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Abstract

In general, the estimation of the diffusion properties for diffusion tensor experiments (DTI) is
accomplished via least squares estimation (LSE). The technique requires applying the logarithm to
the measurements, which causes bad propagation of errors. Moreover, the way noise is injected to
the equations invalidates the least squares estimate as the best linear unbiased estimate. Nonlinear
estimation (NE), despite its longer computation time, does not possess any of these problems.
However, all of the conditions and optimization methods developed in the past are based on the
coefficient matrix obtained in a LSE setup. In this manuscript, nonlinear estimation for DTI is
analyzed to demonstrate that any result obtained relatively easily in a linear algebra setup about the
coefficient matrix can be applied to the more complicated NE framework. The data, obtained earlier
using non—optimal and optimized diffusion gradient schemes, are processed with NE. In comparison
with LSE, the results show significant improvements, especially for the optimization criterion.
However, NE does not resolve the existing conflicts and ambiguities displayed with LSE methods.
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1. Introduction

The magnetic resonance diffusion tensor imaging (MR-DTI) is a methodology that is based
on the signal attenuation caused by the diffusion of the spin packets. In a biological setup, the
diffusion properties help to infer valuable information otherwise unavailable from standard
MR protocols. In recent decades, MR-DTI has been extensively used to investigate tissue
structure and pathology caused by or related to injury [1], disease [2], aging [3] and
development [4]. The utility of the diffusion weighted imaging (DW1) has been acknowledged
for long time. Consequently, MRI scanner manufacturers are including the corresponding pulse
sequences as standard protocols making DTI experiments commonly available.

Despite MR-DTI’s wide usage, the tensor algebraic framework initially introduced to describe
the model [5,6], has impeded to a certain extent further developments. Recently, the
comprehensive linear algebraic framework described in [7] resulted in the development of new
optimal design strategies [8] that brought significant improvements to DTI experiments [8].
The construction of the framework, which contains the application of the logarithm to the
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measurements, yielded a set of linear equations (see Section 2.1). Furthermore, the objective
function of the optimization in [8] was based on the coefficient matrix of these equations (see
Section 2.2). Naturally, the solution of the equations is calculated either by matrix inversion
or least squares estimation for both non-optimal and optimal cases.

The solution quickly obtained via least squares estimation might not be satisfactory due to the
propagation of errors (e.g., due to the application of the logarithm), different types of noise
and disturbances. In fact, Section 2.3 shows the deficiency of the least squares estimation by
demonstrating how the noise enters the system as a random variable statistically dependant on
the signal. The dependence prevents the least squares estimate to be the best linear unbiased
estimate. Nonlinear estimation, although computationally more time consuming, is then
preferable.

Once this path is taken, it must be guaranteed that the nonlinear estimation problem possesses
a unique solution. Although least squares and nonlinear estimation are solving the same
problem, there was no proof before this work that relates the non-singularity conditions for
these methods. This is indeed one of the goals of this manuscript. By looking at the analysis
of Section 3, one can see that the connection is not obvious. Here, the gap left behind is
rigorously closed by showing that the coefficient matrix, which must be of full rank by Theorem
1 for least squares estimation, must also have full rank for the case of nonlinear optimization.
Otherwise the estimation problem will have either no solution or infinitely many solutions that
minimize the residuals. Consequently, the three necessary conditions given in [9] to make the
coefficient matrix have full rank are also necessary conditions for the nonlinear estimation.
More generally, the derivation of any conditions on the diffusion gradients is accomplished
more easily in a least squares estimation environment than in the case of nonlinear estimation.

The manuscript answers the question of whether there exists an equivalence between the
mathematical conditions on the choice of gradients for least squares (or linear equations) and
for nonlinear estimation or not. What is the role of the coefficient matrix, which is central to
least squares estimation, in the case of nonlinear estimation? How do the optimal schemes
obtained by minimizing an objective function rooted in the coefficient matrix [8] compare with
the non—optimal ones under nonlinear estimation?

These questions are answered by using the experimental data obtained for non—optimal [7] and
optimal [8] diffusion gradient schemes. The experimental setup is given in Section 4.1 and the
nonlinear estimation results are analyzed in Section 4.2.

2. Overview

2.1. Estimation Equations Under Ideal Conditions

Under ideal conditions, the MR—-DTI model, presented in a comprehensive linear algebraic
framework in [7], provides the pixel signal intensity at the it" acquisition as

Si =S (id)=So exp (‘Vzb"""])' W

Here S; denotes the signal intensity at each pixel, Sg comes from the reference image and y is
the gyromagnetic ratio. The scalar factor b; (different than the definition of b—value used in the
literature) is a factor for the timing of the gradient pulses [8]. It is the double integral of the
unit boxcar functions that describe the on and off times of the magnetic field gradients. The
magnitude of the gradients are defined in the diffusion gradient vectors, which, therefore are
not of unit norm. This setup was essential in generating optimal gradient schemes in [8].
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The entries of the row vector v; are the coefficients for the equation that corresponds to the
acquisition labeled by the it" diffusion gradient vector. The entries incorporate the effects of
all of the gradients. Under noiseless conditions, the logarithm of Eq. 1 is taken for m
measurements to obtain a coefficient matrix with i" row equal to v;. The coefficient matrix can
be written as a sum of three matrices [7]: V=Vp + VC(Q) + V). The matrices represent the effects
of the diffusion gradients, the cross terms and the imaging gradients respectively. The diffusion
gradient scheme is written as an m x 3 matrix: g. Vp, V¢ are functions of g, whereas V| is a
constant matrix defined by the physical position and size of the slices, and pulse sequence
parameters [7].

The vector d € IR is the representation of the diffusion quadratic form D (3 x 3 symmetric
matrix) and it is estimated under ideal conditions (e.g.,noiseless) by solving a set of linear
equations:

Y*Vd=p @

with p = [In(Sg) — In(Sy) ... In(Sp) — In(Sy)]™ . Clearly, the number of diffusion weighted
measurements m must at least be 6 and V must have full rank for the experiment to have a
unique solution for linear estimation by least squares or matrix inversion [9].

2.2. Optimal Diffusion Gradient Schemes [8]

b;V

Aside from the time variables of the pulse sequence, e.g., the echo time, the diffusion gradient
vectors are the only variables that the experimenter can modify. The vector space framework,
briefly summarized in Section 2.1, makes it possible to pose design problems based on the
portions of the coefficient matrix that are functions of the diffusion gradients.

In fact, optimal gradient schemes used in this work were generated by minimizing the objective
function given in [8]:

-1
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(3)

Here Il - lig is the operator norm corresponding to the Frobenius norm, P is the non-singular
matrix that parametrizes the feasible space of diffusion gradients for which V has full rank, and
Gmax i the limit for magnetic field gradient amplifiers.

The first portion of the objective function is for bounding the relative difference on the
eigenvalues of the diffusion quadratic form obtained by excluding and including the imaging

gradients (4; and »; respectively)
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While the left—hand side of this inequality is a function of the sample’s diffusion properties,
the bound on the right—hand is calculated from the pulse sequence parameters. It is completely
independent from the sample. The bound guarantees the generation of optimal schemes that
provide impartial experimental results for two different samples imaged with the same pulse
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sequence parameters. The second part is the standard condition number for the R—norm that
provides stability and robustness for numerical procedures. The last part takes care of the
hardware limitations either imposed by the user or the system hardware. The full account of
the optimization procedure is given in [8].

2.3. Noisy Conditions and Least Squares Estimation

The equation 1 describes an ideal situation without any perturbations. A more realistic model
assumes that noise enters the measurements via Eq. 1. Noisy measurements for m different
gradients can be modelled by

S;=S (vid)+& i=1,....m )

where e=[ey, ... , en]" is a random variable independent from the signal.

The propagation of errors for linear estimation methods can be investigated by taking the
logarithm of both sides of Eq. 4. Expanding the Taylor series around S; of Eq. 1 results in

— €
In(S;) = In(So) = - yzb,v,-zl+S—i+H.0.T. o

with H.O.T. denoting the higher order terms. It is clear from this equation, as also noted in
[10], that there must be a high signal to noise ratio (SNR) guaranteeing that || << Sj in order
to use Eq. 5 to estimate D. This may not be always attainable. Specifically, if the diffusion
gradients are very strong, S; will have a small magnitude, which makes the error propagate
very badly in Eq. 5. Even higher order terms might not be negligible as S; gets smaller.

Nevertheless, linear estimation methods use the left hand side of Eq. 5 to obtain a vector of
measurements

p=[n(S0)~In(51). - In(So)~In(S,)"

and solve for ; —an estimate of d— using Eq. 2:

VVd=p.
It is also assumed that the effects of noise and disturbances can be alleviated by making more
than six (possibly repeated) measurements and using weighted least squares estimation [5,
11] to obtain a solution quickly: Theorem 1 (Least Squares Estimate [12]).Suppose

p e IR™and V € IR™" with linearly independent columns. Let Q be a positive definite matrix

- 2 T o
(Q > 0), then there is a unique ;7 < 7 which minimizes!l ? =V ‘IHQ:(P =¥ ") Q(P =¥ ")
over all 4¢ 7R Furthermore,

;I\:(VTQV)A v op. ©

When the noise is an independent random variable and the weight matrix Q is chosen to be
equal to the noise covariance, the least square estimate gives the best linear unbiased estimate
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(BLUE). In addition, if the noise is Gaussian, BLUE is equal to the conditional expectation
and thus becomes the optimal estimator over all estimators [13].

Remarkably, these conditions are not met for the linear estimation. Notice that the noise enters

€
Eq.5as . Therefore, it is not independent from the signal. Even if the measurements are
repeated N times and averaged to transform Eq. 4 into

1 h 1<
ﬁZs{:S (\vi(1)+ﬁzej i=1,...,m
J=1 j=1 (7)

the remark above is still valid. Averaging improves SNR and changes the covariance of the
noise but it does not change the structure of Eq. 5. Setting Q equal to the noise covariance will
not provide an optimal solution to the problem because the noise is not independent from the
signal in Eq. 5. However, the weight matrix is adjusted to take care of both the noise and the
dependence introduced by Eq. 5 (see [5]). This ad hoc procedure is not a definitive solution
since it is experiment dependent and might require a lot of guesswork. Moreover, the noise is
not the only source of perturbation. There are other issues such as physiologic perturbations
and motion artifacts [11,14].

The remedy is to replace least squares estimation by computationally more time consuming
nonlinear estimation, possibly with some variations [11]. The nonlinear estimation described
in Section 3 minimizes directly the residual error between the MR-DTI model and the
measurements without involving the logarithm.

3. Nonlinear Estimation

In a diffusion weighted imaging experiment, once the gradients are fixed, the noiseless signal
Si becomes a function of d in Eqg. 1. In the realistic case of Section 2.3, the model does not
match the measurements. The mismatch of m measurements forms a vector, y:

— —~ 1T
X@=[Sd)=S1 - Sud) =S| . ®

The purpose of the nonlinear estimation is to find out d that minimizes the error between the
DTI model of Eg. 1 and the measurements. The natural way to proceed as in [10] is to find
minimizers of

m

x 1B=) (S ) - 53
=l 9)

The model is fitted to the data directly without applying any logarithms resulting in the
reduction of propagation of errors.

To continue with the investigation, there are few useful expressions which need to be computed.
Let dg € IR® by the mean value version of Taylor’s Theorem [15], given d € IR® of small
norm, there exists a; € (0,1) such that y(dq + dg) is expressed exactly without any remainders
or high order terms as
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X (do+ds) =x (do) +

19)%
= (zl'o+ald:)] ds
ad (10)

with

(9/\/ 2 5
ad (d)=—7vy"b;|diag (S (vid),...,S (vud))|V (n

where diag (S(vy d), ..., S(vm d)) denotes the m x m diagonal matrix with the specified entries.

At the heart of this problem lies the gradient of || x [3=x"x:

() =2[x ((DJT% (D=-27b [ S d) (S i) =S1) -+ S () (S () = S|V 2
and its Hessian
T =2 (S,
where S, (d) is the following diagonal matrix
S (v1d) (28 (md) - 51)
S (vmd) (28 (vmd) = Son) | 1)

Optimization theory asserts that for a vector to be an extremum, the first necessary condition

x5
is that it must be a critical point of || y |13, i.e. a vector dg must satisfy —od (do) =0, If acritical

point dg exists, by definition Eq. 13 is equal to zero. To guarantee that the critical point is in
fact a strict minimum it is necessary and sufficient that the Hessian is positive definite in a
small neighborhood of the critical point with the possible exception of the critical point itself
[15]. The real valued functions of a single variable x2 and x* are standard examples. Their
critical point is 0. The Hessian of x2 is positive definite in a neighborhood of 0, the same is
true for the Hessian of x* with the exception of 0 itself. This makes the critical point for both
of the functions a strict minimizer. If the Hessian is positive semi—definite, the solution will
exist but will not be unique, there will be multiple minimizers.

For the model matching to make sense it must be guaranteed that the estimation problem has

a unique solution, a strict minimizer. To demonstrate this, let dy be a critical point of || ||§.
Using again Taylor’s Theorem (this time up to the second order expansion), for any dg small

enough, there exists a, € (0, 1) such that|| x (do+d;s) ||§ can be written exactly as
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X1 g vando .

) 1
lo+ds) 1B=| x (do) |P+=d" | ——=2
Il x (do+ds) 115=Il x (do) lI3 35 | "o 15

Under high SNR, the measurements and the model should be close: § (v;dg) ~ :9\1- yielding
S (vido) > &=S; — S (vid)- Thisin turn results in 2 s (v;dy) >S; implying

Sy (do) >O0.

Otherwise the Hessian will not be positive definite and the estimation problem will not even
have a solution. By the continuity of the entries, S, is positive definite in a small neighborhood
of dp. Assume that V does not have full rank. There exists a non-zero element of Ker V, say
ds (meaning dg # 0 and V dg = 0), that can be chosen to have a small norm so that dg + dg is in
the intersection of the neighborhoods of d that satisfies the requirements above both for Taylor
expansion and positive definiteness of S, . Therefore Eq. 10 through Eq. 15 imply that

x (do+ds) =x (do) (16)

| x (do+ds) 3=l x (do) |I3- (7

Although the values of a; in the expansions of Egs. 10, 15 change for a different dg in a small
neighborhood of dg, the second expression of the right hand side of those equations will both
be equal to zero, as long as ds € Ker V, because of V and its transpose multiply S, in Eq. 11
and Eq. 13.

In a sufficiently small neighborhood of dg all of the elements in the set dp + Ker V will minimize
Eqg. 9, the uniqueness of the solution will be lost. In essence, the Hessian becomes positive

semi—definite because of the rank deficiency of V. This forces the estimation problem to have
multiple solutions. Equation 15 illustrates this perfectly: if the Hessian is positive definite, it

is obvious that || x (do+ds) ||§>||,\/((10) ||§. If it is positive semi—definite, Eq. 17 will hold. As a
side remark, one could have argued that Eq. 17 can be directly obtained from Eq. 16 but without
Eqg. 13 through Eq. 14 the analysis above could not have been accomplished. The most
important outcome of this result is that if V has full rank then the Hessian in Eq. 13 will be
positive definite.

It follows immediately from these results that the nonlinear estimation problem will be
numerically ill conditioned if V is an ill conditioned matrix. In practice, numerical estimation
procedures based on descent methods will not converge rapidly if they do converge at all. The
issue is addressed in [8] for the optimal design of diffusion gradient schemes by adding the
appropriate condition number of V to the objective function of Eqg. 3.

In consequence, the full rank condition on V guarantees that the Hessian is positive definite
making the critical point a strict minimum. This is equivalent to saying that there exists a unique
solution to the model matching problem i.e. the nonlinear estimation will result in a unique
diffusion matrix. In the design of the DTI experiments, the diffusion gradients must be carefully
chosen in order to make sure that V has full rank. The condition appears as a parametrization
of the feasible set of diffusion gradient schemes in [8] for the minimization of imaging gradient
effects.
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If it is necessary to use a weighted norm, || x ||i=)(TKX (with K> 0), in Eq. 9, the calculations
and the analysis can be extended in a straightforward manner to obtain the same conditions on
V.

4. Experimental Setup and Analysis

The type of the estimation method does not affect the way diffusion weighted imaging is carried
out. The experimental setup is exactly the same as in [7] and as indicated in [7] the estimation
procedures must work properly for the simplest case of diffusion with known characteristics:
an isotropic sample. For that reason, a polypropylene centrifuge tube by FisherBrand (Cat. No.
05-539-6) filled with tap water at room temperature, with an inner diameter at the slice of 2.7
cm was chosen as the phantom.

4.1. Experimental Setup

The experiments were carried out on a 4.7 Tesla MR scanner (Varian NMR Systems, Palo
Alto, CA, USA) with a gradient system of bore size of 15 cm, maximum gradient strength of
45 gauss/cm and rise time of 0.2 ms using a quadrature birdcage coil (Varian NMR Systems,
Palo Alto, CA, USA) with 108/63 mm diameter sizes. DTI data were obtained using the
standard spin—echo multi-slice sequence with in—house modifications that store all of the
relevant parameters, including the timing and amplitudes of all of the crusher gradients. The
images were 128 x 128 pixels with a field of view 64x64 mm?2 and 1 mm slice thickness. The
repetition time Tg = 1 s, echo time Tg = 35 ms, diffusion pulse separation A = 18 ms, diffusion
pulse duration 6 = 6 ms were used. All of the experiments were carried out consecutively after
leaving the sample in the scanner for approximately 12 hours to reach a stable temperature.

Center—symmetric diffusion gradient schemes with 12 diffusion gradient vectors were used to
obtain data. Non—optimal gradient schemes were constructed by appending to the 6 vector
gradient schemes [16] their central symmetric part: Tetrahedral (geometrically it is not a
tetrahedral and is different from the scheme presented in [17]), Cond6, Jones noniso (without
the last vector) renamed as Cond* because it yields to a Vg with a good condition number,
Jones (N = 6), Muthupallai, Downhill Simplex Minimization (DSM), Dual Gradient, and also
Icosahedron (ICOSAG6) scheme from [18]. A maximum diffusion gradient strength of ggif =
12 gauss/cm was used. With boxcar approximation at maximum diffusion gradient, the value

of the scalar coefficient is Vzbg:}wr =593.61 s/mm?2.

4.2. Analysis of the Experimental Results

In—house Mathematica® (Wolfram Research, Champaign, IL USA) code was used to compute
components of V as described in [7] using the parameter values written to the hard disk by the
pulse sequence. Integrals were computed using trapezoidal shapes rather than rectangular ones.
The calculations included all of the crusher gradients. In-house Matlab® (Mathworks, Natick,
MA USA) programs were used for the estimation of d at each pixel and the graphical
representation and maps of related results. Standard Matlab®Image Processing Toolbox®
routines, Sobel edge detection and morphological reconstruction were used to detect the signal
region of the phantom in non-diffusion weighted images for each gradient scheme. The edges
were removed to obtain a region free of susceptibility artifacts and the intersection of all regions
was taken to obtain the circular area with 2022 pixels.

In the computation of V¢ and V| the phase encoding gradient value of 0 was selected following
the same observation described in [7]. The discussion in Section 5 about Fig. 1 and Fig. 2
presents the effects of the choice of the phase encoding gradient values on the results from the
non-optimal and optimal schemes with nonlinear estimation.
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5. Analysis Results

The MR-DTI model was fitted to the data obtained in [7] and [8] from the experiments with
non-optimal and optimal diffusion gradient schemes. The numerical calculations was done
with the Matlab® Optimization Toolbox® (Mathworks, Natick, MA USA) routine Isgnonlin.
The solution of the least squares estimation (LSE) is used as the initial condition for the
nonlinear estimation (NE) routines.

Table 1 lists the relative error for the eigenvalue differences with the exclamation point on the
left indicating negative eigenvalues for the non—optimal schemes and on the right for the
optimal schemes. In the NE case, the difference between the eigenvalues obtained by
incorporating all of the imaging gradients and neglecting them goes down in the optimal
schemes compared to the values obtained from the non—optimal schemes, except for Cond*.
This was one of the aims of the optimization [8] in the specific objective function of Eq. 3. The
resultis in parallel with LSE [8] demonstrating that the successful optimization goal of [8] also
applies to nonlinear estimation.

When the values from nonlinear and least squares estimation are compared, it is observed that
the differences for non—optimal and optimized schemes from NE are lower than the ones from
their LSE counterparts with the exception of the largest eigenvalue obtained from the dual
gradient scheme. This is a significant improvement at the expense of spending 30 times longer
computational time to complete NE versus LSE. Tetrahedron and Cond6 schemes are not
considered because they exhibit negative eigenvalues. Nonlinear estimation enhances the
benefits of the optimal schemes by reducing the difference between the eigenvalues obtained
by full inclusion and exclusion of imaging gradients.

Following the discussions in [8] and [7], about the selection of the phase encoding strength
used in the estimation, the polar histograms of the eigenvectors are shown in Figs. 1 and 2.
The figures exhibit the tendency of the eigenvectors towards the phase encoding gradient value
used in the calculations the same way it happened in [7] and [8] for non—optimal and optimal
schemes. This fortifies the claim that the issue originates at a fundamental level of modeling
[8] since NE does not remedy the situation neither.

Table 2 represents nonlinear estimation results for the eigenvalues as mean + standard
deviation. The analysis was carried by three different coefficient matrices [7]: V (inclusion of
all gradients), NoCroT (No Cross Terms: Vp + V|, center—symmetric scheme that removes the
cross terms) and Vp (exclusion of imaging gradients), which are shown in respective rows.
The schemes Cond6 and Tetrahedron exhibit negative eigenvalues with V for both non—optimal
and optimized versions. The ratios of the number of pixels with negative eigenvalues to the
total number of pixels are 0.00742 for Cond6, 1 for Tetra non—optimal schemes, 0.522 for
Cond6, 0.087 for Tetra optimized schemes (n,qj = 2022). Although there is improvement for
the Cond6 scheme between the non—optimal and optimized schemes with NE, the results of
LSE are much better since especially there are no zero eigenvalues for Cond6 optimized scheme
with LSE [8].

A (107°cm?/s) are the mean eigenvalues from the signal region. Overall, the eigenvalues
obtained from the optimal schemes are smaller. The precision, defined by the standard
deviation, is better for most of the optimal versions in comparison to the non—optimal schemes.
For the non—optimal and optimized schemes the precision is the best for NoCroT and the worst
for V consistently. As in the case of non—optimal schemes, Vp estimates larger eigenvalues.
These facts are again similar to the results observed with LSE.

Magn Reson Imaging. Author manuscript; available in PMC 2011 November 1.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Ozcan

Page 10

When the results from the non—optimal schemes with NE and LSE are compared, NE
eigenvalues are slightly lower. There is also an increase in the precision for NE. In the case of
the optimized schemes, generally NE eigenvalues are very close to LSE. The precision
increases slightly again for NE. This is a validation that the optimization criterion of [8] can
be successfully used with different estimation methods.

In Table 3, -4 is the mean of the pixel fractional anisotropy index [19] from the signal region.
It should be close to zero because the sample is uniform and isotropic. For these experiments,
this is the sole criterion that determines the accuracy of the results. With the inclusion of the
imaging gradients, optimized schemes show improvements compared to the non—optimal

schemes: except for the Cond* scheme, 4 is lower as shown the last row group of Table 3.
However, for NoCroT and Vp most of the schemes have slightly increased 4, with the

exception of the Icosahedron scheme. Asin [7] and [8], f 4 is the lowest when all of the imaging
gradients are neglected from the calculations (row 3). The standard deviation of the fractional
anisotropy does not change drastically between the three methods but the values from Vp and
NoCroT are much closer to each other than the ones between V and NoCroT as also observed
in [7] and [8]. The standard deviation for the optimal schemes increases slightly for all three
methods compared to non—optimal ones i.e. there is a decrease in precision after optimization.

These observations for 4 are again in concordance with the ones of LSE in [7] and [8].

However, when NE and LSE are compared, generally -4 calculated from NE and its standard
deviation are less than the ones from LSE for both non-optimal and optimal schemes. In other
words, the precision and accuracy increased with NE. This improvement is due to the fact that
logarithm is not applied to the experimental data for NE. Obviously, it comes with the price
of increased computation time.

Table 5 shows the model matching error (times % to normalize for the number of acquisitions)
from the non—optimal schemes and the optimal ones when NE is used. Table 4 from [8] is also
provided for comparison with LSE. y is the mean of the pixel residuals from the signal region.
The error with NE is slightly less than the error of LSE.

In addition, the model matching error reduction achieved by LSE with optimal schemes, is also
achieved with very similar figures by NE. Reducing the error in the vicinity of %30 to %45 is
highly significant. The model matching error for V, is still larger compared to the less
‘complete’ models, the same way it was in the LSE case [8]. Moreover, there is very slight
improvement in NE compared to LSE.

6. Conclusion

The questions that were posed at the introduction about the equivalence of different estimation
methods has been investigated using theoretical and experimental results. The bridge between
the linear and nonlinear estimation is clearly established: the coefficient matrix V is the common
element. The theoretical analysis shows that conditions imposed on V must be respected
regardless of the estimation method and its benefits. For example, the nonlinear estimation
reduces the propagation of errors but it does not overcome the non—singularity problem or the
numerical ill conditioning originating from a poor choice of V. The necessary conditions in
[9] must still be respected for V to have full rank. Similarly, the linear parametrization of the
feasible set of diffusion gradient schemes [8], which appears as a constraint in the optimization,
is also valid for the nonlinear estimation.
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On a more general scope, any result obtained with the coefficient matrix V by working in the
area of least squares estimation will automatically apply or will be quickly adapted to nonlinear
estimation as well. It is easier to demonstrate results in the linear algebra framework of least
squares estimation compared to the nonlinear setup.

The nonlinear estimation is computationally more intense and time consuming compared to
the least squares estimation. However, the aim of the optimization in [8], to reduce the
difference between the eigenvalues obtained with and without the inclusion of the imaging
gradients, is attained much more successfully with nonlinear estimation from the experimental
data. This is in the same sprit of the general scope described above.

For other criterions (X’ FA), nonlinear estimation yields better results over the least squares
estimation but they are mostly in the same vicinity of the least squares estimation. In addition,
the conflicts noticed with linear estimation do not disappear: despite the lowering of the residual
error in optimal schemes, the fractional anisotropy goes up; the tendency of the eigenvectors
to align with the phase encoding gradient value still persists. Moreover, data from optimal
Cond6 scheme presents negative eigenvalues with nonlinear estimation.

In the past, diffusion weighted imaging experiments have been modeled more comprehensively
[20] even before the introduction of the MR-DTI model. The limitations of the model has
forced developments to expand it [21] or to bring in new models [22]. But the simplicity and
the speed make the model still popular and viable. So, the efforts of this manuscript and the
earlier ones [7,8] was concentrated on the improvement of the DWI experiments within the
DTI model. Although successful results and conclusions were obtained, the unresolved
conflicts or ambiguities indicate a necessity to focus on strategies to search for novel methods
that will have the right balance of speed and comprehensiveness at the same time.
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Figure 1.

Polar histogram of the eigenvector corresponding to the largest eigenvalue for non-optimal
diffusion gradient schemes. The distance of each point from the origin is the number of
eigenvectors with their slice plane component pointing in the direction of that point. The
vertical axis is the phase encoding direction. The eigenvectors align with the phase encode
gradient value used in the estimation equations. Under perfect conditions an isotropic sample
would result in a circle representing a uniform distribution.
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Figure 2.

Polar histogram of the eigenvector corresponding to the largest eigenvalue for optimized
diffusion gradient schemes. Qualitatively, the results are similar to the non-optimal versions
of the gradient schemes as shown in Fig. 1. In conclusion, neither the optimization nor the
nonlinear estimation brings a resolution to the DTI modeling incongruity.
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