constraint (Eq. 8),

one obtains

V0ðaÞ ¼
DGATP

2� 4a2

1þ 2a

: (13)

Under these circumstances the only free parameter in the

system is a, which will determine the length of the substeps

and their associated torques. It is expected that, due to evolu-

tion, molecular machines have to run in an optimal regime

compatible with the physical constraints of the system. As

there are more internal processes than the ones considered

here, we postulate that the optimum regime will correspond

to a maximum in the total mechanical time. This condition

will favor the energy transduction from chemistry to

mechanics.

The total mechanical time tmech can be evaluated as

tmech ¼ tmech 1 þ tmech 2 ¼ ðg0 þ gLÞ
�

Dq1

t1

þ Dq2

t2

�

¼
�

2p

3

�2ðg0 þ gLÞ
DGATP

�
2� 4a2

1� 2a

��
a2 þ 1

2

�
:

(14)

To find the value aM (for the parameter a) that maximizes the

mechanical time, we impose

dtmech=dajaM
¼ 0;

obtaining the maximum time condition

1� 2a2
M ¼ 0; (15)

giving the solution

aM ¼ 1=
ffiffiffi
2
p

x0:707;

which corresponds to a maximum with angular substeps,

Dq1 ¼ 2ap=3x84:85�; and Dq2x35:15�

(see Fig. 3). These values are in agreement with the angles

found experimentally. This is an important result of the

model, as the theoretical values found do not depend, in
this particular case, on any parameter of the model such as

the friction or the energy input.

From this description there are now two different

torques acting in the model whose magnitude depends on

the ATP hydrolysis energy and the substep angle, obtaining

t1 x 27 pN nm and t1 x 65 pN nm, respectively, for a

DGATP x 80 pN nm. For other F1 motors from other organ-

isms, similar torque values are expected because they only

depend on DGATP and the substep sizes.

Experimental measures on the excited potential are avail-

able through the study of the ADP-inhibited conformation.

The ADP-inhibited conformation corresponds with the state

where the first substep is completed but the system is unable

to flash to the relaxed potential. Experimental measures on

the ADP-inhibited conformation angular potential (11)

show that it matches up very well with the excited potential

used, and also presents an average torque smaller than 40 pN

nm. There are also experiments in the literature showing that

the torque is not constant along the whole step, but instead

has a defined angular distribution (20) oscillating at ~30 and

70 pN nm. Our theoretical result is also in agreement with

the low stall forces that were measured in experiments by

Watanabe-Nakayama et al. (10), as it is only needed to

oppose the smaller of the two torques to stall the motor.

(However, due to a conservative hindering force, quantifica-

tion of this latter argument does need to be contrasted with

the inhibition (21).)

The stochastic complete model

When the position of the load is observed in the experiments,

it presents large fluctuations. These fluctuations make it

difficult to appreciate all the substepping phenomenology.

Nevertheless, substeps can be observed for low [ATP] and

small loads. Here we will present a stochastic model that

exhibits this randomness, and whose results compare better

with experimental data.
Biophysical Journal 98(11) 2591–2600
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As it is usual in theoretical descriptions of molecular

motors based in flashing ratchet potentials, we start with a

Langevin equation in the overdamped limit. The equation is

written for the two degrees of freedom of our system: the

rotation angle of the shaft q, and the rotation angle of the

bead f, which is the measured variable (see Fig. 4). Both

variables are treated as separate entities because the shaft’s

bulge is not rigid (12). The joining potential of both units

has been chosen to be a harmonic potential of stiffness k,

VKðf; qÞ ¼
1

2
kðf� qÞ2: (16)

The equations of motion are

g0
_q ¼ �V

0
R;EðqÞ þ kðf� qÞ þ xðtÞ

gL
_f ¼ �kðf� qÞ þ xLðtÞ;

�
; (17)

where g0 and gL are the friction parameters of both variables;

k is the stiffness of the harmonic coupling between the shaft

and the load; and x(t) and xL(t) are Gaussian, and are white

thermal noises that are fulfilled by the relations

hxðtÞxðt0Þi ¼ 2g0kBTdðt � t0Þ; (18)

hxLðtÞxLðt0Þi ¼ 2gLkBTdðt � t0Þ: (19)

All the dynamics are determined by the flashing ratchet

potential VR, E (introduced in Eqs. 9 and 10, and in Fig. 2),

which acts directly on the shaft. As our interest here is to

analyze the experiments with a dissipative load, we have
FIGURE 4 Scheme of the F1ATPase motor and the attached load with the

main variables and parameters used in the models.
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not considered a conservative torque in the expressions in

Eq. 17 (although it can be included).

The movement of the load is governed by the forces trans-

mitted by the shaft through the linking term k(q � f). The

rigid shaft-load limit can be recovered by setting q � f ¼
0, which reduces the system to a one-variable problem,

ðg0 þ gLÞ _q ¼ �V
0

R;EðqÞ; (20)

with a new noise correlation,

hxTðtÞxTðt0Þi ¼ 2ðg0 þ gLÞkBTdðt � t0Þ; (21)

which is equivalent to the equation used above for the deter-

ministic guess, but with an additional white noise term, and

an effective friction coefficient geff h g0 þ gL.

For a full representation of the model, we need to propose

the values of the mean times tR and tE that the system spends

in the relaxed and excited states, respectively. The time in the

rest state tR has two contributions: the ATP dwell time s for

a new ATP binding event; and the mechanical time tmech 2 of

the second substep once the excitation is finished. This is

tR ¼ tmech 2 þ s: (22)

The dwell time s is a stochastic process with a mean value of

t1 (Eq. 2). As the probability to absorb an ATP molecule is

time-independent, the ATP dwell time probability distribu-

tion follows an exponential behavior of

PEðsÞ ¼
1

t1

e�s=t1 : (23)

The time tmech 2 needed to complete one of the mechanical

processes cannot be defined quite as straightforwardly due

to its complex mechano-chemistry. A constant time to

make the process may be expected if related with the set of

coupled reactions needed to perform the step (13). A reason-

able time for this process corresponds to the deterministic

mechanical time previously obtained in Eq. 14. Therefore,

the excitation does not finish when the shaft reaches the

energy minimum of the substep but when the time to perform

the process finishes. In this interpretation, mechanical and

chemical times are not independent, but instead, mixed in

the ratchet states, as it is found experimentally (10,11).

By following the same analysis, it is found that the time

the motor spends in the excited state tE involves two subin-

tervals: the mechanical time tmech 1 to perform the first

stroke; and the catalytic time t0. It is

tE ¼ tmech 1 þ t0: (24)

These subintervals are plotted in Fig. 5. As in the previous

case, the mechanical time tmech 1 is evaluated according to

the expressions given by the deterministic analysis in Eq. 14.

In this model the source of stochasticity is twofold: the

thermal noises affecting the trajectories of the shaft and the

load; and the ATP waiting time s, which follows an exponen-

tial distribution (see Eq. 23).



FIGURE 5 Simulated trajectory fragment in which the different character-

istic time lapses are indicated. The figure also differentiates the times where

the excited potential VE is active (shaded zones) from the times where

the relaxed potential VR is active (nonshaded zones). For the sake of a

better visualization, particular parameter values used are [ATP] ¼ 2 mM

and gL ¼ 0.1 pN nm. For this case the characteristic timescales are of the

same order.
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FIGURE 6 Mean angular velocity u of the stochastic F1 motor. Experi-

mental data (triangles) scanned from figures of Yasuda et al. (8) and derived

from numerical simulations of the stochastic model (Eq. 17) (circles).

(a) Velocity-versus-load friction for two different ATP concentrations.

(b) Velocity-versus-[ATP] for two different load frictions. Dashed lines

connect the numerical points.
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Numerical simulation results

Taking these definitions into account, we have to proceed

now with the explicit details of the simulation algorithm.

Stochastic equations describing the complete model (Eq. 17)

have been numerically simulated. Stochastic trajectories

have been obtained by using a Heun method (22) for the

numerical integration of the Langevin equations in a partic-

ular system state.

In Fig. 5, a complete step is plotted. The numerical trajec-

tories are very similar to the experimental ones. We can see

two differentiated regimes: the strokes during the advancing

steps; and the plateaus during the dwell chemical activity.

The behavior of the mean velocity numerically obtained

(Fig. 6) is very similar to the one predicted by the determin-

istic prediction (Eq. 6). However, the stochastic model fits

better to experimental data for large values of the load

(Fig. 7). For these values, the system exhibits missing events

and the coupling ratio is <1. These missing events can be

considered theoretically in the deterministic analysis obtain-

ing a relation between coupling ratio and load friction. This

calculation is presented in the next subsection.

In the simulation, a value of DGATP ¼ 90 pN nm for the

hydrolysis energy has been used, which is a little higher

than that of the deterministic fit. For this new value the two

torques are slightly increased, obtaining t1 ¼ 30 pN nm and

t2 ¼ 73 pN nm.

Recent experiments show that the stiffness of the shaft is

~750 pN nm (12). In our simulations, we observe that the

performance of the motor does not depend on the flexibility

of the shaft for k > 200 pN nm (see section S3 in the

Supporting Material), which justifies the simplification in
Eq. 20. For the simulation, a value of k ¼ 500 pN nm was

chosen for this parameter regime.

It is worth discussing here the energetics of the model.

The energy transduced from the chemical energy of an ATP

molecule into motion of the shaft in the model can be evalu-

ated in each integration step ti of the simulation from the equa-

tions of motion, using the equation

DEinðtiþ 1Þ ¼ V½qðtiþ 1Þ� � V½qðtiÞ�: (25)

In Fig. 8, it is observed that the energy is supplied to

the motor in two stages, corresponding with the two torques

of the system. Furthermore, we observe that the energy

supplied by the ATP is consumed independently of the

success of the step, so there is also energy consumption for

missing steps. This follows from the dissipative and random

nature of the system.
Biophysical Journal 98(11) 2591–2600
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An analytical approach to the coupling ratio

Let us now analyze the relation between an ATP consumed

and a successful step: failed steps reduce the coupling ratio

of the motor. For viscous friction of loads <0.01 pN nm,

the coupling ratio of the motor is constant and near to 1,

i.e., each ATP consumed corresponds to a successful step.

However, there is a reduction of the coupling ratio for larger

loads, in the zone where the mismatches with the determin-
FIGURE 8 Numerical simulation of a trajectory of the load showing two

ATP hydrolysis processes where the excited potential VE duration is marked

by shaded zones. The first excitation results in a failed step, whereas the

second results in a successful one. (Top) Angular trajectory of the load

f(t). When the excitation begins, the excited potential tries to perform the

first substep driving the shaft to the minimum of VE (dashed line), but if

the shaft does not exceed the angular position of the maximum of the relaxed

state VR (dot-dashed line) at the end of the excitation, the shaft returns to the

initial minimum of VR. (Bottom) Energy transferred during the evolution.

Parameter values used: [ATP] ¼ 2 mM and gL ¼ 0.1 pN nm s.
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istic guess are larger (Fig. 7). This is a clear signature of the

inclusion of fluctuations in the model.

These failures happen mostly at the relaxation of the

potential, upon switching from the excited to the rest poten-

tial, if the g-shaft is not able to arrive on time to the next

relaxed dip (Fig. 8). This occurs mainly for large values of

the friction of the load, when the dynamics of the system

shaft-load is slow. Thus, considering that this is the only

source of failure, an approximation for the coupling ratio

can be obtained which is an upper limit for the coupling ratio.

This can be computed by solving the corresponding Fokker-

Planck equation for the evolution of the probability distribu-

tion of the load during an excitation. The coupling ratio can

be computed as the fraction of the distribution probability of

the shaft that has surpassed the maximum of the relaxed

potential when the excitation finishes (Fig. 9). Under this

assumption, our analytical prediction for the coupling ratio

CR(gL) is

CRðgLÞ ¼
crðNÞð1� cr0Þ

1� crðNÞ þ cr0 � crðNÞ
1� crðNÞ crðgLÞ; (26)

with

crðgLÞ ¼
1 þ erf

 
hqitE�p=3ffiffiffiffiffiffiffiffiffi
hDq2i

p
tE

!

2
; (27)

where cr0 is an estimation of the maximum coupling ratio,

and hqitE and hDq2itE are an estimation of the average and

variance of the position of the shaft at the beginning of

the stroke, respectively. (The value of the constant cr0, the

dependence of hqitE and hDq2itE with the friction of the

load, and the explicit details of the derivation of these

expressions, are indicated in Section S2 in the Supporting

Material.)

We see in Fig. 10 that CR(gL) is a good predictor for the

coupling ratio of the motor for all values of the friction. This

result is interesting, as it constitutes an analytical approxima-

tion for the velocity of the motor which includes stochastic

effects.
FIGURE 9 Scheme for the evolution of the probability distribution func-

tion of the shaft during an excitation. The shaded portion of the tail of the

distribution at a time tE has been considered to be the probability to fail

the excitation and fall back to the previous rest state. (Solid straight lines)

VR; (dashed lines) VE.



0,0001 0,01 1 100
gL (pN nm s)

0,7

0,8

0,9

1
co

up
lin

g 
ra

tio
[ATP] = 2 mM
[ATP] = 2 mM
CR(gL)

FIGURE 10 Results for the theoretical predicted coupling ratio (thick

line) versus the viscous friction of the load for different ATP concentrations.

(Triangles joined by lines) Numerical simulation data.

F1-ATPase Data Theoretical Analysis 2599
CONCLUSIONS

Using the experimental information of the F1-ATPase

molecular motor from the thermophilic bacterium PS3, we

have proposed a simple calculation tool and a ratchet

flashing model to interpret experimental data. Our approach

can be applied to other motors of the same family such as

those of Escherichia coli (4) by changing specific values

of t0, kMM, and g0. These values will imply different mechan-

ical times, but the stroke values have to be very similar,

because they are related to DGATP and Dq0 (which are

common to both motors).

In a first approach, we have presented a deterministic

analytical calculation to obtain a generic formula for the

angular velocity u([ATP], gL). This expression fits in quite

well with the experimental data and gives information about

the relevance of the different parameters of the system and

their main variables: ATP concentration and load friction.

In a second approach, we have developed a two-state

ratchet model that reproduces the experimental substep sizes

directly from minimization arguments independently of the

magnitude of the variables involved in the problem. Despite

the simplicity of the model, it is interesting to see how the

introduction of different mechanical substeps is able to

explain the appearance of different torques during one

step; this is compatible with the energetics of the hydrolytic

process.

A more-inclusive model was then proposed, introducing

the thermal fluctuations, excitation, and relaxation rates of

the ratchet potential, and the stiffness of the joint between the

load and the shaft. Thermal fluctuations were introduced

by means of a Langevin force, while the rates were found

by relating the different times of the motor with the nature

of the different processes involved in one step. For this

model, a better fit with the experimental data was found,
especially for large values of the load when failed steps are

observed. We also performed a study of the failed steps

obtaining an analytical approximation for the coupling ratio

of the motor.

Finally, our approach has a predictive power that can

stimulate new experiments for this motor (for example, in

determining the substep sizes dependence of DGATP and

the particular values of the torques associated with each

substep).
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