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Abstract

Principal component analysis (PCA) is one of the key techniques in functional data analysis. One
important feature of functional PCA is that there is a need for smoothing or regularizing of the
estimated principal component curves. Silverman's method for smoothed functional principal
component analysis is an important approach in situation where the sample curves are fully
observed due to its theoretical and practical advantages. However, lack of knowledge about the
theoretical properties of this method makes it difficult to generalize it to the situation where the
sample curves are only observed at discrete time points. In this paper, we first establish the
existence of the solutions of the successive optimization problems in this method. We then provide
upper bounds for the bias parts of the estimation errors for both eigenvalues and eigenfunctions.
We also prove functional central limit theorems for the variation parts of the estimation errors. As
a corollary, we give the convergence rates of the estimations for eigenvalues and eigenfunctions,
where these rates depend on both the sample size and the smoothing parameters. Under some
conditions on the convergence rates of the smoothing parameters, we can prove the asymptotic
normalities of the estimations.

Keywords

Functional PCA; smoothing methods; roughness penalty; convergence rates; functional central
limit theorem; asymptotic normality

1. Introduction

Principal component analysis (PCA) is one of the key techniques in multivariate analysis
and functional data analysis. An important difference between classical PCA and functional
PCA is that there is a need for smoothing or regularizing of the estimated principal
component curves in functional PCA (see Chapter 9 in Ramsay and Silverman [12]). Many
methods have been proposed to estimate the smoothed functional principal components
when the sample curves are fully observed. A general overview of these methods and an
extensive list of references can be found in Ramsay and Silverman [12]. The reader can find
in Ferraty and Vieu [6] more discussions on theoretical aspects and nonparametric methods
for functional data analysis. Functional PCA has many important applications. For example,
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functional principal component regression (see for instance Cardot, Ferraty and Sarda [2]) is
a direct application of functional principal coponents analysis.

The approach proposed in Silverman [15] is an important method for smoothing functional
PCA (see Chapter 9 in Ramsay and Silverman [12]) due to its theoretical and practical
advantages. First, the weak assumptions underlying this method make it applicable to data
from many fields. Silverman [15] did not make any assumptions on the mean curves and
sample curves. Hence, in addition to data with smooth random curves, this method can be
applied to analyze data where the sample curves can be unsmooth or even discontinuous,
such as those encountered in financial engineering, survival analysis and other fields. For
covariance functions, Silverman [15] only assumed that they have series expansions by their
eigenfunctions without imposing smoothing constraint. This is attractive because the
covariance functions are continuous but unsmooth in many important models such as
stochastic differential equation models in financial engineering and counting process models
in survival analysis. Second, Silverman's method controls the smoothness of eigenfunction
curves by directly imposing roughness penalties on these functions instead of on sample
curves or covariance functions. Furthermore, this approach changes the eigenvalue and
eigenfunction problems in the usual L2 space to problems in another Hilbert space, the
Sobolev space (with a norm different from the usual norm in the Sobolev space). Therefore,
many powerful tools from the theory of Hilbert space can be employed to study the
properties of this method. Third, this approach incorporates the smoothing step into the step
for computing eigenvalues and eigenfunctions. Therefore, this method is computationally
efficient with the same computational load as the usual unsmoothed functional PCA. Fourth,
the estimates produced by this method are invariant under scale transformations. As pointed
out by Huang, Shen and Buja [8], the invariance property under scale transformations should
be a guiding principle in introducing roughness penalties to functional PCA.

Despite all these advantages, lack of knowledge about the theoretical properties of this
method makes it difficult to generalize it to the situations where the sample curves are only
observed at discrete time points. Silverman [15] only proved consistency of the estimations
as the sample size goes to infinity and the smoothing parameter goes to zero. Even the
existence of the solutions to the successive optimization problems in this method is not
established. It is not clear how the estimation errors depend on the sample size and the
smoothing parameter. Asymptotic normalities of the estimations also need to be proved. In
this paper, we aim to solve these open problems. In Section 2, we give the detailed
backgroud, basic notations and our main assumptions. In Section 3, Silverman's method is
introduced and the existence theorem for the successive optimization problems is proven.
Our main results appear in Section 4. Section 5 contains detailed proofs of our theorems.

2. Notations and main assumptions

We introduce notations and definitions used throughout the paper. Let N denote the
collection of all the positive integers. We consider a finite time interval [a, b]. In this paper,
we will mainly consider functions in the following two space, the L2 space

L>([a,b]) = {f:f is a measurable function on [a, b] andfg \f (t)|2(11<w} s
and the Sobolev space

W22 ([a,b])= {f:f, f' are absolutely continuous on [«, b] and f" el? ([a, b])} s
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where f and f” donate the first and second derivatives of f, respectively. For any f, g € L%([a,
b]), define the usual inner product

(f.9)=[Lf g,

with corresponding squared norm IIfli2 = (f, f). Given a smoothing parameter o > 0, for any f,
g€ sz ([ a, b)), define

[f.¢] Zf:f” (g (ndr

and the inner product

(f.8)o=(f.0) +a[f. gl

with corresponding squard norm|| f |>=(f, /), Note that is « = 0, we return to the L2([a, b])
space. For any bounded operator B from L%([a, b]) to L%([a, b]), define the norm

I B || =sup{|| Bf || :f € L* ([a.b]) and | f |I< 1}. @0

For any measurable function A(s, t) on [a, b] x [a, b], if

f§f5A2 (s, t)dsdt<co,

then f — ff;A (s, 1) f (1) dt defines a bounded operator from L2([a, b) to L([a, b]). To
simplify the notation, we just use A to denote this operator, that is

Af(9)=[lA(s.0) f (),
and we have

L
1Al (f7)74% oy dsar)

Let X(t), a <t < b be a measurable stochastic process on [a, b]. Under Assumption 1 below,
X(t) € L%([a, b]) a.s.. Let {Xq(t), Xo(t), -+, Xn(t)} be i.i.d. sample curves from the distribution
of X(t). Assume that EX(t) = v(t). Define I" to be the covariance function

T(s,H=E[(X(s)=v(s)X(DH—=v()], Vs telab],

and I',, to be the sample covariance function
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— 1 n - —
Fn= £ (% ©-x6)(%0-x ). vsrelab),

where X'is the sample mean curve

- 1
XO=— X0+ +X, (1))

We will give our basic assumptions below. Silverman [15] made three assumptions in
Section 5.2 in order to prove the consistency result. Our assumptions are stronger than those
in Silverman [15].

Assumption 1

E[IX |']=E

<00,

r(f *Ix (r)|2dr)j

(2.2)

Remark

1.

2.

3.

This assumption is stronger than the first assumption in Section 5.2 of Silverman
[15]. Under condition (2.2), the central limit theorem for sample covariance
function holds (see Section 2 in Dauxois, Pousse and Romain [3] and Chapter 10 in
Ledoux and Talagrand [10]).

Assumption 1 is satisfied by many stochastic processes used in applications. For
example, if X(t) is a bounded process, it is obvious that (2.2) is true. Gaussian
processes are an important class of stochastic processes which are widely used in
statistics and other areas. Suppose that X(t) is a Gaussian process with mean zero.
Then

E[IX|I'|=E I( S ZIX(r)FzIr):l =[[°E| X7 X(s)?] drds
= [22|T (5.9 (0.0 +20(s, 1| dsdr < [ [237 (5. )T (1.1) dsdi
3[[:1‘ (1,1 dt]-.

Il

Hence if T'(t, t) is integrahle in [a, b], which is satisfied by Gaussian processes
commonly encountered in applications, (2.2) is true. Now let us consider the
standard Brovmian motion, the most widely studied Gaussian process. For the
standard Brovmian motion, I'(t, t) = t, hence Assumption 1 is satisfied. It is well
known that its sample paths are continuous and nowhere differentiable almost
surely. For non-Gaussian processes, let us consider a Poisson process with rate 1 in
[0,1], Its sample paths are step functions only taking integer values and hence
discontinuous. It is easy to verify that Assumption 1 is satisfied by Poisson
processes.

Under condition (2.2), we have
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[2for(s, n2dsdi= [7 [P (X (s) = v () (X (1) = v (0))])dsdt
[ g [PEX ()X () = v (s) v (1) dsd

[

IA

[ 2(EX (1) X (5))*+2v(s)*v(1)*dsdt
S oS 2EX? (1) X2 (s) +2v(s)v(0)dsdt < 4E ||| X |[*] <oo.

IA

Therefore, the operator I' is a Hilbert-Schmidt operator, hence it is a compact
operator (see Section XI.6 in Dunford and Schwartz [5] or Section 97 in Riesz and
Sz.-Nagy [13]). It follows that the set of eigenvalues of this operator are bounded
and at most countable with at most one limit point at 0. Because the covariance
operator I is always nonnegative-definite, all the eigenvalues are nonnegative. Let
M =2y = -+ 2 0 be the collection of all eigenvalues and the corresponding
eigenfunctions are y1, v, ---. Every eigenfunction has been scaled to have L2-norm,
1. The set of all the eigenfunctions forms an orthonormal basis of L2([a, b]).
Furthermore, we have decomposition

o0

r ,f.:Z/l"s 'Ia
(0= 7;(s)7; () 2.3)

the series on the right hand side converges in the L2 sense. If I is a continuous
function, the series on the right hand side absolutely and uniformly converges.
Although Silverman [15] did not assume that I" is square integrahle, he assumed the
decomposition form of (2.3).

4. We have

l"yj:,l_,-yj, ijl, 2, .

5. By (2.2), X(s) is square integrable a.s.. Hence, the sample covariance functions I,
satisfies

fﬁfz/l:n(& 1) dsdt<oo

a.s.. Then we have that the eigenvalues 41 > 4, > --- > 0 since the operator I is
nonnegative-definite. The corresponding eigenfunctions §/j, j € N satisfying

Tyi=A7, Yj=1,2,---.

Suppose that we are interested in estimating the first K eigenvalues and eigenfunctions of T

Assumption 2
Any eigenvalue 2, 1 > j < K has multiplicity 1, so that

A>> > >, .

Remark—This assumption is just the third assumption in Section 5.2 of Silverman [15]. If
an eigenvalue has multiplicity 1, then the corresponding eigen-function is uniquely
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determined up to a sign. If the multiplicity is larger than 1, the eigenfunctions can not he
uniquely determined up to a sign.

Assumption 3

The eigenfunctions 2, 1 < j < K belong to sz ([a, b))

Remark

1.

This assumption is the second assumption in Section 5.2 of Silverman [15] and is
essential in our paper.

If the covariance function I" satisfies some smoothness conditions, then Assumption

_ , a(s,n)  °T'(s,0)
3 is true. For example, suppose that I'(s, t), I' (s, 1), and 5> —areall
continuous on [a, b] x [a, b] (hence they are bounded and square integrable), one

can easily verify that

or
(=150 (”)

/i/\'yk ve()dt Y1<k<K.

Hence, by Cauchy-Schwarz inequality and lly,ll = 1, we have

o? F(s 1)

2 f (v (s)) ds< |, f(

) dsdt<oo Y1 <k <K.

There are many important random processes whose covariance matrices are not
smooth, but the eigenfunctions corresponding to nonzero eigenvalues belong to

W§ ([a, b]). The simplest examples are standard Brownian motion and Poisson
process with rate 1 in time interval [0, 1]. Their covariance functions are the same
and equal to min(s, t), 0 <s, t < 1 (see Page 89 in the book Glasserman [7]). The
eigenvalues and eigenfunctions are

A; (#) \/_sm( ]_zl)m) j=1,2,---.

2j-Dn (2.4)

The next example is the famous Black-Scholes Model in finance. Let S; denote the
price of a stock at time t. Then S; satisfies the following SDE,

dS;=pS ;dt+0 S [ dW,

where p, is the instantaneous mean return, o is the instantaneous return volatility
and W; is a Brownian motion. The covariance function of S; is smooth except at the
points on the diagonal line {(s, t) : s = t}. The same is true for the following
example. Consider the counting processes model in survival analysis. Let N; be the
number of the occurrences of the event in [0, t]. Then N; satisfies

dN=A (1) dt+dM;,
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where A(t) is a smooth intensity function and M is a martingale.

Silverman [15] introduced a “half-smoothing” operator which plays an important role in this
paper. We give a strict definition of this operator here. We first define an unbounded
operator L in L2([a, b]). The domain of L is ZL) = {f € L2 ([a, b]) : f, f’ are absolutely
continous and f” € L2 ([a, b])}, and for any f € 9L),

2

Lr=f".

Then L is a closed but unbounded operator and ZL) is dense in L%([a, b]) (for the definition
of closed operators, see Chapter VI1II of Riesz and Sz.-Nagy [13] or Chapter 13 of Rudin
[14]). Let L* be the adjoint operator of L. By the theorem in Section 118 of Riesz and Sz.-
Nagy [13] or Theorem 13.13 in Rudin [14], (I + aL*L)"1 is a bounded, positive self-adjoint
operator with norm less than or equal to 1, where a = 0 is the smoothing parameter. Now it
follows from Theorem 12.33 and 13.31 in Rudin [14] that (I + aL*L)™1 has a unique positive
and self-adjoint square root S, with norm less than or equal to 1 which is the “half-
smoothing” operator in Silverman [15]. Therefore,

Si=(I+aL’L)™", (2.5)

and by Theorem 13.11 (b) in Rudin [14], the inverse s ! exists and is self-adjoint because (1
+alL*L) "L is invertible.

3. Silverman's approach to smoothed functional PCA

In this section, we always assume that the independent sample curves

{Xl (t)sXZ(’)s 9Xll(r):(l < er}

are entirely observed. We first consider the usual population functional principal
components. The first population functional principal component is defined as the linear
functional £1(X) of X which maximizes

Var (£ (X))

over all nonzero linear functionals ¢ in L2([a, b]) with the norm ll¢ll = 1. The second
population functional principal component is defined as the linear functional £,(X) of X
which maximizes

Var (£ (X))

over all linear functional £ with the norm II£ll = 1 and uncorrelated with £1(X). Similarly, we
can define all the other population functional principal components, £3(X), .... Because X
takes values in L2([a, b]) which is a real Hilbert space, by the Riesz representation theorem,
f02r any bounded linear functional ¢, there is a unique y € L%([a, b]), such that for any f €
L([a, b)),

EH=0o Hand [ EN=17I.
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Hence there exists yj, € L2([a, b]), j € N, with llyjll = 1, such that the population functional

principal components £j(X) = (yj, X),j € N. y; is called the j-th principal component weight
function or j-th principal component curve. Because

Var (£; (X)) =Var (v.X)=(v;.Ty;). VjeN,

y1 is the solution of the following optimization problem,

v, Ty)
max 5 -
V=1 ||y |7 (3.1)

The maximum value of (3.1) is just the largest eigenvalue Ai of A1 and vy, is the
corresponding eigenfunction (see Section 2, Chapter 3 in Weinberger [16]). y, is the solution
of the optimization problem,

(7.Ty)
max ——-.
M= yD=0 || y ||7 (3.2)

The maximum value of (3.2) is just the second eigenvalue A, of I" and vy, is the
corresponding eigenfunction. Similarly, yj is the eigenfunction corresponding to the
eigenvalue Aj which is also the variance of the j-th principal component.

Because the covariance function I" is usually unknown, we can not obtain the population
principal component weight functions directly. Hence, people use the sample covariance
function I', to estimate I" and use the eigenvalues and eigenfunctions of I, to estimate the
eigenvalues and eigenfunctions of I'. We call them non-smooth estimators. However, the
non-smooth principal component curves can show substantial variability (see Chapter 9 in
Ramsay and Silverman [12]). There is a need for smoothing of the estimated principal
component weight functions.

Silverman [15] (see also Chapter 9 in Ramsay and Silverman [12]) proposed a method of
incorporating smoothing by replacing the usual L2 norm with a norm that takes the
roughness of the functions into account. Let o be a nonnegative smoothing parameter.

Define the estimators {(4.'1.717) -/ € N} of {(%4, ) : | € N} to be the solutions of the

following successive optimization problems. First, yl“'] is the solution of the optimization
problem

(}/9 rn)’) (% rn)’)
max =max 5.
=1y, y) +a [y, ¥] =L ||y |2 (3.3)

Let ,ll“] be the maximum value of (3.3). For any k € N, if we have obtained

{375»"], =12, k- 1} and {jf[j"],jzl. 2, k- 1}, ’)7,{\,"] is the solution of the optimization
problem

J Multivar Anal. Author manuscript; available in PMC 2012 April 1.
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(’)’,F,f)’)
(5t o, 712
—-— @ —| -
Iy Il =17, =0, 1171z
j:l,...’k_l (3.4)

and A1 is the maximum value of (3.4). Note that {(2."1.717)

sample size n and the smoothing parameter «.

S N} depends on both the

First of all, we need to show that the solutions {(55-“]3/{;]) J€ N} of the successive
optimization problems (3.3) and (3.4) exist.

Under Assumption 1, the solutions {(7111»“],375"]) J€ N} of the successive optimization

problems (3.3) and (3.4) exist for any a > 0 almost surely. Moreover, we have, for any
y € W2 ([a,b])and j € N,

(F172) AGE),

Similarly, define {(/154"], 75-"]) J€ N} to be the solutions of the successive optimization

problems (3.3) and (3.4) with I, replaced by I" Similarly, we have the following equalities
for I" and {(/15-”], 7’5-(’]) € N}

lal )\ _,lel( lal : 2
() =ale (A y) VjeN,y e W([a,b]) 36
Note that

0 0 0]_— 0]_~ .
W=y, A=, =, A=q;, vjew.

Theorem 1 in Silverman [15] gives the consistency of the estimators

(45 e )

asa— 0and n — oo,

4. Asymptotic theory

Fix a positive integer K. We will assume throughout this section that we want to estimates
the first K principal component curves. For any 1 < k < K, define

Li=max [v l
125 YieYj
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Then under Assumption 3, L is finite and is a measure of roughness of the first k
eigenfunctions of I'. For standard Brownian motion and Poisson process with rate 1 (see
remark (3) after Assumption 3),

2% - 1)rr\?
LI\:(%) k=1,2,---

For any 1 <k <K, we have decompositions

51~ = G194+ G4 ).

The last terms AL — Ak, -7 — v on the right hand sides of both (4.1) and (4.2) are
nonrandom. They are the “bias terms” due to the introduction of a. We will give the upper
bounds for norms of these terms. The first terms on the right hand sides of both (4.1) and
(4.2) are the “variation terms” due to the randomness of the sample curves. We will prove a
functional central limit theorem for these terms. In order to avoid any confusion it should be
pointed out that (4. 1) and (4.2) are not the bias-variance decompositions in the strict sense

A[ﬂ] andy A[ﬂ]

’TO]

because ,!,{ and 7,* Tare not the expectations of . respectively. Since it is hard to

express or characterize the exact expectations of 4, and 37{“], the asymptotic properties of

the usual bias and variation terms in the strict sense may not be easily studied. Heuristic
calculations of the usual bias and variation terms in the strict sense were performed in
Section 6 of Silverman [15].

Note that even if the multiplicity of A is one, we can not uniquely determine vy, because —yx
is also an eigenfunction. In the following theorem, by “Given y,”’, we mean that not only yy
is an eigenfunction, but also the direction of yy is given.

Define

> 1
2k(Aj—1 —Ak)” 2|0 2
min R et D T N e i
2L} C(8VEk+16K) 124 4V2R(k= DLEA o
Under Assumptions 1 — 3, forany 1 <k <K and 0 < a < qy,
0 <-AY
VKL ot kk-DLI2ID
‘f\ﬁ‘k’l"“(”o(h 2 T A A e & )) (4.4)

[(y .

Given y, 1 <k <K, we can uniquely choose ¥, [T for each o € [0, ag] such that v,

continuous function of & and (¥:*). %) >0 for all 0 < & < ag, and we have

J Multivar Anal. Author manuscript; available in PMC 2012 April 1.
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. 4‘/5\”;[42/{» e 2 2T
AL~y lI< \/E\fi”m 4k(k—1)Lﬁ(7L ) {1+7” I }
,»ik _lik-i-l /ll(—l — /l/( /'lk —/l]H.l (4.5)

Remark
1. If Kis fixed or hounded, we have

0< A - A7 < V2 VL Avato (@),

AN2VRL2 A,
7 = ye lIg Va | = =+o( va)

Hence, the convergence rates for eigenvalues and eigenfunctions are different.
Eigenvalues have faster convergence rates than eigenfunctions.

2. As K — 0o, we have ag —. If we choose « in such a way that 0 < o < ag and the

right hand sides of (4.4) and (4.5) converges to zero, then L) — Ax and v — ¢

forall1 <k <K.

3. The convergence rates for both eigenvalues and eigenfunctions depend on L. If the
eigenfunctions are less smooth, that is, Ly is large, then the convergence is slow.

4. (4.4) and (4.5) give the upper bounds. However, the lower bounds are 0 for any k €
INL. Here is a simple example. Without loss of generality, let k = 2. Suppose [a, b] =
[0, 2x],

am=2\2m+1

m=.2

Note that the right hand side in the above equality converges both uniformly and in
L2([0, 2x] x [0, 2x]) to a strictly positive definite covariance functions. Its first

1

eigenvalue and eigenfunction are 2 and , the second ones are 1 and /5.
It is interesting to note that the eigenfunctions of T" are the same as the solutions of
the successive optimization problems (3.3) and (3.4). The first maximum value of

1
—=cos (1)
T

2
the successive optimization problems (3.3) and (3.4) is o and the second one is

still 1. That is, in this case, we have A1'=1, and y."=y: for any a, hence the lower

bounds are zeros.

Define Cg[0, ag] to be the normed space of all continuous real functions in [0, ag] equipped
with norm supp<s<qq- | - |- Let Tli<j<k CR[O, ag] denote the product space of K copies of
CRIO, ag] Define Cy 2([an)) [0, ao] to be the normed space of all continuous functions in [0,
ap] taking values in L<([a,b]) equipped with norm supp<,<eq I - Il. Similarly, we define

M1 <j<k CL2(fa,bp[0, aol-

For each 1 < k < K and each n, we will view vz (7. - 7?) as a stochastic process with

index a € [0, ag] and values in L2[a, b] and view Va (71”] - ,lg_"]) as a stochastic process with
index a € [0, ag] and values in R. However, in the following subset in the probability space,

J Multivar Anal. Author manuscript; available in PMC 2012 April 1.
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’/'l‘[ a]

1 ,jﬂK"] are not mutually different} ,

(4.6)

’ﬂ"], e ,’ﬂ,"] are not uniquely determined up to signs. We will show that Qg is measurable

and its probability goes to zero as n — oo in the proof of the following theorem. Hence, how

to define ’ﬂ”l, e ,’ﬂ‘” in Qg does not affect our asymptotic results. In order to make the

development of our theory easier, we will use the following definition

in Q. define 7.'=0,1 < k < K. “7)

Under Assumptions 1 — 3 and the definition (4.7), we can properly choose ?{,"] in Qg to
make the sequence

(VA" -yl"). 1<k <K.0< e <ao), o

of stochastic processes is measurable and has sample paths in
K
Hclﬁuu.h]) [0, ao]
k=1

a.s. . Furthermore, the sequence converges in distribution to a Gaussian random, element

K
with values in l_[kzch:‘,L,_bD [0, @0] and mean zero. Similarly, the sequence

{ \/,7@“’1 - ,1,{,“']), 1<k<KO<acx< ao}" (4.9)

K
of stochastic processes has sample paths in nk: ICR [0, 0] a.s. and converges in

K
distribution to a Gaussian random, element with values in nkZICR [0, @0] and mean zero.

Remark

1. Recall the definition of Guassian random elements in a separable Banach space.
Suppose that X is a random element with values in a Banach space B with mean
zero. Then X is a Guassian element if for any bounded linear functional f, f(X) is a
Guassian random, variable. If X is a Guassian random, element, we can define its
covariance operator Q. Q is a bounded operator from the dual space B’ to B such
that for any f, g € B’, g(Qf) = E [f(X)g(X)]. Note that the distribution of a Gaussian
element with values in a Banach space and mean zero is determined by its
covariance operator. For further properties of Guassian random elements in Banach
spaces, see Ledoux and Talagrand [10].

2. The covariance operators (4.8) and (4.9) can be characterized by the “half-

smoothing” operator S, defined in (2.5) and the limit distribution of \/ﬁ(ﬁ, - F).
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However, the characterization involves some technical definitions. The reader can
find the characterization in the proof of this theorem.

The measurabilities and a.s. continuities of the sample paths of the processes (4.8)
and (4.9) are not obvious at all.

The convergences of (4.8) and (4.9) are weak convergences of probability measures

K K
in spaces nkzlcR [0,a0]land l_[,\:lCL:(,L,_bD [0, @], which are stronger than the
convergences of only the marginal distributions of (4.8) and (4.9).

Now from Theorem 4.1 and Theorem 4.2, we have the following corollaries.

Corollary 4.1

Under Assumptions 1 —3,forany 1 <k<Kand0<a<qg

. ol _ o]
[ - ] < AL - AL

1727 = il [ = 4!

where

+12 \/l;LilikcHo (),

+\/a 4\/5\/I:Li,lk+o(\/a)'

Ap—Aper

(4.10)

sup P‘]{\.«r] _ /l/[{u']

O<e<ag

1 o __[a] 1
05, o)

O<a<agp

Remark—From, Corollary 4.1, it seems that smoothing (that is, o > 0) is unnecessary since

1

when a = 0, we get the best order ﬁ We clarify this problem by the following remarks.

1.

Both Silverman [15] and this paper consider the ideal situation where every sample
curve is observed at all points in [a, b] without any noise or measurement error.
Although in this situation the estimates are consistent when a = 0, smoothing is
advantageous.

— First, because the “bias terms” and the “variation terms” are not the bias and
the variation in the strict sense, they are correlated. Since the upper bounds on
the right hand sides of (4.10) are the sums of the upper bounds for bias terms
and variation terms, the upper bounds in (4.10) are actually for the cases in
which bias terms and variation terms are positively correlated. They are the
worst cases when we introduce smoothing. In some cases such as those in
Section 6.3 of Silverman [15], the mean squared errors for some o > 0 are less
than those for a = 0. For these cases, it is possible that bias terms and variation
terms are negatively correlated and hence the estimate errors should be much
less than the upper bounds in (4.10). Section 6.4 of Silverman [15] gave an

1
optimal a with order 0(;) for estimates of eigenfunctions. By Corollary 4.1, if

1

we choose the optimal a, we obtain the best asymptotic rates 0( \/,—,) Even for

1 1
the worst cases, if we take =€ (n) we can obtain the rate (\/,—,)
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— Second, from a practical viewpoint, it is desirable that the estimates of
principal component curves can keep main patterns of the true principal
component curves. However, the sample curves of many stochastic process are
nonsmooth or even discontinuous, such as examples in Remark (3) after
Assumption 3. Hence, their sample covariance functions have many local
variations and so do the eigenfunctions of those sample covariance functions.
In these cases, the local variations can be removed by using an appropriate
amount of smoothing, that is, choosing an appropriate positive a.

2. In practice, people cannot observe the entire sample curves. The observations can
only be made at discrete points often with noise or measurement error. The
observation points could he dense or sparse. If the sample curves are smooth and
the observation points are dense, we can obtain smoothed estiamte of each sample
function and perform the usual functional PC A. This method cannot be applied to
other situations. However, Silverman's method can be generalized to all these
situations (see Qi and Zhao [11]). In our generalization, smoothing is essential and
the smoothing parameters must be positive. The theoretical results in this paper has
been applied to prove the consistency results in Qi and Zhao [11].

If o goes to O fast enough as n — oo, we have the following asymptotic normalities.

Corollary 4.2

5. Proofs

1

Under Assumptions 1 — 3, for any sequence {an, n > 1} with “"~°» ( \/;) the joint
distributions of

(VA ) N ) R - 1)

converge to the same Gaussian distribution with mean zero. For any sequence {op, n > 1}

1
with ¥=%p (;) the joint distributions of

(VA =), VA = 32). -, VR~ )

converge to the same Gaussian distribution with mean zero.

Remark—Dauxaois et al. [3] gave the asymptotic normalities of the eigenvalues and
eigenfunctions of I',, and characterized the covariance operators of the limit Gaussian
random elements. Those results are special cases of Corollary 4.2 with all a,, equal to zeros.
Therefore, by Corollary 4.2, all the limit Guassian distributions in Corollary 4.2 are the same
as those in Dauxois et al. [3].

Proof of Theorem 3.1

By Remark (3) after Assumption 1, IT',ll < 00 a.s.. Fix a sample and « > 0 such that IFll <
oo, Consider the Hilbert space W; ([a, b]) equipped with the inner product (-,"). For any f,
g € W3 ([a, b)), the functional (f, I'yg) define a bilinear form in W3 ([a, b]) and
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(7. Fag)| <IT t £ 10 g 1T 11 Tl g

Hence, there is a unique bounded operator Ry in W§ ([a, b)), such that for any f,
g€ W; (La, b)),

(f.Tug) =(f. Rag)ar

(see Section 84 in Riesz and Sz.-Nagy [13]). It is easy to see that R, is symmetric and
nonnegative-definite. We want to show that R, is a compact operator (note that a compact
operator is called completely continuous operator in Riesz and Sz.-Nagy [13]). By definition
4 in Section 85 of Riesz and Sz.-Nagy [13], we only need to show that for any bounded

sequence {fm eW; ([a.b]).me N} one can select a subsequence {fy, } such that

(fzm - f;np Ro' (f;nk - f;m))az (f;nk - f;n;j:n (f;lzk - f;n;)) - 0, (5_ 1)

as k, | — oo, Because I',, is a compact operator in L2([a,b]) (see Remark (2) after
Assumption 1) and {f,,} is also a bounded sequence in L2([a, b]), one can select a
subsequence {fn, } such that {fnfmmk} converges, then (5.1) is true for {f, }. Hence R, is a
compact operator. It has eigenvalues and eigenfunctions {(2:°1.717):j € N} with

jﬁl"] > ff[z"] > --- > 0, They are the solutions of the successive optimization problems (3.3)
and (3.4) (see Chapter 3 of Weinberger [16]). Now for any y € Wz2 ([a,b]) and any j € N,
because

Ra’)#i a] :ji[ja]?& a] ,

we have

(57 7) =(Ra7)".7), =276 ),.

[¢2

Proof of Theorem 4.1

The proof of the existence and uniqueness of the choices of the signs of 7{,”], 1<k=<K
making them continuous functions of o will be postponed to the proof of Theorem 4.2
because we need some technical lemmas in the proof of Theorem 4.2. We will assume that

we can choose the signs of ’)/E,“], 1 <k < K such that they are continuous function of « for all
0<a<agand Y "=y, 1<k <K

For any 1 <k <K, let Py be the orthogonal projection operator in L2([a,b]) onto the space
spanned by {y1,... .7} and | be the identity operator in L2([a, b]). Then (I —P) is the
orthogonal projection operator onto the closed subspace spanned by {y;j = (k + 1)}.

Lemma l1—Forany Kk €E N, and a3 > ap >0
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[a;] [a2] TMa] _ Jlaal
e, At <A vken.
Proof. It follows Theorem 8.1 in Chapter 3 of Weinberger [16].
Lemma 2—Forany 1 <k <Kand a > 0, we have
2 A 2
P < —E—) (k- D2 [y 5]
Il Peayt | a(i Ak) (=1 L7 [y} 1] -

Proof. For any j <k, by (3.6), we have

BOE7) =G ) =)< A

= Al {(y,E"],yj)+a]yk ,yj]

@

So

(,{j - /l,[c"]) (y,[("], yj) —/l["]a/ [y[“], yj] .

By Assumption 2 and Lemma 1, A;>4; > /IE,“]. Therefore,

([0] ) i [ [e] ]
Ye Vi ,l-—/lE,“]a Yk Vi

and we have
1 P 1= 2 047 = £ (2 ) @[t
k-1
< oy Ja v“”»n} < () L A A [
S a/‘(/ikl h) (k ~ DL‘ [71[‘"]”)/1[\0]]’

where the last inequality in the second line follows from Cauchy-Schwarz in-equality.

Lemma 3—For any 1 < k < K and any

Aoy —Ap)* -1
k—1)A||T
0<a< ( ):ll [ ’
2kL;

(if k = 1, the right hand side is defined to be infinity), we have
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kL?

_ A 172 2 ’
L -ag—=s (k= 1) L} (1+akL]) | T |

[VE.IY],}’{,H]J <

(5.3

Furthermore, if

(At — A )
(k=D)AL

2KL?

-1

L]

1+

(if k = 1, the right hand side is defined to he infinity), we have

[a] _lal| _ npr2
|7 < 2k (5.4)

For any o > 0, we have

[a] 2
0 < ﬂ.k - /lky < G,’kLkzlk. (5_5)

Hence, as o — 0, AL — A
Proof. Let span(yy, ... , yk) denote the linear subspace spanned by

{Yh"' ’)/k}'

From Theorem 5.1 (Poincare's Principle) in Chapter 3 of Weinberger [16], we have

[a] - [a]
. 4.Iy) el )
min e S A E
O#yespan(yy. .y M +a[¥7] I +e %5
(Pk—l)’/lc”]+(I*Pl.'—l)’)’,[((Yj~r(1)k—1)'k”]+(I*Pk—l)')’,[:”))

|w£.”11|2+a[y£,‘".y£.”1]
(P [Py [ )+ (=P )yl Ta-Pic )
A o 171
e
N o YLl (5.6)

IA

where the equality in the third line of (5.6) is true because that (I —Pyx—) is the orthogonal
projection operator onto the closed subspace spanned by {y;,j > k} which is orthogonal to
span(yy, ... , ¥-1), and both of them are invariant subspaces of I'. The last inequality in (5.6)
holds because the largest eigenvalue of I restricted to the closed subspace spanned by

{yj,j=k} is A and the L2 norm of (I - Pk,l)yk”] is less than 1. On the other hand, we have
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Iy r
min l"/ Y 1in (v, )y/[) :
O#yespan(y1 -y M +0[)’ )] 0¢yespan(y1 e (1_{_4“77 )
.ly)
= 0#yes Ialxﬂlvl oy I (1+ a[5]
yespan(yy -, yi) ||yl MAX02gespan(y) o k) H/fﬂ(l )
1 ; -
- alpA] o | T
(1+maxﬂ¥/365pa.u()/l k) B2 )O¢)’€5P&n(71-“'-7k) [yl
- Ai N A
alBBl) = (1+akL;
(lﬂnax(,,,ﬁesmnm PSR (L+a A) 5.7)

The equality in the last line follows from the fact that the smallest eigenvalue of I" in
span(y1, ..., yk) is Ak. The last inequality holds because that, for any S € span(yy, ... , y), let

B=2_ ciyvi, where ¢y, ..., ¢ are some real numbers, then we have

[86] _[=hicm 2, 1%] =G D]+ Zisicie[viv]
Br = e

=10 =170

TEe ( Vil ) +Zjzicia Vv V]

- kA2
5 ):z lcr

CAGRCEDINCY ACALEID
sk 2

i=1"i l:]l i=1

M»

[Vl» ] < kLZs

where the inequality in the second line is due to Cauchy-Schwarz inequality. Now from
(5.6), (5.7) and Lemma 1, we have

Ak

_ A
(1+akL3) <A =

From these inequalities, it can be derived that

0 < A — A < akLi A

Therefore, A1) — A as « — 0.
Again by (5.6), (5.7), and note that || 1! || =1, we have

(44 2 o 2
A <|1F1|-1|Pk-n{ I+ IT I Py yy™ I+

(l+a/,kLi) Tl yﬁ“] ||2+a[)/L ,y,E“ ] 1+a’[71[\n]’71[LO]J

Then

A (L | A A) < T Pecy I (l+akLk)+/lA(1+oszk)

hence,
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| AT I T Pyt (1KLY + Ak L.

Now by (5.2), we have

A A e e ) 3 A7) (k) T
A1 — Ak

After rearranging the terms, we then obtain

/1'
(el Jlell g% (k= 1) 12 (1+akl? 1|rn}<kL%.
[Vk Yk J—{ et — 10)2 A( A) = K

When the expression in braces on the left of the above inequality is positive, which is
equivalent to

k(A —A0)?
(k=D)AL

2kL?

-1

s

1+

(if k = 1, the right hand side is denned to be infinity), we have

kL
l—a—% (k- 1)L£(1+a<kLi) [l

(A1 — )

ot

When

2k(Agms ~A)*
(k= DA

kLT

1+ -1

(if k = 1, the right hand side is denned to be infinity), it can be shown that

QL(/(— 1)L3(1+akL3) T )= 1
(Dt — ) ‘ WY

and then it follows from (5.8) that

| Ak < 242,

Lemma 4—Forany 1 <k <K and any
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0<acx< M
2kLicAk (5.9)
we have
_ [a] 2
=Pyl
2 2[ el _ [a] [e] la]
<= hrna (32 ) e = D2 [ 4 i Y1) LA\ 10
Proof. By the following orthogonal decomposition
YI=p 1yl (y{”],yk)yﬁ(l Py v, (5.11)
we have
(! 1,1—},[«1)
= (P TPe )+ (i n) o T+ (A = POy T (= PO ”)
< IT I Py P ) + Al (- PO, 5.12)

where the last inequality follows from the fact that (I — Px) y,E“] belongs to the closed
subspace spanned by {yj, j = k + 1} in which the largest eigenvalue of T" is /y+1. On the other
hand, by (3.6), we have

2
(A ) 7,5‘”(7{"]% )=y£."‘ll 7 M +ar [n L]
= A P AL AN Al (= Py Il [y, 4]

(5.13)
From (5.12) and (5.13),
2 2
/l[(r]]l Pi_ l,y[(x] I '{;/l,[(a]('}’l[‘"],')’k)? +/ll[(a]]| (I-Py) 7,[\,"] H"_Hl/{ia] [YIE(Y]’,}/]E(I]
< T Pyl 17+ AV vi) + il 2= PO YT,
then
(47 = ) 1T = PO ¥ I
< (T =2 Perrf 1+ (e = 2f7) (7 v ) - adly o
[ 1 [a] [a]
< (IT 1= Pyt 1P+ (A = A1) (Y )’ 5,19

~ 1
It follows from (5.9) that @kLj Ak < 3 (A = A+1). Then by (5.5), we have
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; 1
/l/‘v - /l,EY] < 5 (/ik - /ik+l) s

hence,
ﬂia] = Aks1 = % (A = A1) - 1)
Because
() = ) = (O ) = (™ ),
A (A ) v [
we have
(4= ) (7 7) =4 [ . (5.16)

From (5.14), (5.15) and (5.16),

2
L= e | = POAT I ST I Py 17+ [yA Lo ()
2
<IUT I Peayy™ +A£f’ (£ %]

2 1
< T Pl 1P+ Y51 | [y )
Now by Lemma 2,

L = A || (= Py |
< T e¥(32) (k- D L2

la] o] ] +/lka| 7;(("], YL(Y] } Ly

iAl A

Now we can prove Theorem 4.1. It follows from the definition (4.3) of ag that all the
conditions in Lemmas 3 and 4 are satisfied. From the orthogonal decomposition

=Pyt ™+ (Vi) v+ (4 = PO L,

we have

2 al 2 )
1= A7 = P 1T+ (04 ) 1 0 = PO I

Hence, it follows from Lemma 2, Lemma 4 and (5.4) in Lemma 3 that
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(A ) =1 = 1 Pk I = 1@ = PO I
1- o)’ <k—1>L'[7{””7i‘”]
A—Ae1 h+1 I 1e” (hl h) (k_l)L-

> 1—'—‘Ma—zk(k—1)L;!(/!k;}k_&_)'{1+ ALt o2,

Ae=Aps1 Ap—Ap+1

I\

Vi sn“ll +/lka| Y, n"]l%Lk‘

Define

A )~{1+ 2T } bzz\/z‘/%l,;/lk.

a=2k (k- 1) L;!(
Apy — Ak A = Ay1

A = Ay

By solving the following inequalities,

Page 22

(5.17)

(5.18)

1
(la/z'l-ba’ < 5, a >0,
. Vb24+2a—-b
we obtain0 < a < —, - Since
a
Vo *2a-b_ L 1 1
2a Vb2 +2a+b  2VD?+2a  2+2max (b2, 24)

By the definition (4.3) of ag and (5.18), we have

2a

1 1 } Vb2+2a - b

1
ap < mm{
2V2 b’ \2a

1 11
> min{ -, ——
22 {b \/2a}

5 1
Hence, for any 0 < a < ag, we have aa” +ba < 5- Now it follows from (5.17) that, for any O

<a<a,

2 » 1 (1 2 1
(7,[(01,71() >1-ba- aa‘:§+ (5 - ba - aa/“) > 5

Because y["]

[a]

(5.19)

is a continuous function of a, (7,5"], n—) is also a continuous function of a and

(Yk ,Yk) = (¥k, v&) =1. Hence, it follows from (5.19) that (Vk J’k) >0forall 0 < a < a.

From (5.16), (5.17) and (5.4), we have
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i 1
({ l[a]) { ](Y[ JLal e ] - ll[a']n, YM] ’}’A] - /lialﬂ'[)’]{,w] y[n]]Z [‘/l\ "’k] 3
Afp — 7 k

T I ()
492
= VIVRLR (140 (poi s R ADE 2}

e & (ik—l—f‘k)'(flk_flkﬂ)

By (5.17) and (n ,yk) >0, we have

I =yl =2(1 = (7)) = 21 = () (14 (047 )

2(1- () ).

and thus

4V2 VL2 A, p 2 2T
| 7E Ty lI< \/5\/—‘+a 4k(k-1)L§( K ) {1+ RN }
A — Akl A1 — Ak Ak — Aps1

Proof of Theorem 4.2

We first study the properties of the “half-smoothing” operators S,. At the end of Section 2,
we know that S, is a bounded linear operator from L2([a,b]) to L2([a,b]) with norm less than

or equal to 1. Moreover, S, is a one to one (injective) map. Hence, its inverse 5! exists.
When a = 0, Sy is just the identity operator | in L2([a,b]). The following lemma gives the
reason why S, is called “half-smoothing” operators.

Lemma 5—The range of S, (or the domain of %) is sz ([a, b]). Moreover, for any
f € W3 ([a, b)),

IS f 7= £ I3 (5.20)

Proof If « = 0, the results are trivial. Hence, we assume that « > 0. Since the space C*[a, b]
of smooth functions is dense in space

(W3 (a0 11 1la)

forany f € Wgz ([a, b)), there exists a sequence {f, € C*[a, b], m € N} such that IIfy, —fl,
— 0. One can see that the domain of §_?=/+aL*L contains C*[a, b], hence C*®[a, b] is also
in the domain of 5 %. Now we compute
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| S;lfl - S;l m “2=(S;lﬁ - S;l ,,,,S;lf] - S;lﬁu)

(fi = fn ST2(fir = fi) = (fi = fon T+@L* L) (fy = fi)

(fi = fms J1 = f) + (fi = fin, @L*L(fi = fin))

(fi = fons f1 = ) +a (L(fi = fu) » L(fi = fin))

= (fi—=fm i = fm) +a [ﬁ = fm f1 — fmJ =l fi=fwll, =0, (5.21)

I

asm, | — oo. Hence, {S,_,lfnnm € N} is a Cauchy sequence in L%([a, b]). It converges to

some function, say g, in L%([a, b]). Since S, is a bounded operator, fn=S oS f,n converges
to S,g in L2-norm. However, f,, converges to f in Il - ll, norm, it also converges in L2-norm.

Therefore, S,g =f, that is, f is in the range of S,. Hence, W§ ([a, b)) is in the range of S,,.
Because for any m € I, from a similar calculation as in (5.21),

~

-1 2 2
H S(y f;n ” =l fm Hm

and

IS fn =S f 1= 0, |l fu=Ffllo =0,

1,2 2
we have || S F (7= £ IE.

Now we show that the range of S, is equal to sz ([a, b]). Since we have shown that
W§ ([a,b]) is in the range of S, and S, is a one-to-one map, we only need to show that the
range of W§ ([a,b]) under s 1is L2([a, b]). By (5.20) and the completeness of

(sz ([a, b)), '“(r), the range of W3 ([ a, b]) under 5! is a closed subspace of L2([a, b]). If the
range of W2 ([a, b]) under s ' is not L%([a, b]), then we can find 0 # h € L2([a, b]) such that

(n.S5'f)=0. VfeW;(a.b]).

Since one can see that the domain of 5;3:1+QL*L is contained in sz ([a, b)), we have

(n.S3'f)=0. Vf e domain of S ;2.

Then

(h.S3'f)=(S"S .S f)=(Sah. S 2f) =0, Vf € domain of S ;”.

However, because the range of 52 is the whole L?([a, b]), we have S,h = 0. Hence h =0
since S, is a one-to-one map. We get a contradiction. Therefore, the range of S, is equal to

W3 ([a, b))
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Lemma 6—{(11. 85717 :j € N} and {(11), 53194 :j € N} are eigenvalues and
eigenfunctions of the compact operators S,I',S, and S,I'S, in L%([a, b]) respectively.
Moreover, there are no other eigenvalues for SIS, and S,I'S,.

Note that the L2 norms of 57 and S5'+'“ may not be 1.
Proof. If a = 0, the results are trivial. Hence, we assume that a > 0. Because

{(@"ljjol) J € N} are solutions of the successive optimization problems (3.3) and (3.4),

then by Lemma 5,

(52505 F50575)_GITR) bE)
5 = 5 =/ = 5
”S;k);{laJ” ]Bj{lajlln O;t)'eu"zz([a.b]) iz
(52'7.5aTuS aS5'y) (8.5 TS uB)
= max #: —_—
0#yeW2([a.b]) 152 Il 0#Bel([ab)) I

Hence, @"I, S;l?{l”]) are the first eigenvalue and the corresponding eigenfunction of
S.I'nS,. Similarly, we can prove the conclusions for other eigenvalues and eigenfunctions.

Define

=the Banach space of all compact bounded operators from L~ (| a, to L™ ([a, with norm defined in (2.1). (5.
H=the Banach f all bounded from L ([a, b)) to L* ([a, b]) with definedin (2.1). (509

For the definition and properties of compact operators in Banach spaces, we refer reader to
Chapter 21 in Lax [9]. Define a sequence of stochastic processes

{Zy (@) = Vi (SaluSa = Sol'Se).n € N0 < o < o},

which is indexed by a and takes values in H because both I',, and T are compact operators

and S, is a bounded operator. Note that Z, (0) = \/Z(/I:n - F). We follow the notations in
Dauxois et al. [3]. Let F denote the space of Hilbert-Schmidt operators from L%([a, b]) to
L2([a, b]). Then F is a Hilbert space with a inner product denoted by < -, - >g. By
Assumption 1,

E[I1X '] <eo.

Thus I'y,, I € F. It follows from Proposition 5 in Dauxois et al. [3] that {Z,(0), n € NI},
regarded as a sequence of random elements with values in F, converges in distribution to the
Gaussian random element in F with mean 0 and covariance operator Q, where

(5.23)

X & X denotes the bounded operator from L2([a, b]) to L%([a, b]) with (X ® X) ) = X)X
for any y € L2([a, b]). TQI denotes the bounded operator from F to F with (T®T)(A) =
(A,T)g T for any A € F. The other terms in (5.23) are denned similarly. Note that according
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to the definition (5.23), Q is an operator from F to F. However, because F is a Hilbert space,
there is an isometry between F and its dual space F'. Hence, Q can be regarded as a bounded
operator from F’to F and then it satisfies the definition of covariance operators in Remark
(1) after Theorem 4.2. However, in this paper, we will consider the space H of compact
operators which is larger than the space F of Hilbert-Schmidt operators (every Hilbert-
Schmidt operator is compact). In the proof of Proposition 6 in Dauxois et al. [3], the authors
used the fact that if A is a Hilbert-Schmidt operator, then (A — zI)~1 is also a Hilbert-
Schmidt operator, where z is a complex which is not an eigenvalue of A and 1 is the identity
operator. However, this is not true in general. But (A — z1)™1 is a bounded operator. Because
the norm (2.1) in H is smaller than the norm in F, the embedding map i : F < H (i maps
any Hilbert-Schmidt operator to itself) is a bounded operator. Then we have

Lemma 7—{Z,(0), n € N}, regarded as a sequence of random, elements with values in H,
converges in distribution to a Gaussian random element in H with mean zero and covariance
operator iQi*, where i* is the adjoint operator of i and Q is defined in (5.23).

Proof. It follows immediately from the following lemma.

Lemma 8—Suppose that {Xn, n = 1} is a sequence of random, elements with values in a
Banach space B. If X,, converges in distribution to a Gaussian random element X with mean
zero and covariance operator A. Let T be a bounded operator (that is, a continuous linear
function) from B to another Banach space C. Then T(X,) converges in distribution to T(X)
which is also a Guassian random element with mean zero and covariance operator TAT¥,
where T* is the adjoint operator of T.

Proof. Since T is a continuous map from B to C, by continuous mapping theorem, T(Xy,)
converges in distribution to T(X). Now we show that T(X) is an Guassian random element.
For any bounded linear functional f € C’, foT € B". Hence, f(T(X)) = f o T(X) is a Gaussian
random variable since X is Gaussian. Thus T(X) is Guassian and obviously its mean is zero.
In order to compute it covariance operator, we intruduce the following notations. For any x
€B,y€Candf€B’ g€ C' define (x, {)g = f(x), {y, g)c = g(y). By the definition of
covariance operators (see Remark (1) after Theorem 4.2) and the definition of adjoint
operators, forany g, h € C/,

E[g(TX)h(T(X)] =E[(goT X)) (hoT X)]=E[(T"(g) XN(T"(f)(X))]
= (AT @), T (N =AT" (), T (), =(TAT* (), f),.
Therefore, the covariance operator of TX is TAT*.
Lemma 9—For any finite 0 < a4 < ... < o < ag, the sequence
{(ZII ((Yl) LI Zn (a/k)) NS N}

converges in distribution to a Gaussian random element with values in HK and mean zero,
where HX is the product space of k copies of H.

Proof. This lemma follows from Lemma 8 and the fact that

(1), Zn (@) =S a1Zn (0)S a1, 2 SakZn (0) S ax)
is a continuous and linear function of Z,(0) since S,1, i = 1,... , k are bounded operators.
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Unfortunately, S, is not continuous as « — 0 under the norm (2.1). For example, let

[a,b]=[0,27], [, (D :\/%eim.

By (5.20),

1S3 IP=1 £ 1B=11 fo 1P+ | fon ] =1+an®.

1 -1
Define 8~ msﬂ I Then lig,ll = 1 and
N(Se—Dgull =1l ﬁfn —gnl
1 o
2llgnll — |l mﬁl =1 Vitar

Therefore, IS, — Il > 1 for all . Note that Sg = I. However, we have the following results.

Lemma 10—For any f € L2([a, b]), @ — S,f is a continuous map from [0, ag] to L2([a, b]).

Proof. Let E be the resolution of the identity for the self-adjoint operator S,q (for reference,
see Chapter 12 of Rudin [14]). Because S, is a positive operator with lISoll <1, Ef sis a
bounded positive Borel measure in [0, 1]. Fix a € [0, ag].

rol—

L y . _
Sa=(I+aL’L) 7=((1 - £)I+£ (I+aoL’L))
1

[¢4)) [¢))
- (- )egs) sule-2)53)
- g ap” @o T ao\ag ap ) @0

(S

Now define a family continuous functions on [0, 1],

X , O<a<ag

a \.2

Lo (X) = %+(l_%)'1_ s
1 a=0,

then S, = 94(Sug)- Let @’ € [0, ag] and o" — a. It follows from Theorem 12.21 and 12.23 in
Chapter 12 of Rudin [14] that

1(Sy = Sa) £ 7= 030w ) = ¢ () dEzs .

The integrand on the right hand side is bounded. If a # 0, the integrand converges to 0 at
each point in [0, 1] as a’ — a. By the bounded convergence theorem, II(S, — S,)flZ — 0. If a
=0, the integrand converges to 0 at each point in [0, 1] except 0. If we can show that the
measure value Es ({0}) of Es  on the set {0} is zero, then by the bounded convergence
theorem, we still have II(S, — S,) fllZ — 0. In fact, for any g € L%([a, b]),

(8. SaoE ({101 f) = [ g ¥dEpg.z (x) =0,
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Hence, S, E({0})f = 0. Because S, is a one-to-one operator, E({0})f = 0. Therefore,
aQ a0 p

Err({0H=(f.E({0} /) =0.

Lemma 11—For any compact operator A in L2([a, b]), a — S,AS, is a continuous map
from [0, o] to H.

Proof. By Lemma 11 in Section XI.9 of Dunford and Schwartz [5], there exists a sequence
A of bounded operators having finite-dimensional range, such that 1Ay, — All — 0. If we
can show that for each m, & — S,AnS,, is a continuous map, then since IS, AmS, — SaAS, |
2 IAy — All = 0 uniformly, a — S,AS,, is continuous. Now fix m and 0 < « < ag. Let {e;,
..., &} be an orthonormal basis of the range of Ay, and o’ — a. For any f € L2 ([a, b]) with
Il < 1,

| Sa’AmSn'f_ SnAmSnf =1 (Sa/' - S(,) /\mS(y'f‘f-Sa/\m (S(y' - Srr)f Il
1(Sw = Sa) AmS oy f I+ 1 Salm(Sy —Sa) £l

1(Sw = Sa)Am(Se = Sa) F+(Sw = Sa) AmSaf |+ 1 Sahm (S —Sa) £
1(Sw = Sa) ll Am(Se =Sa) FIl+ (S0 = Sa) AuSaf |

+1Sa ll A (Sy = Sa) FIS 3 AW(Sy = Sa) FI+1(Se = Sa) AmSaf I

IA

Because

k
ApS af:iz:l (AmS nfs e)e;

k
1S = Sa) AmSaf I < X [(AnSaf.enl | (So = Sa)er |

|

M =

< Z A Awlll(Sy = Sa)eil

Ui

which converges to 0 uniformly for all f € L2([a, b]) with IIfll <1 by Lemma 10. Now

sk 2
[ A (S(,’ - S(r)f | :’EJ(AM (Sﬂv’ - S(Y) f’ 6’i)'

- §1‘(f, (Sy —Sa) A;;,e,-)}2 < én (S = Sa) Apei I°

i=

which converges to 0 uniformly for all f € L2([a, b]) with IIfll < 1 by Lemma 10, where Ay*
is the adjoint operator of Ap,. Hence, IS,/ ApS, — SeAmSyll — 0.

In the next lemma, we assume that all the eigenfunctions have norms 1.

Lemma 12—Suppose that a — A(w) is a continuous map from [0, ag] to the suhspace of
positive compact operators in L2([a, b]) in H. Assume that the first K eigenvalues of A(a)
for any o € [0, ag] are positive and mutually different, and each of them has multiplicity 1.

Then given the first K eigenfunctions {eﬁ.ol, l<k< K} of A(0), there exist unique choices of
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1

the first k eigenfunctions {e,[\."], l<k< K} of A(a) for any a € (0, og] such that @ — e is a

continuous map from [0, o] to L2([a, b]) for any 1 <k < K.

Note that for each 1 <k < Kand 0 < « < ag, there exist two eigenfunctions with norm 1 of
A(e) corresponding its k-th eigenvalues and any one of the two eigenfunctions is equal to
the other one multiplied by —1.

Proof. Let u{™> - - >4l1>0 be the first K eigenvalues of A(a). Let EX(a) be the orthogonal
projection onto the space spanned by the e,E"], 1<k <K, 0 <a<a Note EX(a) does not
depend on the sign of ¢,

We first show that for any 1 < k < K, EK(«) is a continuous function of from [0, ag] to H. For
any fixed a € [0, ag], we can find a small positive number ¢, such that the K + 1 intervals

|1 = ol e | [ 157 = el M| [ - e |

are disjoint. Since A(a) is a continuous function, we can choose a neighborhood @, of a in
[0, ag], such that for any o' € M,

max }/1/[0] - /u,[\,“]

1<k<K+1

<l A(e)-A@ s

where the first inequality follows from Corollary 4 in Section X1.9 of Dunford and Schwartz
[5]. Now we define K circles on the complex plane C,

Cr=the circle with center /11£"] and radiuse,, 1<k<K.

Then one can see that for any o’ € ], the disk bounded by the circle Cy only contains the k-

']

th eigenvalues y, - of A(a’). Hence, we have (see Section VI1.3 of Dunford and Schwartz
[4] or Definition 10.26 in Rudin [14])

' 1 ny—
B () =g, (- A (@)

for any a' € M. Since (zI — A(a")) "1 is a continuous function of z € Cy Cy is a compact set,
we have

ny—1
M=sup || (= A ()l <ee. (5.29

Since A(a) is a continuous function of «, for any 0 < ¢ < 1, we can find a neighborhood ./,
of a such that

Va' e Ng.

: 5
Al)-A =
INCOEINCIE (5.25)
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Now for any a' € M, N .V,
| E* (@) - B @l & 11 (1~ Afe ))‘1—(:1—/\(01))*1 I dz
2, (=A@ - (A ( V-A@)) - -A@) ] dz
= 1@ =A@y (1-(A(e) - A@) @ - A@)Y) " =@ - A@) Il d:
[ NG =A@) (7= (Ae) - A@) T - A@)) ' -11dz
N (1+ E[(A()-A@) @ -A@) )11 d:
¥ f A [n A(@) = A@) Il L - A @) ] ds
Mf dz X [% i (5.26)

by (5.24) and (5.25)

M8

= L—
a1 -6

Since d can be arbitrarily small, EX(a) is continuous at a.

Now we show that for any given a € [0, ag], and given eEf"], there exists a neighborhood [a?,

[] [+] g

o?] of a such that for any a' € [al, ¢?], we can uniquely choose e, ~such thate,
continuous in this neighborhood. Because EX(«) is a continuous function of «’,

k . . . . . .
Il E (01 )ek Ilis a continuous function of «’and its value is 1 at o’ = a. Hence, we can find a

- ’ @ 1
neighborhood [ed, &] of & such that Il E* (0 )€£ V> fora’e [o}, ¢?]. Then

[] EF (a/) el

€ = ; ’
| EX (@) el™ ||

~[a]
are eigenfunctions and continuous in [a2, o2]. Now we show the uniqueness. Suppose e o

[e]
€ [a1, ¢?] is another choice of the eigenfunctions such that it is continuous and ek ::e}\,"]. If

] ("] _ ]

a’e [ # ek ,we have e, “=—e¢. . Since both the inner products

for some

[
a @ [a]
( ’[~ ]’ef[ ]) and (e K

el [ =

[«"])
be negative. Without loss of generality, we assume that (e "k Since

L4
]
are continuous functions for a’ € [al, «?]. By the choice of [a?,

1 ([a] [ ]) (1]
€ € %
2. Because , one of them must

a?],
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(ei. ek™") =1>0, it follows from the intermediate value theorem that there is at least one

(o] {"'"]) 0

point & ”between a and a"” such that (ek "% ]=". However, it is impossible because

1
>

(e,[f’], g£ })’ =1 EF (@) el |1

Hence we have proved the uniqueness.
Fix "’ Let the set

[«'] [«']

V= {a € [0, ap] :we can uniquely choose ¢, - for a e [0, @] such thate, “is continous in [0, a/]}.

By the arguments in the last paragraph, ¥“is nonempty. Now we show that the set 7“is an
open set. Suppose that a* is any point in 7~ It follows from the last paragraph that there
exists a neighborhood [, o?] of a* such that given el**], we can uniquely choose the sign
of el®l for any o € [a?, %] to make el®], « € [a1, a?] a continuous function. We show that
[a1, a?] C ¥ Let a** be any point in [al, ¢?]. It is easy to see that we can choose the signs
of el for all o € [0, a**] such that el“] is a continuous function of « in [0, a**]. We only
need to show the uniqueness of el?l. The uniqueness is obvious if a** > a* since o* € ¥
Hence we assume that o** < a*. We will proceed by contradiction. Assume that there are

two different continuous functions ;' and 141, 0 < a < o**. By the definition of [a?, ¢?],
we can choose a continuous function fal, o** < a < o*. Define

~[a] _
e if 0<a<a™
"Tal_ -[e™]
e = el if o <a<a*ande =el?] >
~[a™] P
—ela] if " <a<a*ande =-"l?"]
and
~[a] . .
e if 0<a<ea”™
"lal ~Hal . . ~[e™] ]
e = et if " <a<a*ande =e
— . . ~la™] o
—el[a] if a* <a<a*ande =-"¢l"]

Then é[‘y] and 3V are two different continuous functions in [0, &*], which contradicts to o* €

¥ Hence, 7is an open set.

Now if we can prove that 77is also a closed set, we have ¥ [0, ag]. Let o, € 7 be a sequence
of positive numbers converging to a € [0, ag]. If for some m, oy > a it is obvious that o« € 7~

[]

Hence we assume that oy, < o for all m. Then we can uniquely choose the signs of of e,
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[]

such that e, ~is continuous in [0, o). Let ek"] be one of the two eigenfunctions with norm 1.
Because for any a'< a

o)

(e,[\,"], e,[(a ])_ -1

= (el B (o) ) - (ef, EF @ el <l B (o) - E* @) |

[«']

. . . e , €
. Since e;, COhtIhUOUSIn[O,a).(k k

7 2
e[”],eL” ]) -1

goes to zero as a’' — a, ( k

(o] [“’])

converges either to 1 or —1. In the latter case, we change e{,"] to —e,[f]. Hence, without loss of

[e] [‘Y']) = [@] i

. e, e

generality, we assume that( k> Tk as o' — a. Now one can see thate, " is
continuous on [0, «] and its uniqueness is obvious. Hence, o € 7~ We have proven that 77is a
close set.

Define Cy [0, ag] to be the space of all the continuous function from [0, ag] — H (see
Chapter 3 of Billingsley [1]). For any {A(a) : 0 < a < ag} € Cy[0, ag], define a norm

A= sup [[Aa)]l.
0<e<aq (5.27)

Under the norm (5.27), CH[0, ag] is a Banach space. Recall the definition

{Zy (@ =Vn(SaTuSa —Sal'Sa).n e N0 < o < o).

By Lemma 11, we can regard the stochastic processes Z, in [0, «] as random elements with
values in Ch [0, ag]. Define a linear map ®: H — Cy][0, ag] such that for any compact
operator U € H,

OWU)={S,US:.0 < a < ag}. (5.28)

Lemma 13— is a bounded operator and the sequence {Z,, n € N} of stochastic processes
with sample paths in Cy[0, ag] converges in distribution to the Gaussian random, element
with mean zero and covariance operator @iQi*®%*.

Proof. Since the norm of S, is less than or equal to 1, for any V € H,

sup H S(YUS(Y - S(YVS(I ”S” Uu-v ” .

O<a<ay

Hence, the map (5.28) is continuous and hence a bounded operator. Since Z, = ©(Z,(0)), the
lemma follows from Lemmas 7 and 8.

Now for any 1 < k < K, define
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1={ea] -1 [ﬂ']
~ol_ Sa %k fa]_ Sa Vi
k >k ‘
1S [ snlyi“ I (5.29)

[a]

Note that by Lemma 6, 77, Tand " are the eigenfunctions of S,I'S, and S,I'S,, with norms

1. By (5.29) and because || yk“] | =1and|| yi“'] I =1, we have

1 1
—~a]
NSemy | =———==, IS am | =——
IS R (5.30)
and
~a] [e]
"{(Y]_ S(YIIA“ 'y[(yl— S(Y’]ka
k= ’ k= :
I Sa | I Sant | (5.31)
o Ak = A o . .
Define &= I 1<k<K, and ek = miny<k<k g Then the K + 1 intervals

l/h - 61,,11+61J , [/12 - 63,/12+61],~-- ,[/IK €, Ay +6,s 1} , [/lm - fmflm*ijs

(5.32)

are disjoint. By the definition (4.3) of ag and (5.5) in Lemma 3, forany 0 > o > ggand 1 > k
> K,

N
0.< 4 — A < akI2 A < okl < =282y, <

&
Ak 4 (5.33)

Hence, 11[1”], e ,/ii.“] are different mutually for all 0 > a = a. Now given y,, 1 <k <K, by
Lemma 11 and Lemma 12, we can uniquely choose the first K eigenfunctions

{1 < k < K} of 8,I'S,, such that 1% =y, and L), 1 < k < K, are continuous functions of
a. We have proved the claims about the continuity of Y1 1 <k <Katthe beginning of the
proof of Theorem 4.1.

Now we define K circles in the complex plane C,

C,=the circle with center A; and radius él, 1<k<Kk,

1€A

Cj=the circle with center A3+ 2%=1=% and radius m, 1<k<Kk. (5.34)

Note that the K discs bounded by Cy, 1 < k < K are disjoint and the intersections between
these discs and the real line in the complex plane are just the first K intervals in (5.32). Let

EX(«) be the orthogonal projection onto the space spanned by the B 1<k<K 0<a< 0.
Now because it follows from (5.33) that for any 0 < a < ag, 1 < k < K, the disk bounded by
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sup max mf’] - ,i,[;']

O<a<ag 1<k<K+1

Page 34

the circle Cy only contains the k-th eigenvalues A\ of S,I'S,, for any 0 < a < ap, 1 <k <K,
we have

y 1
Ef(@)=— - S S.) Lz
(@)= ( ) (5.35)

By Lemma 11, S;I'S,, is a continuous function of a. Hence, by a similar calculation as in
(5.26), it can be shown that EK(a) is a continuous function of a.

Recall that we define in (4.6)

Qo= {a):there exists at least one a € [0, @] such that 7[1”], .- ,:1\15,“] are not mutually different} .
Lemma 14—Qg is a measurable set and P(Qp) — 0 as n — oo.

Proof. Consider the subset

¢ is an open subset of the space of all positive compact operators which is closed in H, hence
it is measurable. Let (Q, «#) be the probability space and ([0, «g], &[0, ag]) be the Lebesgue
space. Since S,I'S, has continuous sample paths, it is jointly measurable in (Q x [0, ag], & x

B[0, a]). One can see that Q is the projection of the set {(w, a) : S,I'hS, € £} to Q.
Therefore, Q7 is measurable, so is Qp. By (5.33) and the definition of &k (just above (5.32)),

we have
€,
>EL
4}

By Corollary 4 in Section XI.9 of Dunford and Schwartz [5],

Qo C { sup max /lk”] - /l{,"]

OSLYSLYOISkSK+l

< sup [|SaluSe—SaIS, 1T, =T
O<a<aq (5.36)

Hence,

— €.
[e) r,-T —‘)
P( o)sP([l n |l>4 -0 (5.37)

by the law of large numbers.

For any w € Qy, define E‘n (@) to be zero. For any o & Qq, define 17:}, (@) to be the orthogonal
projection onto the space spanned by the k-th eigenfunction 7t of S,I'S,, (note that EX (a)
does not depend on the sign of 77{k"]). By the same argument as in the proof of Lemma 12, we
can show that ﬁn (@) is a continuous function of S,I',S,,, so it is measurable and continuous
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in a. Now let {e;, m € NI} be a set of complete orthonormal basis functions in L%([a, b]), we
choose

—~0 _ _EOw v
k NEEO)yall™® {Bcome0}
X EX0)em
=1 I1E (O)enll {50y =0.EE(0)e j=0.1 sjsm—1 Ef @)em=0} (5.38)

in Qg and 0 in Qg, where y is the indicator function. Then 77201 is measurable and

@) =0 (5.39

Now by Lemma 11, Lemma 12 and the definition of Qq, for any w & Qg, we can uniquely

choose 7L, 1 <k < K, such that 7.”), 1 < k < K are continuous functions of a. 7L is

measurable by the following lemma. By (5.31), ’y{k“’], 1 <k <K are continuous and

measurable with (7,501, )'k) >0,

Lemma 15—If for any 1 <k <K, 7:"! is a measurable map to Cy 2([a 5[0, ac].

Proof. In Qg, EX (a)ﬁiol is a continuous function of a. Since || Ex (0)77{,01 =1, let

1
T _s ~op 1 _ _ _ _
T =inf {0" I Ey (@)~ lI< 2} Aagjp Q5. In Q, define T = 0. Then T is a nonnegative
random variable. By Lemma 12, we have in Q, if o < T,

Ey @7,

el Ty
k . 0]
I EX @7 |
Define a random element
e (ol 0
Ey(1)7"

— —~ ' 1
. . . . 2)—; CVIRTIL 2
in Q¢ and 0 in Q. Define a random variable 7~ =1f {0‘ 2T Ey (@8 s 3 } A@0and a
random element

(f(l)) 41
TNENTD) 4

B
Ll
)

in QF and 0 in Q. Similarly, we can define (T®), 3), ... One can show that for any » € QF,
there are only finite T(M(w) < ap, m =0, 1, 2, ..., where T(w). Hence in QF, we have
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k — -7 — -1 —
E" ()= oy f{_k Ad=SJ84) dz, E,(a)=

Page 36

A][‘a]:%) ,E\,’j(a')éwm ¥
m=0|| EX (@) & ||

Flm) Tim+1) ) ’

where g“o:'ri{f)] and y is the indicator function. Hence, ’17{.“] is measurable.

— € .
By (5.33) and (5.36), in the event {H I =T< ZA} cQp forany 0 <a <ap, 1 <k <K, the
disk bounded by the circle Cy only contains the k-th eigenvalues for S,I'S, and S,I'S,,.

- €.
Hence, in the event {II I =-T< ZA} forany 0 < a < ag, 1 £k <K, we have

(o - S.ToSa) .

27 Cr (5.40)

The proofs of the following Lemma 16 and Lemma 17 follows the ideas of Section 2 in
Dauxois et al. [3]. Define linear maps ¢ : CH[0, ag] — CHIO, ag], 1 < k < K such that for
any A € CQ[0, agand 0 < a < ag,

1
@A) @ =5—[ [ ~SaTSa) "A@)=~ SuTS o)™ |z, 540

where (¢(A))(a) denotes the value of ¢(A) at the point a. Then define ®K = (¢1, ¢, ...,

K
#x) which is a linear map from Cy[0, o] to nk:ICH [0. 0], One can verify that ¢,'s are
continuous. Hence @ is a bounded operator.

Lemma 16—The sequence { \/Z(Efz - Ek), 1<k< K}” of stochastic processes has sample

K
paths in nkzlcﬁ [0, 0] a.s. and converges in distribution to a Gaussian random, element
with mean zero and covariance operator @, ®iQi*@*d;.

—_ €,
Proof. In the event {II I =T = ZA} for each z € Cy,
(ZI - S(yll:llsa)ilz((zl - Sarsn) - (S(TFS(Y - Snrnsn))il

= = ST ) =(1 = (SaTS o = SaluSa) G = SalS ) 542

sup || SulSa—SaluSa | = Tu-T < = €,

0<a<a0

N | =

where
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€ '=max sup sup || (- SIS, <o0,

1< <1‘0<a<m)~EC/\

then by (5.42), we have an absolutely convergent series expansion

(- SaTuSa)

o0

= @ =SS X ((SaluSa = SaluSa) I = SIS

Hence,

(f.[ - S(y’l:”S (y)_l - (:.I - S(YFS (Y)_l

= (@ =SuTS0) " (Sl Sa = SaluSa) (I = SoTS o) ' +UL (2)

where

(5.43)

Us @)= = SaTSa) ™ X ((SuTSo = SaTuSe) Gl =SS

— 1 -
Hence, in the event {” Ln-Tlis 5 6},

1 T4 ) Il —|| L,-T"

€

(5.44)

T, =T 1< min [+ ¢, %
Now in the event { | T» ~ T [l min| = €. == ) 1 (5 42) and (5.43),

\/_(E" (a') E (Q/)) 2_\7/:3]@ [(ZI - S(yfslr)_l(]: - (:1 - Sarnsa)_l] dz

= ¢(Zy) +~v,,,f \/_U’; (x)dz

Now we have from (5.44) and (5.45), for any ¢ > 0,

P(I VA (EE - EY) - 40 (Z) 1| >6) < P(|] T,—T| >1mn(%
+P (| VA (B - E£) - 9¢Z0) 158, T, =T i< min (4 €, %)
P(||F,,—r|| >mjn(l & ))+P(|] ff T dz | >5)

€

— ~ -3
P(|| T,-T| >min(% €, T‘))+P(\/_|] T, —T | >nde )—> 0,

IA

IA

asn — 0. By Lemmas 8 and 13, ®k(Z,)) = (¢1(Zy), ¢2(Zy), ...

|

(5.45)

)

(5.46)

#(Zp)) converges in

distribution to the Gaussian element with mean zero and covariance operator ®, @iQi" @@,
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Now by (5.46), {\/ﬁ(l?n - Eﬁ) A<k< K}” converges in distribution to the same
distribution.

Define linear maps ¥ : Cy[0, ag] — Ci2([an) [0, @], 1 <k < K such that for any A € CH[0,
aol,

e (W) ={(1- E* @) A @70 < e < ao). (5.47)

K K

Then we define a linear map ‘I’A-iﬂkzlcy [0,a0] — nkzlcmu‘m» [0, @0l such that for any
K

(Alv Tt AK) € ﬂk:lCH (o, (Y()]'

Yo (AL A=W (A, 0 (Ay)). (5.48)
It is easy to see that y is a bounded operator.

Lemma 17—The sequence { Vn (77{['] - II,E,“]) ,1<k<K }" of stochastic processes has

K
sample paths in l_[kzchg‘[u_b]) [0, 0] a.s. and converges in distribution to a Gaussian random
element with mean zero and covariance operator ¥, @, ©iQi" @@, V.

Proof. By the definitions (5.29) of 7., 1), 1 < k < K, (U,E"],U,E"]) = 7. P=11n Q5 we

have

2
sup \/_(77"1[(“],7],\ ) —-1/= sup \/ﬁ(nk”,n,g([]) (UE‘Y],U,\"})
O<a<ap O<a<ap
:Of:f \/—‘ Tﬁ\a] [e] 77{1:4 ]IIE(Y]) (('71[\”],’71501)'7,[‘" ’71[<H])]
= sup \/_' U,E"], E,, (@) - EF (a))ﬂ,[c"])‘
O<a<ag

By (5.46), \/E(EL,, (@) - Ef (0)) and ¢(Zn) have the same limit distribution. Because for any
A € Cyl0, agl,

(1, g () 71
= (,,["1 ;1 SolSo) A (@) (2l = SoTS o) ]d: i"])
c (q;“,w Sal'Sa) A @) I =SS o) ™) d
k

I
f(( /1[0]) ( [a] A(a)q[”]) =0

(5.49)

where we use the facts that

(el = S TS =(z = ALY) gk, [ o (e- A1) dz=0,
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So we have

sup Vn

O<a<ag

(/77/[(”],7]/[(“]) l‘ -0

in probability. By (5.39) and the continuities of 7. and 71, we have

sup \/_’77‘}\"],77,[\"] —1‘-—)0,

O<a<ag

(5.50)

in probability. Now

VR =)= @) 68—l i1 - 24 0) - )
= VR = 1)l V(1 @)

= VA1) = 1) V(1 - B @) B
=V ) = 1) e (1= B @) Vi (3 @ - E* @)
= V() = 1) o (VA (@) - B @)

(5.51)

By (5.50), the first term in the last line converges to 0 in probability and (771"], U,Ea]) — lin

probability. Hence, (Va2 (7L =711}, . V(7L = nl™?)) has the same limit distribution as

Yy ( Vn (Ef, (@) - E* (01))) which converges to a Gaussian random element with mean zero
and covariance operator ¥, @, ®iQi*©"®, ¥ by Lemmas 8 and 16.

Define linear maps ¢y : CH[0, ag — CRIO, ag], 1 <k <K, such that for any A € Cy[0, ag],

We (A) ={(7 EX (@) e (W) @) + (1t A @) il) + (i (M) (@) EF (@) 1)), 0 < e < ).

where ¥ is defined in (5.47) and (Px(A))(a) denotes the value of P (A) at a. Define a liner
map U;:C, [0, ap] — Cr [0, a0],1 < k < K such that for any (A, ..., Ag),

Uy (AL A= (A, -+ W (AY)). (5.52)

It is easy to see that Uk is a bounded operator.

Lemma 18—The sequence { Vn @f] - /’l,[(“']), I<k<K }n of stochastic processes has

K
sample paths in l—lk:ICR [0, a0l and converges in distribution to a Gaussian random,
element with zero and covariance operator U, @, ©iQi" @ @, U’

’T @

Proof. The continuities of 4, and AE_”] follow from Lemma 11 and the inequalities
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/l}C(Y] - /ll{cn] S|| S(Yrsﬂ’ - S()"FSQ" H’

< SalSe =S, TSy |

Fu} A1
k k

c
forany 0 <a, o' < ap. In Q,

VAT~ ) = (7 Fr ) (1 k)
_ \/—((’ﬁin]’ 7 (0)401) (77{’:4, B () '7[“])
+yn (’ﬁ{k"]f‘(mn[“‘) (ﬁ,{”],E,‘, (@)
+A (nl\n]’ Ef (@) - (), B (@) 1)
= (@ E (@) Va (@l - n,[f")) (m‘”, Vi (Ef (@) - Ef (@) n}™)

(VA - ). s @) 659

By Lemmas 16 and 17, 7" — 5L and EL”? — EL"Vin probability. Hence by (5.53),

Vn (TL"] - /IE."]) has the same limit distribution as

(1, EL @) VR = )+ (11, Vi (B @) - B @) )+ (VA - ). B @yl

which, by (5.51), has the same distribution as

(7% B @ v (Vi (Ey @) = Ey @)+ (% Vi (B ) = E5 @) 7) + (v (Va (B3 00 ~ By @),
Wi (Vn (E (@) - EX (@)).

Hence, { Vi (L7 - L) 1 <k < K| has the same limit distribution as

U, ( \/5(75} () - E} (cx)) R \/E(Eff (@) - Ef (a))) which converges to a Gaussian random
element with mean zero and covariance operator U, ®,0iQi*©*®; U by Lemmas 8 and 16.

N K K

Define a linear map vxﬂkzlqlw [0, a0] — ]—Ikzlcmﬂ, [0, @0 such that for any
K

(A A e[ |, abD 0, 0],

- 1 1
~‘K(A1s"'»Ax)= (#S(,Al(a),m A GAK(a)].Osasao .
1 Sem; |l IS o | (5.59)

Jk is a bounded operator.

Lemma 19—The sequence { \/_(75(”] ["]) l<k< K} of stochastic processes has

K
sample paths in ﬂkzlcg‘[u_b]) [0,a0]a.s. and converges in distribution to a Gaussian random
element with mean zero and covariance operator 3, ¥, @, 0iQi"@" @, ¥, 3",

Proof. By (5.31),
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—a]
~ol_ Sally (o1 Sl
Ve = Vi
I Sa7L " i 1 Sem, |l
Therefore,
[a]
~Ha] _ [0] o Sa )
‘/E( ) ‘/_(us @ff”'n 1S 0kl
_ \/—< Sal sa” ) \/—-( o, Sam,”! )
=yn —a] [a] [aly  ne lal
IS o7 s oMl Il [1Sem I NS am Il
1 1 ’*[ ] [a]
=\n|——= Saon, —5 -1,
‘/_(nsﬁi‘”n nw{”n) e F s “ (\/_( Tk )) (5.55)

Because

ISk = Soni < 7T - 5k = 0

in probability, by the definition (5.54) of J, (5.55) and Lemma 17,
(VAL = ¥k").1 <k < K| has the same limit distribution as

I ({ \/17(?,[("] M) I<k< K} )which converges to a Gaussian random element with

ks

mean zero and covariance operator 3, ¥, @, ©iQi* @@, ¥, 3
Proof of Corollary 4.1

By Lemma 18 and Lemma 19, the stochastic processes { V2 (4" = L), 1 <k < K} and

(V7L -9 1<k < K} convergence in distribution, hence they are tight by Theorem
5.2 in Billinsley [1] since CH[0, ag] and Cy 2[5 5[0, ag] are both complete and separable.
Therefore, for any €> 0, one can find a positive number M depending on & such that

supP| max su lx/ﬁ ALl pled) > M) <e,

np (1<k<1‘0<a£z(, ( k k )

supP( max  sup \/1—1-(7,[(“] - y,[\,"]) > M) <e
n <k<Kp<a<aq

In other words,

T - ai1=0, ().

1= h1-0,()

uniformly in a, which combines Theorem 4.1 to get our corollary.

Proof of Corollary 4.2
First, we have decompositions
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VAT )= N (T = ) (- )
VA =7 = VA (7 = 517) 4 Vi 1 - ).

Under the conditions on ay, for eigenvalues and eigenfunctions respectively, by Theorem
4.1, we have Va (AL = &) = 0 and Vi (¥} = 7¢) — 0 respectively. Since

(VAT -7), 1<k <K, 0<a<aof and{ Vi (L7 - A7), 1<k <K 0<a<af
converge in distribution by Theorem 4.2, they are tight. Hence, the asymptotic normalities of

Vi (4 = AL™1) and Vi (71" = 71"") follows from Theorem 4.2 and the following lemma.
Then the corollary follows at once.

Lemma 20—Suppose that F is a metric space with distance d. Let C¢[0, ag] denote the
continuous function on [0, ag] taking values in F. Suppose we have a sequence {Y,(a), 0 < «
< ap, h € N} of stochastic processes has sample paths in C¢[0, ag]. Assume that Y/, is tight
and Y,(0) converges in distribution to a random element Y in F, then for any sequence oy, of
positive numbers converging to 0, Yy(ap) also converges in distribution to Y.

Proof. First, we show that for any €> 0 we can find 6 > 0 such that
supP| sup d (Y,, (af') Y, (a”)) >e| <L e
n 0<a’ ,@”" <6

Since Y,, is tight, we can find a compact subset X of Cg[0, «g] such that

supP (Y, ¢ =) <e.
n

We can find a finite number of Ay, ... Ay, € X such that for any A € X, we can find i such

. €
that SuPOS()'S(YD d (Al ((I) A (Q’)) <

3 Furthermore, we can find 6 > 0 such that,

max sup d(A,»(a'),A,«(a"))S

<i<m <
1<i< 0<a’ o” <6

W m

Now it is easy to see that for any A € X,

sup d (A (al) A (a”)) <e

0<e’ @ <6

Hence,

supP| sup d(Y,, (a'), Y, (oz")) >e| < Sl’:pP(Y,, ¢Z) <e

n 0<a’ 0" <6

If o < 0, We have
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P(d(Y,(0),Y,(ay)>e) < e.

Since €is arbitrary, d(Yn(0), Yn(an)) — 0 in probability.
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