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Abstract
Mechanical stresses influence the structure and function of adult and developing blood vessels.
When these stresses are perturbed, the vessel wall remodels to return the stresses to homeostatic
levels. Constrained mixture models have been used to predict remodeling of adult vessels in
response to step changes in blood pressure, axial length and blood flow, but have not yet been
applied to developing vessels. Models of developing blood vessels are complicated by continuous
and simultaneous changes in the mechanical forces. Understanding developmental growth and
remodeling is important for treating human diseases and designing tissue-engineered blood
vessels. This study presents a constrained mixture model for postnatal development of mouse
aorta with multiple step increases in pressure, length and flow. The baseline model assumes that
smooth muscle cells (SMCs) in the vessel wall immediately constrict or dilate the inner radius
after a perturbation to maintain the shear stress and then remodel the wall thickness to maintain the
circumferential stress. The elastin, collagen and SMCs have homeostatic stretch ratios and passive
material constants that do not change with developmental age. The baseline model does not
predict previously published experimental data. To approximate the experimental data, it must be
assumed that the SMCs dilate a constant amount, regardless of the step change in mechanical
forces. It must also be assumed that the homeostatic stretch ratios and passive material constants
change with age. With these alterations, the model approximates experimental data on the
mechanical properties and dimensions of aorta from 3- to 30-day-old mice.
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1 Introduction
Vertebrate arteries begin as tubes of endothelial cells (ECs) that form before detectable
blood flow. As flow begins, smooth muscle cells (SMCs) are recruited to surround the ECs
and build the layered structure of the arterial wall. The SMCs synthesize extracellular matrix
(ECM) proteins, such as elastin and collagen, that are necessary for the proper mechanical
function of the large elastic arteries (Wagenseil and Mecham 2009). Total amounts of elastin
and collagen gene expression (Kelleher et al. 2004) increase along with blood pressure and
flow (Huang et al. 2006; Ishii et al. 2001; Wiesmann et al. 2000) through the first month of
postnatal development in mice, adding mechanical resiliency to the vessel wall as the
hemodynamic forces increase.

In both developing and adult vessels, it is known that mechanical stimuli influence vessel
structure and function. In general, vessel lumen size depends on blood flow, vessel wall
thickness depends on blood pressure and vessel length depends on axial forces (Clark 1918).
When the homeostatic state is perturbed, the vessel dimensions are altered to normalize the
shear, circumferential or axial stresses. Mechanical models are necessary to predict this
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growth and remodeling process and design treatments for human diseases where the
hemodynamic forces or mechanical properties of the wall are modified. Models that include
the individual constituents of the vessel wall, namely elastin, collagen and SMCs, are
especially valuable because they can be related to measurable changes in the amount or
organization of wall components.

One type of microstructurally based model is a constrained mixture model, where the
components must deform together, and the total mixture stresses are the sum of the
component stresses (Humphrey and Rajagopal 2002). Each component has an individual
homeostatic stretch ratio, constitutive equation and time-varying mass fraction. Constrained
mixture models have been used successfully to describe the growth and remodeling of adult
arteries in response to changes in blood pressure, axial length or blood flow (Valentin and
Humphrey 2009; Valentin et al. 2009; Wan et al. 2009; Alford et al. 2008; Gleason and
Humphrey 2004; Gleason et al. 2004), but have not yet been applied to developing vessels.
Models of developing vessels are complicated by continuous and simultaneous increases in
pressure, length, and flow, along with continually changing definitions of the homeostatic
state. Extending the constrained mixture model to developing vessels is important for
designing treatments for genetic diseases where component amounts are altered from
conception, such as supravalvular aortic stenosis (SVAS). SVAS results from a genetic
mutation leading to elastin haploinsufficiency and reduced elastin protein in the vessel wall.
It is characterized by narrowing of the large elastic arteries, hypertension and eventual
cardiac failure (Li et al. 1997). Microstructurally based models of developing vessels are
also important for understanding and recreating the growth and remodeling process to build
tissue-engineered blood vessels.

This study presents a constrained mixture model for post-natal growth and remodeling of the
proximal thoracic aorta in mice with multiple step changes in blood pressure, axial length
and blood flow. It is assumed that the homeostatic stresses are reset with each
developmental time step. Aortic dimensions increase when wall components are produced in
response to mechanical perturbations as the vessel tries to return to the homeostatic stress
state. The final stresses depend on the change in hemodynamic forces, the model
parameters, the loaded and unloaded dimensions of the vessel and the mass fraction of each
component. Comparisons are made between the model predictions and previously published
data for developing mice to validate the model assumptions. Changes to the model
assumptions and parameters are then made to improve the model predictions.

2 Methods
The model is based on the mixture model presented by Gleason et al. (2004) with several
important modifications for developing mouse aorta. The major modification is to include
simultaneous increases in pressure, length and flow and to model multiple step increases in
each parameter. Additional changes are discussed in detail later. The baseline case, Case 1,
retains most of the assumptions of the original model. Subsequent cases with changes to the
model assumptions or parameters are determined by the results of Case 1 and are discussed
at the end of the “Methods”. All new equations and most of the relevant original equations
are presented here, but the reader is referred to the original papers for more detail.

2.1 Background
The developing thoracic aorta of the mouse is considered to be a constrained mixture of
three components, elastin, collagen and SMCs, that must deform together. The stretch ratios
for the entire mixture in the circumferential (θ) and axial (z) direction are calculated as:
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(1a)

(1b)

where a is the deformed inner radius of the mixture, A is the undeformed inner radius, l is
the deformed length of the mixture and L is the undeformed length. Radial variations in the
stretch ratio are neglected. The components have individual homeostatic or natural stretch

ratios in each direction at which they are produced,  and . For each time step, there are
“original” components that were produced at some earlier developmental time and “new”
components that are produced after the step changes in blood pressure, axial length and
blood flow. Therefore, the superscript k is replaced by k = oe, oc and om or ne, nc and nm
for original or new elastin, collagen and SMCs, respectively. In this model, multiple step
changes in pressure, length and flow are included, so instead of a single set of new
components, there is one set for each step change. Therefore, ne, nc and nm are replaced by
nei, nci and nmi, where i = 1—total number of steps. In Case 1, the homeostatic stretch ratios
are equal for all original and new components of each type and at each time step. The
deformation state of the mixture evolves with time as growth and remodeling occur, so the
current stretch ratios for the mixture, λθ and λz, may not match the stretch ratios of the
mixture when different components were produced,  and  (Fig. 1). The current stretch
ratios,  and , of each component can be calculated by (Baek et al. 2006):

(2a)

(2b)

This definition for the component stretch ratios is consistent with Gleason et al. (2004), but
uses homeostatic stretch ratios for each component instead of homeostatic unloaded
dimensions. Although the homeostatic stretch ratios are constant in Case 1, the current
stretch ratios of each component change with development depending on the current
deformed state of the mixture and the deformed state of the mixture when each set of
components was produced.

The aorta is considered a uniform, incompressible cylinder with a finite thickness, and the
wall stresses are calculated by:

(3a)

(3b)
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(3c)

where σθ and σz are the mean Cauchy stresses in the circumferential and axial directions and
τ is the wall shear stress. P is the mean transmural pressure, h is the deformed wall
thickness, f is the applied axial force, μ is the viscosity of blood (assumed to be 4 cP) and Q
is the volumetric flow rate. The transmural distribution of stresses is not considered in this
model.

The wall stresses will change as blood pressure, axial stretch and blood flow increase during
the first month of post-natal development in the mouse (Huang et al. 2006; Ishii et al. 2001;
Wiesmann et al. 2000). The stresses at the current pressure (Ph), deformed length (lh), flow
(Qh), deformed inner radius (ah) and thickness (hh) are considered the homeostatic values
for each developmental time step. To move to the next developmental time step, the pressure
(P), deformed axial length (l) and flow (Q) are increased to new values:

(4a)

(4b)

(4c)

where εP, εl and εQ are constants for each time step determined from experimental data.
Developmental changes in pressure and length will cause passive changes in the inner radius
due to elastic deformation and incompressibility, respectively, which will cause subsequent
alterations in shear stress. Developmental changes in flow will directly cause changes in
shear stress (Eq. 3c).

In Case 1, it is assumed that the SMCs react to each of these changes independently by
actively constricting or dilating the aortic wall to return the shear stress to the homeostatic
values, but that they can only constrict the inner radius a maximum of 30% and dilate a
maximum of 15%. These limits were chosen for the carotid artery (Gleason and Humphrey
2004; Gleason et al. 2004), but it is assumed that they also apply to the thoracic aorta as both
are large elastic arteries. For example, if an increase in pressure causes an elastic
deformation that increases the radius less than 30%, the SMCs can actively constrict the
radius to restore the homeostatic shear stress. If an increase in flow requires a dilation of
more than 15%, then the SMCs will not be able to completely restore the shear stress to the
homeostatic value. When flow changes by a factor εQ, the shear stress will be normalized if

the radius can change by a factor  (Eq. 3c). The dilation and contraction limits are
assumed to remain constant over the developmental time period, although there is evidence
that arteries in young animals can contract or dilate more than adult animals in response to
changes in blood flow (Langille et al. 1989). Additional experimental data are needed for
better estimates of the SMC response to normalize shear stress in the developing aorta.

Although the vasoconstriction or vasodilation responses to each perturbation (flow, pressure
and length) are considered independently, all of the active SMC responses are assumed to
occur instantaneously compared to the longer time course of component remodeling. After
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this instantaneous response, component turnover begins as original components are
degraded and new components are produced over time. The loaded wall thickness is
optimized during remodeling as the vessel attempts to maintain the homeostatic
circumferential stress. Optimization of the axial stress is not included in this study, but axial
stress changes as the vessel dimensions are remodeled.

2.2 Constitutive equations
The total mean Cauchy stress on the aortic wall in each direction is the sum of the stresses in
each component (σk) multiplied by the mass fraction (φk) of each component at time, s:

(5a)

(5b)

Note that the total mean stresses are functions of the mixture stretch ratios as defined by Eq.
1, while the component stresses are functions of the component stretch ratios as defined by
Eq. 2. The total mean stresses are also defined by Eq. 3a and b and must equal zero in the
equilibrium state with no applied loads (P = 0 and f = 0). Hence, when the mixture is in the
unloaded state, the sum of the component stresses must equal zero, but the stress in each
individual component is not necessarily zero.

The component stresses are related to the component stretch ratios by individual constitutive
equations. There are many choices of constitutive equations, but the goal of this study is to
determine the general behavior of the model applied to developing arteries, not to
investigate different constitutive equations; therefore, the same equations are used here as in
the original papers (Gleason and Humphrey 2004; Gleason et al. 2004). The same equations
apply for original and new components; therefore, each component superscript can lead by o
for original or ni for each set of new components. Elastin (e) is modeled as a neo-Hookean
material and collagen (c), and passive SMCs (m) are modeled as transversely isotropic
materials:

(6)

(7)

(8)
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(9)

where

(10)

(11)

where

(12)

(13)

where bi (i = 1, …, 7) are material constants. SMCs also have an active stress component in
the circumferential direction, so that the total circumferential stress is the sum of the passive
and active components:

(14a)

(14b)

(15)

where

(16a)

(16b)
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where λM, λ0 are material constants, TB = basal tone constant and TP, TQ and TZ represent
the activation dependence on altered pressure, flow and axial stretch, respectively. In this
study, it is assumed that alterations in SMC tone are primarily driven by changes in flow;
therefore, TZ ≈ TP ≈ 0. TQ can be calculated according to the constraints in Gleason et al.
(2004):

(17)

where the SMC stretch ratios and stresses are function of the time, s, elapsed since each step
change in pressure, length and flow. At time = 0, the aorta is at its homeostatic state before
the step change occurs and at time = sv, the instantaneous response of vasoconstriction or

vasodilation occurs. Additionally, , where ho = initial wall thickness at time =
0. Note that TQ is only applicable to original muscle. The homeostatic flow rate for new
muscle is εQ Qh, so for new muscle Tact = TB. In Case 1, it is assumed that the passive and
active material constants are the same for the original and all newly produced components at
each time step.

2.3 Component turnover
All components are continually produced over the developmental time course (Kelleher et
al. 2004). Collagen and SMCs are also degraded, but elastin is an extremely stable protein
and is likely not degraded. Kinetic functions and constants are used that allow turnover of
collagen and SMCs after each step change in pressure, length and flow, but only production
and no removal of elastin (Gleason and Humphrey 2004; Gleason et al. 2004.

(18)

where gk is the production function and qk is the degradation function,  and  are the
associated rate constants for each component, k, s is the current time elapsed since a step
change in pressure, length and flow and sh is the homeostatic time at which remodeling is
complete. A rate constant of 6.9 allows almost complete turnover with about 0.1% of the

original component remaining; therefore,  and  for most wall constituents in Case
1. A rate constant of zero allows no production or degradation of a component; therefore,

 in all cases because of the stability of the elastin protein. The rate constants do not
change with developmental age. With complete turnover, all original components are
degraded at each developmental time step so even with multiple steps there is no need to
track previously produced components. With no degradation of elastin and/or incomplete
turnover of other components in subsequent cases, the original components are present for
multiple time steps, as are the new components produced from each previous developmental
step, so these mass fractions and the unloaded stretch ratios of the mixture when they were
produced must be tracked.

Assuming that the mass density remains constant and that the artery is incompressible, the
ratio (α) of final artery mass/initial mass at any time, s, after a step change in pressure,
length and flow can be determined by:
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(19)

where a(s), h(s) and l(s) are the deformed inner radius, thickness and length at time, s, and
ao, ho, lo are the initial deformed dimensions at time = 0.

The mass fractions for each component can be written in terms of α(s), α(sh), the kinetic
functions and the ratios of final mass fractions of each new component Γec = φne(sh)/φnc(sh)
and Γmc = φnm(sh)/φnc(sh)):

(20)

(21)

(22)

(23)

(24)

(25)

Because original elastin does not degrade, qe(s) = 1, but the mass fraction of original elastin
will decrease as mass is produced and α(s) increases. The mass fraction equations have been
generalized for incomplete turnover, but in the case of complete turnover, qk(sh) = 0 and the
equations for φnk are the same as in Gleason et al. (2004). The ratio of final artery mass/
initial mass can be rewritten in terms of the mass fractions of each component and the
kinetic functions:

(26)

Wagenseil Page 8

Biomech Model Mechanobiol. Author manuscript; available in PMC 2012 October 1.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



2.4 Physiologic and model parameters
Reviewing the equations above, there are numerous constants and experimental
measurements needed as inputs to run the model and as validation to compare the model
predictions. Physiologic data required as inputs and validation of the model include the
loaded and unloaded dimensions, mean arterial blood pressure, axial length, volumetric
blood flow and diameter compliance for the proximal thoracic aorta in mice at various
stages of postnatal development. Huang et al. (2006) present most of this data for the
development of mice aged 1 to 30 days and Wiesmann et al. (2000) present blood flow data
in mice aged between 3 days to 16 weeks. Because the time steps are not equal in both
studies or constant throughout development, the experimental data were fit with polynomial
equations to obtain data for six equal time steps from 3- to 30-day-old mice (Table 1). The
experimental deformed thickness (h) is calculated from the mean pressure (P), deformed
inner radius (a) and circumferential stress (σθ) in Table 1 according to Eq. 3a. The
experimental unloaded radius (A) and length (L) are estimated from the stretch ratios (λθ and
λz) in Table 1 according to Eq. 1. The axial stretch ratio (λz) of the proximal thoracic aorta is
assumed to vary linearly from 1.02 (Wagenseil et al. 2009) to 1.10 (Wagenseil et al. 2005;
Guo and Kassab 2003) over the developmental time course. The cross-sectional area
compliance presented in Huang et al. (2006) is converted to diameter compliance (C)
(Westerhof et al. 2004) to estimate the elastic deformation of the wall in response to a step
change in pressure. The experimental shear stress (τ) is calculated from Eq. 3c using the
deformed inner radius (a) and volumetric flow rate (Q) in Table 1 and assuming the
viscosity (μ) of blood is 4 cP. The experimental change in pressure (εP), length (εl) and flow
(εQ) for each step are calculated using Eq. 4.

The experimental data in Table 1 provide the mixture stretch ratios (λθ and λz) to compare
with the model predictions for each time step. The component stretch ratios (  and )
depend on the mixture stretch ratios, as well as the homeostatic stretch ratios of each

component (  and ) and the stretch ratios of the mixture when each component was
produced (  and ) (Fig. 1) (Eq. 2). Based on the experimental data, the starting time
point of the model is chosen as 3 days old, and it is assumed that the original components
were produced with the aorta in the deformed configuration at that time. Hence,  and 
for the original components at the first developmental time step equal the starting λθ and λz
at 3 days which are 2.29 and 1.02, respectively (Table 1). When the step changes in
pressure, length and flow are applied, the vessel diameter decreases or increases within the
vasoconstriction/vasodilation limits to normalize the shear stress and the mixture stretch
ratio changes instantaneously. Production of new components starts at this time and  and

 for the new components equal the current stretch ratios of the aorta λθ(s) and λz(s). As
remodeling progresses, the unloaded mixture configuration evolves to satisfy equilibrium
conditions (passive stresses equal zero when no forces are applied) (Gleason and Humphrey
2004;Gleason et al. 2004). When remodeling is complete, the mixture has a new unloaded
and loaded configuration that is used as the input for subsequent steps. Although  and 
for the new components varies with remodeling time, for computational convenience it is
assumed that they are equal to  and  when these new components are carried
through to the next remodeling step.

The homeostatic stretch ratios at which the components are produced are chosen considering
the physiologic stretch in a 3-day-old mouse aorta (Table 1). It is assumed that the
homeostatic stretch ratios in the circumferential and axial directions are higher than this
stretch for elastin, lower than this stretch for collagen, and at this stretch for SMCs (Table
2). These choices are based on the assumption that at physiologic pressures, elastin is in
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compression (Fonck et al. 2007), collagen is in tension (Dobrin and Canfield 1984) and
SMCs are at their preferred, homeostatic stretch. Additional experimental data are needed to
improve these estimates. The collagen homeostatic stretch ratios are further revised after
determining the mass fractions and material constants to satisfy equilibrium conditions. In
Case 1, it is assumed that original and all newly produced components have the same
homeostatic stretch ratios.

From Eq. 5, the total stress in the mixture is a function of the component stretch ratios ( 
and ) and the mass fraction of each component (φk). The starting mass fractions of elastin,
collagen and SMCs in the aortic wall of 3-day-old mice (Table 3) are estimated from data on
neonatal rats from Olivetti et al. (1980) assuming that the mass fraction of each component
scales linearly with the volume fraction and that 75% of the wall mass is water. It is
assumed that elastin and collagen mass fractions increase throughout the developmental time
period, but that the rate of increase slows as gene expression decreases (Kelleher et al.
2004). The decreasing mass fraction of SMCs is calculated from the elastin, collagen and
constant water mass fractions at each step. In Gleason et al. (2004), the starting mass
fractions, the production and degradation functions (gk and qk) and the final mass fraction
ratios of newly produced components (Γec and Γmc) are prescribed, but the total mass
fraction of each component is predicted by the model. In this model, the starting mass
fractions, the production and degradation functions and the final total mass fraction of each
component are prescribed, and the mass fraction ratios of newly produced components are
predicted by the model. The mass fraction ratios of newly produced components for each
developmental step are calculated in the model from the change in total mass fraction of
each component, the mass fraction of original components remaining and the predicted
change in mass of the artery wall during growth and remodeling. Additional experimental
data on the changes in mass fractions for each component are needed to improve these
inputs and validate the model predictions for the mass fraction ratios of newly produced
components.

The constitutive equations for the mixture depend on the component stretch ratios and mass
fractions, as well as the passive material constants (bi), and the active SMC constants (λM,
λ0, and TB). With the component stretch ratios and mass fractions determined earlier, the
passive and active material constants are chosen to approximate the physiologic
circumferential stretch ratio, circumferential stress and pressure for 3-day-old mouse
thoracic aorta and to provide the assumed stress contributions for each component (Fig. 2).
It is assumed that 1) elastin and active SMCs contribute significantly to the circumferential
stress at low stretch, 2) collagen contributes significantly at high stretch, 3) passive SMCs
contribute minimally at all stretches, and 4) collagen becomes significantly nonlinear when
the vessel is stretched about 20% beyond the physiologic value. The chosen parameters
(Table 2) provide for substantially less contribution from passive and active SMCs than
Gleason et al. (2004), but are consistent with limited mechanical data from mouse aorta
when the SMCs are activated or killed (Faury et al. 1999). The elastin and collagen
contributions are consistent with experiments performed on dog arteries when one protein is
degraded (Dobrin and Canfield 1984). Axial stress is not considered, except in order of
magnitude estimates, because axial stress is not presented in Huang et al. (2006). Additional
experimental data on mouse arteries are needed to better quantify the contribution of each
component and to include the axial behavior. In Case 1, it is assumed that the material
constants are the same for original and all newly produced components.

2.5 Solution strategy
The initial starting point is that of a 3-day-old mouse thoracic aorta. The loaded and
unloaded dimensions, diameter compliance, blood flow, pressure and stresses are all
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prescribed from the first row of Table 1. The solution steps are similar to Gleason et al.
(2004), but are repeated for each developmental time step and include alterations specific to
the current model. All calculations are performed with custom scripts in Matlab
(Mathworks):

1. Prescribe step changes in pressure, deformed length and flow (εP, εl, and εQ, Table
1) from experimental data for the current step (i.e. from day 3 to day 7.5).

2. Calculate the mixture stretch ratios using the new inner radius after the active,
instantaneous SMC response and allow component remodeling to proceed.

3. Determine the stretch ratios for original and newly produced components,  and
, from Eq. 2.

Use an initial guess for h(sh) (the final homeostatic deformed thickness) to
determine α(sh) from Eq. 19.

Use the initial (s = 0) and final (s = sh) values of the degradation functions (qk),
mass fractions (φk) and ratio of final artery mass/initial mass (α) to determine the
final mass fractions ratios of the newly produced components (Γec and Γmc) from
Eqs. 20 to 25.

Calculate α(s) using Eq. 26 and calculate the mass fractions for all time, s, using
Eqs. 20 to 25. Remember that there will be original components, plus one set of
new components for each developmental time step.

Calculate the component stresses from Eqs. 6 to 17 and the material constants in
Table 2. Calculate the total mixture stress from Eq. 5.

Calculate the current wall thickness (h(s)) and axial load (f (s)) from Eq. 3a and b.
Optimize h(sh) to bring the final circumferential stress as close as possible to the
initial, homeostatic circumferential stress.

Solve Eq. 5 with a total passive mixture stress = 0 to satisfy the unloaded
equilibrium Eq. 3a and b with P = 0 and f = 0 for the evolving unloaded dimensions
of the mixture (A(s) and L(s)) as defined by Eq. 1a and b.

Calculate the unloaded thickness, H (s), using incompressibility.

Record the final loaded and unloaded dimensions of the mixture and the mass
fractions of each original and newly produced component predicted by the model.
Use these values to start the next developmental time step and continue the growth
and remodeling process.

It is important to emphasize that in step 11, the final model predictions for the loaded and
unloaded dimensions at the end of each step (i.e from day 3 to day 7.5) are used for the
beginning of the next step (i.e. from day 7.5 to day 12); therefore, most of the dimensions
and stresses in Table 1 for the other time steps (day 7.5–30) are not used as inputs and are
solely used for comparing the model predictions to the experimental data. The only
dimension input is the step change in loaded length, which is one of the stimuli for
remodeling in step 1. The deformed inner radius changes to actively normalize shear stress
and the deformed thickness changes to normalize circumferential stress. The undeformed
dimensions change to maintain passive equilibrium as the components turnover.

For step 3, new components are produced with each developmental step. For the first step
from ages 3 to 7.5 days, there are only original (oe, oc, om) and new components (ne1, nc1

and nm1). For the next step from ages 7.5 to 12 days, there are original components (oe, oc,
om), plus the older new components produced in the step from ages 3 to 7.5 days (ne1, nc1
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and nm1), plus the new components produced in the step from ages 7.5 to 12 days (ne2, nc2

and nm2). By the last step from ages 25.5 to 30 days, there are original components, plus
five sets of older new components, plus the new components. The total starting and final
mass fractions for each step are input from Table 3, but the distribution of original and new
mass fractions is predicted by the model. As the vessel grows, the original and older new
components that are not degraded completely are stretched farther with each step. Because
collagen has a nonlinear stress response function, the stresses can quickly reach high values
as the aorta grows; therefore, a breaking stress of 150 MPa (Zeugolis et al. 2008) is
implemented. If the predicted stresses for any original or newly produced collagen are >150
MPa in the circumferential or axial direction, it is assumed that the fibers break and the
stresses are zero. The collagen is still present and accounted for in the mass fraction, but it
no longer contributes to the total tissue stress.

The major assumptions in the baseline case, Case 1, that are relevant to subsequent cases
include 1) deformed inner radius is determined by active SMCs trying to maintain the
starting homeostatic shear stress, 2) elastin is not degraded but collagen and SMCs are
completely degraded with each developmental time step, 3) homeostatic stretch ratios do not
change with development and 4) material properties do not change with development. The
results from this baseline case are compared to experimental data to determine whether this
constrained mixture model can predict the changes in dimensions and mechanical behavior
for developing mouse aorta. The model assumptions and parameters are then changed in
subsequent cases to investigate mechanisms to improve the model predictions. A summary
of all cases is presented in Table 4. In Case 2, the inner radius is decoupled from the shear
stress and it is assumed that the SMCs dilate a constant amount for each developmental time
step. Cases 3–7 include the modification of Case 2, as well as additional changes. Case 3
adds incomplete collagen turnover. Cases 4 and 5 consider increases and decreases in the
homeostatic stretch ratios, respectively. Case 6 includes an increase in the passive material
properties with each step. Lastly, Case 7 has a combination of an increase in the
circumferential homeostatic stretch ratio, a decrease in the axial homeostatic stretch ratio
and an increase in the passive material properties with development. Physiologic
explanations for each of these assumptions are included in the discussion.

3 Results
3.1 Inner radius and shear stress

In Case 1, the SMCs instantaneously alter the inner radius in an attempt to normalize shear
stress changes caused by developmental increases in blood pressure, axial length and blood
flow. With the chosen limits of 30% constriction and 15% dilation, the passive changes in
radius due to increases in pressure and axial length can always be normalized by the active
SMCs. For the flow, the active SMCs can normalize the shear stress if .34 ≤ εQ ≤ 1.52 (Eq.
3c). According to the εQ values in Table 1 (Wiesmann et al. 2000), the SMCs can normalize
the shear stress changes for all but the first two developmental time steps. The deformed
inner radius and shear stress predictions for Case 1 are shown in Fig. 3. Note that the shear
stress in Fig. 3a increases considerably for the first time step in Case 1, where the SMCs
cannot dilate the vessel radius enough and then reaches a plateau at later values when the
SMCs can accommodate the smaller flow changes. The experimentally measured blood flow
reaches an asymptotic value as the mouse ages and smaller changes in inner radius are
required in Case 1 to normalize the shear stress for smaller changes in flow. This is shown in
Fig. 3b where the deformed inner radius for Case 1 reaches a plateau for later time points.

Experimentally, the deformed inner radius of mouse thoracic aorta increases almost linearly
from days 3 to 30 (Fig. 3b) (Huang et al. 2006). Combined with the experimental blood flow
data (Table 1) (Wiesmann et al. 2000), this causes the experimental shear stress to exhibit
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parabolic behavior during this time period (Fig. 3a). It starts around 2.5 Pa, increases to a
peak of 6 Pa at 14 days and returns to 2.5 Pa at 30 days. Interestingly, the range of 1–3 Pa is
the approximate shear stress in adult blood vessels across numerous mammalian species.
The only way to obtain linear increases in the deformed inner radius with asymptotic
increases in blood flow is to change the fundamental model assumption that the SMCs
actively contract or dilate in an attempt to return to the starting shear stress at each step. In
Case 2, the radius changes are decoupled from the flow rate by assuming that the SMCs
dilate the deformed vessel radius 12% with each developmental time step, regardless of the
actual change in blood flow. Twelve percent is the average increase in inner radius for each
time step across all ages included in the model. The deformed inner radius and shear stress
predictions for Case 2 are much closer to the experimental behavior (Fig. 3). Because this
decoupling of flow and inner radius is required to mimic the experimental results, all
subsequent cases include the assumptions of Case 2.

3.2 Circumferential stresses and stretch ratios
In the experimental data, the circumferential stress increases in a polynomial or exponential
fashion with age (Fig. 4a) (Huang et al. 2006). In the model predictions for Case 1, the
circumferential stress reaches asymptotic values at older ages. In Case 2, the circumferential
stress increases linearly. The vessel wall thickness is remodeled in an attempt to normalize
the circumferential stresses, but the stresses cannot be brought completely back to the
homeostatic value because elastin is not degraded (Gleason et al. 2004;Gleason and
Humphrey 2004). The absolute values for Case 2 can be adjusted by changing the material
constants or the homeostatic stretch ratios, but overall the behavior is similar to the
experimental results. The experimental data show a decrease in the circumferential stretch
ratio with age for most of the developmental time period (Fig. 4b) (Huang et al. 2006). The
model for Case 1 predicts a slight decrease in stretch ratio with age, but not nearly the
amount seen experimentally. Case 2 predicts an increase in stretch ratio with age, which is
opposite of the experimental results. Additional changes in the model assumptions or
parameters are necessary to mimic the experimental results for the circumferential stretch
ratio.

For the circumferential stress to increase and the circumferential stretch ratio to decrease
with age, the aorta must increase in stiffness during the developmental time period.
Physiologically, increased stiffness may be caused by stretching of existing elastin and
collagen fibers, cross-linking of the deposited elastin and collagen fibers, and phenotype
changes in the SMCs as the mouse matures. In the model, stiffness can be increased by
including incomplete turnover of collagen or changing the homeostatic stretch ratios or
passive material constants with each developmental time step. These changes are
implemented in subsequent cases to investigate which one best reproduces the experimental
results. The amount of change in each parameter is chosen so that trends can be easily
observed, but these changes and the physiologic basis for each one must be confirmed
experimentally. A summary of the changes for each case is included in Table 4.

In Case 3, incomplete collagen turnover is included with , which leaves 10% of the
original or newly produced collagen from previous steps in place at the end of remodeling.
In this case, the circumferential stresses increase more than Case 2, but the circumferential
stretch ratio still increases (Fig. 4). When the homeostatic stretch ratios for all components
are increased 1% for each developmental step in Case 4, the stresses increase more than
Case 2, but so do the stretch ratios, which is not the desired result. When all homeostatic
stretch ratios are decreased 1% for each developmental step in Case 5, the stresses increase
less than Case 2, and the stretch ratios decrease, but not to the extent observed
experimentally. When the passive material constants for all components are increased 2%
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for each developmental step in Case 6, the stresses are similar to Case 2, but again the
stretch ratios increase. When the circumferential homeostatic stretch ratio is increased 3%,
the axial homeostatic stretch ratio is decreased 3%, and the passive material constants are
increased 8% for all components at each developmental time step in Case 7, the stresses
increase similarly to Case 2, but now the stretch ratios decrease like the experimental data.
Therefore, Case 7, with a combination of changes tried in other cases, is the only one that
can approximate the experimental data for circumferential stress and stretch ratio at different
ages.

3.3 Axial stresses and stretch ratios
The axial stresses are not included in Huang et al. (2006), but the trends for different cases
can still be compared. The absolute values of the stress can be altered by changing the
starting material constants or homeostatic stretch ratios; therefore, the change in axial stress
with developmental age is more important than the absolute values for comparing the
different cases. All cases show an increase in axial stress with age (Fig. 5a). Case 5
(decreasing homeostatic stretch ratios) shows the smallest increase with age, and Case 3
(incomplete collagen turnover), Case 4 (increasing homeostatic stretch ratios) and Case 7
(combination of increases/decreases in homeostatic stretch ratios and increased passive
material constants) show the largest increases with age. Note the uneven curve of Case 3,
compared to the smoother curves of the other cases, because the final stress depends on
whether or not older collagen fibers reach their breaking stress. This is not as apparent in the
circumferential stress curve for Case 3, but still occurs.

The axial stretch ratio is assumed to vary linearly from 1.02 to 1.10 over the developmental
time period (Fig. 5b) (Wagenseil et al. 2005,2009;Guo and Kassab 2003). Case 5 predicts a
decrease in axial stretch ratio, while Case 2, Case 3 and Case 6 (increasing passive material
constants) predict slight increases at young ages, with asymptotic or decreasing behavior at
older ages. Only Cases 1, 4 and 7 predict increases in the axial stretch ratio that approximate
the experimental data.

3.4 Loaded and unloaded dimensions
The ratios of final/starting loaded and unloaded dimensions at each developmental time step
are compared for all cases in Fig. 6. For the deformed inner radius, only Cases 1 and 2 are
plotted, because all other cases are identical to Case 2. Experimentally, the deformed radius
increases less with each step as the mouse ages and the average increase for all
developmental time steps is 12% (Fig. 6a). Case 1 shows much smaller increases in the
deformed radius than the experimental data with a dramatic drop at the older ages. Case 2,
and all subsequent cases, show a constant increase in deformed radius of 12% because that
was the prescribed valued when the SMC dilation was uncoupled from the flow changes.
The ratio of final/starting deformed thickness for all cases shows an exponential decay
similar to the experimental data (Fig. 6b). This occurs because smaller increases in thickness
are needed for smaller changes in pressure (Table 1) to normalize the circumferential stress
as the mouse ages. Case 7 closely follows the experimental changes in thickness. The
deformed length is prescribed for all cases; therefore, the ratio of final/starting deformed
length is identical for all cases and is similar to the experimental data (Fig. 6c).

The ratio of final/starting undeformed inner radius at each developmental time step shows
similar behavior to the ratio for the deformed inner radius. The behavior of Case 1 best
matches the experimental data, but underestimates the increase at each age (Fig. 6d). All
other cases show an almost constant ratio with age that underestimates the experimental data
at young ages and overestimates the experimental data at older ages. The ratio of final/
starting undeformed inner radius in Case 7 is approximately the average of the experimental
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data over the developmental time period. The almost constant change in undeformed inner
radius for Cases 2–7 is related to the assumption that the deformed inner radius increases a
constant amount for each developmental time step. The ratio of final/starting undeformed
thickness shows an exponential decay with age for all cases that is similar to the
experimental data (Fig. 6e). Cases 3 and 7 show the best matches to the experimental data
for the undeformed thickness. The ratio of final/starting undeformed length also shows an
exponential decay with age for all cases that is similar to the experimental data (Fig. 6f).
Case 7 closely follows the experimental data for the undeformed length.

3.5 Evolving material and structural properties
Overall, the predictions for Case 7, with a combination of increasing circumferential and
decreasing axial homeostatic stretch ratios and increasing passive material properties, best
match the experimental data for the stresses, stretch ratios and dimensions of developing
mouse aorta. The material constants, homeostatic stretch ratios, unloaded stretch ratios, mass
fractions and dimensions for the start of remodeling on day 3 and predicted at the end of
each developmental time step for Case 7 are used to plot the evolving stress–stretch ratio
and inner radius–pressure behavior (Fig. 7). Note that the stress–stretch ratio curves shift up
and become nonlinear at lower stretch ratios with age (Fig. 7a). This matches the
experimentally predicted increase in physiologic stress and decrease in physiologic stretch
ratio with age (Huang et al. 2006) This also provides significant material stiffening at stretch
ratios just beyond the physiologic values for each age and may be a mechanism to prevent
stretch-induced damage to the aorta. The radius–pressure curves shift up and to the right
with age as the loaded dimensions increase (Fig. 7b). The radius–pressure curves for day 3
and day 30 are comparable to those obtained for neonatal (Wagenseil et al. 2009) and adult
mouse aorta (Wagenseil et al. 2005) although the tail at low pressures is too long and the
slope in the linear region is too steep. The shape of the curve can be adjusted by altering the
starting material constants, homeostatic stretch ratios and vessel dimensions. The transition
from the linear region (high compliance) to the horizontal region (low compliance) of the
radius–pressure curve shifts to higher pressures with age and occurs near the physiologic
values. This behavior prevents pressure-induced overstretch and is adjusted as the
physiologic pressure increases during development.

4 Discussion
Postnatal aortic growth and development in mice is modeled by a constrained mixture model
with successive step changes in blood pressure, axial length and blood flow rate. The
starting dimensions for a 3-day-old mouse aorta are determined from experimental data, and
postnatal development is divided into six equal time steps from 3 to 30 days old. Model
parameters and the magnitude of the step changes in pressure, length and flow are estimated
from experimental data. The model predictions for the loaded and unloaded dimensions of
the aorta and the mass fraction ratios of newly produced elastin, collagen and SMCs at the
end of each time step are used as inputs for the next time step. In the baseline model, Case 1,
it is assumed that active SMCs instantaneously change the inner radius within prescribed
limits to normalize the wall shear stress.

4.1 Developing arteries respond to shear differently than adult arteries
The results of Case 1 suggest that developing SMCs do not have a constant, homeostatic
shear stress and that the active SMC response in the model must be revised. The
experimental data for deformed inner radius (Huang et al. 2006) and blood flow (Wiesmann
et al. 2000) for 3- to 30-day-old mice do not support the baseline model assumption that
developing SMCs dilate just enough to normalize the shear stress at each step. In fact, the
deformed inner radius and changes in blood flow must be decoupled in Case 2, and all
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additional cases, to reproduce the experimental results for the alterations in shear stress with
developmental age. It is possible that developing SMCs grow and increase the vessel radius
solely by genetic programming and changes in blood flow are irrelevant. However, years of
observation on the relationships between blood flow and the radius of developing vessels
show that this is probably not true (Clark 1918; Langille 1993). It is more likely that the
shear stress and inner radius are coupled, but in a more complicated manner than included in
the current model.

The fact that changes in flow rate and deformed inner radius cannot be treated in the simple
manner used for remodeling in adult arteries, raises the intriguing possibility that developing
SMCs have different shear responses than adult SMCs. It is possible that homeostatic shear
stress is a constantly moving target in developing aorta, not the static value at each time
point that is used in the current model. Changes in shear stress with postnatal development
have been shown in rabbits (Di Stefano et al. 1998) and sheep (Langille et al. 1990).
Furthermore, when blood flow is elevated in young rabbits, the artery wall is remodeled so
that shear stresses match that of the control artery three months later, even though the shear
stresses in the control artery have decreased during this time (Di Stefano et al. 1998). It is
also possible that there is some delay between the changes in flow and the SMC response to
normalize shear stress. This study only includes postnatal growth from days 3 to 30. Mice
reach maturity around 90 days of age, and the vessel inner radius must reach an asymptotic
value as the mice mature. When the entire developmental period from birth to maturity is
considered, the blood flow and inner radius may show more similar behavior over time, with
the radius reaching its maximum value later than the blood flow. In this case, the inner
radius and blood flow may again be coupled, but subject to some delay that causes the radius
changes to lag the flow changes. Testing these hypotheses in more sophisticated models and
identifying a physiologic basis for these mechanisms will be critical for understanding how
genetic programming and mechanical stimuli dictate growth and remodeling in developing
blood vessels. Determining the interplay between these factors may help identify genes or
proteins that can be used to encourage growth and remodeling in vitro for tissue-engineered
vessels and in vivo for treating human vascular disease.

4.2 Circumferential arterial stiffness increases with developmental age
Experimentally, the circumferential and presumably the axial stresses increase with
development. The circumferential stretch ratio decreases and the axial stretch ratio increases
(Huang et al. 2006). Case 2 approximates the experimental deformed inner radius and the
shear stresses, but cannot predict the experimental changes in wall stresses and stretch ratios.
Additional cases were investigated to determine what changes are necessary to reproduce
the experimental data. The best match is Case 7, where the homeostatic stretch ratio is
increased in the circumferential direction and decreased in the axial direction, and the
passive material constants are increased for all components with each developmental time
step. Other cases with only one of these changes, or with incomplete collagen turnover, did
not capture the experimental behavior. Different increases and/or decreases for individual
parameters for each component were not investigated, but are certainly possible and may
improve the model predictions.

One of the main goals of mathematical modeling is to provide interpretations of the
experimental data. Ideally, the mathematical model would help explain the mechanical data
and then microstructural evidence would support the model-based interpretation. This
information could subsequently be used to manipulate the arterial microstructure to obtain
desired mechanical properties. Case 7 shows that the experimental mechanical behavior can
be explained by changes in the homeostatic stretch ratio and that these changes must be
different in the circumferential and axial directions. These opposite changes could be related
to differences in the rate of growth of the aorta, the rate of deposition of each component,
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the amount of components or the organization of components in each direction. For
example, elastin layers have fenestrations that change in size and orientation with growth
and remodeling (Wong and Langille 1996), which may affect the homeostatic stretch ratio
of elastin in each direction. Additionally, collagen is arranged as helically oriented fibers in
the aortic wall. If the fibers become more circumferentially oriented with development, this
could explain increases in the circumferential direction and decreases in the axial direction
for the collagen homeostatic stretch ratio. The current model does not include any provisions
for investigating collagen fiber orientation. Future iterations could model the collagen as
families of oriented fibers as introduced by Holzapfel et al. (2000) and used in several recent
mixture models (Baek et al. 2006; Valentin et al. 2009; Valentin and Humphrey 2009; Wan
et al. 2009). This would allow model predictions of collagen fiber orientation to be verified
experimentally.

Case 7 also shows that increases in the passive material constants are necessary to predict
the experimental behavior. The stiffening of individual components could be caused by
increasing connections between or cross-linking of the elastin and collagen proteins and
changes in the SMC phenotype with maturation. Electron micrographs of 3 days old mouse
aorta show that elastin is deposited between layers of SMCs in disconnected globules. By 14
days, enough globules have been deposited to form almost complete layers of elastin (Davis
1995). Presumably, the connected sheets of elastin offer more mechanical resistance than the
disconnected globules and could explain the increase in elastin stiffness with development.
Expression of lysyl oxidase, a cross-linking protein, also increases during development
(Kelleher et al. 2004). Lysyl oxidase expression may be stimulated by increased stress in the
wall, which would help optimize the mechanical properties to withstand the increasing
hemodynamic forces. Investigating lysyl oxidase amounts and the stimulus for expression
would provide links between the biological, chemical and mechanical signals in developing
blood vessels. Understanding these links is essential for building predictive models that
integrate different signaling mechanisms.

4.3 Future experiments
Another goal of mechanical modeling is to guide future experiments. In general, there is a
paucity of data for developing blood vessels, especially in mice. Huang et al. (2006) present
a detailed study, but include no axial stress data, and some of their results conflict with other
groups. For example, their circumferential stress values for 1.5-day and 30-day-old thoracic
aorta are significantly higher than values from Wagenseil et al. (2005, 2009) for neonatal
and adult mouse aorta. In addition, their mean pressure, inner deformed radius, deformed
thickness and circumferential stress values are not consistent. In this study, the experimental
circumferential stress is used to calculate the thickness according to Eq. 3a, but if the
experimental values of deformed thicknesses are used to calculate the stress, the stress
values are significantly lower. Additional data would help average out variations between
studies and generate a more robust model. Additional data are also needed for better
estimates of model parameters such as component amounts, component stress contributions
and the amount of active SMC constriction and dilation in developing aorta.

Future experiments are necessary to test and extend the model predictions. For example, if a
cross-link inhibitor is used on developing vessels, does this prevent the increase in passive
material constants and can the model for Case 7 predict the experimental results? If so, can
this be used to treat human diseases or alter mechanical properties in tissue-engineered
vessels? If not, what additional assumptions must be changed to predict the experimental
behavior? Numerous similar experiments are possible with genetically engineered mice
where the amount or organization of vessel wall components has been changed. This
includes mice with reduced elastin amounts (Li et al. 1998), mice with disorganized elastin
fibers due to reduced amounts of associated proteins, such as fibulin-5 (Nakamura et al.
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2002; Yanagisawa et al. 2002) and mice with reduced amounts of elastin and collagen cross-
linking proteins, such as lysyl oxidase (Hornstra et al. 2003). The mechanisms uncovered in
this iterative approach of modeling and experimentation can be used to manipulate the
growth and remodeling process both in vitro and in vivo.

4.4 Model limitations and improvements
The increases in blood pressure, axial length and blood flow are most likely continuous
functions, rather than the step increases included in the current model, but the step increases
still provide insight into the interactions between hemodynamic forces and aortic structure
and function. Most models and experimental data on adult vessel remodeling are also based
on step changes, although this is probably not physiologically accurate in diseases such as
hypertension. Future model improvements include continuous changes in these parameters,
so that rate effects can be investigated and remodeling behavior can be predicted at any
developmental time point. This approach requires continuous tracking of the vessel loaded
dimensions, unloaded dimensions, homeostatic stretch ratios, unloaded stretch ratios and
component mass fractions at all times. The active SMC response must also be modified.
Currently, active SMCs can instantaneously constrict or dilate to provide limited alterations
in diameter to normalize the shear stress. If the perturbations are small enough, for example
if the developmental time step approaches zero in a continuous model, the SMCs can always
return to the homeostatic shear stress and little remodeling occurs. Even with step sizes of
4.5 days in this study, the pressure, length and flow changes are small enough that the SMCs
can normalize the shear stresses for all but the earliest developmental time points. One
option for the SMC response in a continuous model is to include an evolving target shear
stress or a delayed active SMC response. Physiologic mechanisms for these options must be
investigated in parallel with the model development.

In the current model, each component has a constant turnover rate that is assumed to be the
same throughout development. It could be argued that component turnover varies with
developmental age and/or that the rate depends on stress or strain in the aortic wall. While
the rate of turnover is constant, the total amount of each component changes with age so that
elastin and collagen increase and SMCs decrease. This is consistent with gene array data in
developing mice showing that elastin and collagen expression peak in the first few days after
birth (Kelleher et al. 2004). Constrained mixture models have been modified to include
turnover rates that are a function of stress magnitudes (Baek et al. 2006; Wan et al. 2009),
but there is limited data available to determine the form of these relationships. Also, while
increased stress may increase component production in adult arteries that are maintained at
some low, basal production rate, it may have less effect in developing arteries with
continually increasing stresses and high production rates. With continually increasing
stresses in development, the rate of change of the stresses may be important for production
rates. For example, when stresses are increasing quickly, production may be high and when
stresses are increasing slowly, production may be low. Cardamone et al. (2010) recently
found that both stress- and stress rate-mediated turnover of cells and matrix is necessary to
model adaptations to dynamic alterations in flow and pressure over the cardiac cycle.
Different relationships between stress, stress rate and component production rates can be
investigated in future models, but experimental data are required to validate the predictions.
At this stage, a constant turnover rate seems reasonable for a constrained mixture model of
developing mouse aorta.

The transmural distribution of wall stresses and stretch ratios is neglected in the current
model and average values are used. This approach provides information about the global
changes in vessel wall dimensions and stresses. Constrained mixture models have been
modified to include complete three-dimensional descriptions of the stresses and stretch
ratios (Alford et al. 2008; Wan et al. 2009. The radial variations in stress and stretch ratios
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may have important consequences for SMC differentiation at different points across the wall
thickness. The wall of large arteries is composed of the intima, media and adventitia. The
intima is a thin layer of endothelial cells and basement membrane; the media is composed of
circumferential layers of SMCs and elastin (called elastic laminae) with some collagen; and
the adventitia is made up mostly of fibroblasts and collagen. In aorta from elastin
haploinsufficient mice, the outer layers of fibroblasts that normally form the adventitial layer
appear to differentiate just before birth to become elastin-producing cells that form
additional elastic laminae (Wagenseil et al. 2009). A change in the radial gradient of stresses
or stretch ratios due to reduced elastin levels and altered mechanical stimuli may be partly
responsible for this switch in cell phenotype. Future iterations of this developmental model
that include transmural wall stress and stretch ratio distributions would allow investigation
of this hypothesis.

This study and most of the remodeling literature focuses on optimization of shear and
circumferential stresses and neglects optimization of axial stresses. More recent work argues
that axial remodeling should not be neglected (Humphrey et al. 2009). It has been shown
that blood vessels grow in response to increased axial stretch, presumably to reduce the
resulting axial force and normalize the axial stress (Jackson et al. 2002). Paradoxically,
blood vessels will also grow and become tortuous in response to decreased axial stretch
(Jackson et al. 2005). Reduced amounts of elastin or elastin-associated proteins, such as
fibrillin-1, decrease the in vivo axial stretch of mouse carotid arteries (Dye et al. 2007;
Wagenseil et al. 2005); therefore, the amount and organization of vessel wall constituents
are important for the axial behavior and will be an important consideration for future models
of developing blood vessels.

5 Conclusion
A constrained mixture model is used to predict postnatal growth and remodeling in mouse
aorta. Model inputs from previously published experimental data include the loaded and
unloaded dimensions of a 3-day-old mouse aorta, step changes in pressure, axial length and
flow and total mass fractions of elastin, collagen and SMCs at each developmental time step.
Model parameters include constant turnover rates, material properties and homeostatic
stretch ratios for each component. Model predictions for the final loaded and unloaded
dimensions and the mass fraction ratios of newly produced components at each step are used
as the initial values for the next step to recreate the development of a 30-day-old mouse
aorta. The baseline model assumes that SMCs immediately constrict or dilate the vessel
inner radius within prescribed limits to maintain shear stress and then remodel the vessel
wall thickness to maintain circumferential stress. The homeostatic stretch ratios and passive
material properties of the components do not change with developmental age. The baseline
model does not predict previously published experimental data. To approximate the
experimental data, it must be assumed that the SMCs dilate a constant amount regardless of
the step change in pressure, length and flow and that the homeostatic stretch ratios and
passive material constants change with developmental age. These predictions can be used to
interpret and guide experiments. They can also be used to test treatment options for human
diseases and design protocols for growing tissue-engineered vessels.
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Fig. 1.
Illustration of the component and mixture stretch ratios for the constrained mixture model.
Each original and new component (k) is produced at its homeostatic or natural stretch ratio

(  and ). The components are produced at some earlier time in development when the
mixture is stretched  and  from its unloaded state. At the current time, the mixture is
stretched λθ and λz from its unloaded state and the components are stretched  and  from
their homeostatic state
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Fig. 2.
Total stress–stretch ratio behavior and individual contributions of elastin, collagen and
SMCs with the chosen material constants for a 3-day-old mouse aorta. Constants were
chosen to match the physiologic stress and stretch ratio at this age (Huang et al. 2006) and to
match the assumed contributions of each component as described in the text
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Fig. 3.
Comparisons of shear stresses (a) and deformed inner radius (b) between experimental data
(Huang et al. 2006; Wiesmann et al. 2000) and predicted by the constrained mixture model
for Cases 1 and 2 for developing mouse aorta
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Fig. 4.
Comparison of circumferential stresses (a) and stretch ratios (b) between experimental data
(Huang et al. 2006) and model predictions for each case as summarized in Table 4
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Fig. 5.
Comparison of axial stresses (a) and stretch ratios (b) between experimental data (Huang et
al. 2006) and model predictions for each case as summarized in Table 4
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Fig. 6.
Comparison of ratios of final/starting loaded (a, b, c) and unloaded (d, e, f) dimensions for
each developmental time step between experimental data (Huang et al. 2006) and model
predictions for each case as summarized in Table 4
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Fig. 7.
Stress–stretch ratio (a) and inner radius–pressure (b) curves for Case 7 at each
developmental time point. Case 7 best matches the experimental data and includes constant
increases in the inner radius regardless of the step increases in pressure, length and flow, as
well as increases in the circumferential homeostatic stretch ratios, decreases in the axial
homeostatic stretch ratios and increases in the passive material constants with each step
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Table 2

Constants used in the constrained mixture model for the baseline case, Case 1

Description Symbols Values

Homeostatic stretch of each original
component

2.96, 1.45, 1.84, 0.76, 2.29, 1.02

Homeostatic stretch of each new
component

2.96, 1.45, 1.84, 0.76, 2.29, 1.02

Passive material constants for original
components Elastin: , collagen: , SMCs: 

35 kPa, 10 kPa, 1.5, 0.01, 2 kPa, 50 kPa,
0.01

Passive material constants for new
components Elastin: , collagen: , SMCs: 

35 kPa, 10 kPa, 1.5, 0.01, 2 kPa, 50 kPa,
0.01

Active SMC constants λm, λ0, Tb 0.6, 2.8, 60 kPa

Production constants 6.9, 6.9, 6.9

Degradation constants 0.0, 6.9, 6.9
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Table 4

Summary of different cases used to improve the model predictions for the dimensions and mechanical
behavior of developing mouse aorta

Case Description Parameters changed

1 Baseline None

2 Assume SMCs dilate 12% regardless of flow change a = 1.12ao for all steps

3 Incomplete collagen turnover + case 2
, a = 1.12ao for all steps

4 Increase homeostatic stretch ratio 1% for each step + case 2
 for each step, a = 1.12ao for all steps

5 Decrease homeostatic stretch ratio 1% for each step + case 2
 for each step, a =1.12ao for all steps

6 Increase passive material constants 2% for each step + case 2 bn = 1.02bo for each step, a = 1.12ao for all steps

7 Increase circ homeostatic stretch 3% + decrease axial homeostatic
stretch 3% + increase passive material constants 8% for each step +
case 2

 for each step,  for each step, bn=
1.08bo for each step, a = 1.12ao for all steps
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