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Rheumatoid Arthritis Consortium data, HST and HSTMLB 
identify marker pairs that may fully explain the linkage peak 
on chromosome 6. In conclusion, HST and HSTMLB provide 
simple and flexible tools to identify SNPs that explain the IBD 
sharing at the linkage peak.  Copyright © 2009 S. Karger AG, Basel 

 Introduction 

 There are two common statistical techniques used for 
gene mapping of complex human diseases: linkage analy-
sis and association analysis. A frequently used gene map-
ping strategy consists of performing a genome scan to 
identify regions of linkage followed by association analy-
sis to further localize the disease susceptibility loci. Once 
associated single nucleotide polymorphisms (SNPs) in a 
linkage region have been identified, it is of interest to de-
termine if they explain none/some/all of the linkage evi-
dence, namely the identity-by-descent (IBD) sharing at 
the linkage peak. In this paper, we focus on investigating 
methods that determine whether the IBD sharing at the 
linkage peak can be explained by the associated SNPs in 
a linked region. There are two types of such tests: the first 
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 Abstract 

 Linkage analysis is often followed by association mapping to 
localize disease variants. In this paper, we evaluate approach-
es to determine how much of the observed linkage evidence, 
namely the identity-by-descent (IBD) sharing at the linkage 
peak, is explained by associated SNPs. We study several 
methods: Homozygote Sharing Tests (HST), Genotype Iden-
tity-by-Descent Sharing Test (GIST), and a permutation ap-
proach. We also propose a new approach, HSTMLB, combin-
ing HST and the Maximum Likelihood Binomial (MLB) linkage 
statistic. These methods can identify SNPs partially explain-
ing the linkage peak, but only HST and HSTMLB can identify 
SNPs that do not fully explain the linkage evidence and be 
applied to multiple-SNPs. We contrast these methods with 
the association tests implemented in the software LAMP. In 
our simulations, GIST is more powerful at finding SNPs that 
partially explain the linkage peak, while HST and HSTMLB
are equally powerful at identifying SNPs that do not fully ex-
plain the linkage peak. When applied to the North American 
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type identifies SNPs that partially explain the linkage 
peak; the second type further identifies SNPs that do not 
fully explain the linkage peak. If none of the single asso-
ciated SNPs fully explains the IBD sharing at the linkage 
peak, further investigation may reveal additional disease 
loci.

  When a linkage signal is observed, one or multiple dis-
ease loci may contribute to the linkage signal. In general, 
complex diseases are most likely caused by multiple dis-
ease loci. For example, in Zavattari et al.  [1] , three loci in 
the human lymphocyte antigen (HLA) region were identi-
fied as risk modifiers in addition to and independent of 
HLA-DQB1, -DRB1 for type 1 diabetes mellitus in Sardin-
ian population. When multiple disease loci contribute to 
a linkage signal, no single SNP should fully explain the 
IBD sharing at the linkage peak. Therefore, it is important 
for methods to consider multiple SNPs simultaneously.

  Several researchers have developed methods to iden-
tify SNPs that explain the linkage peak for complex dis-
eases  [2–7 , among others]. Horikawa et al.  [2]  identified 
SNPs associated with the IBD sharing at the linkage peak 
by looking for an increase in the logarithm of odds (LOD) 
score in a subset of families defined by the proband car-
rying the risk genotypes. The significance of the change 
in LOD score in the subset of  Ns  families with the risk 
genotypes is assessed using a permutation approach, by 
randomly selecting subsets of  Ns  families, irrespective of 
proband genotypes. Sun et al.  [3]  defined a test statistic 
based on the premise that there should be no unexplained 
IBD oversharing in a sample of affected sibling pairs 
(ASPs) or nuclear families when conditioning on the af-
fected offspring genotypes of a single causal locus. Li et 
al.  [4]  developed the Genotype Identity-by-Descent Shar-
ing Test (GIST) to test the correlation between the family 
nonparametric linkage (NPL) score and a family geno-
type weight defined on the basis of affected offspring 
genotypes; the correlation should be zero when the tested 
SNP does not explain the IBD sharing at the linkage peak. 
Biernacka and Cordell  [5]  extended the method proposed 
in Sun et al.  [3]  by further conditioning on parental ge-
notypes, which eliminates the need to estimate allele or 
haplotype frequencies.

  The Homozygote Sharing Tests (HST) proposed in 
Dupuis and Van Eerdewegh  [6]  compare the IBD sharing 
from homozygous parents to the IBD sharing from het-
erozygous parents, where homozygosity status is defined 
at a SNP or a group of SNPs of interest. There are two test 
statistics: HST.P identifies SNPs that partially explain the 
IBD sharing at the linkage peak by looking for more IBD 
sharing from heterozygous parents than from homozy-

gous parents; HST.F identifies SNPs that do not fully ex-
plain the linkage peak by looking for excess IBD sharing 
from homozygous parents. In this paper, we propose a 
novel extension combining HST and the Maximum Like-
lihood Binomial (MLB) statistic proposed in Abel et al. 
 [8, 9] , called HSTMLB, to identify SNPs that partially ex-
plain the IBD sharing at the linkage peak (HSTMLB.P) 
or SNPs that do not fully explain the IBD sharing at the 
linkage peak (HSTMLB.F).

  Our evaluation focuses on HST, HSTMLB, GIST and 
the method proposed in Horikawa  [2] , because Sun et al.’s 
 [3]  approach is sensitive to allele frequencies and no soft-
ware is available for the method proposed by Biernacka 
and Cordell  [5] . In addition, we contrast these approaches 
with the association tests proposed in Li et al.  [10] , where 
a likelihood function was constructed using disease-SNP 
haplotype frequencies and disease penetrances as param-
eters. Two likelihood ratio tests for association are imple-
mented in the software ‘Linkage and Association Model-
ing in Pedigrees’ (LAMP). LAMP.P assesses whether the 
tested SNP is in linkage disequilibrium (LD) with a dis-
ease SNP, while LAMP.F assesses whether the tested SNP 
is in perfect LD with a disease SNP.  Table 1  summarizes 
the characteristics of the studied methods to identify 
SNPs that explain the IBD sharing at the linkage peak.

  We conduct two simulation studies: one that considers 
the case of a single disease SNP and that compares all ap-
proaches listed above, and one that considers two disease 
SNPs and offers a comparison of approaches applicable 
to multiple SNPs (HST and HSTMLB). In addition, we 
also apply these approaches to a rheumatoid arthritis 
(RA) real dataset provided by the North American Rheu-
matoid Arthritis Consortium (NARAC) in the Genetic 
Analysis Workshop (GAW) 15. RA is a common chronic 

Table 1. Characteristics of the methods investigated to identify 
SNPs that explain the IBD sharing at the linkage peak

GIST Hori HST HSTMLB

P/F P P P/F P/F
Multiple SNPs no no yes yes
Allele freq yes no no no
Parental geno no no yes yes

P/F indicates that a method can identify SNPs that partially/do 
not fully explain the IBD sharing at the linkage peak. Multiple 
SNPs indicates whether a method can perform multiple-SNP 
analyses. Allele freq indicates whether known allele frequency 
estimates are required. Parental geno indicates whether a method 
requires parental genotypes.
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complex disease with a genetic component that has long 
been recognized. Approximately 1% of the worldwide 
population is affected by RA (Orozco et al.  [11] ) which 
causes inflammation and destruction of the joints. Previ-
ous studies have identified linkage signals in genome-
wide linkage scans  [12–14] , with the most consistent link-
age evidence found around the HLA region on chromo-
some 6.

  Methods and Results 

 We first review the HST method to identify SNPs ex-
plaining the IBD sharing at the linkage peak in a sample 
of ASPs with parental genotypes. We then introduce a 
new extension, HSTMLB.

  Homozygote Sharing Tests 
 Risch  [15]  proposed the Maximum LOD Score (MLS) 

method to detect increased or higher than expected IBD 
sharing among ASPs. Under the null hypothesis of no 
linkage, the probability of an ASP sharing 0, 1 or 2 alleles 
IBD is 1/4, 1/2 and 1/4 respectively. A trinomial likeli-
hood ratio can be used to test for departure from the null 
hypothesis. Increased sharing would indicate that the 
tested SNP is linked to the disease susceptibility loci. The 
HST uses a likelihood function that decomposes the IBD 
sharing in MLS by conditioning on parental genotype. 
Further assuming a multiplicative model of transmis-
sion, it can be shown that the parental transmissions are 
independent at any SNP (Appendix A). Consequently, the 
general likelihood function for HST can be expressed as 
the product of two independent binomial variables.

  More formally, let  X  homo  and  X  het  be the number of al-
leles IBD shared by an ASP from a homozygous parent 
and a heterozygous parent, respectively. Under the as-
sumption of independent parental transmissions,  X  homo  
and  X  het  are two independent Bernoulli variables with 
means  �  homo  and  �  het , respectively. Therefore, the log-
likelihood function of  N  independent ASPs is

   L  1  =  N1  homo    log( �  homo ) +  N  0homo    log(1 –  �  homo )
          +  N  1het    log( �  het ) +  N  0het    log(1 –  �  het ),

  the logarithm of the product of two independent bino-
mial variables  Bin ( N  homo , �  homo ) and  Bin ( N  het , �  het ), where 
 N   j homo  and  Nj  het    denote the number of ASPs sharing  j  allele 
IBD from homozygous and heterozygous parents, re-
spectively ( j  = 0,1);  N  homo  and  N  het  denote the number of 
homozygous and heterozygous parents, respectively; and 
 N  homo  +  N  het  = 2 N . 

 If a SNP is independent of the disease SNP, the IBD 
sharing probabilities are independent of parental geno-
types. Hence, the IBD sharing probabilities from homo-
zygous and heterozygous parents are both equal and are 
greater than 1/2 due to linkage. If a SNP is in LD with the 
disease SNP, increased IBD sharing from homozygous 
parents may be observed and this sharing should be less 
than the sharing from heterozygous parents. To deter-
mine whether a SNP partially explains the IBD sharing 
at the linkage peak, Dupuis and Van Eerdewegh  [6]  pro-
posed HST.P, a likelihood ratio test of the hypotheses

   H  0 : 1/2  !   �  homo  =  �  het  vs.  H  1 : 1/2  ̂    �  homo   !   �  het .

  If a SNP is in perfect LD with the sole disease SNP in 
the linked region, there should be no excess IBD sharing 
from parents homozygous for the causal SNP, so  �  homo   = 
 1/2 (Appendix B). The fact that  �  homo  = 1/2 at the disease 
SNP was also derived in a different way in Robinson et al. 
 [16] . Once SNPs that partially explains the linkage peak 
have been detected, Dupuis and Van Eerdewegh  [6]  pro-
posed HST.F, a likelihood ratio test of the hypotheses  H  0 : 
 �  homo  = 1/2 vs.  H  1 :  �  homo   1  1/2 to further identify SNPs 
that do not fully explain the linkage peak. Rejection of 
the null hypothesis suggests the tested SNP does not ful-
ly explain the observed IBD sharing at the linkage peak.

  Under the null hypotheses, both HST.P and HST.F fol-
low a �2 mixture distribution of 0.5  � 0  2    + 0.5  �   12   . A theo-
retical power approximation for HST.F is provided in Ap-
pendix C; a similar procedure may be used to obtain a 
power approximation for HST.P.

  The HST.P and HST.F can be extended to multiple-
SNP analysis in cases where none of the single SNPs can 
fully explain the observed IBD sharing at the linkage 
peak. The only difference between single-SNP analysis 
and multiple-SNP analysis in HST is the definition of pa-
rental homozygosity. For single-SNP analysis, a homozy-
gous parent has two identical alleles at the tested SNP, 
while for multiple-SNP analysis, a homozygous parent 
has two identical haplotypes at the tested SNPs. In mul-
tiple-SNP analysis, the parental homozygosity determi-
nation does not involve haplotype reconstruction, be-
cause an individual with two identical haplotypes indi-
cates that the individual is homozygous at all sites 
included in the haplotype.

  When affected sibships with more than two affected 
siblings are present, the IBD sharing is not independent 
among all possible sibling pairs, violating one of the as-
sumptions used to derive the HST asymptotic distribu-
tions. One approach to handle this issue is to multiply the 
likelihood of  i -th nuclear family by a weight of 2/ S  i , where 



 Approaches to Identify SNPs and Linkage 
Evidence in Affected Siblings 

Hum Hered 2010;69:104–119 107

 S  i    denotes the number of affected children in the family 
(Van Eerdewegh et al.  [17] ). We incorporated this correc-
tion factor in our R (R Development Core Team  [18] ) im-
plementation of the HST statistics.

  Homozygote Sharing Tests in Maximum Likelihood 
Binomial 
 In nuclear families, if a particular locus is unlinked to 

a disease of interest, the probability that an offspring in-
herits the maternal allele of grand maternal origin is 1/2 
based on Mendelian inheritance. Therefore, the proba-
bility that  k  out of  S  offspring inherits the grand maternal 
allele from their mother follows a binomial distribution 
with probability parameter  �  equal to 1/2. The same 
holds for the grand paternal allele transmitted from a fa-
ther to his offspring. However, if the locus is linked to the 
disease, affected offspring will have a higher probability 
of inheriting the allele that is linked to the causal variant, 
creating a distortion from the 1/2 transmission by Men-
del’s first law. The MLB statistic  [8, 9]  tests whether  �  is 
equal to 1/2 by using a binomial likelihood ratio. Rejec-
tion of the null hypothesis  �  = 1/2 indicates evidence for 
linkage. Because one does not know a priori which of the 
grand paternal or grand maternal allele segregates the 
disease susceptibility allele, the part of the likelihood 
 involving  �  in a nuclear family can be written as:  f ( � ) =
 �  k (1 –  � ) S – k  + (1 –  � ) k   �  S – k .

  In the same spirit as the HST statistics, with parental 
genotypes, the likelihood can be expressed as a function 
of  �  het  and  �  homo , where these parameters are estimated 
based on the transmissions from heterozygous and ho-
mozygous parents, respectively. We propose a likelihood 
ratio test, which we denote HSTMLB.P, to test the hy-
potheses  H  0 : 1/2  !   �  homo  =  �  het  vs.  H  1 : 1/2  ̂    �  homo   !   �  het  
to determine whether a SNP partially explains the ob-
served IBD sharing at the linkage peak. Similarly, we sug-
gest a second likelihood ratio test, HSTMLB.F, for the 
hypotheses  H  0 :  �  homo  = 1/2 vs.  H  1 :  �  homo   1  1/2 to deter-
mine if a SNP does not fully explain the observed IBD 
sharing at the linkage peak. Under their null hypotheses 
and assuming independent parental transmission, the 
distribution of both HSTMLB statistics asymptotically 
follows a �2 mixture distribution of 0.5  � 0 2       + 0.5 �  12   . The 
software Genehunter  [19]  was modified to compute the 
HSTMLB statistics.

  Simulation Study – A Single Di-Allelic Disease Locus 
 A simulation study using several models for complex 

disease was conducted to compare and contrast the HST 
and HSTMLB with other methods. We simulated a single 

Table 2. Characteristics of simulated genetic models

Model f0 f1 f2 p GRR1 GRR2 ELOD

Additive 0.027 0.141 0.256 0.1 5.2 9.6 2.59
0.016 0.101 0.187 0.2 6.3 11.7 2.59

Dominant 0.027 0.150 0.150 0.1 5.6 5.6 2.59
0.014 0.114 0.114 0.2 8.1 8.1 2.60

Multiplicative 0.024 0.077 0.250 0.2 3.2 10.4 2.63
0.018 0.058 0.189 0.3 3.2 10.5 2.61

Recessive 0.041 0.041 0.271 0.2 1 6.6 2.92
0.036 0.036 0.195 0.3 1 5.4 2.84

fi = penetrance; i = 0, 1, 2; p = risk allele frequency; GRR1 = 
f1/f0; GRR2 = f2/f0; ELOD = average LOD score.

Table 3. Type I error rates (in percentage) for tests to identify SNPs 
that do not partially explain the IBD sharing at a 5% significance 
level in 9,000 replicates

Model p HST.P Hori GIST HSTMLB.P LAMP.P

Additive 0.1 4.8 4.6 2.3 4.9 5.8
0.2 5.1 5.1 4.1 5.1 5.7

Dominant 0.1 5.0 5.0 2.8 5.0 5.2
0.2 5.2 4.9 4.1 5.2 6.2

Multiplicative 0.2 5.1 4.9 3.7 5.1 6.8
0.3 5.3 5.0 4.5 5.3 6.0

Recessive 0.2 4.5 4.9 3.8 4.5 5.6
0.3 4.7 4.7 4.3 4.7 6.7

Results are contrasted with LAMP.P. The approximate 95% 
confidence intervals that do not contain 0.05 are bolded; the con-
fidence intervals are computed by the observed type I error rate 

b
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0.05 0.95
9,000

Z
 
.

Table 4. Type I error rates (in percentage) for tests to identify SNPs 
that do not fully explain the IBD sharing at a 5% significance 
level in 9,000 replicates

Model Additive Dominant Multiplicative Recessive

p 0.1 0.2 0.1 0.2 0.2 0.3 0.2 0.3
HST.F 5.2 4.9 4.8 4.9 5.1 5.2 5.0 5.2
HSTMLB.F 5.2 4.9 4.8 4.9 5.1 5.2 5.0 5.2
LAMP.F 3.0 2.4 1.8 2.1 3.3 3.0 3.3 3.4

Results are contrasted with LAMP.F. The approximate 95% 
confidence intervals for the type I error rates that do not contain 
0.05 are bolded.
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disease locus consisting of risk allele  D  with allele fre-
quency  p  and normal allele  d .  Table 2  characterizes the 
four simulated disease models. The population preva-
lence of disease was fixed at 5%.

  We generated 200 nuclear families each with one ASP. 
For each replicate, we simulated the disease SNP, a SNP 
in LD ( r  2  = 0.1, 0.2, ..., 0.9) with the disease SNP, a SNP in 
linkage equilibrium (LE) with the disease SNP, and a ful-
ly informative microsatellite marker used to determine 
IBD sharing. All SNPs had identical allele frequency  p , 
and there was no recombination between the simulated 
markers and hence, the observed IBD sharing is constant 
across the simulated markers. For every disease model in 
 table 2 , we used 9,000 replicates to assess type I error rates 
and 1,000 replicates to evaluate power. We compared 

HST.P, HSTMLB.P, GIST, and Horikawa (denoted Hori 
in tables and figures) for identifying SNPs that partially 
explain the observed IBD sharing and contrasted them 
with LAMP.P. When attempting to identify SNPs that do 
not fully explain the observed IBD sharing, HST.F and 
HSTMLB.F were contrasted with LAMP.F. Note that the 
fully informative marker was used as the flanking mark-
er for LAMP and to determine IBD sharing for the other 
approaches.

  Results: Identifying SNPs That Partially Explain the 
Linkage Peak 
  Table 3  presents the type I error rate estimates at a 5% 

significance level. In general, GIST has slightly conserva-
tive type I error rates, while the other methods to iden-
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  Fig. 1.  Power (in percentage) to identify SNPs that partially explain the linkage peak at a 5% significance level 
for dominant and recessive models. Results are contrasted with LAMP.P. 1,000 replicates are used in this simu-
lation. p is the risk allele frequency.  r  2  is the LD between the tested SNP and the disease SNP. 
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tify SNPs that partially explain the IBD sharing have 
type I error rates close to 5%. LAMP.P has slightly in-
flated type I error rates in testing whether there is LD 
between the tested SNP and the disease SNP.  Figure 1  
presents the power results at a 5% significance level for 
dominant and recessive disease models. The power in-
creases as the LD between the disease SNP and the tested 
SNP increases and as the risk allele frequency decreases. 
GIST is more powerful than other methods to identify 
SNPs that partially explain the IBD sharing, except when 
the disease model is dominant where HST.P and HST-
MLB.P have better power (results for other disease mod-
els are not shown).

  Results: Identifying SNPs That Do Not Fully Explain 
the Linkage Peak 
 When looking for SNPs that fully explain the IBD 

sharing, the null hypothesis is that the tested SNP is the 
only disease locus or is a perfect proxy for the sole disease 
SNP in the linkage region and thus, fully explains the ob-
served IBD sharing at the linkage peak. Hence, rejecting 
the null hypothesis indicates that the tested SNP does not 
fully explain the IBD sharing.  Table 4  presents the type I 
error rates at a 5% significance level. The type I error rates 
are close to 5% for both HST.F and HSTMLB.F to iden-
tify SNPs that do not fully explain the IBD sharing. In 
contrast, LAMP.F has slightly conservative type I error 
rates for testing whether a SNP is in perfect LD with the 
disease SNP.  Figure 2  presents the power results at a 5% 
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  Fig. 2.  Power (in percentage) to reject SNPs that do not fully explain the linkage peak at a 5% significance level 
for multiplicative and recessive disease models. Results are contrasted with LAMP.F. 1,000 replicates are used 
in this simulation. p is the risk allele frequency.  r  2  is the LD between the tested SNP and the disease SNP. 
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Table 6. Type I error rates (in percentage) for HST.F and
HSTMLB.F to identify SNP pairs that do not fully explain a link-
age signal evaluated at a 5% significance level using 9,000 repli-
cates

Model Additive Dominant Multiplicative Recessive

P(hD) 0.1 0.2 0.1 0.2 0.2 0.3 0.2 0.3
HST.F 4.9 5.0 5.4 4.8 4.9 5.4 4.7 5.0
HSTMLB.F 4.9 4.9 5.4 4.8 4.9 5.3 4.7 5.0

P(hD) is the risk haplotype frequency. All approximate 95% 
confidence intervals of the type I error rate contain 0.05.

Table 5. Type I error rates (in percentage) for HST.P and HST-
MLB.P to identify SNP pairs that partially explain the IBD shar-
ing at the linkage peak evaluated at a 5% significance level using 
9,000 replicates

Model Additive Dominant Multiplicative Recessive

P(hD) 0.1 0.2 0.1 0.2 0.2 0.3 0.2 0.3
HST.P 5.2 5.2 4.6 5.0 4.4 4.7 4.9 5.1
HSTMLB.P 5.2 5.2 4.6 5.0 4.4 4.7 4.9 5.1

P(hD) is the risk haplotype frequency. The approximate 95% 
confidence intervals of the type I error rate that do not contain 
0.05 are bolded.
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  Fig. 3.  Power (in percentage) of HST.P to identify SNP pairs that 
partially explain the IBD sharing at a 5% significance level for ad-
ditive and recessive models. SNPs 1 and 3 are two independent 
and equally contributing disease SNPs; SNP 2 is in LD with SNP 
1, but in LE with SNP 3.  P ( h  D ) is the risk haplotype frequency.  r  2  
is the LD between SNPs 1 and 2. Results are based on 1,000 repli-

cates. HSTMLB.P has similar power to HST.P and is not included. 
We use subscripts to indicate which SNPs were analyzed; for ex-
ample, HST.P 13  means that SNPs 1 and 3 were used to determine 
parental homozygosity status when computing the HST.P statis-
tic. 
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significance level for multiplicative and recessive models 
(results for other disease models are not shown). As ex-
pected, the power decreases when the LD between the 
disease SNP and the tested SNP increases. HST.F and 
HSTMLB.F have similar power, and the power of HST.F 
was accurately estimated (within 5% difference) using the 
theoretical approximation (Appendix C). In contrast, 
LAMP.F has better power to identify SNPs not in perfect 
LD with the disease SNP under the recessive model.

  For ASP design, our simulations show that HST
(HST.P and HST.F) and HSTMLB (HSTMLB.P and
HSTMLB.F) have equivalent power and type I error. Be-

cause HSTMLB does not assume independence of sibling 
pairs within a sibship, it may be applied to sibships with 
three or more siblings. However, HST uses weighted like-
lihood to account for the dependence of IBD sharing 
among sibling pairs. To compare these two approaches 
on larger sibships, we performed a simulation with  p  = 0.2 
using models described in  table 2  to generate 150 sibships 
of size three or 50 sibships of size four. We found that HST 
has slightly conservative type I error rates for larger sib-
ships, while HSTMLB has type I error rates close to 5%, 
and that HSTMLB is slightly more powerful than HST 
(results not shown).
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  Fig. 4.  Power (in percentage) of HST.F to reject SNP pairs that do 
not fully explain the IBD sharing at a 5% significance level for 
additive and recessive models. SNPs 1 and 3 are two independent 
and equally contributing disease SNPs; SNP 2 is in LD with SNP 
1, but in LE with SNP 3.  P ( h  D ) is the risk haplotype frequency.  r  2  
is the LD between SNPs 1 and 2. Results are based on 1,000 rep-

licates. HSTMLB.F has similar power to HST.F and is not includ-
ed. We use subscripts to indicate which SNPs were analyzed; for 
example, HST.F 12  means that SNPs 1 and 2 were used to deter-
mine parental homozygosity status when computing the HST.F 
statistic. 

C
o

lo
r v

er
si

o
n 

av
ai

la
b

le
 o

n
lin

e



 Chen   /Van Eerdewegh   /Vincent   /Alcais   /
Abel   /Dupuis    

Hum Hered 2010;69:104–119112

  Simulation Study – Two Di-Allelic Disease Loci 
 When none of the single SNPs fully explain the IBD 

sharing at the linkage peak, one may further analyze two-
SNP combinations. Among the methods investigated, 
only HST and HSTMLB can be extended to multiple-SNP 
analysis to identify SNP combinations that explain the 
linkage peak. We compared these two methods for single- 
and two-SNP analyses using simulations in which three 
SNPs and a fully informative marker to determine IBD 
sharing were simulated. All three SNPs were set to have 
equal allele frequencies, and there was no recombination 
between the simulated markers. To evaluate type I error 
rates of HST.P and HSTMLB.P in two-SNP analysis, one 
disease SNP and two mutually independent SNPs were 
simulated, and the two independent SNPs were used to 
estimate the type I error rates. The same population prev-
alence (5%), disease models and penetrances as in  table 2  
were used. A second three-SNP scenario was simulated 
where SNPs 1 and 3 were independent and equally con-
tributing disease SNPs, while SNP 2 was in varying de-
grees of LD ( r  2  = 0, 0.1, 0.2, ..., 1.0) with SNP 1 but in LE 
with SNP 3. This scenario was used to assess the power of 
HST.P and HSTMLB.P and to evaluate the type I error 
rates and power of HST.F and HSTMLB.F. We used the 
same population prevalence (5%), disease models and 
penetrances as in  table 2 , but with penetrances condition-
al on the risk haplotype of the two disease SNPs. Let  D  1  

and  D  2  be the risk alleles of the two disease SNPs,  h  D  = 
 D  1  D  2  be the haplotype with increased disease risk and all 
other haplotypes confer the same disease risk. We used 
subscripts to indicate which SNPs were analyzed; for ex-
ample, HST.F 13  means that SNPs 1 and 3 were used to de-
termine parental homozygosity status when computed 
the HST.F statistic. We simulated 9,000 replicates to esti-
mate type I error rates and 1,000 replicates to estimate 
power at a 5% significance level for HST and HSTMLB.

  Results: Identifying SNPs That Partially Explain 
Linkage Peak 
 The type I error rates at a 5% significance level of two-

SNP analysis for HST.P and HSTMLB.P are close to 0.05 
( table 5 ).  Figure 3  presents the power of HST.P and
HSTMLB.P to identify SNPs that partially explain the 
observed IBD sharing at the linkage peak for single- and 
two-SNP analyses for additive and recessive models (re-
sults for other disease models are not shown). HST.P and 
HSTMLB.P have equivalent power; therefore, we only 
present and discuss results from HST.P in what follows. 
In single-SNP analysis, the simulated power of HST.P to 
detect the true disease loci is greater than the power to 
detect the SNP in LD with one of the disease loci, as ex-
pected. In two-SNP analysis, HST.P 13  has the best power, 
while the power of HST.P 23  increases as the LD between 
SNPs 2 and 1 increases.

Table 7. Results of testing associated markers that partially explain the IBD sharing at the linkage peak on chromosome 6 for the two 
associated markers located in the vicinity (2-LOD support interval) of the linkage peak

Marker bp LOD HST.P HSTMLB.P Hori GIST FBAT LAMP.P

HLA-DRB1 32654527–32665559 9.97 0.046 0.14 4 ! 10–5 <10–6 8 ! 10–7 1.6 ! 10–24

rs1003979 33161058 15.68 1 1 0.272 0.1773 0.0244 0.17

Table 8. Results for 5 marker pairs that at least partially explain the IBD sharing at the linkage peak on chromosome 6

snp1 snp2 Nhomo Nhet HST.P HST.F �homo HST.F power HSTMLB.P HSTMLB.F �homo

HLA-DRB1 rs169679 91 239 0.00054 0.5 0.515 0.9208 0.00012 1 0.5
HLA-DRB1 rs11908 87 243 0.0027 0.3726 0.517 0.9096 0.01329 0.1369 0.67
HLA-DRB1 rs813079 102 226 0.05558 0.0499 0.581 0.953 0.04313 0.0271 0.72
HLA-DRB1 rs1011094 90 240 0.00427 0.3123 0.526 0.9233 0.00116 0.3551 0.6
rs169679 rs1003979 91 252 0.05511 0.0902 0.571 0.9043 0.04768 0.0525 0.705

Nhomo and Nhet are the numbers of homozygote and heterozygote parents, respectively.
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  Results: Identifying SNPs That Do Not Fully Explain 
the Linkage Peak 
  Table 6  presents the type I error rates for HST.F 13  and 

HSTMLB.F 13  to identify SNP pairs that may fully explain 
the linkage peak at a 5% significance level. HST.F 13  and 
HSTMLB.F 13  have type I error rates close to 5% in all 
 scenarios.  Figure 4  presents the power of HST.F and
HSTMLB.F to reject SNP pairs that do not fully explain 
the IBD sharing for additive and recessive models (results 
for other disease models are not shown). Again we use 
HST.F to report the results because HST.F and HSTMLB.F 
have equivalent power. In general, single-SNP analysis 
has better power than two-SNP analysis to reject SNPs 
that do not fully explain the IBD sharing at the linkage 
peak due to the reduction in the number of homozygous 
parents.

  Application to GAW15 NARAC Data 
 We compare HST and HSTMLB with other methods 

included in our simulation studies for identifying SNPs 
that explain the observed IBD sharing at the linkage 
peak in the GAW15 NARAC data. The dataset contains 
746 multiplex families. The full sample is used in the 
initial linkage and association analyses. Further analy-
ses to identify SNPs explaining the IBD sharing at the 
linkage peak are restricted to 280 families with parental 
genotypes available so that most of the methods could 
be applied to the same subset of individuals for com-
parison purpose. Among these 280 families, there are 
212 families with one genotyped parent and 68 families 
with two genotyped parents, and the number of affected 
sibships ranges from two to four. We focus our analysis 
on 5,407 SNPs on the 22 autosomal chromosomes.

  LD among SNPs can lead to false positive linkage sig-
nals in ASP analysis when parental genotype information 
is incomplete  [20] . Because LD exists in the set of geno-
typed SNPs  [14] , we use SNPLINK  [21]  to remove SNPs 
in LD with D �  greater than 0.5, and select a subset of 4,400 
SNPs for linkage analysis. The linkage scan using Merlin 
 [22]  reveals a region of strong linkage with a maximum 
LOD score  [23]  of 15.95 at rs11908 at 32,991,663 base pairs 
(bp) on chromosome 6 close to major histocompatibility 
complex (MHC). We apply the family-based association 
test (FBAT) in the presence of linkage  [24]  to the HLA-
DRB1 locus and to 14 SNPs falling within the 2-LOD 
score support region. The HLA-DRB1 genotype is recod-
ed as a di-allelic marker with the highest risk alleles 0401, 
0404, 0405, 0408 and 0409 forming allele 1 and the other 
HLA-DRB1 alleles recoded as allele 2. A total of 5,003 
SNPs on chromosomes other than chromosome 6 are 

used to estimate type I error rates of methods for identi-
fying SNPs that explain the IBD sharing at the linkage 
peak. FBAT identifies 2 associated markers (the recoded 
HLA-DRB1 locus and rs1003979) from the 15 markers. 
We apply HST, HSTMLB, Horikawa and GIST to the 2 
associated markers to determine if they explain the IBD 
sharing at the linkage peak. The results are contrasted 
with LAMP. Because neither SNP can fully explain the 
IBD sharing at the linkage peak, we further use FBAT to 
identify associated marker pairs out of the 105 marker 
pairs formed by the 15 markers under the linkage peak 
and then apply two-marker HST and HSTMLB analyses 
to the associated marker pairs. For GIST and Horikawa, 
the risk allele is defined as the overtransmitted allele 
from heterozygous parents. After removing SNPs in LD, 
all SNPs residing on the same chromosome as the tested 
SNP are used as flanking markers in the LAMP analy-
ses.

  Single-Marker Analysis: Identifying Markers That 
Partially Explain the Linkage Peak 
 We estimate the type I error rates at a significance lev-

el of 5% for all methods except LAMP.P, using 5,003 SNPs 
on chromosomes other than 6 and the IBD sharing at the 
linkage peak on chromosome 6. For HST.P, HSTMLB.P, 
Horikawa and GIST, the type I error rate estimates are 4.4, 
4.7, 5.2 and 5.1%, respectively. The type I error rate for 
LAMP.P cannot be evaluated using markers on chromo-
some 6 as it is not known a priori which SNPs are in LE 
with the disease susceptibility loci on that chromosome. 
Using SNPs on chromosomes other than chromosome 6 
leads to an inflated positive rate of 17.9% for LAMP.P. The 
inflation may be due to the presence of other disease sus-
ceptibility loci in the rest of the genome and, to a smaller 
extent, to the inadequate modeling of familial aggregation 
as seen in our simulation results.  Table 7  presents the re-
sults of identifying markers that partially explain the IBD 
sharing at the linkage peak on chromosome 6 for the two 
associated markers in 2-LOD score support region. Only 
the recoded HLA-DRB1 locus is identified as partially ex-
plaining the linkage peak by all methods but HSTMLB.P 
(HST.P p value = 0.046; HSTMLB.P p value = 0.14, Hori-
kawa p value = 4  !  10 –5  and GIST p value  ! 10 –6 ). Note 
that when using the original multi-allelic HLA-DRB1, 
both HST.P and HSTMLB.P detect HLA-DRB1 with p 
values of 0.0341 and 0.0108, respectively. By contrast,
the recoded HLA-DRB1 is also identified by LAMP.P
as a marker in LD with a disease locus (p value = 1.6  !  
10 –24 ).
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  Single-Marker Analysis: Identifying Markers That Do 
Not Fully Explain the Linkage Peak 
 On chromosomes other than chromosome 6, HST.F 

and HSTMLB.F have 99.96 and 100% power, respectively, 
to reject SNPs that cannot alone fully explain the IBD 
sharing at the linkage peak at a 5% significance level. In 
contrast, LAMP.F has 87.2% power to identify SNPs that 
are in partial LD but not in perfect LD with a disease SNP. 
The recoded HLA-DRB1 marker is rejected by HST.F (p 
value = 3.7  !  10 –3 ) and HSTMLB.F (p value = 2.8  !  
10 –4 ) as the sole source of the observed IBD sharing at the 
linkage peak. Similarly, LAMP.F rejects that the recoded 
HLA-DRB1 marker is in perfect LD with a disease SNP 
on chromosome 6 with a p value of 1.8  !  10 –6 . This sug-
gests that further multiple-marker analysis is needed to 
determine the source of the linkage signal on chromo-
some 6.

  Two-Marker Analysis 
 FBAT identifies 25 associated marker pairs from the 

105 marker pairs formed by the recoded HLA-DRB1 
marker and 14 SNPs in the 2-LOD score support region 
(results not shown). We further apply two-marker HST.P 
and HSTMLB.P analyses to the 25 associated marker 
pairs to test if they partially explain the observed IBD 
sharing at the linkage peak.  Table 8  presents the results 
of 5 marker pairs that at least partially explain the linkage 
peak identified either by HST or HSTMLB. Both HST 
and HSTMLB cannot reject 3 marker pairs that may ful-
ly explain the IBD sharing at the linkage peak at a sig-
nificance level of 10%: HLA-DRB1-rs169679, HLA-DRB1-
rs11908 and HLA-DRB1-rs1011094. The number of ho-
mozygote parents ( N  homo ) for the 3 marker pairs is about 
90, which might suggest that HST.F and HSTMLB.F may 
not have good power to reject the null hypothesis that the 
tested marker pair fully explains the observed IBD shar-
ing at the linkage peak. However, the estimates of  �  homo  
and  �  homo  for HLA-DRB1-rs169679 are close to what is 
expected (0.5) under the null hypothesis. In addition, we 
assess the empirical power of HST.F to identify SNP pairs 
that do not fully explain the IBD sharing at the linkage 
peak by permuting the parental homozygosity status to 
form an empirical null distribution based on 10,000 rep-
licates. The power estimates (HST.F power in  table 8 ) are 
all greater than 90%, so there is good power to reject SNP 
pairs that do not fully explain the observed IBD sharing 
at the linkage peak.

  Discussion 

 We have investigated HST and HSTMLB and com-
pared these methods to others to identify SNPs that ex-
plain the IBD sharing at the linkage peak. Based on our 
simulations, we found that examining the IBD sharing 
probability from homozygous parents provides a simple 
and powerful way to identify SNPs that do not fully ex-
plain the linkage peak (HST.F and HSTMLB.F).

  In the first simulation study using an ASP sample, we 
simulated a single disease SNP and considered various 
disease models. We found that in most scenarios, GIST 
was the most powerful to identify SNPs that partially ex-
plain the IBD sharing at the linkage peak. On the other 
hand, when searching for SNPs that do not fully explain 
the IBD sharing at the linkage peak, HST.F and HST-
MLB.F were equally powerful. In contrast, LAMP.P 
showed great power to detect SNPs in LD with the dis-
ease SNP, while LAMP.F showed good power to identify 
SNPs not in perfect LD with the disease SNP.

  In the second simulation study using an ASP sample, 
we generated two disease SNPs with equal effect on dis-
ease susceptibility and evaluated HST and HSTMLB, the 
only two approaches easily generalizable to multiple-SNP 
analysis. Our results showed that these two methods are 
equivalent in terms of power and type I error.

  In a sample of ASPs with parental genotypes, we de-
rived the theoretical approximations of HST.P and HST.F, 
which we used to compute their noncentral �2 parameters 
and theoretical power. The theoretical power approxima-
tion was precise and close to the empirical power estimat-
ed from simulations with the maximum difference less 
than 5% among all scenarios (results not shown).

  In the NARAC dataset, we applied all studied methods 
to attempt to identify SNPs that explained the IBD sharing 
at a previously reported linkage peak on chromosome 6. 
Among the recoded HLA-DRB1 locus and the 14 SNPs in 
the 2-LOD score support region, HST and HSTMLB could 
not reject three and four associated marker pairs that may 
fully explain the IBD sharing observed at the linkage peak 
at a 5% significance level, respectively. Most of these mark-
er pairs are composed of the recoded HLA-DRB1 locus. 
We confirmed the consistent evidence that the HLA-
DRB1 locus contributes to the RA susceptibility and yet, 
the HLA-DRB1 locus is not the sole source of the strong 
linkage signal.

  Note that for HST.F and HSTMLB.F, the null hypoth-
esis is H0: markers fully explain the IBD sharing at the 
linkage peak. Failure to reject the null hypothesis may oc-
cur when there is insufficient power, which may be due to 
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  where  I  M  and  I  D  are the number of alleles shared IBD by an ASP 
from mother and father, respectively. 

  Proof:  For a di-allelic disease locus with risk allele  t  (frequency 
 p ) and normal allele  T  (frequency  q  = 1 –  p ), assuming no imprint-
ing, we define  f  i  as the probability that an individual is affected 
given that he has  i  copies of risk allele,  i  = 0, 1, 2. The genotype 
relative risks are denoted by

1

0

f
f
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  and 
 2
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.f
f

�

  For a multiplicative model,  �  =  �  2 . The population prevalence can 
be written as 

    K  =  p  2  f  2  + 2 pqf  1  +  q  2  f  0  =  f  0 ( p  2  �  + 2 pq  �  +  q  2 )   =  f  0 ( p  �  +  q ) 2 .

  The additive ( V  A ) and dominant ( V  D ) variance components as-
suming no imprinting  [25]  can be written as: 

    V  A  = 2 pq  [ p (  f  2  –  f  1 ) +  q (  f  1  –  f  0 )] 2  = 2 pq     f  0  2   ( p  �  +  q ) 2  ( �  – 1) 2 ,

   V  D  =  p  2  q  2 (  f  2  – 2 f  1  +  f  0 ) 2  =  p  2  q  2    f  0  2     ( �  – 1) 2 .

  Risch  [26]  derived the relative risk ratios,  �  M  for monozygote 
twins,  �  1  for parent-offspring pairs, and  �  s  for sibling pairs, where 
 �  M  – 1 = (1/ K  2 )( V  A  +  V  D ),  �  1  – 1 = (1/ K  2 )( V  A /2),  �  s  – 1 = (1/ K  2 )( V  A /2 
+  V  D /4) and  �  M  = 4 �  s  – 2 �  1  – 1. Then the IBD sharing probabilities 
for ASP are 
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  Here,  �  =  �  2  + (1 –  � ) 2 , and  �  denotes the recombination fraction 
between the disease locus and the tested SNP. We rewrite the IBD 
sharing probabilities using  �  1  – 1 = (1/ K  2 )( V  A /2) and  �  s  – 1 = 
(1/ K  2 )( V  A /2 +  V  D /4). 
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a low number of homozygous parents at the markers of 
interest. While this should be less frequent in single asso-
ciated marker analysis, this is more likely to happen in 
multiple associated marker analysis, where it will be even 
rarer for parents to be homozygous at all sites tested. A 
more liberal significance level than the typical 5% may 
need to be used in order to avoid falsely identified markers 
as fully explaining the IBD sharing at the linkage peak.

  In conclusion, the HST has the following nice proper-
ties: (1) simplicity in theory and computation; (2) ability 
to test whether associated SNPs explain none/some/all of 
the IBD sharing at the linkage peak; (3) powerful exten-
sions such as HSTMLB.F; (4) flexibility to work with mul-
tiple-SNP combinations or multi-allelic markers. In ad-
dition, the idea of decomposing IBD sharing into sharing 
from heterozygous and homozygous parents can be in-
corporated into other linkage methods for identifying 
SNPs that explain the IBD sharing at the linkage peak, 
such as in HSTMLB and also in the application to quan-
titative traits. However, a limitation of the HST and HST-
MLB is the requirement that parental genotypes be avail-
able. Additionally, the power of HST.F and HSTMLB.F 
rely on the number of homozygote parents, and the gen-
eralization to multiple-SNP analysis may reduce power 
because the number of parents homozygous at all mark-
ers decreases with the inclusion of additional markers. In 
conclusion, among the approaches investigated in this 
paper, we suggest using HST-based approaches to iden-
tify SNPs that explain the IBD sharing at the linkage peak 
when parental genotypes are available, whereas GIST is 
preferable when parental genotypes are missing.
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  Appendix A 

 Proof of independence of parental transmissions to ASP under 
a multiplicative model, assuming no imprinting in a linked re-
gion. Equivalently, for  m  = 0, 1 and  d  = 0, 1, show that

   P ( I  M  =  m , I  D  =  d  �  ASP ) =  P ( I  M  =  m  �  ASP )    !   P ( I  D  =  d  �  ASP ),
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   With this equation, we will prove that  P ( I  M  =  m , I  D  =  d  �  ASP ) =  P ( I  M  =  m  �  ASP )  !   P ( I  D  =  d  �  ASP ) for  m  = 1 and  d  = 1. The cases 
hen  m  = 1 and  d  = 0,  m  = 0 and  d  = 1, and  m  = 0 and  d  = 0 can be proved similarly. 

 When  m  = 1 and  d  = 1, 
2 22 4 2 2 2 2 2

22 2

2 2 22 2 2 2 2 2

22

2 1/2 4 4 1/2 1/2 2 1/2 4
1 1

4 2 4 2

4 2 1/2 2 1 1/2 4 1
1, 1

4 2

A D A A A D D DM D

A D A D

A D A D A D AM D

A D

K V V K K V V V V V K V
P I |ASP P I |ASP

K V V K V V

K V V K V V V K V V
P I I |ASP

K V V

� � � � � � � �

� � � � � �
2 2

22

2 2 2

22

4 4 4 42 2 2 2 4 2 2 2 2
0 0 0

/2

4 2

1/2 4
1, 1 1, 1

4 2

4 4 1 4 1 0.

D

A D

A DM D M D

A D

A D

K V

K V V

V K V
P I I |ASP P I I |ASP

K V V

V K V p q f p q f p q p q f

�

� � � �

 Therefore, parental transmissions are independent at a marker with recombination fraction  �  away from the disease locus for multi-
plicative models. When  �  = 0, this reduces to showing independence of parental transmissions at the disease locus. 

 Appendix B 

 Proof of there is no excess IBD sharing from parents homozygous at the disease locus assuming no imprinting. That is,  �  homo  = 1/2 
at the disease locus.

   Proof: We denote by m  d  the parental mating type (father  !  mother) at the disease locus. Table B-1 presents the conditional prob-
abilities  P ( I  D , I  M , ASP  �  m  d ) for all mating types at the disease locus, assuming no imprinting  [27] . At the disease locus, to prove  �  homo  = 
1/2 is equivalent to prove  P ( I  D  = 1 �  ASP ) = 1/2 for a homozygous father or  P ( I  M  = 1 �  ASP ) = 1/2 for a homozygous mother. For a homo-
zygous father, the parental mating type,  m  d , can be  tt   !   tt ,  tt   !   Tt ,  tt   !   TT ,  TT   !   tt ,  TT   !   Tt  and  TT   !   TT . We want to prove
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 For  tt   !   Tt , a child has the probability 1/2 to be either  tt  or  Tt  and thus has the probability 
  

2 1

2
f f   to be affected, therefore,   

2
2 1 .

2
f f

P ASP|tt Tt

Table B-1. P(ID,IM,ASP�md) for all mating types md (father ! mother) at the disease locus

md ID = 1,IM = 1 ID = 1,IM = 0 ID = 0,IM = 1 ID = 0,IM = 0
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  Therefore, 
 

1 ,
1, 1, 1, 0,D
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P I |ASP tt Tt
P I I ASP|tt Tt P I I ASP|tt Tt
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2
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2

2
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  The case of  tt   !   TT ,  TT   !   tt ,  TT   !   Tt , and  TT   !   TT  mating types can be proven similarly. Hence,  �  homo  = 1/2 at the disease locus. 

 Appendix C 

 Theoretical approximation for the expected HST.F.

1 0
1 0

1. 2 log log log
2

homo homo
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N NHST F N N N
N N
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 We show the approximation procedure for the expected HST.F; a similar procedure applies to HST.P. Under the alternative hypothesis 
that the tested SNP is in LD with the disease locus, the distribution of HST.F can be approximated by a  �   12  , �   distribution, where  �  = 
 E ( HST . F ) – 1 is the noncentrality parameter, provided that E(HST.F) is sufficiently large. With the approximated expected HST.F, we 
can compute the noncentrality parameter and then the theoretical power. 

 We assume that a di-allelic disease locus  D  has risk allele  t  with frequency  p  and normal allele  T  with frequency  q  = 1 –  p , and that 
there is no imprinting. We denote by  m  D    the parental mating type (paternal  !  maternal) at the disease locus and let  I  k  ,  m  ( I  k  ,  d ) be the 
number of alleles shared IBD by the ASP from mother (father) at the disease locus for the  k -th family,  I  k  ,  m  = 0,1,  I  k  ,  d  = 0,1. We assume 
that SNP  M  has alleles  A  and  a , which may or may not be in LD with the disease locus. We denote by  m  M  the parental mating type at 
SNP  M  and by  Ik  h,

o
m
mo       (   Ik  h,

o
d
mo         ) the indicator that mother (father) is homozygous at SNP  M  for the  k -th family. Let  h  tA ,  h  ta ,  h  TA  and  h  Ta  be 

the haplotype frequencies for haplotypes  tA ,  ta ,  TA  and  Ta , respectively, and  P ( m  M , m  D ) be a product of haplotype frequencies, for ex-
ample,  P ( tt   !   TT ,  AA   !   aa ) =  h  2  tA  h  2  Ta . We use Taylor theorem to approximate  E ( N  1homo   log N  1homo   ),  E (N 0homo   log   N  0homo ) and  E ( N  homo log N  homo ) 
in the expected HST.F to the second order, using

21log log .
2x x x

x

E x x 	 	 

	

  We only show the approximation to E(N1
homo      logN1

homo), the other terms can be obtained similarly. 

 Approximation of E(N1
homo      logN1

homo) 

 Let
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  with mean  	  x  (1.) and variance 
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  When Ik
h
,
o
m
mo   = 1, the possible mating types at SNP  M  are  aa   !   aa ,  aa   !   AA ,  Aa   !   aa ,  Aa   !   AA ,  AA   !   aa  and  AA   !   AA . We denote 

by { HomoMom } M  the set of possible mating types with mom homozygous at SNP  M .
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 where these three probabilities are derived below: 
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  Note that the alleles shared IBD at the disease locus is independent of the mating type at SNP  M .  P ( I  k  ,  m  = 1, I  k  ,  d  = 0, ASP  �  m  D ) and
 P ( I  k  ,  m  = 1, I  k  ,  d  = 1, ASP  �  m  D ) are given in table B-1. Therefore,  	  x  can be derived by 

 
1 2

2 .
3

N

2.
2

, , , ,
1

N
homo homo

X k m k m k d k d
k

Var I I I I


2

, , , ,2 1, 1, 1, 1homo homoX
X k m k m k d k dNP I I I I |ASP

N
	

	

    When  Ik
h
,
o
m
mo    = 1 and  Ik
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,
o
d
mo  = 1, the possible mating types at the SNP  M  are  aa   !   aa ,  aa   !   AA ,  AA   !   aa  and  AA   !   AA . We denote the 

set of possible mating types at SNP  M  as { Homo   !   Homo } M .
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