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Many quantum mechanical calculations indicate water molecules in the gas and liquid phase have
much larger quadrupole moments than any of the common site models of water for computer simula-
tions. Here, comparisons of multipoles from quantum mechanical/molecular mechanical (QM/MM)
calculations at the MP2/aug-cc-pVQZ level on a B3LYP/aug-cc-pVQZ level geometry of a water-
like cluster and from various site models show that the increased square planar quadrupole can be
attributed to the p-orbital character perpendicular to the molecular plane of the highest occupied
molecular orbital as well as a slight shift of negative charge toward the hydrogens. The common site
models do not account for the p-orbital type electron density and fitting partial charges of TIP4P- or
TIP5P-type models to the QM/MM dipole and quadrupole give unreasonable higher moments. Fur-
thermore, six partial charge sites are necessary to account reasonably for the large quadrupole, and
polarizable site models will not remedy the problem unless they account for the p-orbital in the gas
phase since the QM calculations show it is present there too. On the other hand, multipole models
by definition can use the correct multipoles and the electrostatic potential from the QM/MM multi-
poles is much closer than that from the site models to the potential from the QM/MM electron den-
sity. Finally, Monte Carlo simulations show that increasing the quadrupole in the soft-sticky dipole-
quadrupole-octupole multipole model gives radial distribution functions that are in good agreement
with experiment. © 2011 American Institute of Physics. [doi:10.1063/1.3569563]

I. INTRODUCTION

The unique properties of water as a pure liquid and as
a solvent are a function of its hydrogen-bonded structure,
specifically through the attraction between the partially posi-
tive hydrogen atoms and the electronegative oxygen atoms.1

Thus, the challenge in developing classical potential energy
functions for computer simulations of liquid water is to find
a simplified description of the charge distribution that accu-
rately describes the hydrogen bonding in the liquid phase.
Classical potentials typically represent the charge distribution
of a water molecule as partial charges located at sites that are
generally on the nuclei but may also include additional sites,
with the electrostatic interactions between molecules given by
charge–charge interactions between the partial charges. Alter-
natively, the charge distribution can be described by the elec-
trostatic multipoles of the molecule, with electrostatic inter-
actions between molecules given by a multipole expansion.2

The molecular point multipoles are centered on a single site of
the molecule (as opposed to atomic multipoles on each atom,
for instance in the AMOEBA model3), and thus reduce the
number of interaction sites over site models. However, it is not
strictly clear whether partial charges or multipoles are more
accurate at a molecular level since although the charge of the
nuclei can be considered as point charges, the electrons are
best described as electron density rather than point charges.

Quantum mechanical (QM) calculations can be used to
develop parameters for the electrostatic potential energy func-
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tions based on the location of the nuclei and electron den-
sity of a molecule. Unfortunately, partitioning electron den-
sity onto partial charge sites within the molecule is not a
unique process. For instance, electrostatic potential (ESP)
charges are obtained by fitting the electrostatic potential due
to the electron density and nuclei by partial charges at desig-
nated sites. Alternatively, Mulliken population, natural bond
orbital,4 atoms in molecules,5 and related analyses assign
electron density to nuclei based on different criteria, and the
total charge on an atom is then the sum of the assigned elec-
tron density and nuclear charge. On the other hand, the molec-
ular electrostatic multipole moments are unique quantities
that can be calculated from the electron density and nuclear
charge, and the dipole and quadrupole moments can be mea-
sured experimentally in the gas phase. In fact, one indication
of the inadequacy of partial charges is that the moments cal-
culated from the partial charges usually differ from the exact
moments computed from the electron density. For instance,
even if the dipole moment of a molecule calculated from par-
tial charges is constrained to the correct value from the elec-
tron density, the quadrupole moment may be quite different
because the dipole depends on the distance of charge from the
center of the expansion while the quadrupole depends on the
square of the distance, generally leading to underestimation
of the quadrupole by site models.

In addition, while high level QM calculations of the
intramolecular geometry and electron density of a water
molecule in the gas phase agree well with experiment,6

such calculations in the liquid phase are challenging because
of fluctuating perturbations due to neighboring molecules.
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Ab initio molecular dynamics (AIMD) simulations generate
multiple configurations of the liquid in which all of the wa-
ters are treated quantum mechanically but at a lower level.7, 8

Moreover, assigning electron density to specific molecules
is problematic so that even calculating multipole moments
is not unique. Alternatively, quantum mechanical/molecular
mechanical (QM/MM) calculations in which properties are
averaged for one QM water surrounded by MM water in con-
figurations taken from classical simulations allow high-level
calculations of the QM water.9 In addition, the problem of
which molecule the electron density belongs to is averted
since only one molecule is treated quantum mechanically, al-
though charge exchange between molecules is thus not ac-
counted for. However, both AIMD and QM/MM calculations
indicate a significant increase in the dipole and quadrupole
moments over the gas phase due to electronic polarization.
In addition, studies of ice via induction models also indicate
increased multipole moments over the gas phase.10

For classical computer simulations, the most common
models have rigid sites. The site models all have similar
dipole moments but quite different quadrupole moments,11–13

and both the dipoles and especially the quadrupoles are
smaller than the AIMD and QM/MM calculations. SPC/E
(Ref. 14) and TIP3P (Ref. 15) are simple three-point models
with a negative charge on the oxygen and a positive charge on
each of the hydrogens. They yield remarkably good proper-
ties for pure water at room temperature, although the dielec-
tric constant of SPC/E is somewhat low and the self-diffusion
constant of TIP3P is more than twice the experimental value,
and the properties away from standard temperature and pres-
sure are poor.11 TIP4P (Ref. 16) and the recent modifications,
TIP4P-Ew (Ref. 17) and TIP4P/2005 (Ref. 18), have a larger
quadrupole because the negative charge is moved from the
oxygen to a site near the center of mass as in the MCY model
(Ref. 19). The two new TIP4P-type models differ slightly
from TIP4P in the partial charges and the negative charge
location and give excellent properties for pure water over a
large range of temperatures although the dielectric constant
is somewhat low. On the other hand, TIP5P (Ref. 20) and
TIP5P/Ew (Ref. 13), a modification of only the van der Waals
parameters for better performance with Ewald sums, have two
added charges representing “lone pairs” located tetrahedrally
with respect to the oxygen and hydrogens at a distance of
0.7 Å from the oxygen, similar to the ST2 model (Ref. 21). Its
pure liquid properties are also excellent over a large range of
temperatures and the dielectric constant is good. However, the
quadrupole moment is even smaller than the three-point mod-
els and the partial charge on the hydrogens is about half that of
other models. In addition, no evidence for concentrated elec-
tron density at such large distances from the oxygen is seen in
quantum mechanical calculations of a water molecule.

Recently, we have been developing the soft-sticky
dipole-quadrupole-octupole (SSDQO) model,22, 23 which rep-
resents the entire charge distribution by a single point
dipole, quadrupole, and octupole located on the oxygen. By
utilizing an approximate multipole expansion (AME),22, 23

SSDQO is computationally faster than three-site models and
the new parameters rival TIP4P-Ew, TIP4P/2005, and TIP5P
in accuracy.11 SSDQO is an improvement over the original

soft-sticky dipole (SSD) model,24 which has a dipole and
an arbitrary “sticky” hydrogen-bond potential. By replacing
the arbitrary potential with a moment expansion, not only
is the water–water interaction now physics based, but also
solute–water electrostatics can be described by multipoles
rather than requiring new arbitrary sticky potentials for each
solute. The radial distribution functions, which are sensitive
to the short-range interactions,25 of SSDQO compared with
SPC/E around simple ions,26 N-methylacetamide, ethanol,
and benzene,27 and sugars using CHARMM22 parameters28

are in good agreement. Thus, since multipole expansions are
exact in the limit of infinite separations or number of mul-
tipole terms, these results show that the expansion up to the
octupole is necessary and sufficient for molecules at contact.

These results lead to seeming confusion over the impor-
tance of correct multipoles. Many properties of pure liquid
water and their temperature dependence appear to be largely
dependent on obtaining good tetrahedral structure since the
TIP4P-type models, TIP5P, and SSDQO1 have more ordered
first shell neighbors than SPC/E and TIP3P, and have bet-
ter temperature dependent properties. Apparently, the TIP4P-
type models and SSDQO1 may have better structure than
TIP3P and SPC/E because their multipole moments are closer
to values from QM calculations. On the other hand, TIP5P
may model the hydrogen bond interaction energy well even
though the multipole moments and electrostatic potential for
the molecule may not be accurate; in other words, although
the hydrogens carry less charge, the “lone pairs” come very
close to them at the hydrogen bonding distance so the inter-
action energy is good. In addition, the earlier SSD (Ref. 24),
Yukagua (Ref. 29), and mW (Ref. 30) models also reproduce
many liquid properties using different empirical orientation
dependent functions that enforce tetrahedrality.

However, results also indicate that the correct multipoles
are important for some properties. For instance, a dipole
moment that is larger than the gas phase value but smaller
than the AIMD and QM/MM values appears necessary to
get the correct dielectric constant. In addition, although the
quadrupoles of TIP4P-Ew and TIP4P/2005 are still signif-
icantly lower than the AIMD and QM/MM calculations,
interestingly TIP4P/2005 has a slightly larger quadrupole
than TIP4P-Ew and performs much better for the ice–liquid
phase diagram.12 However, the MCY model, which has a
quadrupole increased to the gas phase value, has a dielec-
tric constant that is too much low, and more generally, the
site models with large quadrupoles tend to have lower dielec-
tric constants for the same dipole moment.13 Moreover, while
the orientation of the first shell water around Cl− is quite
similar for several site models and SSDQO1, the first shell
around Na+ has a dipolar orientation for SPC/E, TIP3P, and
TIP4P-Ew, a “lone pair” orientation for TIP5P, and a range
of values for SSDQO1, with SSDQO1 range in agreement
with QM/MM dynamics and neutron diffraction data.31 Fur-
thermore, the orientation is shown to be dependent on the oc-
tupole moment.31

Here, we investigate how the multipole moments and
electrostatic potentials from multisite models and moment
expansions compare with results from QM and QM/MM
calculations of water molecules. Specifically, the physical ori-
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gin of the large quadrupole moment of water as well as the
contributing factors to the octupole moments are investigated.
A cluster consisting of one QM water and four hydrogen
bonded neighboring classical waters serves as a model for
a water molecule in the liquid phase. In addition to examin-
ing the moments from several common site modes, the partial
charges for different site models are optimized to fit moments
from the QM electron density to understand where the charge
lies. Also, the electrostatic potential calculated from various
site models and the QM multipoles are compared to the poten-
tial from the QM electron density. Finally, the effects of the
moments on the radial distribution functions of pure water are
examined in Monte Carlo (MC) simulations.

II. THEORY

A molecular coordinate system for a water molecule is
located with the center at the oxygen and the hydrogens with
a OH bond length bOH in the positive z-direction in the yz
plane with the bisector of the HOH bond angle θHOH along
the z-axis. Note that other choices for the origin of the co-
ordinate system such as the center of mass are possible, but
for comparing different water models with different bOH and
θHOH, the oxygen is a common reference point. In site models,
partial charges qi for sites i are an approximate description of
the net shielded charges, with typically sites at the O, the two
Hs and sometimes a site M located at a distance OM along
the positive z-axis or two sites L located at a distance bOL in
the negative z-direction in the xz plane with the bisector of the
LOL angle θLOL along the z-axis.

In this coordinate system, the elements of the traceless
dipole D, quadrupole Q, and octupole O matrices are

D = (0, 0, μ0), (1)

Q =
⎛
⎝−�2 − 1

2�0 0 0
0 �2 − 1

2�0 0
0 0 �0

⎞
⎠ , (2)

[O]i j z =
⎛
⎝−�2 − 1

2�0 0 0
0 �2 − 1

2�0 0
0 0 �0

⎞
⎠ . (3)

The other elements of the O matrix can be obtained by sym-
metry. (Note, the relationship with slightly different constants
used in our previous papers11, 22, 23, 26, 27, 31, 32 is given in the
Appendix.) For a neutral molecule, the multipoles beyond the
dipole are dependent on the origin of the coordinate system;
the transformations to a coordinate system with the origin
at a point (0,0,c) (i.e., the center of mass) are given in the
Appendix. The charge of the oxygen does not contribute to the
multipoles in this coordinate system except indirectly since it
must be a value to maintain charge neutrality.

The multipoles represent the charge distribution with in-
creasing degrees of complexity and each multipole corre-
sponds to a different type of charge distribution, which can be
illustrated as charge density (Fig. 1). The μ0 is a dipole along
the z-axis due to separation of positive and negative charge

FIG. 1. Charge distributions of moments, from left to right: μ0, a linear
dipole; �0, a linear quadrupole; �2, a square quadrupole; �0, a linear oc-
tupole; and �2, a cubic octupole, in which positive charge is blue and nega-
tive charge is red.

along the z-axis and charge in the z = 0 plane does not con-
tribute. The �0 is a linear quadrupole along the z-axis due to
separation of like charge along the z-axis or in the z = 0 plane
while the �2 is a square planar quadrupole in the xy-plane
due to separation of like charge in the xy-plane. For any neu-
tral molecule with similar symmetry, �2 is independent of the
origin of the z-axis and the origin of the z-axis can be placed
so that �0 = 0; for water with the coordinate system centered
on the oxygen, �0 ≈ 0 so the focus is on the other moments.
The �0 is a linear octupole along the z-axis due to separation
of positive and negative charge along the z-axis, while the �2

is a cubic octupole due to separation of like charge not located
on either the z-axis or the x- and y-axes.

III. CALCULATIONS

Quantum mechanical calculations were performed using
Møller–Plesset perturbation theory (MP2) and density func-
tional theory with B3LYP exchange–correlation functionals33

at extra fine grid levels of numerical integration. Dunning’s
correlation consistent quadruple-ζ basis set with valence-
polarization and diffuse functions (aug-cc-pVQZ) (Ref. 34)
was utilized. Calculations for a water molecule in the gas
phase were carried out at the MP2/aug-cc-pVQZ level with
geometry optimization and also at the MP2/aug-cc-pVQZ
level on a B3LYP/aug-cc-pVQZ geometry (MP2/aug-cc-
pVQZ//B3LYP/aug-cc-pVQZ). In addition, calculations of a
liquidlike cluster consisting one water surrounded by four
tetrahedrally arranged hydrogen-bonded waters began with
a B3LYP/aug-cc-pVQZ optimization in which the dOO dis-
tances, the bOH bond lengths, and θHOH bond angles of all
five molecules were constrained to be identical. Then, this ge-
ometry was used for all five water molecules in an MP2/aug-
cc-pVQZ level calculation in which the four surrounding wa-
ters were treated as MM waters with a partial charge of
0.33e on the hydrogens and –0.66e on the oxygen, approx-
imately the ESP partial charges calculated for a gas phase
molecule at the MP2/aug-cc-pVQZ level. Although the sur-
rounding waters will also be polarized, the lower gas phase
values were chosen since the position and orientations of
the surrounding waters will fluctuate. For additional com-
parisons, another cluster utilized the TIP5P geometry for all
five waters and the intermolecular geometry was optimized
at the B3LYP/aug-cc-pVQZ level while constraining dOO to
be identical, followed by an MP2/aug-cc-pVQZ level calcu-
lation on the B3LYP/aug-cc-pVQZ geometry with the four
neighboring waters having TIP5P partial charges. Since all
calculations used the aug-cc-pVQZ basis sets, henceforth the
MP2/aug-cc-pVQZ calculations will be referred to as simply
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MP2 level and the MP2/aug-cc-pVQZ//B3LYP/aug-cc-pVQZ
calculations will be referred to as MP2//B3LYP level.

Quantum mechanical calculations were performed using
NWCHEM (Ref. 35) and GAUSSIAN 03 (Ref. 36). All ESP
charges were calculated using CHELPG (Ref. 37). The molec-
ular orbital visualizations were performed using the extensi-
ble computational chemistry environment (ECCE) (Ref. 38)
and MOLDEN (Ref. 39) application programs. The electron
density and electrostatic potential contour plots were gener-
ated using the MOLDEN and GNUPLOT (Ref. 40) programs.

IV. RESULTS AND DISCUSSION

The electrostatic description of a water molecule was in-
vestigated here by comparing results from quantum mechan-
ical calculations of a water molecule in the gas phase and
in a liquidlike cluster, gas phase experiments, and the partial
charges of typical site potentials that successfully model liq-
uid water in simulations. First, comparisons of the multipole
moments from the quantum mechanical calculations and ex-
periment with those from the partial charges of site models
indicate the higher multipoles, particularly the quadrupole, of
a water molecule in the liquid phase are not modeled accu-
rately by site models. Next, examination of the electron den-
sity and variation of the partial charges in different site models
to reproduce the quantum mechanical multipoles show that
the large quadrupole arises from the strong p character of
the highest occupied molecular orbital (HOMO) as well as
from a shift in electron density toward the hydrogens away
from the oxygen. Also, comparisons of the electrostatic po-
tentials from the quantum mechanical electron density with
those from the partial charges of the site models indicate that
the electrostatic potential around a water molecule is not ac-
curately modeled by site models. Finally, Monte Carlo simu-

lations of the SSDQO multipole model of water indicate that
reasonable short-range structure can be obtained with models
with a large quadrupole.

A. Multipole moments

The ESP charge on the hydrogen qH, geometry, and mul-
tipole moments from QM calculations of a water molecule
in the gas phase and of a simple water cluster model for the
liquid phase were compared first to values in the literature
(Table I). Xantheas and co-workers have previously shown
that the MP2/aug-cc-pVQZ level gives excellent agreement
with experimental results for the gas phase geometry, dipole,
and quadrupole.6 Although the B3LYP geometry shows a
slight increase in bOH and θHOH, the MP2//B3LYP level
can be considered a reasonable approximation in compari-
son to experiment. Furthermore, the water cluster consist-
ing of a QM water surrounded by four tetrahedrally arranged
hydrogen-bonded MM waters (QM/4MM) calculated at the
MP2//B3LYP level (see Sec. III) is a reasonable approxi-
mation for a water molecule in a liquid environment. The
QM/4MM geometry is similar to neutron diffraction measure-
ments of liquid water,41 although somewhat underestimating
the increase in bOH and underestimating θHOH in the liquid
relative to the gas, and dOO = 2.85 Å, close to that in liq-
uid water. The QM/4MM moments show a general increase
in the liquid relative to the gas, comparing well with those
from AIMD simulations7, 8 and a QM/MM calculation av-
eraging a QM water in the TIP5P geometry surrounded by
230 MM TIP5P molecules (QM/230TIP5P) using 50 snap-
shots from a Monte Carlo simulation at the MP2/aug-cc-
pVQZ//TIP3P level.9 Furthermore, a cluster using the TIP5P
geometry (QM/4TIP5P) with dOO = 2.80 Å indicates that
slight differences in bOH, θHOH, dOO, and partial charges lead

TABLE I. Multipoles and geometry from quantum mechanical calculations, site models, SSDQO, and experi-
ment. All moments have been shifted to a molecular coordinate system centered on the oxygen.

Model qH OH (Å) HOH (deg) μ0 (D) �0 (DÅ) �2 (DÅ) �0 (DÅ2) �2 (DÅ2)

Exp (gas) (Ref. 47) NA 0.957 104.5 1.86 0.11 2.57 NA NA
MP2 (gas) 0.340 0.957 104.2 1.86 0.11 2.54 –1.35 1.91
MP2//B3LYP (gas) 0.341 0.961 105.1 1.85 0.06 2.58 –1.40 1.94
BLYP (gas) (Ref. 7) NA 0.972 104.4 1.87 0.12 2.51 NA NA
BLYP (gas) (Ref. 8) NA 0.972 104.4 1.85 0.09 2.49 NA NA
Exp (liquid) (Ref. 41) NA 0.976 105.1 NA NA NA NA NA
QM/4MM 0.453 0.965 105.9 2.49 0.13 2.93 –1.73 2.09
QM/4TIP5P 0.504 0.957 104.5 2.69 0.26 2.95 –1.70 2.08
QM/230TIP5P (Ref. 9) NA 0.957 104.5 2.55 0.20 2.81 –1.52 2.05
AIMD (Ref. 7) NA 0.991 105.5 2.95 0.18 3.27 NA NA
AIMD (Ref. 8) NA 0.970 104.7 2.43 0.10 2.72 NA NA
SPC/E 0.424 1.000 109.5 2.35 0.00 2.04 –1.57 1.96
TIP3P 0.417 0.957 104.5 2.35 0.23 1.72 –1.21 1.68
TIP4P 0.520 0.957 104.5 2.18 0.17 2.15 –1.53 2.10
TIP4P-Ew 0.524 0.957 104.5 2.32 0.21 2.16 –1.53 2.11
TIP4P/2005 0.556 0.957 104.5 2.31 0.18 2.30 –1.64 2.24
TIP4P/Ice 0.590 0.957 104.5 2.43 0.18 2.43 –1.74 2.38
TIP5P, TIP5P/Ew 0.241 0.957 104.5 2.29 0.13 1.56 –1.01 0.59
AST 0.212 1.000 109.5 2.35 0.00 2.04 –1.57 0.00
SSDQO1 NA 0.957 104.5 2.12 0.28 2.13 –1.34 1.15
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to some of the differences of QM/4MM from QM/230TIP5P,
with QM/4MM having a better liquid phase geometry but per-
haps slightly underestimating the dipole.

Since both the molecular geometry and the charge dis-
tribution affect the multipole moments, various ratios of the
moments were also compared (Table II). The QM/4MM mo-
ments agree even better with the liquid calculations when the
relative values of the multipoles are considered, which should
remove some bias in the different ways the multipoles were
calculated. For instance, while the dipole moment varies con-
siderably for the liquid calculations, the moments relative to
the dipole moment are quite consistent for the same phase and
are smaller for all of the liquid phase approximations (�2/μ0

≈ ∼1.1, �0/μ0 ≈ ∼0.65, �2/μ0 ≈ ∼0.8) than for the gas
phase (�2/μ0 ≈ ∼1.4, �0/μ0 ≈ ∼0.71, �2/μ0 ≈ ∼1.0). How-
ever, the QM octupole moments relative to the square pla-
nar quadrupole are about the same in the liquid phase as the
gas phase (�0/�2 ≈ ∼0.55, �2/�2 ≈ ∼0.73). Thus, since μ0

measures the separation of positive and negative charge along
the z-axis and �2 measures the separation of positive charges
along the x-axis and negative charges along the y-axis, polar-
ization enhances the moments more along the z-direction than
the xy-direction. Furthermore, since �2/μ0 is larger in the gas
phase than the liquid phase, adding polarizability to a rigid
model will not improve the quadrupole unless the model has
a large quadrupole in the gas phase. Finally, the QM/4MM
agrees well with the AIMD and QM/230TIP5P even though
the thermal fluctuations of the first shell are neglected and no
interactions beyond the first shell are considered so hence-
forth QM/4MM will be used as a representative of a water
molecule in the liquid phase.

The partial charge on the hydrogen qH, geometry, and
moments of the site models were also examined (Table I).
The site models all have relatively similar μ0 but differ in
the higher moments and all of the site models have slightly

smaller μ0 than the QM/4MM. The larger μ0 for QM/4MM
might be because significant electron density spreads beyond
1.4 Å of the oxygen, so that at the typical O–O distance of
the liquid, some of the electron density at large distances is
involved in charge exchange rather than contributing to the
dipole–dipole interaction. Since electron density from another
molecule would be closer to the oxygen than the electron den-
sity contributed to other molecule, this should systematically
cause an increase in all of the multipoles of the QM/4MM rel-
ative to a site model representation. Moreover, the most dra-
matic difference between the site models and QM/4MM is the
large �2 quadrupole of QM/4MM.

The ratios of the multipoles of the site models were also
compared (Table II). Two site models that serve as useful ref-
erences are the tetrahedral SPC/E model with hydrogen sites
at bOH = 1 Å, θHOH = 109.47◦, and charge qH = 0.424e and
a perfectly antisymmetric tetrahedral (AST) model with two
additional sites L at bOL = bOH = 1 Å, θLOL = θHOL = θHOH

= 109.47◦, and charges qL = –qH = –0.212 e, so that the
dipole μ0 is the same as SPC/E. The AST multipoles are
identical to SPC/E multipoles for l odd, m = 0, 4, . . . ,
l–1 and l even, m = 2, 6, . . . , l where l is the order of the
multipole and m is the subscript, but they are zero otherwise
because AST is antisymmetric whereas they are (generally)
nonzero for SPC/E. Thus, AST and SPC/E have identical
�0/μ0 = 0, �0/μ0 = –(2/3)bOH

2, and �0/�2 = –(4/
√

3)bOH

because the charge distribution along the z-axis is equiva-
lent. Note that �0 is opposite in sign to μ0 so it decreases
charge density along the z-axis and increases it along the
tetrahedral directions to account for the separation of pos-
itive charge onto the hydrogens, which are off the z-axis.
Also, AST and SPC/E have identical �2/μ0 = (

√
3/2)bOH be-

cause the positive charge spread along the x- and z-axes and
the negative charge spread along the y- and z-axes contribute
equally. However, AST has �2/μ0 = �2/�2 = �2/�0 = 0

TABLE II. Ratios of multipoles from quantum mechanical calculations, site models, SSDQO, and experiment.
All moments have been shifted to a molecular coordinate system centered on the oxygen.

Model �0/μ0 (Å) �2/μ0 (Å) �0/μ0 (Å2) �2/μ0 (Å2) �0/�2 (Å) �2/�2 (Å) �2/�0

Exp (gas) 0.07 1.38 NA NA NA NA NA
MP2 (gas) 0.06 1.36 –0.72 1.03 –0.53 0.75 –1.42
MP2//B3LYP (gas) 0.03 1.39 –0.76 1.05 –0.54 0.75 –1.39
BYLYP 0.07 1.34 NA NA NA NA NA
BYLYP 0.05 1.34 NA NA NA NA NA
QM/4MM 0.05 1.18 –0.70 0.84 –0.59 0.71 –1.35
QM/4TIP5P 0.10 1.10 –0.63 0.77 –0.57 0.71 –1.23
QM/230TIP5P 0.16 1.10 –0.60 0.81 –0.54 0.73 –1.01
AIMD 0.07 1.11 NA NA NA NA NA
AIMD –0.04 1.12 NA NA NA NA NA
SPC/E 0.00 0.87 –0.67 0.83 –0.77 0.96 –1.25
TIP3P 0.10 0.73 –0.52 0.72 –0.70 0.98 –1.39
TIP4P 0.08 0.99 –0.70 0.96 –0.71 0.98 –1.37
TIP4P-Ew 0.09 0.93 –0.66 0.91 –0.71 0.98 –1.38
TIP4P/2005 0.08 1.00 –0.71 0.97 –0.71 0.98 –1.37
TIP4P/Ice 0.07 1.00 –0.72 0.98 –0.71 0.98 –1.37
TIP5P, TIP5P/Ew 0.06 0.68 –0.44 0.26 –0.64 0.38 –0.59
AST 0.00 0.87 –0.67 0.00 –0.77 0.00 0.00
SSDQO1 0.00 1.00 –0.63 0.54 –0.63 0.54 –0.86
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while SPC/E has �2/μ0 = (5/6)bOH
2, �2/�2 = (5/3

√
3)bOH,

and �2/�0 = –(5/4) because �2 enhances the lobes of posi-
tive charge near the hydrogens and decreases the lobes of neg-
ative charge in the lone pair direction, thus breaking the tetra-
hedral antisymmetry of the positive and negative of the AST
model. Note that �2 is thus the lowest order multipole that
differentiates SPC/E and AST. Generally, –�0/μ0, �2/μ0,
–�0/μ0, and �2/μ0 for TIP3P, SPC/E, and the TIP4P-type
become more positive with increasing θHOH or θHMH. TIP5P
has somewhat smaller values of �2/μ0 and �0/μ0 than TIP3P
because θLOL is not equal to θHOH as is the case for AST
and SPC/E, and it has a value of �2/μ0 intermediate between
AST and SPC/E because the “lone pair” partial charges are
slightly closer to the oxygen than the hydrogens are (bOL

= 0.7 Å while bOH = 1.0 Å). In addition, TIP3P, SPC/E, and
the TIP4P-type have very similar �0/�2, and �2/�2 because
�2 is a function of only the spread of the positive charge of
the hydrogens in the xy-plane and �0 cancels charge along the
z-axis from the dipole to account for the spread in the hydro-
gen charge and �2 cancels charge spread in the “lone pair”
directions. TIP5P differs in �0/�2 from the others because
the θLOL and θHOH angles differ and �2/�2 is small because
of the lone pair charges.

Comparing the ratios of moments for the site models
and QM/4MM (Table II) can give insight as to the origin of
the large quadrupole. SPC/E and TIP3P have much smaller
�2/μ0 than QM/4MM, indicating that a three-site model can-
not model the large quadrupole, while the TIP4P-type have
closer �2/μ0 to QM/4MM, indicating that the movement
of charge toward the hydrogens is consistent with the large
quadrupole but does not account for all of it. On the other
hand, TIP5P has a much smaller �2/μ0 than even SPC/E
and TIP3P so that the lone pair charges are inconsistent with
the large quadrupole. Moreover, the site models are similar
to QM/4MM for �0/μ0 but consistently larger for �0/�2,
which indicates that the remaining contribution to the large
quadrupole is due to charge that lies mainly in the z = 0 plane
and thus contributes to increasing �2 but not �0 since charge
that lies above or below that plane would contribute to in-
creasing both. Also, the site models are similar to QM/4MM
for �2/μ0 and very different for �2/�2, which indicates that
the remainder of the large quadrupole is not due to a greater
shift in charge in the z or lone pair directions.

Thus, overall TIP5P is inconsistent with the QM/4MM
multipoles because it has too much tetrahedral antisymme-

try. Moreover, the movement of negative charge in the pos-
itive z-direction in the TIP4P-type models is consistent with
the QM/4MM moments, although the quadrupole is still too
small. Finally, the remainder of the large quadrupole appears
to come from charge close to the z = 0 plane.

B. The large quadrupole moment in quantum
mechanical calculations

The origin of the large quadrupole moment can be seen
by examining the electron density of the QM/4MM cluster.
The three highest occupied molecular orbitals all have strong
p-orbital character (Fig. 2) and the HOMO has strong p char-
acter perpendicular to the plane of the molecule (referred to
here as p⊥). Although the effects of these p-orbitals are hard
to see in the total electron density, the difference in the elec-
tron density of the molecule versus the free atoms (Fig. 3)
shows there is a net increase in electron density from the p⊥
orbital at ∼0.3 Å from oxygen and slightly below the x-axis;
in comparison, the lone pair sites of TIP5P are 0.7 Å from the
oxygen. In addition, there is less subtraction of electron den-
sity at a point similar to the M point in TIP4P-type models
than other points equidistant around the oxygen.

To gain a better understanding of the QM moments based
on the electron density, different site models were constructed
with geometry and certain multipoles of the QM/4MM clus-
ter as well as the gas phase molecule (Table III); only the
QM/4MM cluster will be discussed in detail. The simplest
has sites only at the O and Hs, with partial charges qO

= –2qH determined by μ0 from the QM/4MM cluster (3P).
The qH was close to the ESP value and the higher moments
were fairly close to the QM/4MM values except that �2 was
only about 2/3 of the QM/4MM value. Thus, most of the ba-
sic features of the charge distribution of the QM/4MM cen-
tral water except for the large quadrupole are accounted for in
this simple picture. Next, a TIP4Plike M site with charge qM

= –2qH (qO = 0) was added along the positive z-axis with
μ0 and �2 constrained to the QM/4MM values (3P + M).
The qH increased by ∼50% over the ESP value and �0 and
�2 increased over the QM/4MM values, indicating that mov-
ing negative charge along the z-axis accounts for some but
not all of the large quadrupole. However, when two TIP5P-
like L sites with charge qL = –qH and θLOL = 109.47◦ are
added with μ0 and �2 constrained to the QM/4MM values (3P
+ 2Ltet), qH is less than 40% of the ESP charge, the L sites are
1.65 Å from the oxygen, �0 is almost double the QM/4MM

FIG. 2. Electron density of three highest occupied MOs of QM/4MM. (a) 1b2 (b) 3a1 (c) 1b1 (HOMO).
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FIG. 3. Difference in electron density of the molecule from free atoms for QM/4MM at the B3LYP/6-31G** level (a) parallel and (b) perpendicular to the
plane of the molecule.

value, and �2 has the wrong sign. However, when instead two
L sites were added with θLOL = 180◦ to mimic the p⊥ orbital
(3P + 2Lπ ), qH is the same as the 3P value, the L sites are
0.56 Å from the oxygen, and the higher moments are reason-
able except �0 is too large. Thus, adding charge to mimic the
p⊥ orbital rather than an sp3 orbital is more consistent with
the QM/4MM moments, but the deviation in �0 indicates that
moving negative charge in the positive z-direction is needed.
Finally, adding an M site of charge qM = –1, two L sites of
charge qL = –1, and qO = 2qH = 1 while varying θLOL but
constraining μ0, �0, and �2 (3P + 2L + M) gives reasonable
higher moments with θLOL = 139◦.

Overall, considering 3P + M, 3P + 2L, and 3P + 2L
+ M, the increased �2 in the liquid phase is apparently due
to the strong p⊥ character of the HOMO and the shift of elec-
tron density toward the hydrogens away from the oxygen. Of
course, more sites could be added, but the utility of even a
six-point model such as 3P + 2L + M is questionable since it
entails adding partial charges at three more sites than TIP4P-
type and one more than TIP5P since neither TIP4P-type nor
TIP5P have any partial charge on the oxygen. Note that these

site models were constructed to help understand the physical
origins of the moments rather than to develop practical site
models for simulations; thus, they have not been optimized
for use in computer simulations of liquids.

C. Electrostatic potentials

Contour maps of the electrostatic potential around the
water molecule were compared for the QM/4MM elec-
tron density, a multipole expansion to the octupole using
QM/4MM multipoles, TIP4P/2005, and TIP5P (Fig. 4). The
multipole expansion only to the quadrupole cannot give good
liquid structure and the electrostatic potential for the expan-
sion to the hexadecapole is almost identical to the potential
of the expansion to the octupole at distances relevant to inter-
atomic interactions.42 In addition, the electrostatic potentials
for TIP4P/Ew, SPC/E, and TIP3P are similar to TIP4P/2005
but successively in worse agreement with QM/4MM in the
p⊥ direction.42 In the plane of the molecule, the more im-
portant interactions are with the hydrogens (Fig. 4) and the
greatest difference between the models is the “lumpiness”

TABLE III. Multipoles optimized to fit QM/4MM moments. Multipoles free to vary indicated in boldface. Dipole for QM/4MM is 2.49 D and for MP2(gas)
is 1.86 D.

Model qH qL OL (Å) qM OM (Å) �0/μ0 (Å) �2/μ0 (Å) �0/μ0 (Å2) �2/μ0 (Å2) �0/�2 (Å) �2/�2 (Å) �2/�0

QM/4MM 0.45 0.05 1.18 –0.70 0.84 –0.59 0.71 –1.21
3P 0.45 0.07 0.77 –0.55 0.74 –0.72 0.97 –1.34
3P+M 0.69 –1.37 0.20 0.00 1.18 –0.87 1.14 –0.74 0.97 –1.31
3P+2Ltet 0.17 –0.17 1.65 0.03 1.18 –1.34 –1.13 –1.13 –0.96 0.84
3P+2Lπ 0.45 –0.45 0.56 0.35 1.18 –0.55 0.74 –0.47 0.63 –1.34
3P+2L139+M 0.50 –1.00 0.35 –1.00 0.31 0.05 1.18 –0.75 0.77 –0.63 0.65 –1.03
MP2(gas) 0.34 0.06 1.36 –0.72 1.03 –0.53 0.75 –1.42
3P 0.33 0.10 0.73 –0.51 0.71 –0.70 0.98 –1.40
3P+M 0.62 –1.24 0.27 –0.05 1.36 –1.02 1.33 –0.75 0.98 –1.31
3P+2Ltet 0.11 –0.11 1.96 0.04 1.36 –1.85 –1.85 –1.36 –1.36 1.00
3P+2Lπ 0.33 –0.33 0.70 0.53 1.36 –0.51 0.71 –0.37 0.52 –1.40
3P+2L146+M 0.45 –1.00 0.32 –1.00 0.33 0.06 1.36 –0.85 0.91 –0.63 0.67 –1.07



134501-8 Niu, Tan, and Ichiye J. Chem. Phys. 134, 134501 (2011)

FIG. 4. Electrostatic potential around a water molecule parallel (top) and perpendicular (bottom) to the plane of the molecule for (a) the electron density for
QM/4MM, (b) a multipole expansion to the octupole for QM/4MM, (c) TIP4P/2005, and (d) TIP5P. Horizontal and vertical range from –6 to + 6 atomic units,
contours from –0.1 to 0.1 at an interval of 0.01 au with positive contours in blue and negative in red, and the potential within 0.90 Å of the oxygen or 0.37 Å of
either hydrogen is set equal to zero. Gray circles at 1.4 and 2.8 Å from the oxygen.

between the hydrogens.43 In comparison to the potential from
the QM/4MM electron density that from TIP4P/2005 is too
lumpy while those from TIP5P and the expansion to the oc-
tupole are slightly less lumpy. However, the potential at these
distances are rarely relevant. Perpendicular to the plane of the
molecule, the more important interactions are with the oxy-
gen (Fig. 4). Here, one of the greatest differences between the
models is in the nodal line as also noted before.43 In com-
parison to the potential from the electron density that from
TIP5P is most different while those from TIP4P/2005 and
the QM/4MM multipoles are closer. Moreover, the multipole
expansion better mimics the greater negative potential in the
p-orbital direction found in QM/4MM electron density.

To compare further, the electrostatic potential at 2.75 Å
from the oxygen was examined along the xz and yz planes,

in arcs from the positive to negative z directions (Fig. 5). In
the plane of the molecule, the potentials for all of the mod-
els are quite similar to the potential for the QM/4MM elec-
tron density at the minima at 180◦ but there are differences
near 0◦. TIP4P and the QM/4MM multipoles have maxima at
the locations of the hydrogens as in QM/4MM while TIP5P
has a maximum only at 0◦ [Fig. 5(a)]. This indicates that the
low quadrupole of TIP5P may lead to an inadequate descrip-
tion of water as a hydrogen donor with a greater preference
for a bifurcated hydrogen bond donor orientation. Perpen-
dicular to the plane of the molecule, neither the models nor
QM/4MM electron density have minima in the “lone pair”
directions and the potentials for all of the multisite models
are quite similar at the maxima at 0◦ and minima at 180◦

[Fig. 5(b)]. However, the potential for QM/4MM crosses zero

FIG. 5. Electrostatic potential at 2.8 Å from the central water molecule in QM/4MM as a function of polar angle from the z-axis (a) parallel and (b) perpendicular
to the plane of the molecule for the electron density at the MP2/aug-cc-pVQZ level (×), a moment expansion to the quadrupole (dashed line), octupole (red
line), hexadecapole (black line), TIP4P/2005 (green line), TIP5P (blue line).
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FIG. 6. Radial distribution functions for the SSDQO model with QM/4MM
moments scaled to μ0 = 2.12 D with σ = 3.5 Å and ε = 0.145 kcal/mol
in a 9-6 Lennard-Jones potential (red line) and TIP4P/2005 moments with σ

= 3.5 Å and ε = 0.15 kcal/mol in a 9-6 Lennard-Jones potential (green line).

at about 65◦ while that for TIP5P crosses at about 80◦ pre-
sumably because of electron density in the p-type orbital of
the oxygen in QM/4MM; leading to a larger region of nega-
tive potential.

D. Radial distribution functions

The effects of different multipoles on the radial distri-
bution functions calculated from Monte Carlo simulations of
the SSDQO model were also compared (Fig. 6). Using either
the multipoles of TIP4P/2005 or the multipoles of QM/4MM
scaled so that μ0 ≈ 2.12 D, the dipole moment of the
SSDQO1 parameters, give good agreement with experimen-
tal radial distribution functions. Also, setting �2 = 0 in the
SSDQO model while the rest of the moments are from ei-
ther TIP4P/2005 or SSDQO1 parameters gives almost iden-
tical radial distribution functions for the pure liquid as previ-
ously shown for the SSDQO model using SPC/E moments,22

indicating the structure of first shell of the pure liquid as re-
flected in the radial distribution factor is relatively insensitive
to the degree of charge antisymmetry of the water molecule.
Since it is possible to obtain good radial distribution func-
tions with large relative quadrupole moments, the effects of
improving �2/μ0 should be explored. Of course, the radial
distribution functions primarily reflect the first shell structure
and are not sensitive measures of the orientational correlations
beyond the nearest neighbors so that structure-based quanti-
ties such as the dielectric constant and Kirkwood g-factor will
be affected by changing the quadrupole as seen previously11

so that the all moments will need to be reoptimized. However,
since the first shell of the pure liquid is relatively insensitive
to �2 while the solvation structure around cations is very sen-
sitive to �2, a value for �2 can be chosen to optimize the
solvent properties of ions and then that value can be used in
optimizing the pure liquid with the larger quadrupole without
serious consequences on the pure liquid properties.31

V. CONCLUSIONS

Quantum mechanical studies of a single water and a wa-
terlike cluster with a QM water and four hydrogen bonded
classical waters indicate that the large quadrupole found in

QM calculations of water in the gas and liquid phases is due
mainly to a p-type orbital perpendicular to the plane of the
molecule and a shift in electron density toward the hydro-
gens. Of several common site models, the TIP4P-type models
account for the shift in electron density by moving the neg-
ative partial charge from the oxygen to a site further toward
the hydrogens along the dipole vector. However, the electron
density due to the p⊥-type orbital is not modeled well by the
TIP5P model and is modeled better by points added along a
vector perpendicular to the plane of the molecular through the
oxygen. Overall, a six-site model with one site to model the
electron density shift and two points for the p⊥-type orbital
is necessary to model the large quadrupole with reasonable
octupoles. Moreover, since the QM quadrupole even in the
gas phase is larger than any of the site models, adding elec-
tronic polarizability to one of the existing site models will
not resolve the large quadrupole problem. Instead, point mul-
tipole models such as SSDQO allow inclusion of the large
quadrupole simply by increasing the value of the existing
quadrupole, without any increase in computation as would
be needed by a six-site model, and SSDQO is already com-
putationally faster than three-site models because of the ap-
proximate multipole expansion. In addition, the electrostatic
potential due to the electron density from the QM calculations
is modeled better by a multipole expansion up to the octupole
using QM moments calculated from the electron density than
either the TIP4P-type or TIP5P models, particularly in the re-
gion near the p-type orbital. Finally, Monte Carlo calculations
show that the SSDQO with QM moments scaled to a smaller
dipole moment give good radial distribution functions, indi-
cating that the large quadrupole does not disrupt the water
structure.

Since the electrostatic potential in the p-orbital region
should affect the interactions with cations, further studies of
the effects of a quadrupole large enough to mimic both the
p⊥-type orbital and the general shift in electron density toward
the hydrogens in the SSDQO model are warranted. Moreover,
although great progress has been made using nonpolarizable
models for systems involving hydrophilic versus hydropho-
bic environments such as the free energies of transfer between
water and organic phases,44 polarizability has been shown to
be important for water near charged residues in proteins45 so
that further investigations of adding polarizability to multi-
pole models are also warranted. For instance, an approach for
Ewald summation of multipole interactions including polar-
izability up to the quadrupolar level has been presented by
Aguado and Madden,46 which could be extended to higher
multipoles. Furthermore, the results here suggest that polariz-
ing the quadrupoles and cubic octupole may not be necessary
since they are relatively similar in the quantum mechanical
calculations for the gas phase and the liquidlike cluster and
that the linear octupole could be coupled to the dipole, thus
reducing the degrees of freedom to be polarized.
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APPENDIX: TRANSFORMATION OF MULTIPOLES TO
A DIFFERENT COORDINATE SYSTEM

To transform these moment parameters to a coordinate
system at another point along the z-axis (0,0,c),

μc
0 = μ0, (A1)

�c
0 = �0 − 2cμ0, (A2)

�c
2 = �2, (A3)

�c
0 = �0 − 3c�0 + 3c2μ0, (A4)

�c
2 = �2 − 5

3 c�2. (A5)

General expressions for the moments can be found in Stone.2

The values of the moment parameters for point charges and
relationship to parameters in previous papers are in parenthe-
ses.
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