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Abstract

Bounds for the bracketing entropy of the classes of bounded k-monotone functions on [0, A] are
obtained under both the Hellinger distance and the LP(Q) distance, where 1 <p <o and Q is a
probability measure on [0, A]. The result is then applied to obtain the rate of convergence of the
maximum likelihood estimator of a k-monotone density.
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1 Introduction

A function on (0, «) is called k-monotone if (—1)if0)(x) is non-negative, non-increasing, and
convex for 0 <j <k-2if k> 2, and f is non-negative, non-increasing if k = 1. These functions
fill the gap between monotone functions and completely monotone functions. They appear
very commonly in nonparametric estimation, such as the Maximum Likelihood Estimator
(MLE) in statistics via renewal theory and mixing of uniform distributions. Indeed, k-monotone
functions have been studied since at least the 1950s; for example, Williamson[1] gave a
characterization of m-monotone functions on (0, ) in 1956. In recent years, there has been
some interest in statistics regarding this class of functions. We refer to [2] and the references
therein for recent results and their statistical applications.

Note that a k-monotone function may not be bounded near t = 0. In order to study the metric
entropy, we restrict ourselves to the subclass that consists of only the functions that are
continuous at t = 0. We refer to this subclass as the class of k-monotone functions on [0, ).
We denote by M (1) the class of k-monotone functions on |, and by &, (1) the class of
probability densities on | that are k-monotone.

For statistical applications, we wish to estimate the bracketing entropy of #; (R*) and

M (R*) under all LP(Q) distances, where 1 <p < o and Q is any probability measure on R*,
and under the Hellinger distance h which is defined by

© 2009 SCIENCE IN CHINA PRESS
TCorresponding author .
MSC(2000): 62G05, 46B50



1duasnuey Joyiny vd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

FuChang and Jon A.

Page 2

n(.9)=(f[ VTG - «/ﬁ]zdx)m.

(1)

Recall that the bracketing metric entropy of a function class 7 under distance p is defined as
log Np; (&, F, p), Where log Ny (¢, F, p) is defined by

N, F.p) = min{n:Elf ,fl,...,f ,j;,, s.t. p(fk,f)s(e,?c U
-1 -n —k

where

ol leers sesr)

It is easy to see that both #; (R*) and M, (R*) are bounded under the Hellinger distance.
However, they are not compact. Indeed, for any 6< V2, we can find infinitely many functions
in 7 (R*) with mutual Hellinger distance at least J. In fact, for any a > 0, the functions pp(t)
= 2n%g 2" are clearly in & (R*). For m > n,

fg"[ VP (1) = /P (’)r(/f =2 — fgoz \2naEma g (22" N2 g
=2_4 \/sz _a 2-(m-n)a/2

ona y yma l+—7—(mﬂnu

>2 - 42 =6

1420

for

246 V4 - 52)

a=2log, [ Ty

Note that the sequence {pp(t)}n>1 is unbounded near the origin. This suggests us that for the
Hellinger distance, we need to restrict ourselves to k-monotone functions whose values are
bounded near the origin. However, the sequence {pn(t)}n<o is uniformly bounded by 1. Thus,

this example also indicates that the non-compactness of &, (R*) under the Hellinger distance
is partly due to the fact that the interval is unbounded. Hence, we should also restrict ourselves

to bounded intervals. Therefore, in what follows, we consider the subclasses TkB ([0,A]) and

Mf ([0, A]) instead, where 7—‘,f (I)and Mf (1) denote the classes of functions that are bounded
by B and belong to &, (1) and M (1) respectively.

By changing variables, it is easy to see that

Nij (e FE ([0.A]) . k) =Ni4 (e, FAE ([0.1]). k),
Nij (& ME ([0,A]) . h) =Np (s, MEE ([0, 1]) . 1).

Hence, we only need to consider the case A = 1.
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Let us remark that when k = 1, the problem has been studied by Van de Geer[3] based on an
earlier work of Birman and Solomjak[4]. For example, it was proved that (see also [5]; Theorem
2.7.5)

log Ny (&, M} (10, 1), ) < CB&™! o

for some absolute constant C > 0, and

B -1
log Np1 (8. M RY). |- l,,) < CpBe™, @

for some positive constant C,, depending only on p, where 1 <p < o, and Q is any probability
measure on R*. For simpler proofs, see also [6,7]. In particular, the iteration method used in
[6] is useful in our argument in this paper.

For k > 1, Gao[8] also established the following metric entropy bound for Mf ([0,17):

C1B"*&7* < log N (e, ME ([0.1]). |- II,) < C2BY &YX, @

The method revealed a nice connection between the metric entropy of these function classes
and the small ball probability of k-times integrated Brownian motions. However, because for
k > 1 the square root of a k-monotone function may not be k-monotone, the metric entropy
estimate under L2 distance does not yield an estimate under the Hellinger distance.
Furthermore, that method cannot produce any result on bracketing metric entropy. Thus, it
cannot be readily used to determine the convergence rate of the MLE of a k-monotone density.

In this paper, we directly estimate the bracketing metric entropy of these function classes under
the Hellinger distance and under all LP(Q) distances, where 1 < p < o0, and apply these estimates
to statistical settings.

Our main tool is the following lemma, which provides a useful method to estimate bracketing
entropy. An extension to more general integral operators will appear elsewhere.

Lemma 1. Let F be a class of functions on [0, 1], and G be the class of function on [0, 1]

a(X)
defined by g:{ o Sdrfe ¢}, where 0 < a(x) < 1 is any increasing function on [0, 1].

Iflog N (e, 7,1 - II) < ¢ (&), where Il - ll; stands for the L distance under the Lebesgue measure
on [0, 1], then

i.  There exists a constant C depending only on p, such that for any probability measure
Qon|o0, 1]

&

¢)(8)’g’ ” . ”;LQ) < C¢ (8)5

log N[-](

where Il - llp g is defined by

1/
I = 8l =( o 0 - g PaQ)
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ii. Ifwe further assume that for all functionsing € G, g(x) > 8, then there exists a constant
C, such that

IOg N[]

&
|—.G. h|<C R
(w&ﬁ(s)g )< e

where h(f, g) is defined by (1).

Proof. Let {f;}, 1 <i<e#®), be an e-net for F in the L! distance under the Lebesgue measure
on [0, 1]. For each i, and f € F, we can write

a(x) (x)

o J@Ddi= 0 O (0= £ (0)di - o i) —f0),dr+ fg“’ﬁmdr.

Thus, if we define

Gi={g8 =030 0~ fio)di. f € F1f - fill <<
G;={e8 =3 )~ £ ()i, f € F.11F = il <.

we have

g (6! -6+ [, nwar).

Note that G and G; both consist of non-negative increasing functions bounded by &. Thus, by
(3) we can find e°#©) many &/ #(c)-brackets (with respect to Il - lp,0) that cover G — G;. Say

hl]

these brackets are {}—1, , 1<) <e°e). Then clearly the brackets

a(x)

[ Ot (1) di+h. f S fidtrhig|, 1<i<e®, 1< )<

cover G. Statement (i) follows by noticing that these are &/ ¢(c)-brackets under the Il - I o
distance.

To prove Statement (ii), we notice that with the additional assumption g > o, we have for any
01, 92 €G,

h(g1,82)=I1Ve1 - Vel < \/-Ilgl g2l

Hence,

E
N —2— G < ,
[](2\/5925(8) < )< (¢>( y &1l ”)
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Thus, Statement (ii) follows from Statement (i).

2 Under Hellinger distance

Note that by scaling arguments, we can easily show that

Nij (e ME([0,A]) . h) =Np; (2. M ([0, 1), h) ==Ny (¢/ VAB, M. ([0, 1]) . h).
Ny (. FE ([0.A]) ) =Np (e, FAE ([0.1])., h).

Hence, we only need to consider the classes Mﬁ, ([0,1]) and TkB ([0, 1]).

Before we process with the detailed calculation, we make some observations that can simplify
the later arguments. Firstly, because k-monotone C* functions are dense in M}( ([0, 17) (cf.

[8]), we can and will assume that all the densities in M}( ([0, 17) are continuously k-times
differentiable. Secondly, if for I = [a, b] C [0, 1] we define

HE (D) ={f:f w)=g(b-u),g € MF (D).

then for every f € H ([0, 1]),

j j o
AI_ A 1= ) =(=1)TgP (1 — ) > 0
duw’ duw

forall 0 <j <k, and for all u € [0, 1]. For f € H; ([0, 1]), we can write

f *=2)(0) k-2 (U ([t
T+
(k=2)! 0J0

F@)=f O)+f @u+--+ o f9D (s)ydsdty - diis.

All the terms on the right-hand side are non-negative. The sum of the first k — 1 terms is a
polynomial of u with degree k — 2, and non-negative coefficients.

2.1 Bounded k-monotone functions

For f € H} ([0, 1]), because f(1) < 1, we have

k-2
PN AL OEFICIESE
k=0
Denote
k=2
Pr= {uo+ulu+ cee +ak7211k72:a0, ap,...,adr2 =205 ) a; < 1} s
i=0

and denote by (}75 (I) the class of functions g on | C [0, 1] that satisfy 0 < g <1 and are of the
form
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Th—2

g)=[o [0 [0 f(s)dsdty - dns

where f are non-negative increasing functions on 1. By (5), we have
HL ([0, 1]) € Pe+H. ([0, 1]), and thus

~1
Nij (& HE ([0, 1]) . k) < Ny (8/2.Pr.h) - Npy (s/z,wk ([0,1]) ,h). ©

Note that the set

1 2 N
{ao+alu+ e +ak_3uk_2:ai € {ﬁ’ N N}’O <i<k- 2}

forms a VA/N-net for o, under the Hellinger distance. Indeed, for any

p=ap+aju+ - -- +uk_2uk_2 € P, choose

[ﬂoN]+[f11N]“+_._+[ak—2N] k2

P:N N Nu

Then

NP - \/;’I <|p-P|<k/N,

which implies that (P’p) < VKIN Note that there are no more than N1 elements in this set.
By choosing N = 4ke 21, we obtain

log Ni; (£/2.P. h) < klog (1+4k/&?). o

Of course, because||p— p ||, < k/N, we also have

log Np.j (8/2, P, |- Ih) < klog (1+2k/e) . ®

Our next goal is to estimate N[ (3/2, H; ([0.1]), h). To this end, we first consider

N[.] (8/2, ﬂ;(l ([0, 1]), ” . “2) .

Forge ‘}7{; ([0, 17), we have
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k-2

g(l) =f(l) 5 ---fgf(s)zlsdrl - dty_rdu
> [\ o153 [1of () dsdry - dix_adu

-2

> f(1/2) ol [ pdsdty - diy_sdu
=f (1/2) ey

Because g(1) is bounded by 1, and f is increasing, for all 0 <u < 1/2 we have

F@<fA/2)<2 k-1

Define f; = min{f, 2k-1(k — 1)1} and f, = f — f;. Then, by the above argument we see that f, is

non-negative and increasing, and is supported on [1/2, 1]. For g € 'F(,i ([0,1Dand 0 <u <1,
we can write

th—2

g@) =[ofo7 - [o LA +f (9 dsdt - dtrs
U | 2u—1 1]
=y [o fi()dsdty - -di o+l py @) [ - [ 3/ (1/2+5/2)ds- - di .

We construct two function classes:

Tk—2

UR)={[o[o7 [ F()dsdn--di:0 < f <261 (k= 1)1, fincreases],
V= 1) 110,17 () 1) =h Qu = 1) .k € HE ([0, 1D)}.

Then the decomposition above gives ‘F(k‘ ([0, 11) € Ux+Vy, and thus we have forany 0 < 0 <
11

(e HE 0, 1), 11+ 1) < Npg (1= 0) &, U [+ 1) - Ny (B Vi 1 - 1) - ©)

We first claim that

1
Niy (e Uell- 1) < exp(cfsw) o

for some constant C depending only on k. Indeed, the claim is clearly true for k = 1, because
in this case ¢4, consists of monotone functions that are bounded by 1. Thus, when k = 1, the
inequality (10) is the special case of (3).

Suppose that (10) is true for k = r. That is, N (&, Uy, || - |l) < exp (C{”"). Because

N(8, (L(r‘, ” : ||1) < N[] (89 (L{I" ” : ”2) )

by applying Lemma 1 for L2 norm under Lebesgue measure, we have
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1 —1r
Ni. (81+",7/I‘ - )SeCa ,
[ s |- 2 (n

which implies that Ni (8, Urs1, - Ih) < exp (C.~"/"*P) with a different constant C. Hence
(10) holds for all k > 1. Therefore,

Nig (1= 0) &, U, |- 1) < exp (CL(1 - 0) &)%), (12)

Next, we prove that

Npy 0e, Vi I - 1h) < Npg ( V268, HE 10, 1), 11+ 1) - (13)

Indeed, if [’_’; hi], 1<i <N are V26e under the Il - Il distance that cover 'f(kl ([0, 1]), then the
brackets

|70 1) = [l120 W h @r= D 12y 8 @x= 1),

1<i<N, clearly cover «,. To see they are fe-brackets, we notice that

_ _ 2 1/2
=5 ={fi,2|hf @x=1)—h Qx=1)| dx

B s 12
:%{f(l)m,- (u) — l_ri (u) | du}

< fe.

Applying (12) and (13) to (9), we obtain

Npa (& HE (10.1D) 11 112) < exp (CL(1 = 6) &1 ™) Ny ( V20, H; (10, 10). - 1) -

<6<1

1
Choosing @ and by iteration, we obtain

Npg (. HE 0, 10). - 1) < exp (C's*“") (14

for a different constant C depending only on k. Plugging (14) and (8) into (6), we obtain

If we let
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M (D={g e M}():g > 5},

then because for all g, g> € MZ ([0, 1]) we have h (g1, g2) < — g2|l», we obtain

Llgy

Ny (5 M (10, 11), ) < Ny (V286, M (10,110 - ) < exp(Co %71 ).

(16)
Back to our goal of estimating Vi1 (8, H} ([0.1]), h). We define
A=(g € H} ([0.11)38(1/2)<5] and B={g € H} ([0.1])38(1/2) > 6}.
Then
A CEH} ([0,1/2) +H] ([1/2,1), B HL([0,1/2])+M([1/2,1]).
Therefore
Ny (e, A, h) < Ny (65, HE (10, 1/21), h) - Npy (1 - 6) &, HE ([1/2.17) . ), )
Nij (e B.h) < Npp (1= m) e, H} ([0, 1/21) ) - Npg (76 ME ([1/2.1]) . h). (18)
Note that

Nij (6e, 6H ([0, 1/21) . k) < Ny (6e/ V6, H} ([0, 1]), k).

Also note that

Nia (=0 &, HE([1/2.11). k) =Niy((1 - 0) &, ME([0.1/2]) . h)
=Np1 (V21 - 0)s, ML ([0, 1), 1)
< Nig (V201 - 6%, HL ([0, 1]) . k) - Ny (V2 (1 - 6) 6. Pr. )

SN[-](‘/E(I—9)28,77,}([0,1]),;;).(“ 2% )k’

(1-6)*¢2&2

where the last inequality follows from (7). We choose 8 and 6 so that V2(1 - 6)*=1.4 and
6/ ‘/EZL, where L is a large number to be fixed later. Thus by plugging the two bounds above
into (17) we obtain
Np (&, A, ) < Npy (L, HE (10, 1), k) - Npy (Le, H} ([0, 11) h).(1+ﬂ)k
(& A, n) < Nl Lae, A, (10, 1), 1 (Le: 1 (L9, 1D, P (19)
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for some constant C;.
On the other hand, by choosing # so that V2(1 -7 =14, we have

N ((1 = e HY ([10.1/2]). k) < Npg (Lde, H} ([0, 1]).h).

Recall that by (16) we have

Nea (6 MG (11/2,11) 1) < exp(Cae ™),

with a constant C, depending on L. Plugging into (??), we obtain

Nij(e.8.h) < Npj (Le, H ([0, 11). k) - exp (Coe™/¥). 20)

But /4, ([0, 1]) ¢ AU B, (19) and (20) imply that

Let Z (e) =¢'/“log Ny, (8, ’Flkl ([0, 1], h). Then the inequality above implies that

Z(e) < 1.4z 14e) +L7V*Z (Le) +C

for some constant C, which further implies that

supZ () < (1.4™/*+L7¥)supZ () +C.

n>e n>e

By choosing L large so that 1.4~k + L=k < 1 we immediate obtain

log Np; (& H} ([0, 1]) . k) < Ce™'%, @1)

for some constant C. Together with (7), we have

log Ny (& H; ([0, 11) . k) < Ce™V/%,

Summarizing, we obtain

Theorem 2. There exists a constant C depending only on k, such that

1 =1
log Nij (. M{ ([0.A]) . h) < C(AB)% £ 22)
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2.2 Bounded k-monotone densities

Now we consider Npj (8, FE ([0, 1]), h). Because 7.2 ([0, 1]) € MF ([0, 1]), the result of
Theorem 2 applies to 7—',? ([0, 17). Our goal is to improve the constant CB¥ by using the the

1 . .
extra fact that fog (u) du=1for g e T,f ([0, 17). For convenience, we will actually relax the

condition f(l,g(u) du=1in the definition of 77 ([0, 1]) to the condition f(l)g () du <1,

Assume B > 2. For 1/B < J < 1, we define

x= {f e P 10.1): " F du<6} and Yo‘:{f e FEA0, 1D [ f () du = 5}.

1
Then, 72 ([0, 1]) =X; U Y5. For any f € 77 ([0, 1]), because f increases and fl/zg (wdu <1
we have f(u) < 2 for all u € [0, 1/2]. Hence, we can decompose X;s and Y into two classes of
functions with disjoint supports:

X5 C 6F° (10,172 +FE ([1/2,1)),
Ys C F2(0,1/2) + (1 = ) FL/ 0 ([1/2.1)).

Therefore, we have

Niy (e FE 0.1, h) < Npq(2V6e, 67, ([0.1/21) . h) - Ny (VI = 4de, FE ([1/2.1]). h)
+Npy (Ve 72 ([0.1/2]).h) - Ny (VI =6e.(1 - &) 724 ((1/2.11) . h)
= Ny (2e. 77 (10.1/2]) . h) - Ny (VI = 4ée, 72 ([1/2.1]) . )
+Npg (Ve F2 ([0.1/2]) . h) - Npg (.77 (11/2.11) . k)
Nij (26,72 ([0, 1), h) - Ny (VI =466, 7,2 (10, 1]). h)
+exp (Co~%e ) - Ny (. 72/ @2 ([0,1]). h)
Npa(26. 7 (10.1]) . ) +exp (Co~ % &1 )]
Npy (VI=48e, 7707 ([0, 1]). h).

IA

IA

By iteration, we obtain

Nia (e 78 0. 1), k) < [N[.] (2"e. 7 ([0.1]) . h) +exp (c&*ﬁs*%)].zv[.] (VI=30)"e. 72/ @2" (10, 1), h).

Let 6 = 1/ log, B and choose m =Tlog, B 7 we have

N (s, F([0.1]) ,h) < exp (C(log B)‘ﬁgwl‘-)_

We summarize this bound in the following theorem:

Theorem 3. Let ﬂB ([0, A]) be the class of k-monotone densities on [0, A] that are bounded by
B. Then
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1

log Np; (&, 72 ([0.A]) . h) < Cllog AB|¥ & F,

where C is a constant depending only on k.

3 Under LP(Q) Distances

In this section we will consider the bracketing entropy of M,f ([0,A]) and TkB ([0, A]) under
the LP(Q) distance, where 1 <p <o and Q is any probability measure on [0, A]. We will prove
the following theorem:

Theorem 4. (i) There exists a constant C depending only on p and k, such that for any
probability measure Q on [0, A] that is absolutely continuous with respect to Lebesgue measure
with bounded density ¢,

log Nij (& Mg ([0.4]).1I-1|,,,) < C(lqll ABP) P&V, 23

log Ny (& 72 ([0.AD) .11 II,,,) < C(llgllAB?)" POeV/%, 24

(ii) Let GF ([0, A]) consist of k-monotone functions g on [0, A], such that g’(0) > —B, and let

é,’f ([0, A]) consist of probability densities that belong to gf ([0,A]). Then there exists a
constant C depending only on p and k, such that for any probability measure Q on [0, A],

log Ny (&, GE ([0,4]). 1| - 1|, ) < CAY/#OBY/ke=1Ik, (25)

log Ni (£.GF ([0.AD). || -1I,,,) < Cllog (ABP)]"/PPe1/¥, 26)

Remark 5. In view of the result proved in [8] the rate ¢ 2K is sharp when p = 2.
Proof. The result is known for the case k = 1. Thus, we only need to consider the case k > 1.

To prove the first inequality in the statement (i), we note that

Nii (&8 ME (L0,AD), 1111, ) < N[.]( M0, 1]), - ||pJ,

1
lglis/PAVP B

where I - ll, is the LP distance under Lebesgue measure. Thus, it suffices to prove that for any

n>0, Nig (m M (10.1D). 11 1l,) < Cn"%. However, this follows from the same argument as
in the proof of Theorem 2. Indeed, the only change needed is to replace (11) by

e —1/(k=1)
N (97T, 2 - 1) < e,
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which leads to Ny (8, U, || - ||p) <" The first inequality in the statement (i) then follows
by iteration. The proof of the second inequality is also similar to that of Theorem 3.

To prove the first inequality in the statement (ii), we note that by the change of variables x =
Au, we have

Ny (.68 (0.AD .11 1,,) =Ney (.62 0. 1)1 11,,)

where P is the probability measure on [0, 1] defined by P([0, u]) = Q([0, Au]). Thus, it suffices
to consider the case ABP = 1. Furthermore, by approximation, we can assume that P is absolutely
continuously with respect to the Lebesgue measure on [0, 1]. Let « be the inverse function of
P(]0, x]). By the change of variable u = P([0, X]), it is easy to see that

Ny (8.6t 0. 1) 11 1l,,) =Nia (8. Gho 0. 1D). 11 - 11)

where

6L, (0. 1D ={g (@) g € G110, D} ={[3"F (ar:f € ML, (0,11}

By (23) we have

Npa (e ML QO 1D - 1) < exp (Cgﬁ).

Applying Lemma 1, we obtain

Ny (177, 6L, (10, 11),1- 1) < exp(Co™T )

which leads the inequality (25). The proof of (26) follows the same argument as Theorem 3,
and is thus omitted.

4 Rates of convergence for the maximum likelihood estimator of a bounded
k-monotone density

Let p,.. be the MLE of a k-monotone density pg on [0, A] based on Xy, ..., X, i.i.d. with density
po € TkB ([0,A]) for some 0 < A, B < o0. Thus pg is bounded and concentrated on [0, A].

From [2] (see also [9]) we know that p,, . is characterized by

i > fLU'*-‘)k*ld]F,, (x) forall y>0

- O)J( p\n.k()‘) -
1Yk k-1 1 (Yk x\k=
> =L [P k(y_ - k(1_x
> 5 ig [o k= 0 dF, (D =51 y¥(1-2) dF, (), on
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with equality in the inequality in (27) at points 7 € SUPP( n k) {T1,72,. .., Tm}, where we may
assume that 0 < 71 < ... < 7y, (with m random) and where

wok(y = x)k 1

Puk (= = G ().

Therefore

— o k
Pk () > [ ‘—k(\‘—x)ﬁ’lclJF,, (x) forall y>0. oo
Yy 28

To apply our entropy bounds we need to show that p,, . is bounded with (arbitrarily) high
probability when pg is bounded. This is the content of the following proposition.

Proposition 6. Suppose that pg € 7",}’ ([0, A]). Then the MLE p, ;. satisfies

Pk (0+) < ksup (Fy (x) /x) =0, (1)

x>0

Proof. The characterization of the MLE implies that

f Y0 (I]F,,(x) forall 0<y<T
Pn k( ) (29)

k qy(1=x/y)ft
=— | ———dF,
y fo Pn.k (x) ‘ (X) (30)

with equality aty = 9:

o (L= x/)*!
dF, .
f pn k (x) = (31)

Now note that the support of G, is concentrated on y > 71, 50 X/y < X/z, or (1 —x/y) > (1 - x/
1) fory > 73 and 0 < x < 71. Thus it follows that

Pt () =[E1- )G ()
>(1-2)] [3 5dGur ) =(1 - £, Pus0).

Combining the last two displays we find that

_ k(T Q=x/mp)*!
1 TuJo pu dEy (x)

k(T (—x/r)e!

_U=m) —k
= 71J0 BrO—x/r ) dF, (x) < Tlﬁn_k(O)F” (T1),
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which yields

Pnk(0) < kF"i—l”) < ksup =2
t

>0

F,. (1) F Fn
=ksup 228560 < ksup 2 - po (0+) =0, (1)
>0 >0

by Daniels’ inequality; see [10], Theorem 9.1.2, page 345.

Now suppose that # is a collection of densities with respect to a sigma-finite measure u. The
following theorem is a simplified version of Theorem 3.4.4 of [5] page 327. Our rate theorem

for the MLE p, ;. over the class ¢, ([0, A]), the class of k-monotone densities on [0, A], will be
proved by combining the upper bound of this theorem with (an easy modification of) the rate
results given in [5], Theorem 3.2.5, page 289.

Theorem 7. Suppose that Xy, ..., Xn are i.i.d. Pg with density p, e P. Let h be the Hellinger
distance between densities, and m be defined, for » € P by

s (iog (P (x) +po (X)) .

2po (x)

Then

M (p) = M (po) = Po (mp — mp,) 5 = (p, po).-

Furthermore, with Ms= {mp —mpy:h(p,po) <6,p € 7"0}, we also have

- J11(5,Po h
(1+J“( Po. h)

E; IGully, < Jr1(6.P0. 1) 2 v ] = 6, (5,P0).

(32)

where

J11(6,Po. h) = [ \[T+log Ny (. Po. ) de.

Here is our main result of this section:

Theorem 8. Suppose that pg € TkB ([0,A]) € P« ([0,A]) for some 0 < A, B < o. Then the
maximum likelihood estimator p,, , of pg in ¢, satisfies

. _k_
h(Du k. po) =0, (n e+ ) .

Remark 9. This generalizes the rate result of [3] (with resulting rate of convergence n~1/3) to
k > 1. For the case k = 1, closely related results with the Hellinger metric replaced by the L
metric, were obtained by [11-13]. The rate established in Theorem 8 is apparently consistent
with the local rate result of n=K/(2k+1) established (up to an envelope conjecture) by [2].
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Proof. For simplicity, we write p,, = p,.x. Let M >0 and K> 0. Then

P (ruh (. po) = 2M. 51 (0) < K) +P (y, (0) >k)
III+HII7

P (ruh (s po) = 2)

nIA

where, by Proposition 6,

k 0+
10, < P (kl[R,/Follepo (04) >K) < %

by Daniels’ inequality, and hence I1, can be made arbitrarily small (uniformly in n) by choosing
K large. Now we essentially follow the proof of Theorem 3.2.5 of [5] (with € identified with

p), but exploit the fact that 7, (0+) < K. Thus, letting M,, (p) = P,m (p) we have for any large
n>0,

P(rah  (Pu» p0) >2", 5 (0+) < K)
Llog, (7)) .
< > P( sup (M, (p) =M, (po) 2 0) | +P (2]7 (Pn,Po) > 77)
=M S€S jn
= ]A.n +IB.n

where the shells S; , are now defined with the additional restriction that p(0+) < K:

S jn=

p € Pr([0,A]) 2l <rh (p, po) < 2j’p(0+) < K}
p € T (10.AD 2 <ruh (p. po) < 2},

Here the term Ig , can be made arbitrarily small for all large n by the consistency of 7,
established by [1]. Thus the same argument as in [9] yields, with Po=F in (32), and

On (6» ?—-kK) = Py (6),

On 2j/rn
\n ~. Z \/—27 o
=M (33)
By (32)
N J11 (6. Fn )
n 0) = n 6,7:”1\ =JI. 6,7:11,]7 I+——-.
6n (8) = b (6.F5) =T11 ( )[ v

A direct calculation using Theorem 3 gives

VcD

51-—
-5

T19 6. Fon ) =

for the same constant C as in Theorem 3, where D = | log(AK)IV(2X), This implies,
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1__
¢,,<5)_‘/_51——[ VCD o ]

1-%82n)

2k

By taking

where co = (\/5 - 1) /2, we have r2¢, (1/r,) = Vn. Note that the functions & — ¢,(5)/5 are

d

ecreasing, therefore for any j > 0,

D (2 /rn) ry < 2’¢,,(l/r,,)r,,.

Hence, (33) can be estimated by

&n \2/_/2’;11 n ZZ J—p-(M-1)

j=M

L,s ),

=M
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