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Proposed Correction to Feder’'s Anomalous Diffusion FRAP Equations

In an important research article in Biophysical Journal,
Feder et al. (1) introduced the idea that proteins in cell
membranes undergo a form of restricted, time-dependent
lateral mobility due to anomalous diffusion. In doing so,
they provided a plausible explanation for why the presence
of the so-called immobile fraction is often required to
fully describe fluorescence recovery after photobleaching
(FRAP) measurements when a free-diffusion model is
used to fit the data. These findings helped to shape current
models of cell-membrane organization, and models incor-
porating anomalous diffusion have subsequently been
applied more generally to other cellular compartments as
well.

Feder et al. started with the assumption that the mean-
squared displacement (MSD; (x?)) of anomalously diffusing
molecules is related to a certain power of time by
(x?) =T't*, where I" and « are referred to as a transport
coefficient and an anomalous exponent, respectively. By
analogy to the relationship between the MSD and diffusion
coefficient D for purely diffusing molecules in R?,
(x?) = 4Dt, the authors introduced a time-dependent diffu-
sion coefficient as

<x2> =TIt = (Fl‘ail)l‘ = 4DFeder(t)t7 M

where
1
DFeder(t) = Zrta_l (2)

for I'>0 and O<a<1. Based on Drege(f), they then
proposed two FRAP equations for data fitting based on
this anomalous diffusion model (Eqgs. 2 and 3 in Feder
et al. (1)). These equations are referred as the Feder Equa-
tions and still being widely used in anomalous diffusion
research (2-8).

In the process of rederiving the Feder equations, we
discovered that the choice of Dpeger(f), TFeder, and MSD
are not consistent. By introducing a new timescale,
5= fé reldd = L1 (9), we found that for Dreger(7)
in Eq. 2, the MSD should be given by (x*) =1I'#% not
(x?) = I't* (see Appendix for full derivation). In addition,
Teder = (0°) 1")1/ * in the Feder equation (Eq. 2 in Feder
et al. (1)) should be given by

TCorrected — (O“L)Z/F)l/a. (3)
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In fact, a similar scaling error had become widely spread
in FCS studies associated with an anomalous diffusion
model with time-dependent diffusion coefficient until Wu
and Berland recently pointed out a possible « dependency
of the diffusion coefficient in fluorescence correlation spec-
troscopy (FCS) in a similar context and corrected it for the
FCS formula (10).

We therefore propose the following corrected version of
the Feder equations in R?. To differentiate the corrected
equation from the original version, we renamed the vari-
ables, setting the new transport coefficient as T and the
new anomalous exponent as «. Thus, for a diffusion equa-
tion with a time-dependent diffusion coefficient,

u 5

where D(t) = T't*"!, the MSD for spatial dimension d is
given by
2d—
<X2> = tha.
@

The corresponding FRAP equation is

F(t) = {F,- 3 (_If)” 1 M}R
=0 (1 a(y? + 8T (@0?))]”

_r, a (R
{ ; n! (14 n(v? 4+ 2(t/Tcomeetea)¥) | /
+ (1 = R)F,,

®

where in the first equation, R is the mobile fraction, defined
as R= (Fwo — Fy)/(F; — Fy) for the prebleach (F;), post-
bleach (Fy), and steady-state (F ) fluorescence intensities,
K is a parameter related to the bleach depth, ¥ = 1, and
TCorrected = (AW? /4?)1/ “. Note that the summation begins
with n =0 not n = 1, which is a typographical error in
Eq. 2 of Feder et al. (1). To incorporate diffusion during
photobleaching, which is critical to measure diffusion coef-
ficient accurately by confocal FRAP approaches (11), one
can choose ¥ = w,/w in Eq. 5, where w, is the radius of
regions of interest and w is the effective radius measured
from the fluorescence distribution profile immediately
after photobleaching. The simplified equation of Feder
et al. (Eq. 3 in their article (1)) is still valid, but to recover
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I from t,/, = B7r, the revised equations (Eq. 5) should be
used.

It is important to note that the presence of an additional
factor of « in Eq. 3 can impact the magnitude of the trans-
port coefficient, I', obtained by fitting to the Feder equation
(their Eq. 3 (1)), and thus affect the quantitative interpreta-
tion of anomalous diffusion measurements analyzed using
the corrected versus uncorrected models, especially for
anomalous exponent & < 1 (See Appendix for an example).

Finally, we wish to note that our proposed correction is
solely meant to provide mathematical clarification and
does not have any bearing on the physical validity of the
anomalous diffusion model of Feder et al. As initially
conceived, that model was based on the observation that
a time-dependent diffusion coefficient (D(f)) can generate
a second moment of the probability density that behaves
as a power of «, rather than specific theoretical arguments
leading to this particular equation. The simplicity of this
model, despite its lack of specific mechanistic underpin-
nings, continues to make it an attractive tool to identify
the presence of anomalous diffusion versus free diffusion.
As further studies seek to discern the physical and biological
mechanisms giving rise to anomalous diffusion in cells and
identify appropriate theoretical models to describe them, it
will become increasingly important to use more accurately
defined experimental descriptors of anomalous diffusion,
such as that suggested here for the case of FRAP.
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