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Abstract

Fisher information can be used as a surrogate for task-based measures of image quality based on
ideal observer performance. A new and improved derivation of the Fisher information approximation
for ideal-observer detectability is provided. This approximation depends only on the presence of a
weak signal and does not depend on Gaussian statistical assumptions. This is also not an asymptotic
result and therefore applies to imaging, where there is typically only one dataset, albeit a large one.
Applications to statistical mixture models for image data are presented. For Gaussian and Poisson
mixture models the results are used to connect reconstruction error with ideal-observer detection
performance. When the task is the estimation of signal parameters of a weak signal, the ensemble
mean squared error of the posterior mean estimator can also be expanded in powers of the signal
amplitude. There is no linear term in this expansion, and it is shown that the quadratic term involves
a Fisher information kernel that generalizes the standard Fisher information. Applications to imaging
mixture models reveal a close connection between ideal performance on these estimation tasks and
detection tasks for the same signals. Finally, for tasks that combine detection and estimation, we may
also define a detectability that measures performance on this combined task and an ideal observer
that maximizes this detectability. This detectability may also be expanded in powers of the signal
amplitude, and the quadratic term again involves the Fisher information kernel. Applications of this
approximation to imaging mixture models show a relation with the pure detection and pure estimation
tasks for the same signals.

1. INTRODUCTION

The Fisher information matrix is usually primarily thought of as an important component of
statistical estimation theory. This matrix is defined for a parameterized family of probability
distribution functions (PDFs), where the parameter is a finite dimensional vector. The Cramer—
Rao bound, for example, is derived from the Fisher information matrix and provides a lower
bound on the variances of the components of an unbiased estimator of the vector parameter
[1]. One problem with the Cramer—Rao lower bound, however, is that the minimum variance
is achieved only for exponential families of PDFs, which is a very restricted class. In imaging,
for example, if we want to include object variability as well as system noise, then, as we will
see below, the PDFs are mixture distributions, which cannot be fit into the exponential family
framework. Another problem with the Cramer—Rao bound is that it depends on the true
parameter value, which is often a random quantity itself.

A second property of the Fisher information matrix is that the inverse of this matrix is
asymptotically the same as the covariance matrix for the maximum likelihood estimator of the
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vector parameter [1]. Other asymptotic results relate Fisher information to ideal-observer
detection performance [7]. The problem with these results in the imaging context is that we do
not typically operate in an asymptotic regime, where you have many independent samples from
a given member of the family of PDFs. In the imaging context we usually have only one image
to work with and need to estimate a vector parameter and/or detect a signal without generating
more images from the given object.

In a previous publication [2] we showed that there is a connection between the Fisher
information matrix and the performance of the ideal Bayesian observer on a detection task, as
measured by the area under the receiver operating characteristic (ROC) curve, a quantity known
as the AUC (area under curve). The AUC is a figure of merit for detection tasks that can be
directly related to observer performance on two-alternative forced choice (2AFC) tests. The
Bayesian ideal observer maximizes the AUC by computing a likelihood ratio from the data
and comparing it to a threshold [3]. The context in which the relation between Fisher
information and ideal-observer AUC arises is when we are trying to detect a small change in
the vector parameter of a parameterized family of PDFs. For instance, if a signal is weak then
we may introduce an amplitude parameter and reduce the signal-detection problem to the
detection of asmall change in this parameter from zero. If we plot the AUC of the ideal observer
versus signal amplitude, then the slope of this curve at the origin is determined by the Fisher
information for the amplitude parameter. One useful aspect of this relationship is that there are
no special requirements on the form of the family of PDFs. This is also not an asymptotic result,
i.e., it does not depend on having a large number of independent data sets for each detection
problem (see Chapter 6 in [7] for examples of asymptotic connections between detection
performance and Fisher information). Asymptotic results are not very helpful in imaging, since
we usually have only one large dimensional data set to work with. In Section 2 we present a
new derivation of this relationship that puts it on a firmer mathematical footing and shows what
happens when we try to compute higher-order terms, those beyond the lowest-order term that
gives the slope result. In Section 3 we compute the Fisher information approximation to ideal-
observer AUC for mixture models of the type that are needed in imaging to account for imaging
noise and random background variations.

In Section 4 we present three examples of mixture models that are important in imaging. The
firstis a Gaussian mixture model with fixed covariance and random mean. The second example
is a Poisson mixture model with random mean. The final example is again a Gaussian mixture
model but now with random mean and covariance. In all of these cases we will see that the
Fisher information approximation provides surrogate figures of merit for measuring the
performance of imaging systems on detection tasks. A surrogate figure of merit is a quantity
that correlates with ideal-observer task performance as measured by the AUC or some other
task-based figure of merit but that is easier to compute.

In Section 5 we show that we can relate Fisher information to the ensemble mean squared error
(EMSE) of the ideal Bayesian estimator, the posterior mean. This is the estimator that
minimizes the EMSE [1]. The context for this relationship is that there are fixed parameters of
the signal that we are not trying to estimate and random parameters that we are trying to
estimate. We assume that the signal vanishes when the fixed parameters are all at some initial
value, as would happen for an amplitude parameter, for example. Then the EMSE of the
posterior mean estimator of the random parameters, for fixed parameters near their initial values
(a weak signal), is determined by a Fisher information operator that involves derivatives with
respect to the fixed parameters and expectations over the random parameters. In Section 6 we
show how this approximation works out for mixture models of the type considered in Section
3. The end result is very similar to expressions for the Fisher information approximation for
the detection task in Section 3.
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In a previous paper we introduced the Estimation ROC (EROC) curve, which measures
performance for tasks that involve detection and estimation [4]. The area under this curve
(AEROC) can be used as a figure of merit and, as with AUC, is directly related to the
performance of an observer on a 2AFC test involving detection and estimation. There is an
ideal EROC observer, and the AEROC for this observer can also be related to a Fisher
information operator under the same assumptions about signal parameters as in Section 5. In
Section 7 we review these results in a more general setting than when they were originally
derived, where the fixed parameter is a vector instead of a scalar. We also rewrite them in a
notation compatible with the other sections of this paper. Then, in Section 8, we return to the
mixture models of Section 3 and see what the Fisher information approximation to the ideal
AEROC looks like for these models. Again, the result is similar to the Fisher information
approximation for the detection task in Section 3.

We discuss these results and future research directions in Section 9, where we will also show
how the results in this paper are related to some basic concepts in the field of information
geometry. Appendices A-D contain some computations that are summarized in the main text.

2. FISHER INFORMATION AND DETECTABILITY

In detection tasks we are trying to determine whether the M-dimensional image data vector g
is a sample from the signal-absent probability density function (PDF) pr(g|Hg) or the signal-

present PDF pr(g|H1). The optimal method, under several criteria, for deciding this question

is to compute the likelihood ratio, given by

_prglH)

A ’
® pr(g|lHo) (1)

and compare the result to a threshold [3]. In particular, this procedure maximizes the AUC. An
observer who follows this strategy is called an ideal observer. We will be considering the
detection task when the signal-present hypothesis is distinguished from the signal-absent
hypothesis by a change in an N-dimensional vector parameter a, and will write the
corresponding likelihood ratio as

pr(gla)
pr(glao) ()

Aa(g)=

Thus, the signal-present hypothesis Hy is that the parameter vector has the value a, while the
signal-absent hypothesis Hy is that the parameter vector has the value ag. For example, the
parameter a might be a scalar representing the amplitude of the signal, in which case ag = 0.
More generally, we could think of this task as the detection of a change in the parameter from
ap to a. We are interested in approximating the AUC for the ideal observer when the difference
a—ag is small. In previous work [2] we found that the first four terms in the Taylor expansion
about ag of the detectability, which is monotonically related to the AUC, are determined by
the Fisher information matrix. The method used there did not provide any information about
the following terms in the expansion. In this section we present a new derivation that puts the
Taylor expansion on a firmer mathematical footing and shows that the fifth term, which would
be fourth order in a—ag, does not exist except under special circumstances.
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A. Fisher Information

To define the Fisher information matrix we can start with the score, an N-dimensional vector
valued function on data space given by sc(gla) = VaIn[pr(g|a)]. All vectors in our discussions
will be regarded as column vectors. The score is a zero-mean random vector, i.e., {sc(g|
a))g|a =0, where angle brackets are used here, and throughout, for statistical expectations. The
subscript on the angle brackets indicates what variable is being averaged over and whether the
signal is present or absent for this averaging. The covariance of the score is the Fisher
information matrix [1]:

F(a)=(sc(gla)sc’ (gla))ga. @A)

The Fisher information matrix is well known and has many important uses in statistical
estimation theory. We will not be concerned with estimating a in the following, but in detecting
a change in this parameter. The score at a=ay may also be written in terms of the likelihood
ratio as sc(glag) = VaAa(9)lag- This fact is what allows us to relate the Fisher information matrix
to the AUC for the ideal observer trying to detect a small change in the value of a from ag.

B. Augmented Likelihood Ratio

In order to derive the relation between ideal-observer AUC and Fisher information we will
introduce an auxiliary random variable x with probability densities given by

pridH)=Cro?) Pexp l—(x - i)-} .

202 (4)

We may think of the random variable x as being an additional source of information about the
signal that is statistically independent from our image data vector g. When ¢ is small the value
of this variable very nearly determines the presence or absence of the signal. As o increases,
the information provided by x becomes increasingly unreliable. In the limit of infinite ¢ the
value of x gives us no additional information beyond what is provided by the image data vector
g. The general strategy is to derive expressions for derivatives of the detectability when o is
finite, and then take the limit as o approaches infinity to get our results. To that end we define
the augmented likelihood ratio as

_prgaprCiH)

Ao (g, 2)= -
a0 (&= (glao)pr(xiHo) )

As o approaches infinity, the augmented likelihood ratio approaches the ordinary likelihood
ratio in Eq. (2).

A useful expression for the AUC of the likelihood ratio in the general case is provided by

lz da
gy’ 2 17
a=+3

I o 2+ia
AUCp=1 - 4—7rf,o\,|</\l/'+ (8)
(6)

This equation is by no means obvious, but can be derived from the standard definition of the
AUC as the area under the ROC curve [3]. The reason for using this expression for the ideal-
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observer AUC in our calculations will become clear below. For the AUC of our augmented
likelihood ratio we then have the expression

_ 1 oo 1/2+ia 2 1)2+ia 2 da
AUC@, 0)=1 - -~ S AT @) gy [ KA (), [ X v o
After a short calculation this equation simplifies to
l oo 1/2+ia 2 02+% da
AUC(@, 0)=1- — [ KA (@) gay | X exp| - e o .

where we can see that the auxiliary random variable x provides a covergence factor in the
integrand that is useful when we consider the limit as a approaches ag. This is the reason for
introducing the auxiliary random variable in the first place. Also note that, as o approaches
infinity, AUC(a, o) converges to the AUC for the likelihood ratio in Eq. (2), given by

1 ro i 2 da
AUC@)=1~ = [ KA @)ga| — -
T a4y 9)

It is this function that we are interested in for values of a close to ag. Unfortunately, as we will
see below, this function is not differentiable at a=ag, and so a Taylor expansion for AUC(a)
about the point ag is out of the question. This motivates the introduction of the detectability,
to which we now proceed.

C. Detectability

For the augmented likelihood ratio the detectability d(a, o) is defined by the relation

AUC(a, 0'):1+lerf[ l(l(a, 0)] .
2 2 2 (10)

This is usually motivated by considering the likelihood ratio for Gaussian statistics, where the
detectablity can be identified with the signal-to-noise ratio. One end result of this section is
that the detectability is fundamentally related to the Fisher information matrix regardless of
the statistical assumptions. We can show that Eq. (10) is equivalent to the following integral
expression [5]:

da

1 (o > 1) 5
AUC(a,0)=1 - Efiwexp {—(a +4—1)d (a,o-)] 013+%‘

(11)

It is the similarity between this expression and Eq. (8) that leads to the relations between
detectability and Fisher information. There are also equations corresponding to Egs. (10) and
(11) relating the detectability d(a) to AUC(a). To simplify the notation it is useful to define a
function y(a, o) by the equation d2(a, o) = y(a, o) +o 2. As o approaches infinity we obtain a
function y(a) that is related to the detectability d(a)via
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y(a)=lim y(a, 0)= lim & (a, a)zzlz(a).
og—00 aoT—00

We want to determine the Taylor series expansion for y(a) about the point a=ag. This will then
give us an approximation to AUC(a) when a is close to ay.

D. Taylor Series Expansion of Detectability

To find the terms of the desired Taylor series we begin with the equation that we now have
relating y(a, o) to complex moments of the likelihood ratio A(g):

R ;2 dz z 2 :2 dz
f(.exp [—|;|‘y(a, 0-) - |O'_|2 W=I(|<A;(g)>g|a|~exp (_u) W'

o2

(12)

In this equation the contour C is the vertical line .— 1 ;. (This line also appears in the Riemann
Hypothesis but, to date, the authors have not found any connection between ideal-observer
AUC and that famous conjecture.) By using implicit differentiation we can compute derivatives
of y(a, o) at a=ag. The details of this computation are somewhat tedious and are shown in
Appendix A for the case of a scalar parameter. It is straightforward to generalize these
calculations to a vector parameter. The end results for derivatives up to order three are as

follows:
y(ag, 0)=0, (13)
0
0—7(30,0' )=0,
aj. (14)
—y(ag, )=2Fu(ao),
Dagday B0 I=2F(@0) (15)
3 0 0 0
—')’(a(), O'):_Flm(aO)+_Flllk(aO)+_Fk1(aO)'
Oardaiday, Oaok dag; Oaom (16)

Since o does not appear on the right-hand side in any of these expressions, they also give us
the derivatives up to third order of y(a) at a=ag. For the fourth derivative and a scalar parameter
we have

4

g 2
57370, )=L(ao) ~ K(ag)o, -

where K(ap) is the kurtosis of the score. Therefore, unless this kurtosis is zero, the fourth
derivative of y(a) at a =ag will be infinite. We are, however, most interested in the lowest-order
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non-vanishing term, and we can write, to lowest order in a—ag, the following approximation
for the square of the detectability:

d*(a) = (a — ag) F(ap)(a — ag). (18)

Since the third derivatives are known, the remainder theorem for the Taylor expansion could
be used to estimate the error in this approximation.

We will examine some applications of this quadratic approximation to imaging in the next
section. Note that, in contrast to other applications of the Fisher information matrix, such as
the Cramer—Rao bound, the relation in Eq. (18) does not require inverting the matrix.

3. DETECTION IN IMAGING

The general equation g=7*f+n for a linear limaging system relates the finite-dimensional data
vector g to an object function f(r), an imaging operator *, and a noise vector n. We are not
necessarily assuming an additive noise model, so the statistical distribution of the noise vector
may depend on fand *. Asan application of the results in Section 2 we will consider an imaging
system where the data vector decomposes into three components: g="%fy +a*fs + n, where f,
is a randomly varying background function, f is a function representing a normalized version
of the signal to be detected (which may also vary randomly), and a is an amplitude parameter
for the signal. We may write this equation as g=b+as+n, where b is a vector in data space
representing the data from the background and s is the signal as seen in data space. In all of
our examples b will be a random vector with a PDF pr(b) defined on a subset B of data space.
The signal vector s may be fixed, or it may be a random vector with PDF pr(s) defined on a
subset S of data space. The vector n is the system noise, which, as noted above, may be
statistically dependent on the background and signal. A statistical description of n provides the
conditional PDF pr(g|b+as). We will set ag =0 so that the conditional PDF is pr(g|b) when the
signal is absent.

A. SKE Detection

SKE refers to signal-known-exactly detection problems, so that the only sources of randomness
are the background and system noise. The PDF for the data vector g in the signal-present case
is given by

pr(gla)= [ pr(glb+as)pr(b)db. (19)
When the signal is absent this reduces to a PDF we will call pr(g) given by
pr(g)=pi(gl0)= [ pr(glb)pr(b)db. (20)

When the signal is absent the posterior PDF for the background conditioned on the data is given
by Bayes’ rule:

pr(glb)pr(b)

blg)= .
prblD="" @ (1)
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This PDF plays an important role in all of our imaging examples. Expectations with this density
can be computed using Markov chain Monte Carlo techniques. We may define the score vector
for the background in the usual way by sc(g|b) = VpIn[pr(g|b)]. If we take the posterior mean
of this vector the result is a vector function that depends on the data alone given by

sc(g)= [ se(glb)pr(blg)db. 22)

To simplify the notation we will use angle brackets with a subscript 0 to indicate expectations
of functions of data with respect to the signal-absent PDF pr(g). If we look at the mean value
of this random vector s¢(g) when the signal is absent we obtain

(sc(@)o=| _ [ sc(gb)pr(blg)pr(g)dbdg
=[ | sc(gb)prighb)pr(b)dgdb
=/, |/, Vopr(glb)dg| pr(b)db=0. .

The Fisher information with respect to the amplitude parameter a can now be expressed in
terms of the covariance of this random vector as

F o (O)=tr[ ss (Se(@)5¢ (2))o1=(1s 56()] o (24)

Note that both expressions for the Fisher information involve an expectation of a product of a
signal-dependent term and a background-dependent term. In this case Eq. (18) reduces to
d?(a)=a2Fgkg(0). One implication of these equations is that, for SKE detection, the covariance

matrix (s¢(g)sc ' (g)), can be computed for a particular back-ground model, and then the
detectability of various signals (in the weak signal limit) can be computed by changing the
signal vector s. Of course, this covariance matrix may be very large, so an alternative is to

simply compute the variance of the zero-mean random variable s's¢(g), which will then give
the detectability for the given signal when the amplitude is small.

B. SKS Detection

SKS refers to signal-known-statistically detection problems, so the signal vector is now random
and the PDF when the signal is present is given by

pr(gla)= f s f ) pr(glb+as)pr(b)pr(s)dbds. 25)

When a=0 the signal is absent and the integral over s is unity. The result is the same PDF pr
(9) as in the SKE case. If we denote the mean signal vector as 3, then the Fisher information
with respect to the amplitude parameter is given by

F o (0)=t[ 55 (5e(g)5¢ (8))o]= (5 5e(@) Yo, (26)
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The approximate detectability is now d?(a)=a?Fsks(0) and differs from the SKE detectability
only in the replacement of the known signal with the mean of the signal ensemble. This reveals
a close connection between SKE and SKS detectability when the signal is weak. The SKS
model is more realistic, but, again for weak signals, it may be replaced with an equivalent SKE
model for the purposes of computing detectability for the ideal observer.

C. RSKE Detection

RSKE refers to randomized-signal-known-exactly studies. In this case the square of the ideal-
observer detectability is computed for each of an ensemble of signals as if the signal were
known, and then the average over the signal ensemble is performed. The average Fisher
information is given by

F e (0)=tr[ (s T)(SE()5E (8))o]=((s 5€(@) Yo )ss @7)

which is just the expectation of the SKE Fisher information over the signal ensemble. The
average of the square of the approximate detectability is now d2(a)~a?Fgrsks(0). Note that
Frske(0)>Fsks(0), since the covariance matrix of the signal vector is positive definite. This
indicates, as expected, that RSKE performance will always be better than SKS performance
on the detection task for a given signal ensemble.

4. EXAMPLES FROM IMAGING APPLICATIONS

In this section we consider some imaging examples where we specify the conditional
probability pr(g|b)and compute the approximate figures of merit discussed above. All other
PDFs, for the background and signal, will remain unspecified.

A. Gaussian Noise with Fixed Covariance

For this example we suppose that the conditional probability density pr(g|b) is given by a
multivariate Gaussian with random mean b and a fixed covariance matrix K. The score vector
for the background is easily computed to be sc(g|b) = K™1(g—b). If we define the posterior
mean estimate of the background in the usual way as

b(g)= bpr(blg)db, 28)

then the posterior mean of sc(g|b) is given by s¢(g)=K '[g — b(g)]- We can define a posterior
mean estimate of the noise as A(g) = g—b(g) and note that this is a zero-mean random vector
when the signal is absent. The covariance of s¢(g) can now be written as a matrix product:
(s5¢(g)sc ' (8))o=K 'KzK'. We may now write out the coefficients of the second-order terms
in the approximations for each of our detection figures of merit:

Fo0)=(s K~ 0@ Yo, 29

F . (0)=(s"K "n(g)| o, (30)
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F oo O=((Is K (@) Yo @1)

Note that all of these expressions involve prewhitened inner products between signal related
vectors and the posterior mean estimate of the noise when the signal is absent.

If the posterior mean estimate A(g) is replaced with the actual noise vector n, then, for example,
Fske(0) becomes sTK1s, which is usually called the Hotelling trace and gives the detectability
for the ideal linear observer when the background is known. Each of the quantities in Egs.
(29)—(31) could be used as a surrogate figure of merit for the corresponding imaging task. For
weak signals these surrogate figures of merit should correlate well with the performance of the
corresponding ideal observers on the given tasks. The posterior mean estimate of the
background will present difficulties for this approach, but we may be able to justify using some
more easily computable estimate, such as a maximum a priori (MAP) estimate in its place. In
cases where the mode of the posterior distribution pr(b|g) is close to the mean, this would be
a good approximation. A maximum likelihood (ML) estimate of the background would
probably not be a good estimate to use, since ML estimators do not take into account the prior
pr(b), which describes background variability and is often an important determinant of task
performance. In Appendix B we expand on these comments to produce upper and lower bounds
for the surrogate figure of meritin Eq. (29) based on the Hotelling trace and alternate estimators
of the background. The end results from these calculations are three interesting relations. The
first of these relates the Fisher information figures of merit given above to our ability to estimate
the background. For the SKE detection case we have

(Is"K @) )o=s"K s — (5K [b ~ B(g)]| gn)y.- @)

which tells us the Fisher information increases if the posterior mean produces a better estimate
of the component of the prewhitened background that lies in the direction of the prewhitened
signal. The second relation from Appendix B is

sK s — (s"K™'[b=b (@)1 ) < (s'K™T(g) ) < s'K s, (33)

where b(g) is any estimate of the background. This estimate, for example, may result from a
reconstruction algorithm that produces an estimate fg of the background function f,,. We would
then apply the system operator * to produce the estimate b(g). Therefore any reconstruction
algorithm will provide a lower bound on detection task performance for weak signals, and may
be useful as a way to generate a surrogate figure of merit.

We also show in Appendix B that, if we choose a linear estimator for 6(g) and try to maximize
the left hand side of (33), then the end result is the Wiener estimator [6], and this last inequality
gives us

s"(K+Kp)'s < (s"K™m(g)| ) < s'K s, (34)
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where Ky, is the covariance matrix for the background vector b. If we wish to increase the lower
bound for the Fisher information beyond the value given in this inequality, then we will have
to use non-linear estimation of the background vector.

Another consequence of inequality (33) relates the Fisher information to an ensemble weighted
mean square error for the background estimator b(g):

2 ~ ~
(s"K™'n(g)l )y = s'K*s{1 - ([b—b (g)] K'[b=b (2)])o}- (35)

For a white Gaussian mixture model this relation shows that the emsemble mean squared error
of a background estimator can be related to task performance on a detection task. Now we
suppose that the background estimator is the result of the system operator applied to an image
reconstruction: b(g) = *fg, where the function fy(r) is the reconstructed object from the data
vector g. Then we can conclude that

(s'KT@ o = sTK {1 - [[KPH|| s - ol 36

In this equation the quantity ||K1/2#|| represents the Hilbert space operator norm and |[f, —
fg||2 is the squared error between the reconstructed background object and the actual
background object. Therefore the ensemble mean squared error between actual and
reconstructed objects provides a lower bound on the Fisher information, which in turn provides
an approximation to the detectability. This chain of reasoning indicates that, with these
Gaussian mixture models the EMSE of reconstructed images may be useful as a surrogate
figure of merit. The ensemble average over random backgrounds and system noise is important,
however. The MSE of a single image reconstruction can tell us nothing about task performance
unless we make restrictive (and, in the imaging context, unrealistic) assumptions about the
background object statistics, such as stationarity and ergodicity.

B. Poisson Noise

For this example we suppose that the conditional probability distribution for the data is a

multivariate Poisson distribution with mean b. This makes Pr(g) a Poisson mixture distribution.
The notation Pr(g|b) and Pr(g) is used here since these are discrete distributions on nonnegative
integer data vectors. The conditional score is also defined on non-negative integer vectors and

is given by [sc(glb)],,=gmb,, — 1. The posterior mean of the conditional score can be written

as [E(g)],,,:g,,,ﬁ,j}(g) — 1, where what we will call the Poisson posterior mean estimator
bm(g) of the background is given by

— 1 -1
bin( ):[ —pr(b| )dbj .
g fﬁ b,,,p & 37

Now for Fgkg(0) we need the variance of s'sc(g) when the signal is absent. For the purposes
of computing surrogate figures of merit, we may be able to replace the Poisson posterior mean
estimator in Eq. (37) with a more easily computable estimate. We could, for example, use a
MAP estimate for the background.

In Appendix C we derive an inequality for the Fisher information that relates task performance
to our ability to estimate the true background:
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a1 ] 1 | 1 1
oot W), -
m m\8m m 0 38

m=1

Unfortunately, this inequality holds only for the estimator in Eq. (37), but it does provide a
quantitative relation between reconstruction accuracy and task performance.

C. Gaussian Noise with Background-Dependent Covariance

For the last example we consider mixture distributions where pr(g|b) is multivariate Gaussian
with random mean b and a background-dependent covariance Ky, This type of distribution
arises, for example, when we use channelized data for dimension reduction, and the original
data follow a Poisson mixture distribution. To a good approximation the conditional
distribution on the channelized data will be Gaussian due to the central limit theorem. Since
the conditional covariance of the original data for a Poisson mixture depends on the
background, the covariance for the channelized data will also.

It is notationally convenient to include the signal from the start for this example, so we will
define the scalar differential operator Dg = s'V}, for the SKE detection case, with suitable

changes for the other tasks. It is also useful to define a vector n(g, b) by n(g, b):Kgl(g - b).
The inner product of the signal with the conditional score can be written as a sum of three
terms:

1 _ 1
s'se(gb)= - St[K;, (DJKp)l+s'n(g, b)+5n'(g,b) x (DsKp)n(g, b), )

where we have used standard results on the derivatives of determinants and inverses of
matrices. The scalar product of the signal with the posterior mean of the conditional score is
now given by the integral

s'sc(g)= [ s'sc(glb)pr(blg)db. 40

As in the previous example, Fske(0) is the variance of this quantity when the signal is absent.
For further progress here we will probably need numerical computations.

5. FISHER INFORMATION AND BAYESIAN ESTIMATION

For this section we will assume that there is a parameter vector v with a prior distribution pr
(v) on a parameter space V that we are interested in estimating from the data vector g. We still
have the parameter vector a, which we are not trying to estimate, and we are interested in the
change in the performance of our estimator of v as a varies near a fixed value ag. In general
then our data have a conditional PDF pr(g|v,a) that depends on v and a. We will also assume
that the value ag is singular in the sense that pr(g|v,ag) = pr(glag) does not depend on v. For
example, the vector v could consist of parameters associated with a signal in a random
background, and a could be a signal amplitude parameter, as in the examples above.

A. Utility Functions and Optimal Estimators

For each value of a, we will have an estimator function 9(g|a). In general the utility of any
estimate ¥ when the true value is v is given by a utility function u(9,v). The expected utility
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for our estimator ¥(g|a) is given by averaging the resulting estimates over all data vectors g
and all parameter vectors v. This expected utility will still depend on a and is given by

U(a):f‘, {qu[V(g|a), vlpr(glv, a)dg} pr(v)dv. (41)

The PDF for the data vector g is related to the conditional PDF and the prior via the usual
relation

pr(gla)=J pr(glv. a)pr(v)dv. 42)

and the posterior PDF on the parameter vector v conditioned on the data is then given by Bayes’
rule as

pr(glv. a)pr(v)

r(v|g,a)= .
P pr(gla) (43)

In terms of the posterior PDF we may also write the expected utility for an estimator in the
form

UGa)=[_{[ ul¥igla), vipr(vig, a)dv| pr(gla)dg. (44)

The ideal estimator is the one that maximizes the expected utility, and we are interested in
expanding the function U(a) for the ideal estimator in the neighborhood of a=ag. Therefore,
in what follows, U(a) will be the expected utility for the ideal estimator corresponding to the
given utility function. An advantage for us of the first form in Eq. (41) for the expected utility
is that the vector a appears only twice. A disadvantage is that, for each value of the parameter
vector v, the function 9(g|a) must be chosen to maximize the inner integral over g. On the other
hand, while the vector a appears three times in Eq. (44), we need only choose the vector 9(g|
a) for each data vector g to maximize the inner integral over v. We will, in fact, use both forms
for the calculation of derivatives with respect to a.

B. Quadratic Utility Function

For simplicity we consider a quadratic utility function, although similar results can be derived
for other utility functions. Suppose, then, that the utility function is given by

uv,v)=1-1|v- v||2. In this case it is known that the ideal estimator is the posterior mean of
the parameter vector [1], which is given by

Vigla)= [, vpr(vig, a)dv. 45)

This estimator can also be written in terms of the conditional and prior PDFs in the form
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S vpr(v)pr(giv, a)dv
pr(gla) ’ o

Vigla)=

From this last equation we can see that, when we are at the singular point a=ay, the ideal
estimator is simply the mean parameter vector

Viglao)=v={ vpr(v)dv, .

and the expected utility for this estimator is related to the trace of Ky, the covariance matrix
for v, by the equation /(a;)=1 - Ltr(K,)- In fact, this is the expected utility if we use the mean
parameter vector as our estimator, independent of the value of the vector a. Since the mean of
v could always be used as an estimator, we must have U(ag) < U(a) for any vector a. In
Appendix D we show directly that V,U(ag) = 0, and this is consistent with the inequality U
(ag) < U(a). We now have the first two terms in the Taylor series for U(a) about ag, and we
turn our attention to the third term, which will be second order in a.

For this third term we first define a conditional score vector via sc(g|v,a) = VaIn[pr(g|v,a)].

Note that this vector involves the gradient with respect to a, the vector parameter that we are
not trying to estimate. For the traditional applications of the Fisher information we would use
the gradient with respect to v, the vector parameter that we are trying to estimate. We show in

Appendix D that the Hessian matrix HU(ao)IVaVZ Ul(ap) is given by
H, (a0)=((v - V)sc (glv, 20))i((v = Dsc’ (glv. 20))y g (48)

Note that this is a positive definite matrix, which is also consistent with the inequality U(ag)
< U(a). If the expectation over the data vector g is performed first, then we must introduce a
matrix valued Fisher information kernel with the equation

’ E /7
F(ao|v, v )=(sc(g|v, a0)sc’ (v . a0))ga, - (49)

This kernel can now be used to write the Hessian as a double expectation over independent
and identically distributed parameter vectors v and v’

H, @0)=(F(aolv.v)(v =9 (v =¥)_. 0

The Taylor series expansion up to second order for U(a) at ag can now be written as

1 1
Ua)=1— Etr(Kv)+§(a —a9)"H, (ap)(a — ag)+. ..., 5D
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with the Hessian matrix given by either Eq. (48) or Eq. (50). In the next section we will see
how this plays out when the parameter vector v describes a random signal that is embedded in
a random background, and a is a scalar amplitude parameter.

6. ESTIMATION IN IMAGING

For this example the data vector is composed of three components as before, random
background, random signal, and noise. In this case the randomness of the signal is described
explicitly by making the signal component a function of a random parameter vector v. The
vector a will be a scalar amplitude factor on the signal component, with ag = 0 as before. Note
that the parameter vector v may also contain a component that changes the amplitude of the
signal. In this case the effect of decreasing the parameter a is to scale the PDF for this amplitude
component of v and concentrate the probability near zero. A small value for the parameter a
would therefore imply that the probability of a weak signal is high. In any case the data equation
is now g=b+as(v)+n. With the same notation as in Section 2, the conditional probability for
the data is given by an integral over the ensemble of random backgrounds,

pr(glv, a)=[ _pr(glb+as(v))pr(b)db, 52
and the conditional score is a scalar given by
sc(gly, 0)=s"(v) [ se(glb)pr(blg)db=s"(v)5c(g). (53)

If we define a cross covariance matrix between the signal parameters and the signal component
of the data by the equation Kys = {(v—7)s'(v))y, then the Hessian, which is a scalar in this
example, is given by

H,,(0)=4 U(0)=t[ K} ;Ks(5e(g)5c' (2))o]
=(|[Kysse(@)]| - (54)

Note the similarity between this expression and the corresponding quantities for the detection
tasks given in Egs. (24) and (26). The approximate expected utility for the posterior mean

estimator is then given by Ua) = 1 - Ltr(Ky)+(a — 00)3].1[/(0).

7. FISHER INFORMATION FOR COMBINED DETECTION AND ESTIMATION

For a combined detection and estimation task we are trying to determine whether the data were
drawn from the signal-present ensemble with PDF pr(g|v,a) or the signal-absent ensemble with
PDF pr(g|ag). If we decide for the former hypothesis, then we must estimate the parameter
vector v. In a previous publication [4] one of the authors (Clarkson) introduced the EROC
curve as a tool for studying the performance of an observer on this task. The AEROC was also
introduced as a figure of merit for observer performance. Since the task involves estimation,
autility function is needed in order to plot the EROC curve and measure a value for the AEROC.
As with ordinary ROC analysis, there is an observer, the ideal EROC observer, that maximizes
the AEROC for a given task and utility function, and expressions for the detection test statistic
and estimator can also be found in [4]. For weak signals and positive utility functions the
following approximation to the AEROC for the ideal observer was derived:
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} ' (55)

The original derivation of this equation used slightly different notation and a scalar parameter
instead of the vector parameter a. The notation that we are using here emphasizes the similarity
with the results relating Fisher information to detection and estimation performance in Sections
2 and 5, respectively. The extension from a scalar parameter to the vector parameter a is
straightforward. Using the notation from Section 3, the constant i is given by

_ |11 1
AEROC(a) ~ 1 {§+ Eerf[ Ed(a)

ﬁo=f‘,ll(V0, v)pr(v)dyv, (56)
where the vector v is defined as

Vo= arg max l f Vu(v,, v)pr(v)dv| .
v (57)

When we use the quadratic utility function of Section 3, we have vo =vand ,=1 — Lt¢(K,)-
In order for the error function approximation for the AEROC to apply for this quadratic utility
function, the parameter vector must be bounded to the range ||v||<1. If the parameter vector is
limited to a bounded set, then the parametrization can be shifted and scaled so that ||v||<1. This
is often the case in practice; however, if the parameter vector is unbounded, then a quadratic
utility function cannot remain positive and the error function approximation for AEROC will
not apply.

The function d2(a) is quadratic: d2(a) = (a—ag) "H(ag)x(a—ag), and the coefficient matrix for

this quadratic form is expressed in terms of the Fisher information kernel function described
earlier:

1
H(a0)=— (u(vo. V)F(aglv. v Ju(vo. v )) 7.
g A (58)

In the next section we will apply these results to the imaging situation described in Section 6.

8. COMBINED DETECTION AND ESTIMATION IN IMAGING

With the same data equation as in Section 6, we find that the following utility-averaged signal
is relevant for the AEROC approximation: s = 1/ig{u(vg, v)s(v))y. Making use of the
calculations in Section 6, we can show that

H(ap)=H(0)=ti{5 5 (se(g)5c (£))o]=(I5 5e(@)| Yo- (59)

Now we use d2(a) = (a—ag)2H(0) to get the approximation to the ideal observer AEROC. Note
the similarities to the detectability approximations for the SKE and SKS tasks. By comparing
the results from this section with those in Sections 3 and 6 we can see that the matrix
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(s¢(g)sc ' (g)), is important for approximating the ideal-observer figures of merit for all three
types of tasks: detection, estimation, and combined detection/estimation. This matrix depends
on the background ensemble and the imaging operator. It is independent of the task and the
signal to be detected and/or estimated. We have seen in Section 4 how this matrix can lead to
surrogate figures of merit for detection tasks. The same results can be modified slightly to apply
to provide surrogate figures of merit for estimation and combined estimation/detection tasks
also.

9. DISCUSSION

We have provided a new and more rigorous derivation of what we believe is an important
relation between the Fisher information matrix and the AUC for the ideal observer trying to
detect a change in a parameter of the PDF governing the statistics of the data vector. This new
derivation shows why our previous derivation failed when we tried to find the fourth-order
term in the expansion of the ideal-observer AUC in terms of the change in the parameter vector.
In particular, for a scalar parameter, this fourth-order term does not exist unless the kurtosis of
the score is zero. These results can be related to some concepts in information geometry through
the idea of a divergence on the manifold A of PDFs parameterized by the vector a. The square
of the detectability, which we call y(a) in Section 2, also depends on the base value ag. If we
modify the notation and call this quantity y(a,ag), then this function defines a divergence on
M. For any divergence the matrix of second derivatives evaluated at a = ag defines a
Riemannian metric on . We have shown that, for the divergence defined by the detectability
of the ideal observer, this metric is the canonical metric in information geometry, i.e., the Fisher
information. Furthermore, any divergence on M gives rise to a linear connection on this
manifold via its third derivatives evaluated at a=ag. Our computation of these third derivatives
allows us to compute the connection coefficients that arise from the ideal-observer
detectability. Thus, even though this divergence fails to have fourth derivatives along a=ag,
the existence of the second and third derivatives allows us to compute the Riemannian metric
and linear connection induced by the ideal-observer detectability. We have yet to work out the
implications of this interpretation of our calculations.

For signal detection in the imaging context we have shown that, when the parameter that is
changing is the signal amplitude, the Fisher information approximation to the detectability is
the trace of a product of two matrices, one of which depends on the statistics of the data
generated by the signal and the other on the statistics of the data generated by the random
background. This offers the possibility of optimizing an imaging system for the detection of
arbitrary weak signals in a statistically specified ensemble of backgrounds. For this approach
to be computationally feasible we would need an efficient method to calculate sc(g), the
posterior mean of the background score vector, or some approximation to this vector. As an
example of the latter approach we could replace the posterior distribution pr(b|g) with a
Gaussian approximation to it. Simulations or experiments would determine how the mean and
covariance matrix of this Gaussian would depend on the data vector g.

We have calculated the details of the Fisher information approximation to detection figures of
merit under three statistical models that are relevant to imaging. In the case of a Gaussian
mixture model, where the mean of the Gaussian is background dependent, we have found a
very simple and intuitive expression that makes use of the posterior mean estimate of the
background. If this estimator is replaced with some more easily computable estimator that still
makes use of prior information about the background statistics, then the result may be a
surrogate figure of merit that will correlate well with ideal observer performance on a wide
range of tasks. This possibility needs to be verified in simulation and that will be part of the
next phase of this work. For the Poisson mixture model, and the Gaussian mixture when the
background affects the mean and covariance of the Gaussian, we were not able to pursue the
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analytical calculations quite as far, but there is still the possibility of deriving surrogate figures
of merit by replacing the posterior density with a Gaussian approximation as discussed above.

We have shown that, when the task is to estimate signal parameters for weak signals, the
minimum possible EMSE can also be approximated with the use of a generalization of the
Fisher information matrix, a matrix-valued Fisher information kernel. It is interesting that this
kernel involves the gradient of the conditional distribution pr(g|v,a) with respect to the
parameter vector a that we are not estimating. The standard application of Fisher information
to estimation problems involves the gradient of the conditional distribution with respect to the
parameter vector v that we are estimating. An essential aspect of this calculation is that there
is a singularity in the statistical model pr(g|v,a). This singularity is described by the equation
pr(glv,ap) = pr(glag), which indicates that the signal is absent when a=ag. It would be interesting
to extend the techniques of information geometry to this situation, but that endeavor is beyond
the scope of this work.

For signal parameter estimation in the imaging context, when the parameter that is not being
estimated is the signal amplitude, we have shown that the Fisher information approximation
to the minimum EMSE can again be expressed as the trace of a product of two matrices. The
first of these matrices again depends only on the statistics of the signal in the data. The second
matrix depends only on the background statistics in the data and is, in fact, the same matrix
that appears in the Fisher information approximation to detectability in the imaging context.
This raises the possibility that an imaging system that is optimized for detecting arbitrary weak
signals in a given ensemble of random backgrounds will also optimize performance on the task
of estimating signal parameters.

When the task is the detection of a signal and the estimation of signal parameters we have
introduced the AEROC as a figure of merit in an earlier publication. In that publication we also
showed that, when the utility function for the estimation part of the task is nonnegative, the
AEROC for the ideal EROC observer can also be approximated for weak signals by using the
Fisher information kernel introduced above for pure estimation tasks. We suspect that there
are other classes of utility functions for which this approximation is valid, but we have not
explored these possibilities at the present time. In this work we have applied this approximation
to the imaging context and found that, once again, the Fisher information approximation to the
ideal AEROC involves the trace of a product of matrices. The first matrix depends on the signal
statistics in the data and the utility function. The second matrix depends on the background
satistics in the data and is again the same matrix that appears in the Fisher information
approximation to detectability. Thus, optimizing a system for detection of arbitrary weak
signals in a random background may also optimize the system for combined detection and
estimation tasks.

In summary we have found that, for the very general imaging model used in this work, our
ability to estimate the random background, as quantified by the Fisher information matrix for
this task, is a crucial determinant of task performance of ideal observers for detection,
estimation and combined tasks. This is probably not very surprising, but the Fisher information
approximations developed and examined in this work allow us to mathematically relate the
background Fisher information matrix to ideal-observer figures of merit for all of these tasks.
This relation, in turn, can be used to develop surrogate figures of merit that are correlated with
ideal-observer task performance, but easier to compute. This work forms only the foundation
for this latter pursuit and we will be exploring in this direction in the future.
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APPENDIX A: COMPUTATIONS FOR SECTION 1

We use Eq. (12) to derive Egs. (13)-(17). In this appendix we will show the calculations when
the parameter vector a is a scalar a. Computing derivatives of the left-hand side of Eq. (12)
with respect to a involves differentiating the quantity

Do=exp[ —zI*y(a, o) ]=exp(~|z*y), (A1)

where we have introduced a shorthand notation that will be useful. The symbol y, represents
the nth derivative of y with respect to a, and D, represents the corresponding derivative of
Do.

Dy= - [z/*y1 Dy, (A2)
Do=(~|z*y>+lzI*y]) Do, (A3)
D3=(~|z*y3+3[z[*y172 — 1%} Do. (A4)
Da=(=IzPya+4lz*y1y3+312*y3 = 621y +1z¥y])Do. (A5)

It is the quantities y, at a = ag that we are interested in computing.

Computing derivatives on the right-hand side of Eg. (12) involves differentiating the quantity
Do=KAY(®)gal =KAH A6)

with respect to a, where _—1 4, and the second equality introduces a shorthand notation for
the computations. The notation A,, will, be used for the nth derivative of A4(g) with respect to
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a, and [5n is the corresponding derivative of 50. For the complex conjugate of z we write zand
note that z=1-z. The first four derivatives are given by

Di=x(A A (A +ec, (A7)

Da= = [zAATIAINATY AT AN ADHAHAT AL X (AT A +ec, (A8)

D3= - 2z = 2(A ADN(AT)
= 3(ATA LA NAY)
— 2ZATIAINAT AL
+(ATTAGNAT)
F2PAT AATIAY
— AT AIATIAD
HePATIA AT Agytec, (A9)
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D= - 1Pz
-2)(z
= 3(ATIATNAY)
= 6lc%(z = 2) X (A ATAR)(AY)
- 32
— D(ATADATIAY)
= 3(ATPAINAY)
— 4(ATALAINAY)
— 9T (AT AL A NATAY)
+3|MATATNATIAT)
= 3TAATEATHATIA,)
+( AT ALNAY)
+3 (AT AN ATAY)
= 3P (AT AATPAD)
+3[P(AT A AT A)
e
- 2}(ATIAY)
X (A3A3)
= 32PAATAATEALAY)
+H AT AL
HAT A +e.c. (A10)

Now we will evaluate these derivative expressions at a=ag. Many terms disappear in this limit
because of two facts. The first fact is that A=1 at a=ag. The second fact is that {A,,) =0 when
a=ag. This second fact depends on the interchange of differentiation with respect to a and the
expectation operation. We will assume that our conditional PDF is such that this interchange
can be performed. The surviving terms give us the following equations

Do=1, (A11)

D=0, (A12)

Da=— 21z (A, (A13)

Ds=— [2(z = 2)(A}) - 31X (A An)+eec., (A14)
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Da=—|2(==2)(z=3) (A =6 (== 2) (A2 A2) =3[ (A2) 41 (A L As)+3l AN A D +cc, (A15)

Now we return to the left-hand side of Eq. (12) at a =ag. Using I50 =1 we find that Dg =1 or,
equivalently, y=y(ag, 0)=0. Differentiating both sides of Eq. (12) once and using D1 =0 together
with the fact that integral

~

zl 1
f exp (—%) dz=i\roexp (— ,) =I(0)
c (0 40= (AIG)
is non-vanishing, we find that D1 =0, which implies that
g ( )=0
= — o )=0V.
e (9(17/ s (A17)
This result is expected, since, as a function of a, y(a,s) reaches a minimum at a=a,.
For the second derivative at a=ag we have Dy =—|z|2)2, which implies that
% a0 V=2 =2F (ao)
»r=——=Y(ag, = T)= ap).
2 5(12)/ 0 ! 0 (A18)

The last equality is a non-standard expression for the Fisher information, but it is easily checked
to be equivalent to the standard one. For the third derivatives at a = ag we can use the fact that
y1 =0 to obtain D3 =—z|%y3. For the right-hand side in this case we need the integral

o SN AT
f(:exp (—;) zl::f(:exp (— —2) dz= 51(0').

o (A19)

Once again we have (o) as a multiplicative factor on both sides of the equation and, after
canceling this factor, we arrive at

3

b
=——v(ag, )= — H{A+6(A;A)).
73=537(@0,7) (ADHO6{A A7) (A20)

This expression can be related to the derivative of the Fisher information, which is given
explicitly by

d

d
——Flao)=-—] |

’ 2
[pr @lao)) s
= —d
dag dagy

g.
pr(glao) (A21)
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A straightforward computation gives us

23 d
Y3=+—37Y(ao, 0)=3—F(ao).
Oa dag

Finally, for the fourth derivative at a=ag we use y; =0 again to simplify and obtain
Dy= - [z[*y4+3z[*y2. To finish the computation we need the integrals

| |” - =2 |:|2 b 1 (Tz
f Z-exp (—O_—) dz f z exp(—;) uL_I((T)(Z — 7)

and

[ fexp (- )=t (145 ).

Putting everything together we have on the left-hand side of the equation
[0 ~ya+3(14207) A ),

and on the right-hand side,

1(0) [(02 - g) (AHY+18(A2A,) — 6(A2) — 8(A | A3)+(6+302)(A2)

(A22)

(A23)

(A24)

(A25)

(A26)

Solving for y, we find that the coefficient of o2 in the resulting expression is the negative of

<A‘1‘> - 3<Af)z, which is the kurtosis of the score at a=ag. This completes the computation for

the results in Section 1.

APPENDIX B: COMPUTATIONS FOR SUBSECTION 4.A

In this Appendix we expand on some comments in Section 4 to produce upper and lower

bounds, based on the Hotelling trace and alternate estimators of the background, for the

surrogate figures of merit in Egs. (29)—(31). First we start with a fact about posterior mean
estimators. If ¢ is a linear function of b via c=Lb, then the posterior mean estimate of ¢ may

be written as

e@)=/ c| [ pricb)pr(blg)ab| de.

(B1)

Since c is a deterministic function of b, we have pr(c|b)=d(c—Lb). Interchanging the integrals

and using the delta function then gives us
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c(g)=fBprr(b\g)dszb(g). (B2)
So the posterior mean estimate of ¢ is the matrix L applied to the posterior mean of b.
The Fisher information expression from Eq. (29) can be written as
K ey =s KT o — T ble)] YK
(Is"K™"n(g)| )o=s'K ([g —b(@)][g - b(@)] )oK 's. (B3)

We expand the vector in square brackets as g—b(g) = [g—b]+[b—b(g)]. The cross terms in the
resulting expansion are the term

(Lg - bI[b ~ b(@)] Yo=(elb ~ b(g)] Yo — (b[b ~b(@)] ) B4
and its transpose. The first expectation on the right-hand side of this equation vanishes:
(gl ~ (@] Yo=((elb ~ b(@)] Hpg),=0.

(B5)

For the same reason we also have {b(g)[b—b(g)]") = 0. Therefore we may write

(b - b(g)] H)=([b - b(@][b - b(g)] ). (B6)

Similar remarks apply to the other cross term. Combining the two cross terms with the rest of
the expansion gives us

(K@) )o=s"K s = ("K' [b = B@)] Ygn), -

Now we set c=sTK~1b and note that this quantity is linearly related to b. Using our remarks
above about the posterior mean we have

(s"K'[b = b(@)1 Yo=(lc — @Po. (B8)

If B(g) is some other estimator of the background vector, then ¢(g) :sTKflf)(g) is an estimator
of c. Since the posterior mean minimizes the EMSE, the EMSE for ¢(g) is greater than the
EMSE for é(g). This fact in turn implies that

(s"K~'[b - (@)1 < (sK~'[b= b @] o- (B9)
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Therefore, we have proved the inequalities

STK s — (sTK™'[b= b @)]] ) < (s’ K (@) < s'Ks. (B10)

A linear estimator of the background vector has the form b(g) =Wg+w. We can choose the
matrix W and the vector w to maximize the lower bound in the last inequality. This is a
straightforward application of vector calculus and the end result is the estimator b(g) =Kp(K
+ Kp)X(g—B)+B, which is in fact the Wiener estimator for the background vector. Using this
estimator and some algebra, the inequality for the Fisher information in the SKE detection case
reduces to

e 2 _
sT(K+K1,)7ls < (ISTK 1n(g)l Yo < s'Kls. (B11)

The other Fisher information figures of merit will be subject to similar inequalities.

APPENDIX C: COMPUTATIONS FOR SUBSECTION 4.B

To get an upper bound on the Fisher information for the Poisson case we start with the Schwarz
inequality

M
Sm8m

m=1 m(8m)

— Sm

<[s'*§(g)]2>o=<

Dy (ER
> Z bin(gm) 0 (c1)

m=1

In each square bracket on the leftmost sum we will subtract and add g,,/by, and then square the
result to get three terms. The first term is

(&)
Em| =~~~ 7 .
" Din(gm) bin 0 (c2)

The last term can be simplified by averaging over g given b first and using the fact that the
variance of a Poisson random variable is equal to its mean:

(-G
bm o \bum/o (C3)

The middle term is

l 1 m
fol iyl ),
bin(gm) bun || bm 0 (C4)

We will perform this expectation by averaging over b given g first and using the fact that
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5
——1} =o
bm(gm) b’” blg

In analogy with the Gaussian case this last equation gives us

(o] - Do [t - 2
"L bnem) P llbig \buiem) L buten)  bm [y

=0.

Therefore, for the middle term, we can write

1 1 [ 1 1)
el -l
bi(gm) b || b 0 Din(gm) b 0

Combining the three terms now gives the final result:

femr 12 N ! ; ! L
([s"se(@)] ) < [|s|| Z oo\ bu(gn)  bm |
m [ m(8m 'm 0

m=1

APPENDIX D: COMPUTATIONS FOR SECTION 5

The first step in the computation is the matrix equation

[ se(glv.a)lv - ¥(ga)] pr(v)pr(glv. a)dv

Vav' (gla)=
v (gla) f ‘,pr(v)pr(g|v, a)dv

]

Page 26

(C5)

(Ce)

((e¥9)]

(c8)

(D1)

which is derived by using the quotient rule and doing some rearranging. We can write this

equation in the form of a posterior expectation as
Vav'(gla)= se(giv, a)[v — V(gla)] pr(vig. a)dv.
At a=ag this expression reduces to

Vav' (glao)= [ sc(glv, a0)(v — V) ' pr(v)dv,

(D2)

(D3)

which we will write in the form V,07(glag) = { sc(g|v, ag)x(v—v)")y. Now we are ready to

compute derivatives of U(a).
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For the gradient of U(a) we have two terms Y U(a) = U1(a) +U,(a), with the first term given
by

Uia)=[ GVth(gla) X [VV/ ) Vu(v,, v)pr(vlg. a)(lv[;(g‘a)] pr(gla)dg -

and the second term by
Ug(a):fv {qu[V(g|a), v]Vapr(glv, a)dg} pr(v)dyv. (D5)

The first term vanishes for all values of a since ¥(gja) maximizes the inner integral in the
expression for Uq(a) by definition. When a=ag the second term reduces to

Ug(ao):fvzl@, v) [ fﬁ Vapr(g|V, a)la, dg] pr(v)dv, (D6)

which also vanishes when the gradient operator is interchanged with the integral inside the
square brackets. Therefore U4(ag) =0.

For the matrix of second derivatives we also have two terms arising from U,(a) in the gradient
VaViU(ag)=Us+U, that are given by

U4:fvu(7, V) [fGVaVZpr(g|v,a)|aodg] pr(v)dv 07)

and

7 4
U3:fv [f(; Vav'(glag) x |Vv; u(v , v)|;VQ,pr(g|v,a)[aUzlg] pr(v)dv. (D8)

Again, by interchanging differentiation and integration, we find that U, = 0. This leaves Us,
which, for the quadratic utility function, can be written as

U3:f(,~ [f‘]V,,Vr(g|ao)(v -V scT(g\v, ao)pr(v)dv] X pr(glag)dg. (D9)

Substituting Eq. (D3) into this expression now gives us Eq. (48). This completes the
computation for the results in Section 3.
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