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ABSTRACT

The sequentially Markov coalescent is a simplified genealogical process that aims to capture the
essential features of the full coalescent model with recombination, while being scalable in the number of
loci. In this article, the sequentially Markov framework is applied to the conditional sampling distribution
(CSD), which is at the core of many statistical tools for population genetic analyses. Briefly, the CSD
describes the probability that an additionally sampled DNA sequence is of a certain type, given that a
collection of sequences has already been observed. A hidden Markov model (HMM) formulation of the
sequentially Markov CSD is developed here, yielding an algorithm with time complexity linear in both the
number of loci and the number of haplotypes. This work provides a highly accurate, practical approxi-
mation to a recently introduced CSD derived from the diffusion process associated with the coalescent
with recombination. It is empirically demonstrated that the improvement in accuracy of the new CSD over
previously proposed HMM-based CSDs increases substantially with the number of loci. The framework
presented here can be adopted in a wide range of applications in population genetics, including imputing

missing sequence data, estimating recombination rates, and inferring human colonization history.

HE conditional sampling distribution (CSD) de-
scribes the probability, under a particular pop-
ulation genetic model, that an additionally sampled
DNA sequence is of a certain type, given that a collec-
tion of sequences has already been observed. In many
important settings, the relevant population genetic
model is the coalescent with recombination, for which
the true CSD, denoted by w, does not have a known
analytic formula. Nevertheless, the CSD m and, in par-
ticular, approximations thereof have found a wide range
of applications in population genetics.

One important problem in which the CSD plays a
fundamental role is describing the posterior distri-
bution of genealogies under the coalescent process.
STEPHENS and DoNNELLY (2000) showed that the true
posterior distribution can be written in terms of m and
can be approximated by using an approximate CSD,
denoted 7r. This observation has been used (STEPHENS
and DoNNELLY 2000; FEARNHEAD and DoNNELLY 2001;
DE Iorio and GrirriTHS 2004a,b; FEARNHEAD and
Smrth 2005; GRIFFITHS ef al. 2008) to construct impor-
tance sampling schemes for likelihood computation
and ancestral inference under the coalescent, including
extensions such as recombination and population struc-
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ture. In conjunction with composite-likelihood frame-
works (HupsonN 2001; FEARNHEAD and DoNNELLY 2002),
these importance sampling methods have been used, for
example, to estimate fine-scale recombination rates
(McVEAN et al. 2004; FEARNHEAD and SmiTtH 2005;
JonnsoN and SLATKIN 2009).

L1 and StEPHENS (2003) introduced a different
application of the CSD, observing that the probability
of sampling a set of haplotypes can be decomposed into
a product of CSDs and therefore can be approximated
by a product of approximate CSDs 7r. Similar applications
of the CSD have yielded methods for estimating recom-
bination rates (L1 and STEPHENS 2003; CRAWFORD et al.
2004; STEPHENS and SCHEET 2005) and gene conversion
parameters (GAY et al. 2007; YIN et al. 2009), for phasing
genotype datainto haplotype data (STEPHENS and SCHEET
2005), for imputing missing data to improve power in
association studies (STEPHENS and SCHEET 2005; L1 and
ABECASIS 2006; SCHEET and STEPHENS 2006; MARCHINI
et al. 2007; HOwIE et al. 2009), for inferring ancestry in
admixed populations (PRICE e al. 2009), and for inferring
demography (HELLENTHAL et al. 2008; DAVISON et al.
2009).

In all applications, the fidelity with which the sur-
rogate CSD r approximates the true CSD s critical to
the quality of the result. Furthermore, the time re-
quired to compute probabilities under the CSD is
important, as many of the above methods are now
routinely applied to genome-scale data sets. As a
result, many approximate CSDs have been proposed,
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particularly for the coalescent with recombination.
FEARNHEAD and DoNNELLY (2001) introduced an
approximation in which an additionally sampled hap-
lotype is constructed as an imperfect mosaic of pre-
viously sampled haplotypes, with mosaic breakpoints
caused by recombination events and imperfections
corresponding to mutation events. The resulting CSD,
which we denote by frp, can be cast as a hidden Markov
model (HMM), and the associated conditional sam-
pling probability (CSP) can be computed with time
complexity linear in both the number of previously
sampled haplotypes and the number of loci. L1 and
STEPHENS (2003) proposed arelated model that can be
viewed as a modification to frpp limiting the state space
of the HMM, hence providing a constant factor im-
provement in the time complexity; we denote the
corresponding CSD by rys.

Following the theoretical work of Dk Iorio and
GrirriTHS (2004a), GrIFrITHS et al. (2008) derived an
approximate CSD from the Wright-Fisher diffusion
process associated with the two-locus coalescent with
recombination. More recently, PAuL and Sonc (2010)
generalized this work to an arbitrary number of loci and
demonstrated that the resulting CSD, which we denote
by rps, can also be described by a genealogical process.
Though it is more accurate than both ;s and Trep,
computing the CSP under frps has time complexity
superexponential in the number of loci. To ameliorate
this limitation, Paul and Song introduced the approx-
imate CSD rps;, which follows from prohibiting co-
alescence events in the genealogical process associated
with frps. Computing the CSP under rps; has time
complexity exponential in the number ofloci. Although
this is an improvement over the superexponential
complexity associated with rps, it is still impracticable
to use Trps ; for >20 loci.

In this article, we introduce an alternate approxima-
tion that is scalable in the number of loci, while
maintaining the key features of frpg that lead to high
accuracy. Specifically, motivated by the sequentially
Markov coalescent (SMC) introduced by MCVEAN and
CARDIN (2005), we derive a sequentially Markov ap-
proximation to rps. The key idea is to consider the
marginal genealogies at each locus sequentially, using
the genealogical description of frps. In general, the
sequence of marginal genealogies is not Markov, but, as
in McVEAN and CArRDIN (2005), we make approxima-
tions to provide a Markov construction for the se-
quence. We denote the resulting approximation of 1rpg
by frsme. The CSD gy can also be obtained from frpg by
prohibiting a certain class of coalescence events, a fact
that mirrors the relation between the SMC and the
coalescent with recombination (McVEAN and CARDIN
2005). We formalize this relation by proving that frgyc is,
in fact, equal to rpg ;.

Due to its sequentially Markov construction, frsyc can
be cast as an HMM. Unfortunately, the state space of the

HMM is continuous, and so efficient algorithms for CSP
computation and posterior inference are not known.
Our solution is to discretize the state space. The
discretization procedure we develop is related, though
not identical, to the Gaussian quadrature method
employed by STeEPHENS and DoNNELLY (2000) and
FEARNHEAD and DoNNELLY (2001). Although we focus
on the CSD problem here, we believe that our general
approach has the potential to foster applications of the
SMC in other settings as well (see HOBOLTH el al. 2007;
DUTHEIL et al. 2009).

Having discretized the continuous state space, we
apply standard HMM theory to obtain an efficient
dynamic program for computing the CSP under the
discretized approximation of frsyc. The resulting time
complexity is linear in both the number of previously
sampled haplotypes and the number of loci. This time
complexity is the same as that for 7ryp and 11y s and hence
is a substantial improvement over rps ;. In summary, the
work presented here provides a practical approximation
to Trps, which was derived from the diffusion process
associated with the coalescent with recombination.
Furthermore, as detailed later, the improvement in
accuracy of our new CSD over 7ryp and s increases
substantially with the number of loci.

The remainder of this article is organized as follows.
In MoDEL, we present the necessary notation and
background and describe our new CSD 1rgyc. We also
give an overview of the proof that frgy is equivalent to
Trps,1 and demonstrate several other useful properties.
In DISCRETIZATION OF THE HMM, we describe the
discretization of frsyc, and in EMPIRICAL RESULTS, we
provide empirical evidence that the discretized approx-
imation performs well, with regard to both accuracy and
run time. Finally, in DISCUSSION we mention some
connections to existing models and describe possible
applications and extensions, in particular conditionally
sampling more than one haplotype.

MODEL

In this section, we describe the key transition and
emission distributions for the HMM underlying frgmc.
Further, we demonstrate that gy is equivalent to frps 1,
the variant of frps with coalescence disallowed, and also
show that the transition density satisfies several useful
properties.

Notation: We consider haplotypes in the finite-sites
finite-alleles setting. Denote the set of loci by L =
{1,...,k} and the set of alleles at locus ¢ € L by L.
Mutations occur at locus ¢ € L at rate 0,/2 and ac-
cording to the stochastic matrix PO = (P(;)a)aae,—é
Denote the set of breakpoints by B={(1,2),..., (k—1,
k)}, where recombination occurs at breakpoint b € Bat

rate p,/2.
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The space of klocus haplotypes is denoted by ‘H =
E, X ... X L. Given a haplotype a € H, we denote by
a[l] € E the allele at locus ¢ € L and by a[1 : /] the
partial haplotype (a[1],..., a[£]). A sample configura-
tion of haplotypes is specified by a vector n = (74 )acrs
with n, being the number of haplotypes of type « in the
sample. The total number of haplotypes in the sample is
denoted by |n| = n. Finally, we use e, to denote the
singleton configuration comprising a single a haplotype.

A brief review of the CSD frps: The approximate
CSD 1rps is described by a genealogical process closely
related to the coalescent with recombination. We pro-
vide below a brief description of the framework and
refer the reader to PauL and SonG (2010) for further
details.

Suppose that, conditioned on having already ob-
served a haplotype configuration n, we wish to sample
a new haplotype a. Define A*(n) to be the nonrandom
trunk ancestry for n, in which lineages associated with
the haplotypes do not mutate, recombine, or coalesce
with one another, but rather extend infinitely into the
past. We assume that the unknown ancestry associated
with n is A*(n) and sample a conditional ancestry C as-
sociated with a. Within the conditional ancestry, line-
ages evolve backward in time with the following rates:

Mutation: Each lineage mutates at locus ¢ € L with rate
0,/2, according to P®.

Recombination: Each lineage undergoes recombination
at breakpoint b € Bwith rate p,/2.

Coalescence: Each pair of lineages coalesces with rate 1.

Absorption: Each lineage is absorbed into each lineage of
A*(n) at rate 1/2.

When every lineage has been absorbed into A*(n),
the process terminates. The type of every lineage in
C can now be inferred, and a sample for a is gen-
erated. An illustration of this process is presented in
Figure 1A.

Although a recursion for computing the CSP rps(an)
is known (PauL and Sonc 2010, Equation 7), it is
computationally intractable, and Paul and Song approx-
imate the genealogical process by disallowing coales-
cence within the conditional genealogy, denoting the
resulting CSD by rps ;. The recursion for frps(an) (PAUL
and SoNG 2010, Equation 12) is amenable to dynamic
programming, though it still has time complexity expo-
nential in the number £ of loci.

The sequentially Markov coalescent: The sequential
interpretation of the coalescent with recombination was
introduced by Wiur and HriN (1999). They observed
that an ancestral recombination graph (ARG) may be
simulated sequentially along the chromosome. In partic-
ular, the marginal coalescent tree at a given locus can be
sampled conditional on the marginal ARG for all
previous loci. The full ARG is then sampled by first
sampling a coalescent tree at the leftmost locus and
then proceeding to the right.

A A A A
1) I R P M —{ h@

K

c A*(n)

Ficure 1.—Illustration of the corresponding genealogical
and sequential interpretations for a realization of rps(- |n).
The three loci of each haplotype are each represented by a
solid circle, with the color indicating the allelic type at that
locus. The trunk genealogy A*(n) and conditional genealogy
C are indicated. Time is represented vertically, with the pre-
sent (time 0) at the bottom of the illustration. (A) The gene-
alogical interpretation: Mutation events, along with the locus
and resulting haplotype, are indicated by small arrows. Re-
combination events, and the resulting haplotype, are indi-
cated by branching events in C. Absorption events, and the
corresponding absorption time [#? and #”] and haplotype
[ and A", respectively], are indicated by dotted-dashed
horizontal lines. (B) The corresponding sequential interpre-
tation: The marginal genealogies at the first, second, and
third locus (S;, Se, and S3) are emphasized as dotted, dashed,
and solid lines, respectively. Mutation events at each locus,
along with resulting allele, are indicated by small arrows. Ab-
sorption events at each locus are indicated by horizontal lines.

McVEAN and CARDIN (2005) proposed a simplification
of this process. Though McVean and Cardin presented
their work for the infinite-sites model, we state (but do
not derive) the analogous results for a finite-sites, finite-
alleles model. In their approach, the marginal coales-
cent tree at locus £ is sampled conditional only on the
marginal coalescent tree at locus £ — 1. In particular,
setting b= (£ —1,¢) € B, (1) recombination breakpoints
are realized as a Poisson process with rate p,/2 on the
marginal coalescent tree at locus ¢ — 1, (2) the lineage
branching from each recombination breakpoint asso-
ciated with locus £ — 1 is removed, and (3) the lineage
branching from each recombination breakpoint associ-
ated with locus £ is subject to coalescence with other
lineages at rate 1. The resulting tree is the marginal
genealogy at locus . This approximation is called the
sequentially Markov coalescent (SMC) and is equivalent
to a variant of the coalescent with recombination that
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disallows coalescence between lineages ancestral to
disjoint regions of the sequence (McVEAN and CARDIN
2005).

The sequentially Markov CSD frgyc: We now de-
scribe a sequentially Markov approximation to the
genealogical process underlying frps. Our construction
is similar to that given by McVEAN and CARDIN (2005),
described above, though the resulting dynamics are
less involved since the conditional genealogy is con-
structed for a singlehaplotype. First, observe that under
frps (-] m), the marginal conditional genealogy at a given
locus ¢ € L is entirely determined by two random
variables: the absorption time, which we denote 77,
and the absorption haplotype, which we denote H,.
The present corresponds to time 0 and 7; € [0, «]. See
Figure 1B for an illustration. For convenience, we
write S, = (1, Hy) for the random marginal condi-
tional genealogy at locus ¢ € L and s, = (¢, hy) for a
realization.

Within the marginal conditional genealogy at locus
¢ € L, note that 1, and H, are independent, with 7}
distributed exponentially with parameter n/2 and H,
distributed uniformly over the n haplotypes of n. Thus,
the marginal conditional genealogy S, at locus £ is
distributed with density "™, where

() (s) = e/, (1)

Conditioning on S,_;=s;_1=(t_1, hy—1), the mar-
ginal conditional genealogy S, for £ = 2, is sampled by
a process analogous to that described above for the
SMC. Setting b= (¢ — 1, ¢) € B, the sampling procedure
is as follows (see Figure 2 for an accompanying
illustration): (1) Recombination breakpoints are re-
alized as a Poisson process with rate p,/2 on the
marginal conditional genealogy s,_;; (2) going back-
ward in time, the lineage associated with locus /—1
branching from each recombination breakpoint is
removed, so that only the lineage more recent than
the first (i.e., the most recent) breakpoint remains; and
(3) the lineage associated with locus ¢ branching from
the first recombination breakpoint is absorbed into a
particular lineage of A*(n) at rate 1/2.

From the above description, we deduce that there
is no recombination between loci /-1 and ¢ with
probability exp(—(ps/2)t—1), and in this case the
marginal conditional genealogy is unchanged; that is,
Sy = s;,_1. Otherwise, the time 7, of the first recombina-
tion breakpoint is distributed exponentially with pa-
rameter p;/2, truncated at time #_1, and the additional
time 7, until absorption is distributed exponentially
with parameter n/2. Thus we have S, = (1, + T,, Hy),
where H, is chosen uniformly at random from the
sample n. Taking a convolution of 7; and 7, the
transition density ) (-[s,_) is given by

e
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FiGure 2.—Illustration of the (Markov) process for sam-
pling the absorption time 7, given the absorption time
Ti—1 = t;—1. In step 1, recombination breakpoints are realized
as a Poisson process with rate p,/2 on the marginal condi-
tional genealogy with absorption time # _;. In step 2, the lin-
eage branching from each breakpoint associated with locus
¢—1 is removed, so that only the lineage more recent than
the first breakpoint, at time 7;, remains. In step 3, the lineage
branching from the first recombination breakpoint associ-
ated with locus ¢ is absorbed after time 7, distributed expo-
nentially with rate n/2. Thus, T, = T; + T,.

O (selser) = @D

[7ASVAY
L J‘ ! ‘(Pb e(pb/2>z>"e<n/2><uz> i
n 0 2 2
(2)

where t,_; At, denotes the minimum of t,_; and t,.

Finally, conditioning on §; = s;, recall that mutations
are realized as a Poisson process (¢f. STEPHENS and
DonNELLY 2000) with rate 6,/2. Therefore, a particular
allele a € E; is observed with probability

. - 0 1 66 m m
& (alsi) = ¢ W”Zﬁ(‘fz) [(PO) g0 (3)

m=0 2

Hereafter, we omit the superscript (n) and the subscripts
0, and p, from these densities, whenever the context is
unambiguous.

The sequentially Markov approximation to frps can
be cast as a continuous-state HMM. In generating a
haplotype «, the observed state, the hidden state, and
initial, transition, and emission densities are given by
the following:

Observed state: At locus ¢ € L, the observed state is the
allele a[/].

Hidden state: At locus ¢ € L, the hidden state is the
marginal genealogy Sy = (1y, Hy).

Initial density: { is defined in (1).

Transition density: ¢ is defined in (2).

Emission density: € is defined in (3).

Writing frsme for the sequentially Markov approxima-
tion to frps, we can use the forward recursion (see, e.g.,
Doucker and JoHANSEN 2008) to get
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frsme(o | n) = J smc(afl = k], sp)dsy, (4)

where fsmc (-, -) is defined by

Ssme(afl : 4], s0) = E(afd] | s0)
X J¢(Sg I'se—1)fsme(afl : € — 1], s0-1)dse—1,  (B)

with base case

Ssmc(af1], s1) = &(afl]]s1) - {(s1)- (6)

Though we cannot analytically solve the above recursion
for drgye, in the next section we derive a discretized
approximation with time complexity linear in both the
number of loci k& and the number of haplotypes n.
Before doing so, we briefly discuss some appealing
properties of frsyc.

Properties of fispmc: Recall that the SMC approxima-
tion of MCVEAN and CARDIN (2005) is equivalent to a
variant of the coalescent with recombination disallow-
ing coalescence events between lineages ancestral to
disjoint regions. Similarly, the CSD frps ;, when used to
sample a single haplotype, is a variant of frpg disallowing
the same class of coalescence events. We might there-
fore expect that the sequentially Markov approximation
of frps described above is equivalent to ps 1, and in fact
we can show that this is true.

PROPOSITION 1. For an arbitrary single haplotype o € 'H
and haplotype configuration n, frsyc (o |n) = Frpsq (o | n).

We present a sketch of the proof here and refer the
reader to supporting information, File S1, for further
details.

Sketch of Proof. The key idea of the proof'is to introduce
a genealogical recursion for f(a, s;), the joint density func-
tion associated with sampling haplotype o (under rps 1)
and the marginal genealogy at the last locus s;. This recursion
can be constructed following the lines of GrirrITHS and
TAVARE (1994) to explicitly incorporate coalescent time into
a genealogical recursion.

By partitioning with respect to the most recent event
occurring at the last locus £, it is possible to inductively
show that fsmc (o, ;) = fla, s;). Furthermore, the equal-
ity [f (o, s3)ds; = frps 1 (a|n) can be verified, and thus we
conclude that

frps,1(a[n) = Jf(oh sg)dsi = stmc(ot, s)dsy, = frsme (o [n). O
We now describe other intuitively appealing proper-

ties of frgmc. In particular, it can be verified that the
detailed-balance condition

b(s"[9)E(s) = d(s|s)E(s") (7)

holds for the initial and transition densities, { and
¢, respectively. This immediately implies that the ini-
tial distribution { is stationary under the given tran-
sition dynamics; ¢.e., the invariance condition

is satisfied. Thus, S, is marginally distributed according
to { for all loci £ € L, and in particular the marginal
distribution of 7y is exponential with rate n/2. This
parallels the fact that the marginal genealogies under
the SMC (and the coalescent with recombination) are
distributed according to Kingman'’s coalescent.

Similarly, the transition density exhibits a consistency
property, which we call the locus-skipping property. In-
tuitively, this property states that transitioning directly
from locus ¢ — 1 to £ + 1 can be accomplished by using
the transition density parameterized with the sum of the
recombination rates. Formally, the following equality
holds for all py, pe = 0:

J¢pg(s[+l | s0) b, (52| s0-1)dse = bp, +py (041 | S0-1)- (8)

This property, in conjunction with recursion (5), is
computationally useful, as it enables loci ¢ € L for which
a[/] is unobserved to be skipped in computing the CSP
T SM(](a | n).

Finally, the conditional expectation of 7, given Ty_; =
tp_q is

Bl = (2 +2 Ja-eore),
Po n

where b= (¢ — 1, ) € B. Asymptotically, this expression
provides several intuitive results. As p, — ©, E[ T;|t, 1] —
2/n; that is, recombination happens immediately, and
2/nis the expectation of the additional absorption time
T, Asp, — 0,we get E[Ty|t, 1] — 1. In this case there
is no recombination, and the absorption time does not
change. Further, E[ T}, 1] — 2/p, + 2/nholds as #_,
— o, Here, recombination must occur, and the expo-
nentially distributed time is not truncated, so the
expectation is the sum of the expectations of two
exponentials. Finally, as 4 ; — 0 we have E[T}[¢{ 1]
— 0. No recombination can occur, and so the absorp-
tion time is unchanged.

DISCRETIZATION OF THE HMM

In the previous section we described a sequentially
Markov approximation of the CSD rps and showed
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that it can be cast as an HMM. Because the absorption
time component of the hidden state is continuous, the
dynamic program associated with the classical HMM
forward recursion is not applicable. However, by dis-
cretizing the continuous component, we are once
again able to obtain a dynamic programming algo-
rithm, resulting in an approximate CSP computation
linear in both the number of loci and the number of
haplotypes.

Rescaling time: Recall from the previous section that
the marginal absorption time at each locus is expo-
nentially distributed with parameter n/2. To use the
same discretization for all n, we follow STEPHENS and
DonNNELLY (2000) and FEARNHEAD and DONNELLY
(2001) and transform the absorption time to a more
natural scale in which the marginal absorption time is
independent of n. In particular, define the trans-
formed state % = (7, H) where 7 = (n/2)T. We de-
note a realization of % by o = (1, 2). In the APPENDIX,
we provide expressions for the transformed quanti-
ties ((-), &(-|-), &(|-) and fomc(:,-) derived from (1),
(2), (3), and (5), respectively.

Using this time-rescaled model, the marginal ab-
sorption time at each locus is exponentially distrib-
uted with parameter 1. Because this distribution is
independent of n and the coalescent model parame-
ters p and 6, we expect that a single discretization of
the transformed absorption time is appropriate for a
wide range of haplotype configurations and parameter
values.

Discretizing absorption time: Our next objective is
to discretize the absorption time 7 € R=. Let 0 = %) <
x < - < x, = be a finite strictly increasing sequence
in R U {%} so that D = {D; = [x;_1, x))}j—;
d-partition of Ry,

Toward formulating a D-discretized version of the
dynamics exhibited by the transformed HMM, we
define the following D-discretized version of the density

f;MC :

,,,,,

Jostc (a1 €], (D, b)) = jfsM(u 1, (xp, b)),

(10)

for all £ € L. Unfortunately, we cannot obtain a recur-
sion for fomc (a[l 4], (D; h[)) via the definition of fyc.
Therefore, we make an additional approximation,
namely that the transition and emission densities are
conditionally dependent on the absorption time 7
only through the event {D; > T}; i.e., the densities de-
pend on the interval D; to which 7 belongs but not
on the actual value of 7. Abusing notation, define
&(-|(Dj, 1)) and &(-|(D;, )) as the transition and emis-
sion densities, respectively, conditioned on the
event {D; > 7). Formally, we make the following
approximations:

Approximation I: Forallt € D;, &(-|(, k) =~ &(-|(D;, h)).
(11)

Approximation 2: Forallt € D;, &(-|(1, h)) ~ £(-|(D}, h)).
(12)

Together with the building blocks of the time-rescaled
HMM, these assumptions provide a recursive approxi-
mation of fsuc(a[l : 4], (D;, hy)), which we denote by
Iy (Dj, h/). Specifically, assumptions (11) and (12)
imply that the integral recursion for fsuc reduces to
the discrete recursion

d
XZZ&)((D,,IU)KD“M D)EA(Diy he-1),

(13)

~
=
—
J
=
[
S~—"
Il
urer
—
L
—
—
~—
~—
Ut

C((Dj, ), (14)

where we have deﬁned distributions d)(( hy)
he— 1 - jl) Thhé Dla he 1))d'T£ and g((
fp Tz, hz ))dr,. Setting w() = ID e "dr, we get

(Dz'a

b'

~
N
Nt

|

np,

UD;, ) = - w7 (15)

n
Turning to the transition density &(-|(D;, k), which is
conditioned on the event {D; > T}, and recalling that 7
is marginally exponentially distributed with parameter
1, we obtain

(D, he)|(Dsy b))

1 ; |
= J J S((7e, he) | (To—1, he—r)) e ™V dry_ydy
w Dj )
= 85 F i) .%7

(16)

with analytic expressions for y” and z"” provided in the
APPENDIX. Note that assumption (11) is not used here;
rather, the formula follows from using the time-rescaled
version of the transition density (2) in the double
integral. An expression for the emission density
E(-|(D;, h)) can be similarly obtained,

Eol0)] (D b)) = ﬁ j Ealt]| (v, b)) d

i

= Zv ) el (17)

with an analytic expression for v (k) also given in the
APPENDIX. Again, assumption (12) is not used here; the
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second equality of (17) follows from using the time-
rescaled version of the emission probability (3) in the
integral. In summary, F(D;, hy) can be computed ef-
ficiently using (13), and frsmc(a) can be approximated by

d
dsmc(e) = > > FRE(Dj, ). (18)

b =1

Equations 13-18 provide the requisite D-discretized
versions of the transformed densities. Note that these
equations characterize an HMM; that the Markov
property holds on the discretized state space D follows
from assumptions (11) and (12) (RoSENBLATT 1959). In
fact, (13-18) may alternatively be obtained by assuming
that the Markov property holds on D and writing down
the relevant transition and emission probabilities with
the interpretations given above. In the remainder of this
section, we examine some general properties of the
discretized dynamics and also provide one method for
choosing a discretization D.

Computational complexity of the discretized recursion:
We first consider the asymptotic complexity of computing
the CSP under the D-discretized approximation for frgvc.
Substituting Equation 16 into the key recursion (13) gives

F{(Dj, he) = E(ald] | (Dj, he))

n;,[

d
X y(l)Féu—l(Db h[) +
=)

Z(i’j) ZF[‘il(D,j, h/,l)

nog hiq

(19)

for £ = 2. For a fixed discretization D, the expressions
E(-|(Dj, h)), ", and 2 depend only on the total sample
size n, the mutation and recombination rates (6, and
p¢), and the boundary points xo, . . ., x, of D; these may
be precomputed and cached for relevant ranges of
values. In conjunction with the base case (14), there is a
dynamic program (see the ApPENDIX for details) for
computing the CSP under the D-discretized approxi-
mation (18) for frgmc with time complexity O(k - (nd +
d?)), where k is the number of loci. As in FEARNHEAD
and DoNNELLY (2001), this time complexity is better
than O(k - (nd)?), the result that would be obtained by
naive use of the HMM forward algorithm.

Properties of the discretization: Recall the detailed-
balance condition (7) associated with frsye. Using ex-
pressions (15) and (16), together with Bayes’ rule, we
find that

b((Dj, he) | (Di, he-1)) - LDy, he-r)
= &((Diy her) | (Dy, he)) - E(D;, ) (20)

holds (the details are provided in the ApPENDIX). Thus,
the discretized approximation of gy satisfies an anal-
ogous detailed balance condition. As a result, the mar-

ginal distribution at each locus of the discretized Markov
chain is (again) given by { and the approximation ex-
hibits the expected symmetries; for example, equal CSPs
are computed whether starting at the leftmost locus and
proceeding right or starting at the rightmost locus and
proceeding left.

Furthermore, recall the locus-skipping property (8)
associated with frsyc. The first equality in (16) and
assumption (11) imply the relation

Gpy + 0 (D, hes1) | (Dy, b))
d

~ ZZ(LPZ((DP hHl) | (Dmv hf)) . J’pu ((Dma hf) ‘ (Div h«’f*l))
T m—

m=1

(21)
forall py, p2 = 0 (see the APPENDIX for details). Thus, the
discretized approximation of sy approximately sat-
isfies an analogous locus-skipping condition, up to the
error introduced via approximation (11). This approx-
imation is particularly useful in scenarios when data are
missing (i.e., o[¢] is unknown for one or more ¢ € L),
since this property reduces the time complexity of the
dynamic program given above. In particular, when m of
the kloci are missing, the time complexity is reduced to
O((k— m) - (nd + d%)). This is relevant, for example, in
importance sampling applications (FEARNHEAD and
DonNELLY 2001).

Discretization choice and the definition of frgyc(a):
Finally, we discuss a method for choosing a discretiza-
tion D of the absorption time. Recalling that marginally
the transformed absorption time is exponentially dis-
tributed with parameter 1, let {(w"”, 77)}; — |
the d-point Gaussian quadrature associated with the
function f(t) = ¢" (ABRAMOWITZ and STEGUN 1972,
Section 25.4.45). Set xy = 0, and set x; such that
J’;t]e’TdT =wU). Since 27(1:1 w) = the points
O0=x) < --- < x4 = *© determine a partition D =
{Dj = [99;1, xj)}jzl AAAAA aof R=.

The use of Gaussian quadrature evokes the work of
STEPHENS and DoNNELLY (2000) and FEARNHEAD and
DonNeLLy (2001). Although the method we employ is
related, it is different in that we do not use the
quadrature directly [for example, the values of the
quadrature points {1’} are never used explicitly]; rather,
we use the Gaussian quadrature as a reasonable way
of choosing a discretization D. We henceforth write
Trsmc(a) for the d-point Gaussian quadrature-discretized
version of Trsyic.

EMPIRICAL RESULTS

In the previous section, we defined a discretized
approximation frgyc(q) of the GSD frgyc. In this section,
we examine the accuracy of this approximation and also
compare it to the widely used CSDs Trgp and 1 s, thereby
providing evidence that frgyc(q) is @ more accurate and
computationally tractable CSD.
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Data simulation: For simplicity, we consider a two-
allele model with P) =P = ({ ), 6, =6 for £ € Land
p, = p for b € B. We sample a klocus haplotype
configuration n by (i) using a coalescent with recombi-
nation simulator, with p = py and 6 = 0, to sample a k-
locus (with ky >> k) n-haplotype configuration n,, and
(i1) restricting attention to the central k segregating loci
in ny. This procedure corresponds to the usage of the
CSD on typical genomic data, in which only segregating
sites are considered.

Given a klocus n-haplotype configuration n, we
obtain a klocus n-haplotype conditional configuration
C= (o, n — e,) bywithholding a single haplotype o from
n uniformly at random. For notational simplicity, we
define m on such a conditional configuration in the
natural way: m(C) = w(a | n — e,).

CSD accuracy: We evaluate the accuracy of a CSD 7
relative to a reference CSD m, using the expected
absolute log-ratio (ALR) error,

| <,ﬁ- C(i)) )
(0] =
810\ 40 (C)

where Ndenotes the number of simulated data sets and
C? is a klocus n-haplotype conditional configuration
sampled as indicated above, and both 7 and m, are
evaluated using the true parameter values 6 = 6pand p =
po. For example, if ALRErr,,(fr|m) =1, the CSP
obtained using 7 differs from that obtained by m, by a
factor of 10, on average, for a randomly sampled k-locus
n-haplotype conditional configuration.

Using the ALR error, we evaluate the accuracy of
several CSDs: frgp (FEARNHEAD and DoNNELLY 2001);
s (L1 and STEPHENS 2003); frgmc, evaluated using the
recursion for frpg; (PAUL and SoNG 2010); and frsyc(a)s
the d-point quadrature-discretized version of frgyc, for
d € {4, 18, 16}. We also evaluate Trsyc-r, @ variant of frpg o
introduced in PAuL and SonG (2010) with computa-
tional time complexity O(k* - n); the CSD frgycr is
described in more detail in the APPENDIX.

In what follows, we set 6, = 0.01 and py = 0.05 and fix
n = 10. For k = 10, it is possible to obtain a very good
approximation to the true CSD 7 using computationally
intensive importance sampling. The resulting values of
ALRErr;, (- | ) are plotted in Figure 3A, as a function of
k. Supporting the conclusion of PAuL and Sonc (2010),
Trsmc 18 more accurate than both ;g and frgp, with the
disparity increasing as k increases. Moreover, the CSD
Trsmc(s) 18 nearly as accurate as frsyc, suggesting that the
discretization is fairly accurate even for modest values of
d. Finally, the CSD Trgycr has accuracy that is indistin-
guishable from frgyc.

To investigate these results as kincreases, we consider
the ALR error relative to frsyc, which can be evaluated
exactly for k=20; the resulting values of ALRErr,,
(+|frsmc) are plotted in Figure 3B, as a function of k. As k
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FiGure 3.—Absolute log-ratio error (ALRErr) of various
conditional sampling distributions. See (22) for a formal def-
inition of ALRErr; (- | +). The accuracy of frsycr is almost in-
distinguishable from that of frsyc, the most accurate of all
approximate CSDs considered here. As expected, discretiza-
tion reduces the accuracy somewhat, but even sy is sub-
stantially more accurate than ;s and frgp. With 6 = 0.01 and
po = 0.05, we used the methodology described in the text to
sample 250 conditional configurations, each with n = 10 hap-
lotypes and k loci. (A) Error is measured relative to the true
CSD mr, estimated using computationally intensive importance
sampling. (B) Error is measured relative to gy, computed by
numerically solving a recursion for the equivalent CSD rpg ;.

increases, both g and Trgp continue to diverge from
Trsmc, suggesting that the increasing disparity in accu-
racy, directly observable in Figure 3A, continues for
larger values of k. As expected, the discretized approx-
imation rsycq) shows increased fidelity to frgye for
larger values of d, and even Trgyc4) is substantially more
accurate, relative to frgyg, than are fr g and frpp.

It is too computationally expensive to compute Trsyc
for k > 20. However, Figure 3B suggests that the CSD
Tsme-r 1 nearly indistinguishable from frsyc. Motivated
by this observation, we consider the error relative to
Frsme-r for k> 20. The values of ALRErr, ,, (-|frsme-r ) and
the analogously defined signed log-ratio (SLR) error
SLRErr, ,(-|frsmcr) are plotted as a function of k in
Figure 4, A and B, respectively. The trends observed in
Figure 3 are recapitulated in Figure 4A, suggesting that
they continue to hold for substantially larger values of k.
Interestingly, Figure 4B shows that 7| s and 7ryp produce
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Ficure 4.—Comparison of the accuracy of various condi-
tional sampling distributions relative to fgmcr (see Figure
3 for the accuracy of figmcr). A and B illustrate that the im-
provement in accuracy of frsvc(q) over T s and frpp is ampli-
fied as the number of loci k increases and that both ;g and
Tgp produce significantly smaller values than frgycr (and
frsme). For 8y = 0.01 and py = 0.05, we used the methodology
described in the text to sample 250 conditional configura-
tions with » = 10 haplotypes and kloci. (A) Absolute log-ratio
error. (B) Signed log-ratio error.

values significantly smaller than frsycr (and frsuvc); for
example, 7 s takes values that are, on average, a factor
of 10 smaller than frg\cr for £ = 100. In conjunction
with our conclusion that frgy s more accurate than 7 g
and frpp, this suggests a similar systematic error with
respect to the true CSD.

For a discussion of CSD accuracy in the context of the
product of approximate conditionals (PAC) method (L1
and STEPHENS 2003), we refer the reader to PAuL and
SoNG (2010). Since Trsmcyq) is very close to frsye = fps 1
(as demonstrated in the present paper), we anticipate
that using it produces similar results for PAC likelihood
estimation and recombination rate inference.

Running time comparison: We next consider the
empirically observed running time required to compute
each CSP. The results, obtained using the conditional
configurations with n=10and k< {1, ..., 100} simulated
as previously described, are presented in Table 1.
Looking across each row, it is evident that the running
time under fgmc(q), Trp, and T g depends linearly on

the number of loci k, matching the asymptotic time
complexity. Similarly, the running time under frgycr is
well matched by the theoretical cubic dependence on k.

Next, comparing frsvc(q), Trp, and s, observe that
the running time for frgyc(4) is approximately a factor of
10 slower than s and approximately a factor of 2
slower than frgp. Similarly, frgume(s) is approximately a
factor of 20 and of 4 slower than g and Arpp,
respectively; and frsyc(ie) 1S approximately a factor of
40 and of 8 slower than fr s and Trgp, respectively.
Importantly, these factors are constant, depending on
neither the number of loci # nor the number of
haplotypes n. Also note that the time required to com-
pute the CSD for frsymcq) appears to depend linearly,
rather than quadratically, on d for the modest (but
relevant) values considered.

DISCUSSION

We have formulated a sequentially Markov approxi-
mation of frps, which we call frgpc. The relationship
between the genealogical process underlying #rps and
Trsme 1s analogous to the relationship between the
coalescent with recombination and the SMC. In partic-
ular, frsyc is equivalent to frps with a certain class of
coalescence events disallowed. In the case of sampling
one additional haplotype, this corresponds to disallow-
ing all coalescence events, the same approximation
used to obtain rps 1, and so we find that frsyc = Trps 1-

Though the CSD frgvc can be cast as an HMM, the
associated CSP cannot be evaluated using typical HMM
methodology because of the continuous state space; to
our knowledge, exact evaluation is possible only via the
known recursion for rps;, which has time complexity
exponential in the number of loci. By discretizing the
continuous state space into d intervals, obtained using
Gaussian quadrature, we obtain the discretized approxi-
mation fgyc(q) for which computing the CSP has time
complexity linear in both the number of loci and the
number of haplotypes. We find that, even for modest
values of d, frsme(q) is a very good approximation of
Trsme. Importantly, frsmeq) i more accurate than fryp
and ;s with only a (small) constant factor penalty in
run time. We remark that we investigated alternative
methods for discretizing the CSP computation (e.g.,
point-based rather than interval-based methods), but
settled on the described approach as it exhibited desir-
able properties and is theoretically well motivated.

We attribute the observed increase in accuracy of
Tsme to the incorporation of two key features of the
coalescent with recombination that are not integrated
into either frpp or Ty s. Consider the genealogy associ-
ated with two particular haplotypes within an ARG. First,
observe that the times to the most recent common
ancestor (MRCA) at two neighboring loci are depen-
dent, even if ancestral lineages at the two loci are
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TABLE 1

Asymptotic time complexity and empirically observed average running time

No. of loci

Method Complexity k=10 k=20 k= 60 k=100
ﬁSMC = ’ﬁ'ps)] O(Ck . ’I’L) 6.4 X 100 4.8 X 10‘l NA NA
TTSMCR Ok - m) 2.9 X 10° 2.3 X 10! 5.6 X 10? 2.5 X 10%
Tsmc(16) O(k - (nd + d?)) 1.0 X 10! 2.1 X 107! 6.1 X 107! 1.0 X 10°
Tsme(s) O(k - (nd + d?)) 4.6 X 102 9.6 X 102 3.0 X 107! 4.7 X 107!
Tsmc(4) O(k - (nd + d?*)) 2.3 X 1072 5.1 X 102 1.6 X 10! 2.8 X 101
TrFD O(k - n) 1.1 X 102 2.7 X 1072 7.7 X 1072 1.3 X 107!
s O(k - n) 2.1 X 10°? 4.6 X 10°* 1.5 X 102 25 X 1072

The second column shows asymptotic time complexity (with the value ¢ indicating an unknown constant) and the last four
columns show empirically observed average running time (in milliseconds) required to compute the CSP under various CSDs,
for n = 10 and the number of loci k as specified. “NA” indicates that the computation could not be completed within a reasonable
amount of time. Results were obtained on a single core of a MacPro with dual quad-core 3.0-GHz Xeon CPUs.

separated by a recombination event. frgyc explicitly mod-
els a Markov approximation to the analogous absorption-
time dependence across breakpoints, whereas both ryp
and 7 s assume independence. Second, if the time to the
MRCA at a locus is small, the probability of recombina-
tion between this locus and neighboring loci is small,
since it would have had to occur prior to the MRCA.
While frgme models this property by diminishing the
probability of recombination between neighboring
loci if the absorption time at the first locus is small,
Trp and s assume that recombination is independent
of absorption time. We believe that g, and 11y s tend to
underestimate, on average, the true CSP (as suggested
in Figure 4B) due to the omission of these key features.
The relationship between several CSDs, including frsyc
and 1rgp, 1s illustrated in Figure 5.

Toward future research, recall that the CSD can be
extended to sampling more than one additional haplo-
type (PAuL and SoNG 2010). Of particular importance
to population genetics tools (STEPHENS and SCHEET
2005; MARCHINI et al. 2007, Howrik et al. 2009) for
diploid organisms is sampling two additional haplo-
types. Though we focused on conditionally sampling a
single additional haplotype in the present work, we note
that the sequentially Markov approximation to frps is, in
principle, applicable to sampling multiple haplotypes.
However, the state space of the resulting HMM de-
scription increases exponentially with the number of
haplotypes. In this domain, we anticipate that random-
ized techniques for CSP computation, such as impor-
tance sampling and Markov chain Monte Carlo, will
exhibit high accuracy and the efficiency required for
modern data sets. We pursue this line of research in a
forthcoming article.

We believe that it is possible to extend the ideas
presented here to different demographic scenarios, for
example, spatial structure or models of population
subdivision (DAVISON et al. 2009). It should be possible
to extend the principled approach of PAuL and SonG

(2010) toward the CSD via the diffusion generator to
these scenarios, as in DE Ior10 and GRrirrITHS (2004b)
and GRIFFITHS et al. (2008). In other scenarios, for
example varying population size, the principled ap-
proach might not be applicable, so one would have to
modify the genealogical interpretation heuristically,
e.g., varying coalescence rates. As in the present article,
prohibiting certain coalescence events in the condi-
tional genealogy should then allow for an efficient
implementation of the resulting CSDs as HMMs.
Though the SMC has been used for simulating
population genetic samples (MarRjoraM and WALL

no coalescence

independence

—
2 =~
TFD-C o

discretize

discretize
/

ﬁ’smc(d)

Ficure 5.—lIllustration of the relationship between vari-
ous CSDs. The CSD at the head of each arrow can be seen
as an approximation to the CSD at the tail. Each arrow is also
annotated with a (short) description of this approximation.
The CSDs below the dashed line can be cast as an HMM:
Those above the dotted line (including a continuous-state
version of frgp, which we denote frrp-c) have a continuous
and infinite state space, while those below have a finite
and discrete state space and are therefore amenable to sim-
ple dynamic programming algorithms. For more thorough
descriptions of each approximation, see the main text and
also PAuL and SoNG (2010). Recall in particular that the
equality sy = Trps; holds only for conditionally sampling
a single haplotype.
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2006; CHEN et al. 2009), it can also be cast as an HMM
and used for inference in scenarios in which using the
full coalescent with recombination is cumbersome. As
described above, the state space of the HMM increases
exponentially with the number of haplotypes, making
exact computation intractable for large numbers of
haplotypes. Nevertheless, research (HoBoLTH et al.
2007; DUTHEIL et al. 2009) is in progress for modest
numbers of haplotypes. We believe that choosing a
discretization using Gaussian quadrature, as described
in DISCRETIZATION OF THE HMM, and the forthcoming
randomized techniques alluded to above, will foster
progress in this area.

We conclude by recalling that a broad range of
population genetic tools have been developed, and will
continue to be developed, on the basis of the CSD.
These tools typically employ fris, Tgp, or a similar
variant, because the underlying HMM structure admits
simple and fast recursions for the relevant calculations
(e.g., the CSP). We have introduced a new CSD Trgyc
and a discretized approximation frsyc(q), which also have
simple underlying HMM structures and substantially
improve upon the accuracy of ;s and 7rpp. We believe
that frgye(q), when used in the same contexts as ;g and
T, has the potential to produce more accurate results,
with only a small constant factor penalty in run time.
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APPENDIX

Time-transformed model: Rewriting the HMM Equations 1-6 in terms of the transformed state 3 = (7, H)
introduced in DISCRETIZATION OF THE HMM Yyields

fromc(a[l : 1) = J fovc(a[1: 4], 07)dor, (A1)
where the transformed density fivc is given by

Jfomc(a[l : 4),00) = é(a[ﬁ] | o0) ~J<f>(w | o 1) fomc(afl : £ — 1,00 1)doy1, (A2)

with the base case

Jvc(a[l],01) = E(a[1][o1) - L(o1). (A3)

The transformed initial, transition, and emission densities are given by

~ n
{(oy) = 7}” e, (A4)
; _ (/s e ("L oy, ey
b(op|opy) =e So .00 T e re dry, and (Ab)
n 0 n
z ~ (/nys (B/n)T0)"
ol o) =3 e O/l (PO g (46)

k=0

Note that care must be taken upon transforming the Dirac-3 in the expression for &(:|-).

Analytic expressions for emission and transition probabilities: We now provide analytic expressions for the
quantities y, z*?, and v (k) introduced for the transition probability (16) and the emission probability (17).
Recalling that D; = [x;_1, x;) and D; = [x;_1, x;) and evaluating the associated integrals, we get

- =((ps +n)/m)xi1 _ ,—((ps + n)/n)x A7
. e e ,
S P ) (A7)
) (wl) — ﬁ(g—(pb/n)xﬁl — ¢ (P/My)Y), if j <1,
w(.f)(w(i) _ ﬁ (e*(Pb/")Xi—l _ e*(Pb/")ﬁq))’ if j >4,
i) = 1P )0 ()~ n (s (o)) (A8)
w' py —n po
_ % pbi - (e—((w +n)/mxia = ((ps n)/ﬂ)Xz)
_ p_nb (¢ o (Po/m)% =i = (p/ )% ), ifj =i,
for p, # n,
w(l)(w(]> —+ (xj_]e_’%*l — xje_x/‘))7 if] < i,
(1) (D) e i g
. 1 w (W' + (x;_1e x;e , if j > 1,
0 = L | ( | ( ) / (A9)
w W (w® + (x 167 %" — x;e7%))

— (xi_1 — x)e" ) %([2&-4 — ), ifj =,

for p, = n, and
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. 1 ((Gg/n)w)k k n JH g N i ;
() () = L 3 (0 )/ yh=f (04 m)/ ) i A10
v ( ) lU(Z) k' j=0 61{ +n (k _])' |:3 xz*l ¢ x ( )

Note that the recursive structure of v (k) [together with (P“))k and the sum in Equation 17] suggests an efficient
implementation.

Description of the dynamic program for D-discretized Trsyc: Let D = {Dy, ..., D4} be a finite partition of R as
described in the text. Recalling the recursion for F¢(D;, i) given in Equation 19, consider the following dynamic
programming algorithm for computing the D-discretized approximation of frsyc(a|n):

1. For each D; € Dand % € 'H such that n;, > 0, compute I{ (Dj, h) using (14), and set Q; (Dj) = ZhFi‘(Dj7 h)
2. Foreach £ € 1{2,..., k},

(a) For each D; € D, compute R, (Dj) =31 290, (D).
or each D; € Dand h € ‘H such that n, > 0, compute
(b) For each D;€ Dand h € H such th 0, comp

F(Dj, h) = E(ald] (D}, 1) |yV Fy (Dj, h) +—Rz(D)

and set Qt Zh F

3. Compute D-discretized approximation Tsmc(a|n) = >, F(Dj, h)-

The time complexities of steps 2a and 2b are O(d*) and O(nd), respectlvely. The time complexities of steps 1 and
3 are both O(nd). We can therefore conclude that the time complexity of the dynamic program is
O(nd+ (k—1) - (d® + nd) + nd) = O(k - (nd + d?)).

Detailed balance and locus skipping: The detailed-balance condition (20) for the discretized model Trgnmc(q) can be
shown using expressions (15) and (16). Together with Bayes’ rule, we find that the following holds:

(D), he)|(Dis he—1)) - UDi, her)

n

J S((te, he)|(To-1, he—l))eT“dTe—ldel et
D

J (oo, hu1)|(7e, 1)Ut e, )

—T gy
= e "drydTi_ |-
U1, hen) ] n

- ﬁ JDi ij S((re-1, o) | (e, he))eﬁdnd’rel] %w@)
= B((Dss ) [ (D 1) - LDy ). (A1)

Using expression (16) and assumption (11) we can show that

Gy + 0o (D ho1)|(Diy 1))

1 -
=5 J J oy + oo (Te1s Bosn) | (Tem1, he1))e ™ d 1 dTesy
D I,

w

1 - ]
- U(z)J J Ud)pz((mhhiﬂ)l(fi)'%(Gé(Te—uhe—l))dw] e dry ydys
D, b

~

d

~ Z ZU b, ( Tz+1,hz+1)|(D;',hf))de+1} “D &)pl((w,hg)|(D,«,h¢1))dﬂr4

o j=1 )
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=D > o ((Dis hesn)|(Djs o)) - &y, (D he) | (Dis he-1)) (A12)
T

holds; thus the locus-skipping property (21) for the discretized model frgvic(s) holds only approximately. Here we make
explicit that the error is introduced by approximation (11) in the third step. Thus it is possible to explicitly assess the
error and it goes to zero as the number of intervals used for the discretization becomes large.

A description of Trgycr: Computing the CSP for frps; can be done via a genealogical recursion (PAuL and SoNG
2010, Equation 12), but has time complexity exponential in the number of loci, k To improve upon this result, Paul
and Song suggest using the genealogical recursion until the first mutation, and thereafter using a fast alternative CSD
a1 (PAUL and SONG 2010, Equation 13). In particular, choosing ra, =1rp yields frps o, for which CSP computation has
asymptotic time complexity O(k*- n).

Similarly, choosing = frsmcae) yields frguc-r, for which CSP computation has the same asymptotic time
complexity O(k’ - n). Importantly, frsyc(16) is more accurate than 7rgp, and so the resulting CSD 1rgycx is more accurate
than frpg .
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PROOF OF EQUIVALENCE OF #gyc AND 7pg

We now want to give a more detailed proof of Proposition 1 from the main text. With the notation
as in the paper we have:

Proposition 1. For an arbitrary single haplotype o € H and haplotype configuration n, Tgyc(ajn) =
ﬁ‘ps,l(a‘n).

Recall that the initial (stationary) density was given by

C™(Se = (te,he)) = re31, (S-1)
the transtition density by
to 1ALy
O (50 | ser) = e Feid g b o [T Bt B g ), (8.2)
n ty=0 2 2
and the emission probability by
(n) _ [ e—ft[(ﬂ“—n}

all] | sp) = |e2 . S.3
&7 0l | 50 . ()

Since the configuration n is fixed, we will drop the superscript (n) in the sequel. As in the main text
we will also omit the recombination and mutation rate when unambiguous. Further, we will omit the
d- whenever we write down integrals. If not specified differently, equation-references refer to equations
from the main paper.

Proof of Proposition 1. We  start by  showing inductively that the joint  density
fomc(all' : €], (tg, hg)) of observing the partial haplotype a[¢’ : /] and being in the hidden state (¢, hy)
(basically) introduced in equations (4)-(6) satisfies a genealogical recursion f, defined as follows [c.f.,
Griffiths and Tavaré (1994)]:

tg n Zu u Zu u 5& /. /.
Flall 0], (te, he)) :/ o Uttt iy, [W%»tz

tp=0

0. u . )
+ Z ? Z PCE,()B[u]f(Su (a)[ﬁ : E]’ (té - tpa hé))

weL(l':0) ~ a€E,

+ D p“(/ fla 5u1)>f(a[uza€]a(te—tp,hg))} (S.4)

uEB(L:)

where the sum ) is over L(¢ : ¢), all loci between (and including) ¢ and ¢, and ), is over B(¢' : {),
the breakpoints between ¢ and ¢. Here S%(a) denotes the haplotype obtained by substituting the
allele a at locus u of «, and u = (uq,uz). For ¢/ = ¢ (so that ¢ — ¢/ = 0),

n+6 np 50(
T [f’W’WV](Sp,ﬁ > aa[ef(a,(tg—tpjhe))].

acE,

ty

falds) = |

tp=0
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Substituting f = fsuc on the right-hand side,

te nt0, . [Mp,0 0
/ e~z [W‘stmt@ + 56 § : P(E a[e]fSMc(a (te — tp, hﬁ))}
tp=0

ackEy

nto, . np,0p e e, 0
e L U iUl W‘MJF/ T Y PO pla ] (b=t he)) - it — ty, ha)

2 aEE‘g
o, o0 o Nm oy (Bt —ty)"
- (a3 (3 PP [ G
m= acluy B
0 0 m+1
My, _ntty fym+1] (5 (t))
= e ( alt,hel) T ZO [(P) he[e},awm
= hé *ﬂtl . lté'(P(Z)il)
e [ed }hem,a[el’

with the final result equal to {(a[f] | s¢)C(s¢) = fsmc(a[f],s¢). Now, inductively assuming that
Jomc(all : 0], 80) = f(afl' : 0], sp) for 0 < £—¢ < m and all values of sy, let £/ < £ such that £—¢ = m.
Substituting f = fsuc on the right-hand side of (S.4), we obtain
/tf EEESSHLIES SIS [nhﬁa[e/;e],h@[eua

t

€ tp,t
2 pte
p—O

+ Z Z aau]fSMC a(a)[f’;ﬂ]’(tg_tp’hg))

ueL(l':4) aEEu

+ Z Pu(/ fame(afl : uq], su1)>fSMc( [ug, ],(tg—tp,hg))] (S.5)

uEB(L:0)
We consider this expression one term at a time. Beginning with the first term:

bty 0utSuou, My Oafe:) bl
e 2 p —2 tpite
tp=0

B / be— JERES SIS SP Nhy_ 1 Oaltr:6—1] hg_ 1 [0":
Sp—1 tp_O 2

0p+p,

-1 _Optey
]6tp,tg e bt”%[z},hg[zﬁseﬂ,s@ , (5.6)

where >/ is over L(¢ : £ — 1) and >/, is over B(¢' : £ — 1). Moving on to the second term, expand
using the definition (5) of fsuc, and then use the inductive hypothesis to replace the resulting fouc
terms with the corresponding f terms:

te ”+Zuell-+zu ]
/ e‘fptp Z Z a a[u]fsmc ( )[ : 6]7 (tﬁ - tp? he))
t

»=0 weL(¢:0) aGE’u

CNTED SSLVED ST
= e ’ Y Z [u]
a,x
tp=0

ueL(¢':4—1) aEEu

x &(alf] | (t - tp7h€))/ O((te = tp, he) | se-1) F(SH(@)[C: €= 1], 50-1)

te n+3y Out>y pu, 0
— uursyPuy Uy p
/ e 2 P a,afl
£=0 2 Z 4

acl,

x &(a | (te —tp, hz))/ O((te — tp, he) | se-1)f(afl": €= 1], 50-1).
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Concentrating on the first sub-term, making the substitution ¢,y — t,—; +1,, and changing the order
of integration, we obtain

teNtg_1 "+Zu‘9u+2upu
/ /t DY Z aa[u]f (St(a)[l' = 6 — 1], (te—1 — tp, he—1))

wEL(£':0—1) aeEu

< [ei‘tppmm | (te =ty he)) - €= 2 q((te =ty he) | (b1 = b, b)) (8.7)

Now concentrating on the second sub-term and expanding using definition (S.4) of f:

tg n+2u 9u+2u u 0
/ e 2 Z Poaggéla| (te— tmhe))/ O((te —tp, he) | se-1)
t Se—1

p:O aEEu

-1
(& 5 ](5tq,

to_
X/’v’ ! _Wtq[nm_ﬁawe—u,hg1[@/
tq=0

+ Z Z aau]f Sa >[ g_l}v(tffl_ttphéfl))

wEL(L':0—1) aeEu

+ pu</ flall : ], Su1)>f( [ug, £ — 1], (ti—1 —tg, he—1))

ueB(z/ 1)

B ot om0t ouy [Ty Oaferse—1) by [:-1]
= e 2 5 Otgte—r
tg=0

O . /
T Z ? Z Pa(‘,og[u]f(SS(a)[g : f - ”7 (té—l - tq7 he_l))

weL(l':4—1) ~ a€B,

+ p“(/ flall": uil, 8u1)>f(a[uz,f—1]a(té1—tqah€1))}

ueB(z'e 1)
tqNtp 7lt f _eny
X / ) > Poagblal] (te—ty he)) - e 22¢((te — tp, he) | (1 — tpy he—1)) |
tp:O aGE'u

(S.8)

with the equality obtained by making the substitutions t,_; — t,_1 + ¢, and t;, — t; + ¢, and then
changing the order of integration. Finally, moving onto the third term, expand using the defini-
tion (5) of fsmc, and then use the inductive hypothesis to replace the resulting fsuc terms with the
corresponding f terms:

tg ”+Zu0u+2u u u
[ ey ’;( / fSMc<aw’:uz],sm)fsm(a[ur,e],<te—tp,hm
t Sul

p=0 ueB(l':0)

te n+34 Outdq Pu
:/ e 2 tp pu(/ flall -, Sul)>
tp=0

ueB( Z’Z 1)

xEall] | (te - tznhe))/ P((te = tp, he) | se—1) f (@fur - €= 1], 801)

. / RS W pb< / ol 01, S“)> - F(alf), (te — ty, he)).

tp=0
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Concentrating on the first sub-term, making the substitution ¢,y — t,—; +1,, and changing the order
of integration, we obtain:

teNEp—1 n+z,lu 8u+EL u
/ / o Tulutu g, Pu </ fall: ui] Sul)>f(a[u2 0 —1], (te—1 — tp, he—1))
Sp—1 Jt

»=0 ueB( K’ 1)

X |:€_92£tp£(01[€] | (te —tp, he)) - G_TbtPQS((tﬂ —tp, he) | (te—1 — tp, hﬁ—l)):| : (5.9)

Now concentrating on the second sub-term and expanding using definition (S.4) of f:

te n+>, Outd oy Pu
[T, b 1)
tp=0
toa n+zueu+zuput M1 Oat/:0—1],hp 1 [¢':0— 1
o= 92 tg,te—1

+ Z Z aa[u]f (Su(a)[" = 6= 1], (te—1 — tg, he1))

ueL(¢':4—1) aEEu

i Pu (/ Flall :ul, sul)>f(a[uQ,f — 1], (ti—1 — tg, he—1))

ueB( K’K 1)

bt st 0wt puy [Ty Oaferio—1]hy o [0/:0—1]

. tq

= e 2 5 Otg,te—r
tg=0

+ Z Z aa[u]f (Su(@)[l: €= 1], (te—1 — tg, he-1))

wEL(L':4—1) aeEu

n p“(/ Flall ) su1)>f(a[U2,€—1]7(te1 _tqahfl)):|

u€B( Z’é 1)
tq/N\ty n
X [/ e~ Frg(all] | (tg—tp,h@)).e—”zbtpp;’;’”ew(tf—tp)], (S.10)
tp=0

with the equality obtained by using the (one-locus) definition (6) for fsuc(c[], (t¢ — tp, he)), making
the substitutions ¢y_y — t,—1 +t, and t;, — t, + t,,, and changing the order of integration.

Having appropriately expanded each term of our key expression (S.5), we aggregate common terms
across the resulting sub-expressions. Collecting the np, | dqjp.i—1)n,_,[¢:¢—1) terms from (S.6),(S.8),
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and (S.10),

bt ot sl 0wt puy Mgy Oaf0r:0—1],hp_ [0:0—1]
e 2 P Ot ¢
2 pHrll—1
tp

(4 +p
- [e o pda[fl hel)0se— 1,50

Kt %y — by
+ q* > Paapélal (te—tg, he)) - e 2 9 ((te — tg, he) | (te1 — tg, he—1))
tq=0 aEEu
tpNty 0 n
+ / e (all] | (b0~ tg, ) - /;b”;<>}
tq=0
te—1 n & w & w, T 6 1) g
:/ / e,%% ho_10aft/i0—1],hg_1[0/:0—1] 50 s
tp=0 2

So—1
—Lhtyy Yy,
X [6 2 Osp 1,80 ° (e 2 60{[5&@[‘4

ty
+e?te158€_lw</ Yy, 15 Z P, g€ (a](t tz,hg))>

aEE
te—1 /Nty t
+/ m)e—p;tq%e—g(te_tq)</q tzee S p, allele[(te—tth)))
t4=0 2 2 12 aEE
tp—1/N\tg n o
+/ Pbe=ta e = te—ta) [ o= Flag (o] | (tg — t,, he))
tg=0 2 2
_ te— _w% Mgy Oafe':0—1) he_ [0:6-1] S
— t e 2 2 tpvtifl

te—1/\tg n
x £(all] | se) [e—”;n_lgs“ﬁ +/ ’;"e—?tq’g’”e—z(u—m)]
tg=0

te—1 EEED SRS > T Oafl':0—1),hy_ 1 [0:0—
- [ e el ety efalt) sodtae] sen)] 810
tp—

where the first equality is obtained by making use of the d;, ¢, , and ds,_, s, expressions and expanding
the ¢ term using equation (S.2) and exchanging integrals, the second equality is obtained by combining
the first /second and third /fourth term along with the definition (S.3) of p, and final equality by again
making use of the equation (S.2).

Similarly, collecting the f(S3(c)[¢' : €—1], (ty—1 —tgq, he—1)) terms from the resulting sub-expressions
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(S.7),(S-8), and (8.10),
-1 g 0y 43 pu
A A D DD P AT CEVES USSR
sp—1 J/tp=0 ueL(¢':4—1) aEEu

X [H(tpq,z -5 WE(al] | (te =ty he) - € TP G((tr — tpyhe) | (E1 — tp, he—1))

tp/Atp
+/ Z P, a[€]§ al (te—tg, he)) - 6_%”%)((754 —tg, he) | (te—1 —tg, he—1))
t

q=0 aEEu

tp/Atp 0 "
+ [ et ug(alf)| (6~ ta, ) P;";<>]
tg=0

to—1 3 Outh pu 0u+zu w u
- [ S OSSO Ut — i)
t

»=0 ueL(¢':4—1) aeEu

X {H(tp<tz)€_p2bt”¢((te —tp, he) | (t—1 — tp, he—1)) (e_ftpf(a[ﬁ] | (te — tp, he)))

tp 9
+ Ly <in€” 2P G((te — ty, he) | (ter — tp,h“))</ > Z agéla | (t tz,hz)))

aEE
tpAte
Pb = tq he — 5 (te— t)</ ——tz )
+ —e 2'1—=% e a —t.,h
/tqo 9 9 e GGZE aa[ﬂ]g | z f))
tp/Atp " 0
b [T B gt <e—ffq§<am = tq,hm)]
tq=0

te—1 A Ot pu 9u+Zu ou .
/ / ” Z Z éog[u]f Sq(a)[l": € = 1], (tp—1 — tp, he—1))
t

ueL(¢':4—1) (leEu

_tby PN Dy oy My ng, )
x &all] | se) (L, <epye 2 P o((te = tp, he) | (B—1 — tp, he1)) + e e T
t4=0

te—1 3 OutS pu 9u+2u ou .
/ / ” Z Z (E()?[u]f Sq(a)[l": € —1], (tp—1 — tp, he—1))
t

UWEL(£':0—1) aGEu

. [aam | se)(se | sz_1>], (5.12)

where the first equality is obtained by expanding the ¢ term! in the second term using equation (S.2),
the second equality is obtained by combining the first/second and third/fourth term along with the
definition (S.3) of &, and final equality by again making use of the equation (S.2) and considering
separately the case when t, <ty and t, > ;.

The situation is identical when collecting terms with f(afug,? — 1], (t;—1 — tq, he—1)) from (S.9),

1'We use the following expansion for ¢, which can be verified in the present context, namely that ty <tp <ty—1 and
tq < to:

)
O((te — ta, he) | (b1 —tg,he 1)) =Ty <epe 2 P70 g((te = tp, he) | (o1 — ty, he 1))

(tpAtg)—t
L [T e e Py g (-t
t.—0 2 2

y=
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(S.8), and (S.10):

</ flall :u], sul)>f(a[uQ:£—1],(tg_1 —tp, he—1))

/ /te L a3 9u+Zu Put
St—1 7t ueB 00-1)

X [H(tpgt@)eeft”f(a[ﬁ] | (te —tp, he)) - € T2 ((te — by, hg) | (temy — tp, he1))

tp/Atp 70lt 04 o,
+/ ey > Poagblal] (te—tg he)) - e 2 9((te — tg, he) | (te—1 — tg, hu—1))

tq =0 aEEu

tp/\ty n
¥ / e gall) | (te— ty,he)) ”””h<>]

2 2
te—1 _ n+ u9u+ uPuy w ,
/Se l/t ) )Y Z '02</Su1 flalt: uﬂ,sm))f(a[uQ 2 0—1], (tg—1 — tp,hz_l))

u€B(¢':4—1)

X [E(a[ﬁ] | s¢)p(se | Sg_l)]. (S.13)

Thus, combining equations (S.11),(S.12), and (S.13), we may re-write (S.5):

bemt na s 0ut S ou, [ Mhe_y Oaferio—1) ks [0':0—1
€l s) [ ol sm)- [ [ e
Se—1 tp=0

+ Z Z aa[u]f Sa )[ il — 1]7(“71 _tpvhffl))

weL(l':0—1) aeEu

+ Pu F@l ], suy) ) flafuz - € — 1], (te—1 — tp, he1))
uEBZ’El </ 1 ) i - r
= {(w Sz/ d(se | se—1)f(all’ - €—1],50 1)

= fomc(all' : £], s¢),

where the first equality is obtained by definition (S.4) for f, and the second equality by using the
inductive hypothesis and the definition (5). Therefore, fsuc satisfies the recursion for f, and we
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conclude that fsue = f. Moreover,

” nNrzuvuTzZiuPu u 50 /. /.
/f(a[e’:e],sa—// g, [ daleanien s
Se Se t,,_o 2 prte

+ Z Z aa[u Sa )[ ] (tf _tpvhé))

ueL(':0) 2 F

Py ”“( / fla sun)f(a[w],(te—tp,hm}

uw€B(¥':0)

= na,
n+ 2 ueL(afea) 9u + 2ueB(afer4]) Pu { Z

o’ €H:
o [ )=t -]

. /fS“ 1], 50)

ueL(afl: }) aEEu

3 /f ) | Slaluan o)

ueB(all':l)

where the first equality is by definition (S.4), and the second equality obtained by exchanging the
integrals and making the substitution ¢, — ¢, — t,,. Thus, st f(all' : 2], sy) satisfies the recursion for

7ipsa (Paul and Song, 2010, Equation (12)) and we conclude that fS[ fall : 0], sp) = Tpsa(all : £]).
Thus, 4

ﬁvSMC(aw/ M) = / fSMc(aw 0], s¢) = / f(a[ﬁ/ 0], s0) = ﬁ'ps’l(a[ﬁ/ ),

thereby establishing the desired identity. O
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