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Abstract

This paper is concerned with the qualitative analysis of two models (Bonhoeffer et al., Proc. Natl.
Acad. Sci. USA 94 (1997), 12106-12111) for different treatment protocols to prevent antibiotic
resistance. Detailed qualitative analysis about the local or global stability of the equilibria of both
models is carried out in term of the basic reproduction number Rg. For the model with a single
antibiotic therapy, we show that if Ry < 1, then the disease-free equilibrium is globally
asymptotically stable; if Ry > 1, then the disease endemic equilibrium is globally asymptotically
stable. For the model with multiple antibiotic therapies, stabilities of various equilibria are
analyzed and combining treatment is shown better than cycling treatment. Numerical simulations
are performed to show that the dynamical properties depend intimately upon the parameters.
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1 Introduction

Infections caused by antibiotic-resistant bacteria, such as methicillin-resistant
Staphylococcus aureus (MRSA) and Vancomycin-resistant enterococci (VRE), are
increasing rapidly throughout the world and pose a serious threat to public health (Levy and
Marshall, 2004; Grundmann et al., 2006; Spellberg et al., 2008). The transmission dynamics
of antibiotic-resistant bacteria in hospitals are complex which involve the patients, health
care workers, and their interactions. Antibiotic exposure is crucial to the emergence and
spread of these resistant bacteria (D’Agata et al., 2007). Compared to infections caused by
antimicrobial-susceptible bacteria, infections with antimicrobial-resistant bacteria cause
higher mortality rates, longer hospital stays and greater hospital costs (Daxboeck et al.,
2006). It was estimated that in 2005 the deaths in patients with invasive methicillin-resistant
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S. aureus in the United Sates exceeded the total number of deaths due to HIVV/AIDS in the
same year (Klevens et al., 2007).

Recently, mathematical models have been extensively used to simulate the spread of the
antibiotic-resistant bacteria, to identify various factors responsible for the prevalence of the
antibiotic-resistant bacteria, to examine different antibiotic treatments, and to help design
effective control programs (Austin and Anderson, 1999; Bonhoeffer et al., 1997; Bonten et
al., 2001; Bergstrom et al., 2004; Webb et al., 2005; Boldin et al., 2007; D’Agata et al.,
2007). We refer to the survey papers of Grundmann and Hellriegel (2006) and Temime et al.
(2008) for more details and references on this topic.

To generate predictions concerning the effects of various patterns of antibiotic treatment at
the population level, Bonhoeffer et al. (1997) proposed two mathematical models. In the
first model, patients with bacterial infections may be treated with a single antibiotic. The
model consists of three ordinary differential equations:

L=A\ — dx — bx(y,+y, )+ ryywtrye+h(l — $)y,,
Lu=(bx —c = ry = fR)yy,
Lr=(bx — ¢ — r;)y,+fhsy,, (1.1)

where x(t), yw(t), and y,(t) denote the density of uninfected patients, infected by
sensitive(wild type) bacteria to the treating antibiotic, and infected by resistant bacteria to
the treating antibiotic at time t, respectively. We refer to Fig. 1A in Bonhoeffer et al. (1997)
for a chart diagram for the three compartment model. A is the recruitment rate of the
population, d is the per capita removal rate from the population, b is the transmission rate
parameter, c is the death rate of the infected host, which includes natural and disease-
associated mortality. r,, and r, are the rates of patients infected with wild type and resistant
bacteria recover from the infection in the absence of treatment. Patients infected with wild
type bacteria are removed from the wild type infected compartment at a rate th, where f is a
scaling parameter (between 0 and 1) reflecting the fraction of patients treated and h is the
maximum rate when all patients are treated. A fraction s of treated wt-infected develops
resistance during treatment. Bonhoeffer et al. (1997) considered treatment with a single
antibiotic and resistance to that antibiotic and analyzed the model to predict the
consequences of different usage patterns.

In the second model, two antibiotics A and B are used. The model takes the following form:

a=A— dx — bx(Yy+Ya+Yp+Yap) HrwYwHraYatpYo+rapYap (1 — @) fapYwth(1 — I (fat fo)ywt faYot foYat farYatye))s
%:(bx = ¢ = 1y = h(fa+ fo+ fap))Yw,
La=(bx — ¢ = ra = W(fo+ fab))Ya+ 1S faw
Le=(bx — ¢ = ry = h(fa+ fap))Yo+1S fyYs
d%b:(bx = ¢ = Tap)Yab+hS(fapVa+yp)+ faYb+ foYa) +qh fapYws

(1.2)

where the variables are x(t) for the susceptible, yy (1), ya(t), yp(t) and y4p(t) for patients
infected with wild type(wt), A-resistant(A-res), B-resistant(B-res), and AB-resistant(AB-res)
bacteria, respectively (see Fig. 1B in Bonhoeffer et al. (1997) for a chart diagram for the
model). A is the recruitment rate of the population, d is the per capita removal rate from the
population, b is the transmission rate parameter, c is the death rate of the infected host,
which includes natural and disease-associated mortality. ry, r, Iy and rap are the recovery
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rates of wt, A-res, B-res and AB-res infected, respectively; f,, f, and f5, reflect the fraction
of patients treated with antibiotic A, B, or AB, they fulfill the relation 0 < fy, fy, f3p < 1, and
fa + fp + fap < 1. his the maximum rate when all patients are treated. A fraction s or g of
treated wt-infected develop resistance with single antibiotic treatment or two antibiotics
treatment. Bonhoeffer et al. (1997) analyzed the population-level consequences of different
usage patterns of the two antibiotics and made various conclusions based on numerical
analysis of their models. In this paper we provide detailed qualitative analysis of the two
mathematical models (1.1) and (1.2), including the existence and stability of all possible
equilibria, and numerical simulations to support these conclusions.

We would like to make some remarks about the comparisons of models (1.1) and (1.2) with
the competition models of resources (see, for example, Amarasekar [1] and Smith and Li
[22]) and the multi-strain models in epidemiology (see Bremermann and Thieme [9] and
Webb et al. [25]). Firstly models (1.1) and (1.2) are not competition models since the two
strains of bacteria, sensitive and resistant, are not competitors. Secondly, patients infected
with the sensitive strain can be infected with the resistant strain due to the treatment of
antibiotics or the interaction from the contaminated health-care workers, and patients
infected with the resistant strain can be cleaned due to treatment. So models (1.1) and (1.2)
are different from the multi-strain models in epidemiology (see Bremermann and Thieme
[9]) and the two-resistant strains model studied by Webb et al. [25]. Moreover, our results
are not about which strain will win, it is about how the resistant strains establish in the
patients and how to control that.

The paper is organized as follows. In section 2, we consider the compartment model (1.1)
with a single antibiotic therapy and evaluate a threshold, the basic reproduction number Rq
(Brauer and Castillo-Chavez, 2000), for two cases: (i) in the absence of treatment fh = 0 and
(ii) with treatment fh > 0. The disease-free equilibrium always exists and is globally stable if
Ro < 1 and the disease-endemic equilibrium exists and is globally stable if Ry > 1. Section 3
is devoted to discussing the existence and stability of equilibria of the model (1.2) with
multiple antibiotic therapies. In order to understand how antibiotic usage patterns may be
optimized to preserve or restore antibiotic effectiveness, we consider four different modes of
antibiotic therapy, namely, (i) in the absence of treatment f, = f, = f5p = 0; (ii) cycling
treatment f; = 1, fp, = fap = 0 or fy = 1, f5 = fp = 0; (iii) 50-50 treatment £ — 4, —1, fap = 0; and
(iv) combination treatment f, = f, = 0, fap = 1. We present stability results for all different
cases. In section 4, we present some numerical simulations to illustrate the obtained results
and present a brief discussion.

2 The Model with a Single Antibiotic Therapy

In this section, we discuss the existence and stability of equilibria of the compartment model
(1.1). In this model, we assume that the fitness cost associated with resistance is manifest by
a higher rate of clearance of the infection (recovery) of hosts infected with resistant bacteria
relative to those infected with sensitive (r, > ry,) and the death rate of infected patients is
higher than that of susceptible one, that is ¢ > d (Bonhoeffer et al., 1997).

Because of the biological meaning of the components (x(t), yw (1), yr(t)), we focus on the
model in the first octant of R3. We first consider the existence of equilibria of system (1.1).
By some calculation, we find that system (1.1) has at most three equilibria:

c+ry

A d dr,
Eo=(A/d,0,0), E,= e arr

b -0, c b bl
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and

G (ctrtfh (= o= fRA =~ d(ckrt [)/D) fhs(A ~ d(ctrut[)/b)
R clry = ry = fh(1 = ) S elrr—ry— fR(1 = s) |

under certain conditions (to be specified later).

We define the basic reproduction number as follows

A A
Ro= max{ b b } .

d(ct+ry+fh)’ d(c+r,)

First we determine the stability of the disease-free equilibrium Eg. The Jacobian matrix of
system (1.1) at Eg is given by

—-d —%+ry+fh(1—5) %47,
JEO: 0 M —c—ry,—fh 0
0 fhs A —d—r,

We can see that Eg is locally stable if Ry < 1.

In the following, we shall study the existence and stability property of other equilibria of
model (1.1). We consider two cases.

2.1 In the absence of treatment

fh=0

We first consider the case of absence of therapy, that is fh = 0. To deduce the threshold for
the antibiotic resistance in the patient, we analyze the existence of equilibria and their

stability for model (1.1). Now the basic reproduction number is g,=_&_. By examining the

d(ctry)

linearized form of system (1.1) at the equilibrium, we obtain the following result.

Theorem 2.1—Assume th = 0, then g = B

i. If Rg<1,then system (1.1) has a disease-free equilibrium Eq = (A/d, 0, 0), which is
locally asymptotically stable.

ii. If Rg> 1, then system (1.1) has two or three equilibria, the disease-free equilibrium
Eo = (A/d, 0, 0), which is a saddle point and unstable, the nontrivial equilibrium

E,=

c+ry d(c+r,)(Ry—1) 0
b b b(/‘ b b

which is locally asymptotically stable, and another nontrivial equilibrium
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_[ctry 0 d(c+ry)(Ry — 1) 3 d(ry — ry)
"\ bc bc

’

which is unstable if it exists.

2.2 With treatment
fh>0

We first consider the case r, < ry, + fh. In this case

{ bA bA} bA
Ro=max

d(ctrot fh) diciry) [ —d(cir)

and system (1.1) has at most two equilibria, the disease-free equilibrium Eg and the
semitrivial equilibrium E,= (<, 0, &%) if Ry > 1.

The Jacobian matrix of system (1.1) at E, is

0 rr—ry— fh 0
d(1+r,/c)(Ry — 1) Jfhs 0

—Rod — “c(Ry— 1) —c—rp+ry+fh(1 —s) —c }

It follows that E, is locally asymptotically stable under the assumption of Ry > 1.

From the above discussion, we have the following result.

Theorem 2.2—Suppose r, <ry, + fh, then g,= s If Rp < 1, then system (1.1) has a
disease-free equilibrium Eg = (A/d, 0, 0), which is Iocally asymptotically stable. If Rg > 1,

then Eg is unstable, and the semitrivial equilibrium E,= (T 0, W) exists and is
locally asymptotically stable.

Next we discuss the case r, > ry, + th. In this case

bA

Ry=———
O d(ctry+ fh)

and system (1.1) may have three equilibria, the disease-free equilibrium Eg, the semitrivial
equilibrium with the resistant strain E, and a positive equilibrium E = (X, $iy, 7). For
convenience, we denote

S (rr — Iy — fh)(A - d((,'+i’w+fh)/b) 5 _th(A - d(c'f'rw_"fh)/d)

Y= C(i’r e fh(l — S)) s Y= (,-(}’,» - rw'f'f]’l(l - 5)) .
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From the expressions of y,, and 7, we know that £ exists if and only if Ry > 1. The Jacobian
matrix of system (1.1) at £ is

—d—bO+Y,) —c—Jfhs rr—ry— [h—c
JE: by, 0 0
by, Jhs fh+r, —r,

Therefore, the corresponding characteristic equation is
a2 +aya+az=0, (2.1)
where

al:b(}w"';'r)"'rr — Iy — fh+d,
ar=bc(Yy+Y)+b Y (ry — 1y — fh(1 = $))+d+r, — rp+fh,
as=bc y,,(r, — r, — fH(1 — 5)).

Furthermore, by the relation
(ry+fh - rr))wlr"'fhs )N]w:O’
we have

fhs

azsz Yw (l+m

) +b )N’W(r, — 1y — fh(1 = $)+d(r, — ry+fh).

Thus, in view of the new expression of ay, it is easy to see that a;, ap, ag > 0 and aja,—az >
0. By Routh-Hurwitz criteria (see Korn and Korn, 2000, Section 1.6-6(b)), all roots of
equation (2.1) have negative real parts. Therefore, when Ry > 1, the positive equilibrium £ is
locally stable. Thus, we have the following conclusion.

Theorem 2.3—Assume r; > ry, + fh, then Ro= g2 If Rg < 1, then system (1.1) has a

disease-free equilibrium Eqg = (A/d, 0, 0), which is locally asymptotically stable. If Rg > 1,
then Eg is unstable and the disease endemic equilibrium

E] B c+ryp+fh d(c+r,+fh)(r, —r, — fh)(Ro — 1) dfhs(c+r,+fh)(Ry— 1)
B b be(r, — 1y — fH(1 = 5)) " be(r, — 1y — fR(1 = 5))

is locally asymptotically stable. Furthermor, if ry>1+ roneefh, then the semitrivial equilibrium
with the resistant strain

Math Biosci. Author manuscript; available in PMC 2011 September 1.
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Cc+r,
E=\— :

d
20, - (etrt fR)Ro = 1) = (ry = 1y = f1)

exists and is unstable.

To explore the global stability of the positive equilibrium, we define the new variables

d d d
X:Xx’ YW:XyWs Yr:X.yr,
and parameters
~ o~ b~ n~ -~ h~ c
l:dl, ==, rp=—7,ry=—7,n=—,C =—.
L e A

Using these changes of variables and parameters, system (1.1) becomes

D] = X — BXE A Y+ Yt 7Y, f B (1= )Yy,
o= (X ¢ 7y~ ) e,

o= (X~ ¢ =F,) Y4 [ h Y,

dt (2.2)
with N(t) = X(t) + Yy(t) + Y,(t). The equation for the total population N is
d_{u —X-cYy—cCY,.
dt (2.3)

Clearly, NE€ (0, 1] since at the disease-free equilibrium N = X = 1 and the natural expectation
is that the spread of the disease in the population will reduce N (that is N < 1). Therefore, we
study the stability of the model (2.2) in the region

D={(X,Y,,Y,) € R3:0 < X+Y,,+Y, < 1}.
Consider the subset D™ of D given by

D*={(X,Y,,Y,) € D:X+ ¢ Y+ ¢ Y,=1}.

From (2.3), it is obvious that %:O in D, If X + Y, + ¢Y, > 1, then %<O and if X + CY,, +

cY, <1, then f[—?>0. It follows that D™ is a positively invariant set in D. Thus the w-limit set

Math Biosci. Author manuscript; available in PMC 2011 September 1.
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of each solution of model (2.2) is contained in D*. Moreover, it is easy to see that £ attracts
the region Dg = {(X, Yy, Y) ED 1 Y, =Y, =0}.

In the next result, we will show that there cannot be any closed orbit around the equilibrium.
Lemma 2.4—The model (2.2) has no periodic orbits, homoclinic orbits or polygons in D”.

Proof—Let fy, f,, f3 denote the three functions on the right hand sides in system (2.2),

respectively. Denote f = (fy, f5, f3)T (T denotes transpose), eX, Y, Y= -rx f, (wherer
= (X, Yw, YP)T), then

XYWY

g- [=0.

By straightforward calculation, we have in the interior of domain D that

. _ 083 _ 5 _ pA _ Ywrfh(-s) _ fhv LA _ iy
(curlg)| =55 — p=4p — Lofillos — [l b — o,
— _ 93,0 _ pA _ T wfhm Wiy
curlg),=— B+8=— br — 1p _ DURIWI
( 8 )2 X Ay dvr X T xy
— gz _ O3 bA _ l+ryYr _ rwtfh(=s) _ fhs
(curlg);= W dw X2y, 2 Xy *

Using the normal vector n= (1, ¢, ¢) on D, it can be shown that

curlg-(1,¢,¢)=—(c —1)—
urlg-(1,¢,)=~(c =1) XY, y? XY, X XY, X2, X2

In view of the assumption of ¢ > 1, we have that curlg - (1, C, C) is negative on D\&D. From
Corollary 4.2 in Busenberg and van den Driessche (1990), there are no solutions of the
stated type in D\@D. The desired result is obtained.

From Theorems 2.1, 2.2, 2.3 and Lemma 2.4, the following theorem can be obtained.

Theorem 2.5—For system (1.1), the following results hold.

i. Assume fh <r, — 1y, then system (1.1) has at most three equilibria Eg, E;, E with

Ro=g=22 If. Ro > 1 then the DFE Ey is globally asymptotically stable, if Ro <1,
Eo is unstable, the positive equilibrium E is globally asymptotically stable, the
semitrivial equilibrium E; is unstable if it exists.

ii. Assume fh > r, — ry, then system (1.1) has at most two equilibria Eg, E, with

Ro= 2. If Rp< 1, then the DFE Ey is globally stable, if Rp> 1, Ej is unstable, the
semitrivial equilibrium E, is globally asymptotically stable.

The above results can be summarized in the following chart (see Table 1. BRN=Basic
Reproduction Number).

3 The Model with Multiple Antibiotic Therapies

In this section we consider model (1.2), where we assume that the fitness cost associated
with resistance is manifest by a higher rate of clearance of the infection (recovery) of hosts

Math Biosci. Author manuscript; available in PMC 2011 September 1.
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infected with resistant bacteria relative to those infected with sensitive bacteria (r, > ry,) and
the death rate of infected patients is higher than that of susceptible one, that is ¢ > d
(Bonhoeffer et al., 1997).

Because of the components of (x(t), yw (1), Ya(t), Yo(t), Yan(t)) have to be nonnegative, we
focus on the model in the first octant of R°. We first consider the existence of equilibria of
system (1.2). For any values of parameters, model (1.2) always has a disease-free
equilibrium Eg = (A/d, 0, 0, 0, 0).

We first determine the stability of the disease-free equilibrium Eg. The Jacobian matrix of
system (1.2) at Eg is

-d ji2  Ji3 J1a Jis
0 Jj» 0 0 0
Jo=| 0  hsfa 33 0 0 |1,
0 hsfa O Jaa 0
0  hgfan hs(fa+fo) hs(fatfan) Jss

where

J12= = bAJd+ry+h(1 = @) fap+h(1 = )(Ja+fp),  j13= — bA/d+ra+h(1 = $)(fp+fap),

J1a=— bA/d+rp+h(1 — $)(fa+ fan), J15= = bA/d+rgp,
J22=bA/d — ¢ — ry, — h(fat fot+ fap) J33=bAJd — ¢ — rg — h(fp+ fap),
Jaa=bA/d — ¢ — r, — h(fa+ fap), Jss=bA[d — ¢ — rgp.

The eigenvalues of Jy are —d, jo, j33, jaa, j55. S0 from the expressions of j;i(i = 2, 3, 4, 5),
we can see that the steady state E is locally asymptotically stable if

bA/d — c<min{r,+h(fo+ fp+ fap) rath(fp+ fap), ro+h(fa+ fab)s Fab),
and unstable if
bA/d — c>min{r,+h(fo+ [+ fap), rath(fo+ fan), ro+h(fa+ fap)s Tab)-

By using the next generation operator approach as described by Diekmann, Heesterbeek,
and Metz (1999), we obtain the basic reproduction number as follows

bA 1
T d c+ min{r, +h(fut fit fap)s rath(fot fap)s ro+hCfat fab) Tap)

Ry

Observe that

Math Biosci. Author manuscript; available in PMC 2011 September 1.
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bA/d — ¢ — min{r,,
+h(fa
+fot Jab)s rath(fp
+ fap), rp+h(f,
+fab)s rap}=(Ro — 1) min{r,,
+h(fa
+ o+ fab) tath(fi
+Jab), rp+h(fa
+Jab)s Tab}-

We have the following result.

Theorem 3.1—For model (1.2), the disease-free equilibrium Eq is locally asymptotically
stable if Rg < 1 and unstable if Ry > 1.

In order to analyze the stability of other equilibria of model (1.2), we consider four cases.

3.1 In the absence of treatment

fa:szfab:o

Theorem 3.2—When f, = fy, = Ty, = 0, for system (1.2), there are at most five possible
steady state

Ey=(A/d,0,0,0,0),

Bum(5 2 - - 4,000, Eom (50,2 £~ .00,

Ep=(2,0,0,2 - ¢ - 42.0), Eq= (“*000——g—ﬁfy

The existence and stability of equilibria are described in Table 2.

Proof—When f, = f, = fap = 0, the Jacobian matrix of system (1.2) at the nontrivial
equilibrium E, is

—d-b(a —d—dvy —c —c—rytry —C—rytry —C—TIytrg
_b(% - % - %)YW 0 0 0 0
Je, = 0 0 Ty — Iy 0 0
0 0 0 Iy —1p 0
0 0 0 0 T'w — ¥ab

We can see that the eigenvalues of Jg,, are ry, — I, Iy — I'p, 'y — ap, and the roots of the
polynomial equation

A d dr A d dr
P ldvb| = - = = L) a+be[— - = - ==
+(+ (c b bc)) +C(c b bc)

Math Biosci. Author manuscript; available in PMC 2011 September 1.
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Thus, under the condition r,, < min{rg, ry, rap}, if Rg <1, namely a .« d 4 drw, the equilibria E,
Ea, Ep, Egp do not exist and the trivial equilibrium Eg is locally stable. It Ro>1,all
eigenvalues of Jg,, have negative real parts, so Ey is locally stable. Equilibria E,, Ep, Eqp are
unstable, since their corresponding Jacobian matrices have positive eigenvalues ry — ry, ry —
w: Fab — M, respectively.

For the other cases, the discussion is similar, we omit it here.

3.2 Cycling treatment
fa=1,fo=fypp=00rfy=1,f,=f;p=0

When fy = 1, fy = fap = 0, system (1.2) becomes

a=A- dx — bx(Yy+Ya+YotYap) truYwttaYatroYotrapYap+h(l — $)(Ywtyp),
bw=(px — ¢ — ry — W)y,
Ge=(bx — ¢ = ra)yathsy,,
“Vb—(bx —c—rp—h)yp,
b =(bx — ¢ = T'ap)Yab+hSYp. G.1)

It has at most five possible steady state

Eo=(A/d,0,0,0,0),
ety d_ drg cHap d _dra
Eo=(5%.0.2 ~ § - 52.0,0). Ep=(5%.0,0,0,% — § — Ge),
E c+rpth  (rg—r,—h)(A=d(c+r,+h)/b) hs(A—d(c+r,,+h)/b) 0 0
N e s O Tl ey
Cct+rpthn Fab—1rp—h C+rp+. S C+rp+
Elwb—( p 0.0, cap—ro=h(1=5))  ° cUap—ro—h(1-5)) )

The basic reproduction number is defined by

bA 1
d c+min{r,+h, rq, rp+h, rap}

Ro=

Theorem 3.3—When f, = 1, f, = f5, = 0, the existence and stability of equilibria are
described in Table 3.

Proof
i. Whenf,=1,f,="fy, =0, the Jacobian matrix of system (1.2) at the semitrivial
equilibrium E, is

—d—-b(4—4¢—-%) r+h(l-s)—c—r, —c r+h(l—s)—c—r, —c—rg+ry

0 Tq—Tw—h 0 0 0
Je,= b(A — 4 — da) hs 0 0 0

0 0 0 Ta—r1p,—h 0

0 0 0 hs Ta = Tab
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It follows that ry — ry, — h, ra — ry — h, ry — rap are the eigenvalues of Jg,, the other
two eigenvalues of Jg,, are the roots of the quadratic polynomial equation

A d dr A d dr
i ldvb| = - = = 2| a+bc| = - = - 2| =0.
+(+(c b bc)) +C(c b bc)

In view of the assumption and above discussion, the existence and stability the
equilibrium E, can be obtained. For the other equilibria, the discussion is similar,
we omit it here.

ii. The existence and stability of E,p is similar to that of E;, we omit it.

iii. By the expression of Eyy 5, we find that when ry, + h <rzand A <d(c + ry + b)/b,
the semitrivial equilibrium E, 5 exists. For the convenience of discussion, we
denote

— (ra—ry—h)(A —d(c+r,+h)[b) . hs(A —d(c+r,+h)/D)
" c(rg — rw —h(1 - 5)) YO e —re —h(1—5))

Then the Jacobian matrix of system (3.2) at the equilibrium E, 5 = ((c+ry, +f h)/b,
Yw: Va, 0, 0) has the form

—d—-b+y,) —-c—hs ro—c—r,—h rp,—c—n,—hs rgp—c—r,—h

by, 0 0 0 0
Jy, = by, hs rwth —r, 0 0
’ 0 0 0 - 0

0 0 0 hs rwth —rgp

It is easy to see that ry, — rp and ry, + h — ry, are the eigenvalues of Jg,, .. After
some algebra, we can find that the other three eigenvalues of Jg, , are the roots of

2 +a1/12+a2/l+a3 =0

with

a1=bQ,+y,)+d+r, — 1, — h,

ra—rw—nh

a3=bF,(r — 1o — h(1 = 5)).

W=bCG+3a)+09,,(ra — 1y — h(1 = $)Y+d(ra — 1y — D)=bcP,, (g +1) +59,(ra — 1y — h(1 = ) +d(rg — 1y — h),

From the expressions of aj, ay, as, it is easy to see that under the assumption ry, + h
<min{r,, ry + h, rap}, we have ay, ap, az > 0 and ajay — ag > 0. Therefore, by
Routh-Hurwitz criteria (Korn and Korn, 2000), the local stability of Ey, 5 is
obtained. Equilibria E, E4p and Ep 4 are unstable since their corresponding
Jacobian matrices have positive eigenvalues ry —ry, —h, rgp —ryw—h, rp — ry
respectively.

iv. The existence and stability discussion of Ey, 4y is similar to that of E, 5, we omit it
here.
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The case that fy, = 1, f; = fap = 0 can be analyzed similarly and analogue results can be
obtained.

3.3 50-50 treatment fa=fp=1 fap=0

When fo=fp=1b fap = 0, system (1.2) becomes

%:A — dx — bx(Yy+Yat+Ypo+Yap) FrwYwtraYa+pYo+rapYap+h(1l — S)(yw"'%}’a"'%yb)y

d

%:(bx —c =1y — h)yy,
JY G
%:(bx —C—rg— Dyatisyw,
d
Ge=(bx — ¢ — 1y — L)yp+hisyw,

Lb=(bx — ¢ = Iap)Yab+ $50Va+Yp). 3.2)

It has at most five possible steady state

_ _ | ctr, dr,
Ey=(A/d,0,0,0,0), Eg=(=,0,0,0,2 — ¢ — %),
E. o= (a2 () Capmrah/DAdictrath/D/b) () hstA=d(ctrg+h/2)/b)

a,ab I rop—ra—T1=5/2) s Vs D —ra-h1-9)/2) ) *
_(crrprh/2 (rap=rp=h/2A=d(c+rp+h/2)/b)  hs(A=d(c+r,+h/2)/b)
Eb,ab_( 5, 0,0, = gy —h=5)]2) > ety ) *

E :('}7 yW’ ya, yl)» yab)»
where

T ctrw+h
X = b

~ -1
— hs/2 hs/2 hs/2 bA-d(c+rw+h)
yw_(l + (1 + rap—rw—h ) (ru—rw—h/’_) + rp=rw=h/2 )) 123 * ’
_ hs/2 by
ya— r,ﬁrwfh/lyw’
— hs/2 o
Vo= rr Y

—  hs/2 hs/2 hs/2
yab_ rap=rw=h (ru—rw—h/2 + ra=rw=h/2 ) Yw-

The basic reproduction number is defined by

_bA 1
T d c+min{r,+h, rg+h/2, rp+h)2, rap)

Ry

Theorem 3.4—When f, = f, = 1/2, f5, = 0, the existence and stability of equilibria can be
summarized in Table 4.

Proof—We find the steady states of system (3.2) by equating the derivatives on the left-
hand sides to zero and solving the resulting algebraic equations. The discussion
(acquirement) of the trivial or semitrivial equilibria are easy, we omit it here. Now we
consider the existence of the positive equilibrium.

From the corresponding second equilibrium equation of (3.2), we obtain the solution

X = corps, Substituting =crneth into the corresponding third, fourth, fifth equilibrium
equations of (3.2), we obtain
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h ~ hs~
rwt+—= — 14| Ya+—Y,,=0,
2 2 (3.3)

( o ); 5520
rwtz —1p|Vpt+—=w=U,
2 ) (3.4)

~ hS ~ ~
(ry+h — rab)yab+7(ya+yb):0- (3.5)

Combining equations (3.3), (3.4), (3.5) with the first one of (3.2), after some calculation we
obtain that

~ o~ o~ o~ ] ~ 1 d
Yw+Ya+Yp+Yap=—(A — d x)=— (A - Z(C+rW+h)) .
C C

Thus, when r, + h <min{ra + h/2, rp + h/2, ryp} and A>4(c+ry+h) System (3.2) hasa
unique componentwise positive equilibrium E£.

Linearizing system (3.2) about the positive equilibrium (X, J, 7a, P, ab) Yields the
Jacobian matrix

~d = DAYtV V) Futh(l=$) = DX r+M X ppt —bx  ry-bX

b Yy bx—c—r,—h 0 0 0
b Y s bx—c—ry—" 0 0
b Y 1 0 bX—c—ry—1t 0
b Yap 0 I Is bx—c—ra

Substituting X = (¢ + ry, + h)/b into Jz and expanding the determinant of the obtained matrix
M=Jg by the second row, after some calculation, it can be seen that the eigenvalues are
P+t — 1, ryp+t — 1y @Nd the roots of

2 +a1/12+a2/l+a3 =0,
where

al:b(;)w‘*';;a"';)b"';)ab)“'d‘*'rab — Iy — hv
ary=bc(VAYa+Vp+ T Yap) H DO +YatYp)+d) Fap — Fy — h)+E (Vg +Yy),
aSZbC(yw"'ya"'yb"'yab)(rab — Iy — h)
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It is noted that in the expression of a3, we have used the relation
hs ~ ~ N
T(ya"'yb):(rab = Iy — h)Yap.

From the expressions of aj, ap, as, it is clear that under the assumption ry, + h < min{ry + h/
2, rp + /2, rap}, we have aq, ay, ag > 0 and ajap — ag > 0. Therefore, by Routh-Hurwitz
criteria (Korn and Korn, 2000), the stability of the positive equilibrium £ is established.

3.4 Combination treatment
fa:szo,fab:].

When f, = f, = 0, f3p = 1, system (1.2) becomes

L=A — dx — bx(Yy+Ya+Yp+Yap) F rwYw T aYa+ oY+ apYap+h(1 — Qyy+ha(1 = $)(YVa+yp),
Su=(bx — ¢ — ry — WYy,
d‘“ _(bx —C¢—1q = h)ya,
‘1”' =(bx — ¢ — rp — h)yp,
d‘“b =(bx — ¢ = rap)yap+hsYa+yp)+hqy,. (3.6)

The basic reproduction number is defined as

bA 1
d c+min{r,+h, ro+h, rp+h, rgp)

0=

It has at most five possible steady state

Eo=(A/d,0,0,0,0), Ea,,_(c+'ub 0,0,0,4 -4 — d;‘b)’
a ab—"a=I)(A=d(c+r,+h)/b) hs(/\ d(c+r,+h)/b)
Ea b= c+ry+h 0 (rup—r. ’0
Epap= Ecw#« 0.0, TSN ety ) o dfmf,ﬁh)%)i
a h( ’ ab—"p—" 4
E (C‘Hw+h (rab— hrh)(l\( g(c&wih)/sb))) .00 ?q(('AI af(]c+§(w+h)}b))
wab={""p (rap=rw=h(1-q)) > c(rap—rw—h(1-9))

Similar to the discussion of the case f, = 1, f, = f;p = 0, we have the following conclusion.

Theorem 3.5—When f, = f, = 0, f5, = 1, the existence and stability of equilibria of system
(3.6) are described in Table 5.
4 Numerical Simulations

In this section, we perform some numerical simulations on the two models to illustrate the
results obtained in sections 2 and 3. For the purpose of simulations, we fix most of the
parameters in the models and let the other parameters vary.

For the model with single antibiotic therapy, we fix the values of A, d, b, s,cas A =10,d =
1,b=2,5=0.3, ¢ =1.5and initial values x(0) = 1.4, y, (0) = 1.0, y,(0) = 0.4, let the
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parameters ry, ry, f, h vary such that Ry > 1. When r, > r,, and f h = 0, the semitrivial
equilibrium with the wild type strain E, is stable (Figure 4.1(i)). When r,<r, +fhandfh
> 0, the semitrivial equilibrium with the resistant strain E, is stable (Figure 4.1(ii)). When r,
>r, + fhandfh>0, the endemic equilibrium with both the wild type strain and resistant
strain £ is stable (Figure 4.1(iii)).

For the model with multiple antibiotic therapies, we first consider the case in the absence of
treatment, that is, f5 = f, = fap = 0. We choose parameters A=10,d=2,b=1,q9=0.1,s=
0.3, ¢ =1.5,h =0.2 and initial values x(0) = 0.65, y,, (0) = 0.35, y,(0) = 2.4, y,(0) = 1.5,
Yab(0) = 0.2, and let ry, ra, 'y, rap and h vary such that Ry > 1. When r,, < min{rg, rp, rap},
the semitrivial equilibrium with the wild type strain E,, is stable (Figure 4.2(i)). When ry <
min{ry, o, Fan}, the semitrivial equilibrium with the resistant strain A E, is stable (Figure
4.2(ii)). When rp < min{ry, ra, rap}, the semitrivial equilibrium with the resistant strain B Ey,
is stable (Figure 4.2(iii)). When ryp < min{ry, ra, rp}, the semitrivial equilibrium with the
resistant strains A and B Egy, is stable (Figure 4.2(iv)).

Next we consider the case with cycling treatment, that is, f; = 1, f, = f3p = 0. Choose
parameters A=10,d=2,b=1,9=0.1,s=0.3,¢c= 1.5, h = 0.2 initial values x(0) = 0.65, y,,
(0) = 0.35, y5(0) = 2.4, yp(0) = 0.5, y4p(0) = 0.2, and let ry, ra, Iy, Fap and h vary such that Ry
> 1. When ry < min{ry, + h, ry + h, rap}, the semitrivial equilibrium with resistant strain A
E, is stable (Figure 4.3(i)). When rg, < min{ry, + h, ra, rp + h}, the semitrivial equilibrium
with the resistant strains A and B Egy, is stable (Figure 4.3(ii)). when ry, + h < min{rg, rp + h,
lapb}, the semitrivial equilibrium with wild type strain and resistant strain A E, 5 is stable
(Figure 4.3(iii)). (iv) when ry + h <min{ry, + h, ry, rap}, the semitrivial equilibrium with
resistant strain B and both strains Ey, 5y, is stable (Figure 4.3(iv)).

Now we consider the case with 50-50 treatment, that is, fa=fy=h fap = 0, Choose the
parameters A=10,d=1,b=1,9=0.1,s=0.3,c =15, h=0.2, initial values x(0) = 0.45,
Yw (0) = 0.35, y4(0) = 1.4, y,(0) = 0.9, yap(0) = 2.6, and let r, ra, Iy, Fap and h vary such that
Ro > 1. When rgp < min{ry, + h, ra + h/2, rp + h/2}, the semitrivial equilibrium with both
resistant strains A and B E,, is stable (Figure 4.4(i)). When r4 +h/2 < min{r,, +h, ry +h/2,
rap}, the semitrivial equilibrium with resistant strain A and both resistant strains A and B

Ea ab is stable (Figure 4.4(ii)). When ry + h/2 <min{r,, + h, ry + h/2, ry, }, the semitrivial
equilibrium with resistant strain B and both resistant strains A and B Ey, 5y is stable (Figure
4.4(iii)). When r,, +h < min{r, +h/2, ry +h/2, rop}, the positive equilibrium with all strains £
is stable (Figure 4.4(iv)).

Finally we consider the case with combining treatment, that is, f; = f, = 0, fy, = 1. Choose
parameters A=10,d=1,b=1,9=0.1,s=0.3,c =15, h = 0.2, initial values x(0) = 0.45,
Yw (0) = 1.5, y4(0) = 1.0, yp(0) = 0.5, yap(0) = 1.6, and let ry, ra, 'y, rap and h vary such that
Ro > 1. When rap < min{ry, + h, ry + h, rp, + h}, the semitrivial equilibrium with both
resistant strains A and B Egy, is stable (Figure 4.5(i)). When ry + h <min{r,, + h, r, + h,
rap}, the semitrivial equilibrium with resistant strain A and both resistant strains A and B
Ea ap is stable (Figure 4.5(ii)). When rp + h <min{ry, + h, rg + h, rgp}, the semitrivial
equilibrium with resistant strain B and both resistant strains A and B Ey, gy is stable (Figure
4.5(iii)). When ry, + h <min{ry + h, rp + h, rap}, the semitrivial equilibrium with the wild
type strain and both resistant strains A and B Ey gy, is stable (Figure 4.5(iv)).

5 Discussion

We provided qualitative analysis of models for different treatment protocols to prevent
antibiotic resistance. For the model with a single antibiotic therapy, we carried out a global
qualitative analysis and studied the existence and stability of the disease-free and endemic
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equilibria. In terms of the basic reproduction number T — results indicate
that when Rg < 1, then the disease-free equilibrium is globally asymptotically stable. If Ry >
1, when the rate of patients infected with wild type bacteria recover from the wild type
infected compartment (f h) is less than the difference of the rates of patients infected with
resistant bacteria (r;) and wild type (r,,) recover from the infection in the absence of
treatment, the endemic equilibrium with both strains is globally stable; when fh > r, —ry,
the semitrivial equilibrium with the resistant strain is globally stable. Which shows that
preventing the initiation or enhancing the discontinuation of unnecessary antibiotic therapy
will have a great impact to preserve antibiotic effectiveness (Bonhoeffer et al., 1997).

For the model with multiple antibiotic therapies, stability of various equilibria are analyzed.
The model allows quantification of the consequences of different therapy regimens and
hospital controls in terms of the complex dynamics of competing bacterial strains
(Bonhoeffer et al., 1997). The results show that, in the absence of treatment, when Ry < 1,
the disease free equilibrium is stable, when Rg > 1, the semitrivial equilibrium with the
strain which has the lowest recovery rate is stable. The results for the cases with 50-50
treatment, cycling treatment and combining treatment demonstrate the essential difficulties
in controlling the advance of resistant bacterial infections in hospitals. When more than one
antibiotic is employed, as shown by Bonhoeffer et al. (1997), Bergstrom et al. (2004),
Reluga (2005), D’Agata et al. (2008), cycling use of different antibiotics is not as good as
that with a combination of antibiotics.

An ultimate goal is to validate these models by applying it to a particular hospital to
compare the predicted endemic states with the prevalence data. We leave this for future
study.
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Figure 4.1.
Solution trajectories of the model with a single antibiotic therapy, the parameters A = 10, d

=1,b=2,5=0.3, ¢ =1.5and initial values x(0) = 1.4, y,y (0) = 1, y, (0) = 0.4 are fixed and
the parameters ry, Iy, f, h vary such that Ry > 1. (i) When r, > r, and f h = 0, the semitrivial
equilibrium E,, is stable; (ii) when r, <r,, + fhand f h > 0, the semitrivial equilibrium E, is
stable; (iii) when r, > ry, + f h and f h > 0, the endemic equilibrium £ is stable.
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Figure 4.2.

System (1.2) with no treatment, i.e. f; = fy = fp = 0, we choose parameters A =10,d =2, b
=1,9=0.1,5s=0.3,c=1.5 h=0.2, initial values x(0) = 0.65, yy, (0) = 0.35, y,(0) = 2.4,
Yp(0) = 0.5, yap(0) = 0.2, and let ry, ra, rp, Fap and h vary such that Ry > 1. (i) When r,, <
min{rg, Iy, rap}, the semitrivial equilibrium E,, is stable; (ii) when rgy < min{ry, rp, rap}, the
semitrivial equilibrium Ej is stable; (iii) when rp < min{ry, ra, rap}, the semitrivial
equilibrium Ey, is stable; (iv) when rg, < min{r, ra, rp}, the semitrivial equilibrium Egy, is
stable.
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Figure 4.3.

System (1.2) with cycling treatment, i.e., when f; = 1, f, = fy, = 0, we choose parameters A
=10,d=2,b=1,9=0.1,5=0.3,c=1.5,h=0.2, initial values x(0) = 0.65, y,, (0) = 0.35,
Ya(0) = 2.4, yp(0) = 0.5, y4p(0) = 0.2, and let ry, Iy, Iy, rap and h vary such that Ry > 1. (i)
When ry < min{ry, + h, rp + h, rap}, the semitrivial equilibrium E, is stable; (ii) when rg, <
min{ry, + h, ry, ry + h}, the semitrivial equilibrium Egy, is stable; (iii) when r, + h <min{r,,
Ip + h, rap}, the semitrivial equilibrium Ey, 5 is stable; (iv) when rp + h <min{ry, + h, ry,
rap}, the semitrivial equilibrium Ep ap is stable.
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Figure 4.4.

System (1.2) with 50-50 treatment, i.e., when ¢ — fo=1 fap = 0, we choose the same
parameters A=10,d=1,b=1,9=0.1,s=0.3,¢c= 1.5, h=0.2, the same initial values x(0)
=0.45, yy, (0) = 0.35, y5 (0) = 1.4, yp(0) = 0.9, yop(0) = 2.6, and let r, rg, 'y, rap and h vary
such that Ry > 1. (i) When rgp < min{ry, + h, ra + h/2, rp + h/2}, the semitrivial equilibrium
Eap is stable;(ii) when ry + h/2 <min{r,, + h, rp + h/2, rg, }, the semitrivial equilibrium

Ea ab is stable; (iii) when ry + h/2 <min{r,, + h, ry + /2, rap}, the semitrivial equilibrium
Ep ap is stable; (iv) when ry, + h < min{r, + h/2, rp + h/2, rap}, the positive equilibrium £'is
stable.
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Figure 4.5.

System (1.2) with combining treatment, i.e., when f; = f, = 0, f5, = 1, we choose the same
parameters A=10,d=1,b=1,9=0.1,s=0.3,¢c= 1.5, h = 0.2, the same initial values x(0)
=0.45, yy, (0) = 1.5, y4(0) = 1.0, yp(0) = 0.5, yn(0) = 1.6, and let ry, ry, Iy, rap and h vary
such that Ry > 1. (i) When rap < min{r,, + h, ry + h, rp + h}, the semitrivial equilibrium Ezp
is stable; (ii) when ry + h <min{ry, + h, rp + h, rgp}, the semitrivial equilibrium E, p is
stable; (iii) when rp + h <min{ry + h, ry + h, ryp}, the semitrivial equilibrium Ep, 4 is stable;
(iv) when ry, + h <min{ry + h, rp + h, ryp}, the semitrivial equilibrium E 4 is stable.

Math Biosci. Author manuscript; available in PMC 2011 September 1.



Page 24

Sun et al.

4 a1qe1s A|jeqolf a|qeIsun 1<% (L)
V=0 | ey
7 |4 a1qeis Ajjeqolb | T>04
alqess Alfeqolf | sjqeisun ‘Isixa 41 a|gelsun T<% | ooy 0
Tvg o =Y | M-sy
¢ |4 aqeis Ajeqolb | T>04
q i3 0g saseD Ndg uonipuod

Math Biosci. Author manuscript; available in PMC 2011 September 1.

"(T°T) waisAs Joy Leyd Alljigels
T3alqelL
NIH-PA Author Manuscript

NIH-PA Author Manuscript NIH-PA Author Manuscript



Page 25

Sun et al.

*3]qeISuN S1 11 ‘SISIX8 WNLgI|Inba ays 41 1eys syuasaidal 5 19H

a|qers . . . alqeisun | T<% | (.,
v =0y | {% e Muw > %y
¥ 2 ¥ 2 s|lqes | T>%
. ajges . ¥ alqeisun | T<O | (a0
v =0 | {9 e Mdupw > G
4 2 ¥ 2 s|lqes | T>%
a|qers aiqeisun | 1<% | (ms
- - - L =0y {2110 3w > ©
4 |3 |4 |4 3|qels T>04
x x « | oces | aigesun | 1<% [y
va = | {1 i > M
4 4 4 4 alqers | T>%
®g [ 93 | =3 | Mg og | seseo N uonIpuod
“JuswIeal] ou Yum (Z'T) WwaisAs 1oy Leyd ANjIgels pue aoualsixy
Z¢9lqel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Math Biosci. Author manuscript; available in PMC 2011 September 1.



Page 26

Sun et al.

NIH-PA Author Manuscript

*3]qeISuN S1 11 ‘SISIX8 WNLgI|Inba ays 41 1eys syuasaidal 5 19H

a|qeIs algeisun | T<0y Qs
- - - {Hok {1 By +MPuiw >y + 9
¥ 4 ¥ 4 ajgers | 1>0%y
a|qels glqesun | T<O |y auun
- - - L =0y {91y + 9 Cuw >y + M
¥ 4 ¥ ¥ ajgels | 1>0y
* « |oes |« |aigesun | T<O | @y .
va =Y | {u+% -y +"Ntuiw > ®©y
4 ¥ 4 ¥ ajgeys | T>04
. - * algels | ajgesun | T <0y )
va =Y | {®1'y+ %y +"Fuiw >
2 |3 4 |3 slqers | T>0%
qeag | Emg aeg °3 03 saseD Ndg uonipuod
Juawyeas L BuroAd yum (g 1) walsAs 1oy ey AljIgels pue sousisix3
€ 9|qel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Math Biosci. Author manuscript; available in PMC 2011 September 1.



Page 27

Sun et al.

*3]qeISuN S1 11 ‘SISIX8 WNLgI|Inba ays 41 1eys syuasaidal 5 19H

NIH-PA Author Manuscript

NIH-PA Author Manuscript

a|qe1s a|qeisun <0 Moo z .
19 * * * 19 T d $+<,-+,§HONN *Qﬁk ﬂw._na.\ mn_.a.:ﬁ_a VQ.T.ﬁk
4 ¥ 4 ¥ alqers | T>0%
a|qeIs 8|qeIsun <0 s z . <
z 19 z z 1 L enr oyp | {924 542 y+ajum > 5+
4 ¥ 4 ¥ alqers | T>0%
a|qels ajgeisun <0 S oz . .
¥ * 19 * 19 T o ?\<M3+ V\q”ok *QGX w+«: N\L_’,ﬁkwﬁﬂa Vﬂ\+§k
¥ ¥ 4 ¥ alqels | 1>0%
a|qels | sjqeisun <0 D . . .
x * x 19 1 T<d] e w0y | A5G+ gyt > 97
4 ¥ 4 ¥ alqels | T>0%
g | eeag [ aeg [ g 03 sa5eD NISE uonIpuod
JusWIeal | 0G-0G YNM (2'T) WalsAS Joy Lreyd AlIgeIS pue sousisIxXs
v 3lgel

NIH-PA Author Manuscript

Math Biosci. Author manuscript; available in PMC 2011 September 1.



Page 28

Sun et al.

NIH-PA Author Manuscript

*3]qeISuN S1 11 ‘SISIX8 WNLgI|Inba ays 41 1eys syuasaidal 5 19H

a|qels ajgeisun | T<0y Miso
- - - {Ho% {®ry+ 9y +B3uwsy+™
4 ¥ 4 4 sjgeys | T>04
a|qeIs algesun | T<% | (o ams
- - - {Ho% {®r'y+By+"tuws>y+ 9
4 ¥ 4 4 ajgeys | T>04
x » | oges | . | algeisun | T<% vy ) . .
va =Y | {®iry+Uy+"Fuw sy + B
¢ 4 2 4 slqeis | T>0
* x « | owes [ agEsun | T<O | @), . .
va =Y | {u+%y+Cy+"Fuiw > %
E 4 E 4 slqeis | T>0
qemg | aeag | qeeg aeg 03 saseD N¥g uonipuod
Juawieal | Buluiquod yum (Z'T) waisAs 1oy Leyd Aljigqers pue aousisixg
G a|gel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Math Biosci. Author manuscript; available in PMC 2011 September 1.



